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3D Poissonian Image Deblurring via Patch-based Tensor
Logarithmic Schatten-p Minimization

Jian Lu*! Lin Huang' Xiaoxia Liu’l Ning Xiell Qingtang Jiang** YuruZou'

Abstract ~

In medical and biological image processing, multi-dimensional images are often corrupted by blur
and Poisson noise. In this paper, we first propose a new tensor logarithmicSchatten-p (t-log-S,) low-
rank measure and a tensor iteratively reweighted Schatten-p minimization (t-IRSpM) algorithm for
minimizing such measure. Furthermore, we adopt this low-rank measure to regularize the non-local
tensors formed by similar 3D image patches and develop aspatch-based non-local low-rank model. The
data fidelity term of the model characterizes the Poisson noisendistribution and blur operator. The
optimization model is further solved by an alternating/minimization technique combined with variable
splitting. Experimental results tested on 3D fluoreseence microscope images show that the proposed
patch-based tensor logarithmic Schatten-p minimization (TLSpM) method outperforms state-of-the-art
methods in terms of image evaluation metrics and wvisual quality.

Keywords: tensor low-rank measure,/mon-local low-rank regularization, Poisson noise, deblurring.

1 Introduction

Image degradation by blur and Poisson moise is"inevitable in electronic microscopy [1], astronomical
imaging [2], single particle emission computeditomography (SPECT) [3,4], positron emission tomography
(PET) [5], and so on. On one hand,images are convoluted by a point spread function (PSF) of the imaging
device or body movement causeddby the respiratory shake of the patient. On the other hand, due to the
low photon count [6], images such as X-ray tomography [7], fluorescence microscopes [1], astronomy [2],
mammography [8], and tomosynthesis [9], are often affected by Poisson noise.

For deconvoluting Poissonian‘images, a popular method is the Richardson-Lucy (RL) algorithm [10],
which calculated a Poisson maximum likelihood estimate. The Ameliorated Richardson-Lucy (ARL)
algorithm [11] acceleratéd the deblurring procedure of the RL algorithm. But the RL and ARL algorithms
may amplify the noise after several iterations. To efficiently restore blurry Poissonian images, various
optimization model§ with regularization terms were developed and further solved by efficient algorithms.
The most commonly used regularization is the total variation (TV) regularization [12-19]. Dey et al. [12]
enhanced the Rlmalgorithm by the TV regularization; Harmany et al. [13] solved the TV regularized
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model by sequential quadratic approximations; Bonettini et al. [14] combined a Poisson leg-likelihood data
fidelity term with the TV regularization term and used an alternating extragradient algerithm to solve
the model; Figueiredo et al. [15] solved the model by the alternating direction methoddof multipliers; Ma
et al. [16] proposed a dictionary learning model in addition to the TV regularization for Poissenian image
restoration. Other regularizations such as wavelet based regularizations [20-25] and\ Hessian Schatten
norm regularization [26] were also proposed. However, those regularization techniquestare primarily
designed for 2D images and cannot be easily extended to 3D images.

Recent approaches for 3D Poissonian image deblurring converted Poisson noise into Gaussian noise
through some transformations and then restored the image via denoising toels,for Gaussian noise. Dupe et
al. [27] utilized the Anscombe variance stable transformation (VST) [28] leading to Gaussian noise and de-
noised the blurry Gaussian image by a convex optimization model; Azzari et al. [29] deconvolved the blurry
image by a linear regularized inverse filter and then adopted VST and blockamatching 3D (BM3D) [30] or
BM4D [31] to remove Poisson noise. Besides these approaches, the metheds based on the Poisson unbiased
risk estimate (PURE) also achieved great performance. The PURE-LET method that characterized the
deconvolution process as a linear combination of elementary functions (LET) was proposed in [32] for 2D
images and in [33] for 3D images. Each LET function contains a Wiener filtering and wavelet-domain
thresholding and the PURE is used to estimate the coefficients of thelinear combination.

In this paper, we propose a patch-based approach for 3D Paissonian image deblurring. First, a new
tensor low-rank measure called the t-log-S, low-rank measure is proposed, and an efficient algorithm
with convergence results is also proposed for minimizing suchimeasure. Second, according to the image
non-local self-similarity, we use the proposed tensor low-rank Tneasure to regularize the low-rankness of
the tensors formed by similar 3D patches extracted from the 3D image. Then we further propose a non-
local low-rank model with a data fidelity term for Poissonian deblurring and solve it by an alternating
minimization algorithm with a proximal term.  Lastly;, we demonstrate the proposed method outperforms
the state-of-the-art methods in removing Poisson noise and deblurring of fluorescence microscope images.

The main contributions of this paper.are asifollows:

e We propose a matrix logarithmic Schatten-p (log-S,) low-rank measure for 2D images, which can
reveal the weighting strategy msed in the weighted Schatten p-norm minimization [34]. Then we
further extend the log-S, low-rank measure to tensor log-S, (t-log-Sy,) low-rank measure for 3D
images. It can be demonstrated in this paper that the t-log-S, measure is efficient and suitable for
applications in 3D image restoration such as 3D Poissonian image deblurring.

e For the proposed log-S, and t-log-S, measures, we introduce some properties and develop reliable
solvers for theit'minimization problems. In particular, we develop an iteratively reweighted S,
minimization (IRSpM) algorithm for the log-S,, minimization and a tensor IRSpM (t-IRSpM) algo-
rithm for the t-log-S;, minimization. A convergence analysis of each algorithm is provided in detail,
showing any.accumulation point generated by the algorithm is a stationary point of the problem.

e We build a new patch-based non-local low-rank model using the proposed t-log-S, measure for
3D Poissonian image deblurring. This approach can achieve state-of-the-art performance for 3D
Poissenian image deblurring.

This paper i8S organized as follows. In section 2, we provide some tensor notations and definitions,
then introduce matrix and tensor logarithmic Schatten-p (log-S,) low-rank measures and their properties.
To solve thesmatrix and tensor log-S), minimization problems, in section 3 we propose matrix and tensor
iteratively reweighted Schatten-p minimization (IRSpM) algorithms, respectively, along with convergence
analysisigWe further develop our model for 3D Poissonian image deblurring in section 4. Experimental
results tested on 3D fluorescence microscope images are presented in section 5. Section 6 concludes this

paper.
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2 Tensor Logarithmic Schatten-p Low-rank Measure

In this section, we first introduce the definitions and notations of tensors including tensor, singulat value
decomposition (t-SVD). Then we propose a t-log-S, low-rank measure and present ifs properties.

2.1 Preliminaries on tensors

Tensors are represented by bold calligraphy letters, e.g., X'; matrices are represented by beld capital
letters, e.g., X; vectors are represented by bold lowercase letters, e.g., «; and scalars are represented by
lowercase letters, e.g., z. For an N-order tensor X € R™Xn2XXnN - the vectorization of X is denoted
as x = vec(X) € RM" "N and the j-th element of x is equal to the (i1,72, 41, in)-th element of X

with j = i3 + 3.0, ((zs - DI nm>. The mode-k tensor matricization\of & is denoted as X €
R < Lo ", and the (ir,j)-th element of X is equal to the (13dg5-. ., n)-th element of X, where
j=1+ Zi\;17s¢k(is —1)Js with Jg = an_:ll’m#k nm. And the operator “unfold” and its inverse operator
“fold” are defined by X ;) = unfold)(X) and X = fold;)(X (1)), respectively.

For a 3-order tensor X € R"*"2X"3 g, denotes the (7, 7,k)-th entry of X, X% denotes the k-th
frontal slice X (:,:, k), and X denotes the discrete Fourier transform (DFT) of X along the 3-rd dimension,

i.e., X = fft(X,[],3). This also implies X = ifft(X,[]43). X dénotes the i-th frontal slice of &. The
block diagonal matrix of X is defined as

y(l)
bdiag(X) = . ,
)

and the block circulant matrix of X is defined as a matrix of size ning X ngyng having the following form:

xM  xm) 0 x(2)

x (2 x @) o xX®
beirc(X) =

X(.ns) X(n':),—l) o X'(l)

As for block unfoldingyX” and its inverse operation, the operations are defined as follows:

bvec(X) = : , bfold(bvec(X)) = X.

X(‘ns)

For a 3-grder tensor X' € R™ "2, the Frobenius norm of X is || X|[|r = />, |z4%)* and the tensor
transposesof X is XT € R"2X™ %3 defined as

xT = bfold ([X“), X(3) x(ma=1) ,X(2)}T> .

Using the tensor notations above, we present the definition of a tensor product.
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Definition 2.1 [35] (t-product). Let X € R™M*"2xn3 qnd Y € R™"2XX3 - Then the t-product of X and
Y is Z € Rmxixns defined as:

Z = X x Y = bfold(bcirc(X) - bvec(Y)).
Note that if ng = 1, the operator x reduces to matrix multiplication.

In fact, the t-product can also be calculated via the following equivalence under.the DET:
Z(i) _ Y(i)?(i), (1)

that is, the i-th frontal slice of the DFT of the t-product is equal to the matrix product of the i-th frontal
slices of the DFT of X and Y.

Definition 2.2 [35] (Identity tensor). The identity tensor Z € R™<"*"3 _jsthe tensor whose first frontal
slice is the n X n identity matriz, and other frontal slices are all zeros:

Definition 2.3 [35] (Orthogonal tensor). A tensor Q@ € R™* ™™g orthogonal if it satisfies oTg =
Qo7 =1T.

Definition 2.4 [35] (F-diagonal tensor). A tensor is F-diagonal if each frontal slice is diagonal.

Note that each frontal slice of Z is the identity fiatrix and each frontal slide of Q, where Q is
orthogonal, is an orthogonal matrix. Next, we preSent, the definition of a t-SVD and several tensor
low-rank measures. ¢

Theorem 2.5 [35] (t-SVD). Let X € R™*"2x"3_ Then there exist U € R"*™M "3 § ¢ RM>"2X13 gnd
V e R™X"2X73 gych that:
X=UxS « VT, (2)

where U and V are orthogonal, and 8 isanfrontal-slice-diagonal tensor.

Definition 2.6 [36] (Tensor tubal rank). For a 3D tensor X € R™*"2X"3  the tensor tubal rank of X,
denoted as rank,(X), is defined as the number of non-zero tubes of S where 8 is from the t-SVD of
X=UxS8«VT. That is,
ranky(X) = #{i : S(i,1,:) # 0}.
The tensor tubal rank is-atensor low-rank measure based on t-SVD, which counts the number of
non-zero tubes in t-SVD. In factj the tensor tubal rank only depends on the first frontal slice of &, that

is, rank,(X) = #{i : 8(i,4,1).# 0}. Since the tensor tubal rank minimization is NP-hard, several tensor
low-rank measures were proposédsto approximate the tensor tubal rank.

Definition 2.7 [37]«(Tensor nuélear norm). Let X = U + S + VT be the t-SVD of X € R™M*"2%"s_ Then
the tensor nuclear morm 18 _defined as

n3
1] =Y 8,6, 1).
i=1
The tensor nuelear norm can also be computed via the frontal slices of X, that is,

PR —
X, = — xX",.
[ ] - ;:l | |

As the frontal slices x are matrices, the matrix nuclear norm can be replaced by other non-convex
surrogates of the matrix rank. For example, the tensor p-shrinkage nuclear norm [38] replaces the nuclear
norm'by the Schatten-p quasi-norm; the tensor weighted Schatten-p norm [39] uses the weighted Schatten-
p norm, and the log-based tensor nuclear norm [40] uses the log-det function.
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2.2 Tensor logarithmic Schatten-p low-rank measure and its properties

Before we propose the tensor log-S, low-rank measure, we first define a new matrix log-S, low-rank
measure as follows.

Definition 2.8 (log-Sp). Given X € R"™*", the matriz logarithmic Schattengp (log-Sphlow-rank measure
of X is defined as
min{m,n}
Miggs,(X) = > log (a(X) +¢) (3)

j=1
where e >0, 0 < p <1, and 0j (X) represents the j-th largest singular value of X.

If p = 1, then this log-S), low-rank measure Mug g, (-) reduces tg the logsdet function [41], which is a
non-convex surrogate of the matrix rank. If 0 < p < 1, due to the non-coenvexity of the £, norm, Mg s, ()
is also a non-convex relaxation of the matrix rank, and in fact it €an achievela better approximation than
the S, quasi-norm [42] or log-det function.

Next, we propose a new tensor low-rank measure called the,t-log-S, low-rank measure, which adopts

the matrix log-S, low-rank measure to characterize theflow=rankness of the frontal slices Y(i). The
t-log-S), low-rank measure also denoted as ./\/lloggp(-) is.defined as»follows.

Definition 2.9 (t-log-Sp). Given X € R™*"2X"3 _dthe tensor logarithm Schatten-p (t-log-Sp) low-rank
measure of X is defined as y

ng min{ny,no}

Miog.s, (X) = nlg iMlog,Sp <)_((i)) _ nlgz Z log (Uf (Y@) + 6) , (4)
i—1 -1 j=1

where € > 0 and 0 < p < 1. When n3 = 1, thext-log-S, low-rank measure reduces to the matriz log-Sp
low-rank measure.

Proposition 2.10 (Orthogonal invariance). The following assertions hold:

(i) For a given matrix X € R™*" if U € R"™ ™ and V € R"™™ are orthogonal matrices, then

A
Mlogasp (X) = Mlog,Sp (UXVT)

(ii) For a given tensor X € R#XM2x1s  fYf ¢ RMXM>"3 gnd V € R"2X"2X"8 gre orthogonal tensors,
then
Mlog,Sp (X) = Mlog,Sp (Ll * X % VT)

Proof. (i) Tt immediately follows from o;(X) = o;(UXV7T), j =1,2,...,min{m, n}.

(ii) Let Z/= Ux X+ WL, By equation (1), we have A ﬁ(i)f(i)(v(l))T, where U and V¥ are
orthogonal matrices. According to (i), we have (ii) holds. O

As shown in Proposition 2.1, both the matrix and tensor log-S, low-rank measures Mg s, (-) satisfy
the orthegonal invariance property. This property is useful when we minimize these measures together
with another function that also has an orthogonal invariance property. For example, the log-S, minimiza-
tion problem that will be discussed in the next section may be reduced to a minimization problem only
in terms ofthe singular values using this orthogonal invariance property.
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3 Tensor Iteratively Reweighted S, Minimization Algorithm for the
t-log-S, Minimization

For a 3D tensor Y € R"*"2X"3 the t-log-S, minimization problem is written as
o1
min 2|~ Y[+ 7 Migg 5, (%), )

where 7 > 0. By the definition of the t-log-S, low-rank measure, Mlog,sp(') 1S separable in terms of the
frontal slices of X. Then solving the t-log-S, minimization problem (5) is-equivalent to solving for each

frontal slice Y(i) via the following problem

min X9~ PO+ Mg s, (X7, (6)
Y(Z) 2

In subsection 3.1 we will propose an IRSpM algorithm for thelog-.S, minimization problem as in (6),
and conduct in subsection 3.2 a convergence analysis for IRSpM algerithm. Then in subsection 3.3, we
summarize the tensor IRSpM (t-IRSpM) algorithm and its convergence analysis for solving the t-log-S),
minimization problem (5).

3.1 Iteratively reweighted S, minimization algerithm for the log-S, minimization

We consider the log-S, minimization problem as follows ¢
1
in XY X -
Xgﬂlgrgxn 2 ” HF + TMIO&Sp( )7 ( )

where Y € R™*" is the given data, X € R™*™ s the unknown to be computed, and 7 > 0. Note that

X and Y can represent Y(i) and ?(i), respectively. By definition, the log-S, low-rank measure can be

written as
min{m,n}

Miog 5, (X) = > 9<0§-’(X))7

j=1
where ¢ : [0,00) — R is defined by g(¢) =log(t + ¢). The function g is monotonically increasing, concave,
and continuously differentiable.” Also;.ghas a Lipschitz continuous gradient with constant L, > 0, i.e.,

|g/(s) a g’(t)‘ < Lgls —t|, Vs,te]0,00).

To solve the log-Sp minimization as in (7), we propose an iteratively reweighted S, minimization
(IRSpM) algorithm asifellows

2 l
.M 1
Xkt — argmin HX - [X’C _ = (Xk . Y)} +7Ywho?(X), (8)
cRmxn 1% F =
where wé?‘ =g (a?(Xk)) = m, [ = min{m,n} and p > 1.

Before solving equation (8), we recall some notations on the singular value decomposition (SVD).
Given a vector /€ R!, let Diag(x) denote the [ x I diagonal matrix with the j-th diagonal element as xj.
Givén a matrix' X € R™*" the SVD of X is computed as X = UXV', where U € R™*! and V e R"*
are orthogonal matrices with UTU = VTV = I, and ¥ € R*! is a diagonal matrix, | = min{m,n}. In
particular, 3 = Diag(o'(X)), where o(X) := [01(X),02(X), - ,01(X)]" and oj(X) is the j-th largest
singular value of X.

Since equation (8) can be viewed as a weighted .S, minimization problem, we recall some preliminary
results in [34].
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Lemma 3.1 [34]. For the following optimization problem:

min £(5) = %(5 — o) 4 wo? ()

with w >0 and 0 < p < 1, there exists a specific threshold:

oNOYTULT D WN =
(=2
Vv
(en)

—1

9 5T (w) = (2uw(1 - p)) =7 + wp(2w(1 - p) 5,
1 and we have the following conclusions.

13 (i) When |o| < TPGST(w), f has an optimal solution TI,GST(U,w) =0;

15 (ii) When |o| > 75T (w), f has one unique optimal solution TpGST(a, w) = sign(0)S557 (|o],w) and
SS5T(|o|,w) can be obtain by solving

—1
19 SEST(\U!,U)) —|o| + wp (SEST(Ia],w))p =0. (10)

21 The generalized soft-thresholding (GST) algorithm proposed,in [43] for finding an optimal solution
22 TpGST(U, w) of problem (9) is summarized in Algorithm 1.

Algorithm 1 Generalized soft-thresholding (GST) [43] 4
26 Input: o, w, p, J
1 p-1
2 1 78T (w) = (2wl —p)) P + wp(2w(l — p))e;
2: if |o| < 7757 (w) then
TpGST(J, w) = 0;
else
k=0, 6" =|o|;
for k=0,1,...,J do
S = o —wp(d* )P~
k<—k+1;
end for
N
37 10 TEST(J, w) = sign(o)o*.

w
o
w

w
a

40 Output: T (0, w)

43 Theorem 3.2 [34]. Let Y€ R™*" and 7 > 0. And let w = [wy,...,w]T € R such that 0 < wy < wg <
< <y, | = mindm,n}. Then a global optimal solution for the following problem

1
47 min —

l
2 P
v min SIX =Y+ wiel(X)

j=1

50 s giveny, by
>1 (YY) = U Diag(y) V7,

53 whereyY = UXV7T is the SVD of Y, ¥ = Diag(o(Y)), and v = [y1,72,...,7]" € R satisfies v =
54 TpGST (oY), Tw;), i =1,2,...,1. In particular, v also satisfies y1 > vy > --- > > 0.
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For the IRSpM algorithm given in equation (8), it can be easily verified that w* = [wf, w5, ... wF]T €

R/ satisfies 0 < w’f < w§ <...< wf. Then a global optimal solution of (8) can be efficiently solved
according to Theorem 3.2 as follows

1
XML =T, <X’“ - —(xF - Y)) . (11)
g 1

We summarize the IRSpM algorithm in Algorithm 2.

Algorithm 2 IRSpM algorithm for solving the log-S, minimization problem (7)

Input: Y and parameter 7
1: Initialize X°

. — o _ 1 ~
2: Set k=0, >1 and Wj = X0yt
3: while stopping criterion is not satisfied do

4: Compute the SVD of X* — L(X* - Y), ie, X' - L (X¥e Y)= UM SH (VEHHT

50 forj=1,2,...,ldo

' k+1 _ nGST (sk+1 7k

6 =T (21]' ) u“b‘)

, E+1 _ 1

k i T G e

8: end for

9. XFH = UF Diag(4*1)(VFHHT .
10: k<« k+1.
11: end while
Output: X"

Remark 3.3. If we initialize X° by X9 =2¥;.the IRSpM algorithm can be simplified and only requires
one SVD operation. Suppose Y = UXV s the SVD of Y, where 3 = Diag(o(Y)). Then the sequence
{X*} generated by the IRSpM digorithm in (11), can be computed by

X 1 = U Diag(+*) V7T,

where yF 1 = [Werl,'ng, .. ,’ylk"'\l]T € R, | = min{m,n}, satisfies that v° = a(Y) and for each j
1 T
k+1 GS k k k
7]% I 4 T (vj - ;(7]- —0;(Y)), ,uwj> , k=0,1,....

3.2 Convergence analysis of the IRSpM algorithm

We can prove thaiany accumulation point of the sequence {X k} generated by Algorithm 2 is a stationary
point of the objeetive function of the log-S, minimization as in (7).

First, we recall’some definitions of subdifferentials and some results on computing the subdifferential
of singular value/functions introduced in [44].

Definition 3.4 Subdifferentials. Let f : R? — (—o0, +-00] be a proper and lower semicontinuous function.

(1) For aygiven x € domdf := {x € R?: 0f(x) # 0}, the Fréchet subdifferential of f at x, written
Of (x)pis the set of all vectors u € R? which satisfy

liminf L@ = f@) = (uy -z
e ly—al

> 0.

When x ¢ dom f, we set Of (x) = 0.
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1

2 (2) The subdifferential of f at € € RY, written Of (x), is defined through the following.closure process
3

4 of (x) :=={u e R: Jx), - x, f(xr) = f(x) and uy, € Of (x) — u as k=hooh

5

? Definition 3.5. A function f:R"™ — R is absolutely symmetric if

8

9 f(xl, L2y - 7‘7371) = f(|x7r(1)‘7 |x7r(2)‘7 SRR ’xfr(n)Dv

1(1) for any permutation .

12 Definition 3.6. A function F : R™*" — R is a singular value function if F(X)= (f o o)(X), where
12 f: R = R is an absolutely symmetric function, | = min{m,n}.

15 Lemma 3.7 [44]. Let f be an absolutely symmetric function, then the subdiﬁérential of the corresponding
1? singular value function f oo at a matriz X is given by the formula

o O(f 0 @)(X) = U Diag (9 [g(X)]) V!

;‘1) with X = UXVT being the SVD of X.

22 The log-S;, low-rank measure can be viewed as a singular value function and its subdifferential can be
23 computed by Lemma 3.7. However, it is still challenging:to find an explicit expression for the subdiffer-
;g ential of the log-S, low-rank measure due to the ngn-snioothnéss of the S, quasi-norm.

2% Second, motivated by the class of first-oerder stationary points for ¢, regularized low-rank approx-
57 imation problems introduced in [42], we define a classiof first-order stationary points for the log-S,
28 minimization problem (7) using

29

30 O(X) = {(ﬁ, V) e R AR U= V'V = I and X = ﬁDiag(&(X))f/T} ,

31

gg where (X)) = [01(X), o2(X){an. ,0(X)]T and r = rank(X). Note that O(X) is the set of all such
34 pairs (U, V') of the rank reduced SVD. of X.

22 Definition 3.8. A point X* isla first-order stationary point of problem (7) if

37 ~ T % ~ \ X ~ * p—1 * p * —1

38 0c{U (X*-Y)V +7rpDiag(d): (U,V) € O(X*) and dj =0 (X")(0j(X7) +¢) oo (12)
39

40 The next theoreni shiows that.adocal minimizer of problem (7) is a first-order stationary point.

2; Theorem 3.9. Supposethat X* is a local minimizer of problem (7). Then X* is a first-order stationary
43 point of problem (7), that's, (12) holds at X*.

Zg Proof. Let X* =) Diag(&(X*))V" for some (U, V) € O(X*) and r = rank(X*). Define ¢ : R"™*" — R
46 as

47 1 " T 2 * T

48 o(Z) = 5 | X*+UZV" = Y| +7Miggs, (X +UZV")

49 1

50 = |x+uzv” - Y| + 7 Miogs, (Diag(6:(X*)) + Z).

51

gg By Theorem 7.1 in [44] and the definition of O(-), the subdifferential of ¢(-) at Z = 0 is given by

54 S . T

55 dp(0) = {U"(X* = Y)V + 7pU Diag(d)V

gg (U, V) € O (Diag(6(X*))) and d;j = o7~ (X*)(o?(X*) + )}

58

59 9



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - IP-104104.R2 Page 10 of 28

Since 0 is a local minimizer of ¢(-), we have 0 € dp(0). Hence, there exists some (U, V') @O¥Diag(6(X™)))
such that X o

UT(X* —Y)V + 7pU Diag(d)V" =0,
where d; = af 1(X*)(a] (X~ ) +e)71, j =1,2,...,r. Upon pre- and post-multiplying the above equation

by U and V', and using U U= V V =1, we obtain
U’ (X*—Y)V + rpDiag(d) = 0,
where U = UU and V = VV. Since (U, V) € O(X*) and (U, V) € O (Diag(5(X*))), then we have

U Diag(6(X*))V' =U (ﬁ Diag(&(X*))V ) v? = U Diag(e(X* )V’ = X*.

Hence, (U, V) € O(X*) and (12) holds. O

Third, we show some convergence results on the sequence {X k} generated by the proposed IRSpM
algorithm in Algorithm 2. The objective function of (7) évaluated at the sequence {X*} is strictly
decreasing and any accumulation point of {X k } is a statiomary point.

Proposition 3.10. Let ¥ denote the objective functiomof the log=S, minimization problem (7). Suppose
that {Xk} is a sequence generated by Algorithm 2 andsp.>"L. Then we have

A 4
(XF) - (X S XR - X (13)

Proof. By the descent lemma [45] and the concavity of the function g, we obtain

(XM - (X = X - e - Y\FHZ[( (X")) = g (h(x1)]

_ <Xk Yy, Xk Xk+1> “Xk+1 Xk;”2 +TZ [ ( Xk)) (Uﬁg(XkH))}
j=1

!
1
> (x*— v, XF - Xkl _\Z_HXk-i—l ~ xF2 Tzwf (crf(Xk) — a;’(XkJrl)) , (14)
j=1

where w;? =4 (ag’(Xk)) and 1'=min{m, n}. Note that X**! is a minimizer of (8), and thus we have
<Xk A, Y,XkJrl o X > HXk’Jrl XkHQ + TZw Xk+1)
7=1

XFe vy, xF o xR 4 ||Xk Xk||F—|—TZkap (XF)

7=1
!
= Twaaf(Xk
=1
That,is,
k k_ xktl k( pixky _ p(xk+l || gkt k||

(XF -y XF X Y (aj(X)—aj(X )>2§HX _X HF (15)

Then substituting (15) into (14) yields (13). O

10
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Theorem 3.11. Let ¥ denote the objective function of the log-S, minimization problemy (7). Suppose
that {Xk} is a sequence generated by Algorithm 2 and p > 1. Then the following assertions,hold:

(i) The sequence {X*} is bounded.
(i) lim || X — X =o0.
k—ro0

(iii) Any accumulation point of {X*} is a stationary point of .

Proof. (i) Tt follows from Proposition 3.10 that the decreasing sequence {¥(X¥)} is bounded above by
T(X). Also, ¥y = infx U(X) > —oco. Then assertion (i) holds since ¥'is coercive.
(ii) Summing (13) from k£ = 0 to k = K, we have
& 2 2 By
DX - xR < 1 (T(X0) — (XK < e (B(XY) — Tint) < +o0.
k=0

Taking K — oo, we have

o0
D IXFE — XF||fmgeto0
k=0

This yields assertion (ii).

(iif) Let X* be an accumulation point of the sequence {X*} and let v* € R! be a vector such that
~v* = o(X*). Assume that a subsequence { X} of {X*} con?/erges to X* as i — co. Due to assertion
(ii), we also have X! — X* as i — o@. Then a(X%) — o(X*) and o(X5T!) = o(X¥), ie.,
~Fi — A% and y*iH — 4% as i — co.

Let r = rank(X™). Then there exists some My >0 such that 'yJ’-“iH >0 for all j <randi> Iy. And

7 ¥+l 5 0 implies that ’yj (’yj — ajx)) > TGST(Mw] ) and

ki+1 _ mGST kil T ki \ _ QGST ki+1 T ks
7 2 (235 i > =5y <Ejj i ) :
By Lemma 3.1, the following equation holds for all j < r and i > I,

%]?rl*l _ kil
Denote 4% +1 i= [yFit ! gkidd DB+ T and denote dFtl = [ dE @ T with d?iﬂ =

wfi ('yjl?ﬁl)p_l = ((7]- WPoke)™ (’y]]?"ﬂ)p L Let £ denote the r x r matrix formed by the first r rows
i1

+ w Fp(y Tt =o. (16)

; ~ ki+1 .
and first r columns of B2 et U " denote the m x r matrix formed by the first 7 columns of U*

~ ki+1 . ) .
and let V' dendte the 1%  matrix formed by the first 7 columns of V**1. Then from equation (16),
we obtain

ki+1 ki+1)T Frki+l ki1 o ki+1

g R RN L TP g @kt (0T
I

U™ " [Diag(7*dH(w =0.

k‘i—‘rl)

We obsefve that U Dlag( yRty (Vv T =gkt Diag(’y’ki“)(V’“"H)T—Zé:?drl ’yj]?iHU?iJrl(V?"H)T =

Xhkitl 2 Zé —d ].““Uk H(VkiH)T, where U?H and V?iH denote the j-th column of U**! and

VHFL respectively. Also, g “2'““(V’““)T S AR YU AR U DTS L sL | AR O
l ki+1lyrk;+1 ki+1 .

XM L(XM - Y) =3, SO (V)T These imply that

SR X (XM ) Y (3o U (VYT 40 Ding( ) (7

j=r+1

) =o0.

11
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Rty ot =1

kri-l)T ~rkit1

Upon pre- and post-multiplying the equation above by (f] and f/kiH and using (f]

and (f/'kiJrl)Tf/'ki+1 = I, we obtain for all 7 > Iy

ki+1 ki+1 ki+1 ki+1

pO (X kv (0T ( XM — YY)V 4 rpDiag(d¥t) = 0, (17)

ki+1} ki+1

Next, it can be easily verified that {U and {V""" "} are bounded. @onsidering.a convergent
TR L @ and W SW. Then

subsequence if necessary, without loss of generality we assume that U
taking the limit of both sides of equation (17) as i — oo and using assertion (ii), we have

(UHT(X* = Y)V" + rpDiag(d*) =

where d* = [d%,d5, ..., d*]T € R" such that d; = ('yj’f)p_l(( 7P+ e) = = 0} \(X*)( P(X*) +¢)~L. Since
(ﬁki+1)TI~/’ki+1 = I and (f/kiH)T‘N/kiH = I, we have (U)TU" = Tafd (V)TV" = I. Since v; = 0 for
all j > r, we have X* = U Diag(3*)(V")7T, that is, (U, V") € O(X *)uTherefore, X* is a stationary

point of W.
O

3.3 The tensor IRSpM algorithm and its convergence analysis for the t-log-5, mini-
mization

L Z
As mentioned in the beginning of section 3, solving the't-log-S), minimization (5) is equivalent to solving

a log-S, minimization (6) for each frontal &lice X\ Then a tensor IRSpM (t-IRSpM) algorithm can
be proposed for the t-log-S, minimization using the IRSpM algorithm for the log-S, minimization. We
summarize the t-IRSpM algorithm in Algorithm3 andyits convergence results in Theorem 3.13.

Algorithm 3 The t-IRSpM Algorithni for solving the t-log-S, minimization problem (5)

Input: Y and parameter 7
1: Set initialization denoted as Z

2: Y =fit(Y,[],3)
3 Z = fit(Z2,]],3)
4: fori=1,2,...,n3 do N
5 X = IRSpM(Y'", 7) inifialized with Z'”.
6: end for
7: = ifft(X,[],3)
Output X

Definition 3.1200A4 pointdX . is a first-order stationary point of problem (5) if fori=1,2,... ,n3,
0T (T*(” q ?(“) V + mpDiag(d) :(U,V) € O (XT“)) -
, . 18

and d; = " (X ) (0" X) + )71

To present the convergence results of the t-IRSpM algorithm, we denote {Y,(j)} as the sequence
generated by IRSpM in the fifth line in Algorithm 3 and denote X = ifft(Xy;, [],3), where the i-frontal

slice of &g is Yg).

Theorem 3.13. Let O denote the objective function of the log-S, minimization problem (7). Suppose
that { X1} is a sequence generated by Algorithm 3. Then the following assertions hold:

12
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(i) ®(Xf) — P(Xji1) > “T_1||Xk+1 — X||%, where > 1 is an IRSpM algorithm pagameter.
(ii) The sequence {X}} is bounded.
(iii) lim HXkJrl - Xk”p =0.
k—o0
(iv) Any accumulation point of { X} is a stationary point of ®.

Proof. Let \Ili(f(i)) denote the objective function of problem (6). Note ¢ (&) = 13 o \I/i(f(i)) and

= 0 -

[Xps1 — Xillp = =50 HXkH(i) - Yk(i) |%.. All the assertions immediately hold. O

n3

4 Patch-based Approach for 3D Poissonian Image:Deblurring

In this section, we propose a non-local low-rank model for 3D Pgissonian image deblurring by exploiting
low-rank priors of the non-local similar patch groups extracted from the‘observed images.

4.1 Problem statement

For a 3D image & € RY, the image degradation modelamnder Poisson noise can be written as
y=P(Hz)) § (19)

where x denotes an image that is not degraded, H € R"*" denotes a matrix operation of the convolution
of a PSF, P(-) denotes a process in which the image is eontaminated with Poisson noise, and y denotes
a degraded image. If H is an identity matrix; the'model becomes a simple denoising model. In this
paper, we consider periodic boundary cenditions and then the blurring operator H keeps the block-cyclic
structure.

Since the variance of the Poisson noise is proportional to the intensity of the signal in each pixel, more
precisely, assuming that the observed value of image f at position ¢ is independent, we can write

e (Ha),)"

Py | Ha) =[]

N %
where y; denotes the pixel valuefof the observed image at each position ¢, and @ denotes the original clear
image. Using the Bayesian framework, Le et al. [46] proposed a minimization model as follows for 2D
Poissonian image deblurring

9

minT(Hx —ylog Hz,1) + | V|1, (20)
xr

where 1 denotes{the vector whose entries are all ones, the logarithm and multiplication with y are
component-wise'operations, and 7 > 0 is a parameter. The first term of model (20) is the data fidelity
term derived/from’ thesleg-likelihood function of the Poisson distribution, and the second term is the
classical discrete’ TV regularization [47] defined as the composition of the /1 norm and the first-order
difference operator V.

For 8D Poissonian image deblurring, the data fidelity term of model (20) for 2D Poissonian image
deblurring can also be used. However, due to the ill-posedness of the problem, TV regularization-based
methods have some limitations in preserving the image textures, especially for 3D images. Therefore, we
propese a non-local low-rank model based on the t-log-S, low-rank measure.

13
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4.2 Non-local low-rank model for 3D images

Non-local self-similarity for 2D images indicates that for each patch of the 2D image, similar patches
can be found in the image and grouped to obtain a low-rank matrix. And using this'property, non-local
low-rank models have been developed for various applications in image restoration {48—54]. For example,
weighted nuclear norm minimization [52] has been applied to image denoising [52], image.deblurring [53],
Rician noise removal [54] and phase retrieval [51]. For 3D images, the non-local gelf-similarity property
also exists. The non-local low-rank regularization for 3D images can be imposed by using matrix low-rank
measures [55] or tensor low-rank measures [56,57]. For example, Kronecker-Basis-Representation (KBR)
tensor sparsity regularization [58] has been applied to multispectral image denoising [58] and low-dose
dynamic cerebral perfusion CT reconstruction [59] and low-dose CT [sinogram recovery [60]. In the
following, we adopt our t-log-S, tensor low-rank measure proposed in'section 2,/and develop a non-local
low-rank model for 3D Poissonian image deblurring. -

First, we group non-local 3D patches, also called cubes, with similarity together by cube matching and
form a non-local similar patch tensor. Given a 3D image x, supposeiit can’be divided into L overlapping

cubes of size /Ny X \/n1 X ng, denoted as {x1, T2, -,z }. Foreach reference cube x; of the image, a total
number of ng non-local self-similar cubes {x; 1, ®;i 2, - , Tinys can be found by cube matching. Here, the

cubes are grouped using Euclidean distances, and the tensor R;(x) is generated for the reference cube
x; by stacking the grouped unfolding cubes in the ascending order of Fuclidean distance in the second
dimension, see Definition 4.1.

Definition 4.1. Given a vectorized 3D image = € RY and’a reference vectorized cube x; € R™™3
the non-local similar patch matriz R;; € R XN s g binary matriz (whose terms are 1 or 0), i =
1,2....,L,5=1,2..... ng, such that R; jx is theyj-th vectorized cube in the i-th non-local similar group
x;j, that is, R; jx = x;;. Let R; : RN — RMXM2X03 be the extraction operator for the i-th non-local
self-similar tensor defined as

Ri(xy=fold3y(R; 1z, ..., Rin,z]").

Here, R;(x) is the constructéd tensor for thes-th reference cube. And this tensor describes the spatial
correlation along the first dimensiony, presents the repeated patterns of similar cubes along the second
dimension, and keeps the mode-8 correlation of the 3D image along the third dimension. Note that the
order of the modes can be switched. And R;(x) should be a low-rank tensor according to non-local
self-similarity if « is a cleandmages

Second, we adopt the t-log-Sp lowsrank measure to regularize the low-rank properties of these non-local
similar patch tensors., By combining the low-rank tensor regularization using t-log-S, low-rank measure
defined as in (4) with the tensor Poissonian image deblurring model (20), a non-local low-rank tensor
model for image restoration is a$ follows

L

mmin T(Hx —ylogHx,1)w + Z niMiog,s, (Ri(x)), (21)
i=1

where R;(a@), represents the constructed tensor for each reference cube, W = 25:1 RIoR; = 25:1
2, Rz?:lRi,l is a diagonal matrix whose main diagonal entries indicate the counts for each pixel, (-, )
is the W-weighted inner product and n; > 0. This model preserves the structural correlation of the
congtructed tensors, thus obtaining better denoising results.
Lastly, we use variable splitting to reformulate the model. By introducing relaxation variables, and

problem (21) can be rewritten as a constrained problem:

L
mwin7'<h —ylogh, 1)w + Zm/\/llogsp(ﬁi), st. Hr=h, L;=TRx).
i=1

14
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Then by relaxing these equalities of the splitting variables, the constrained problem cambérelaxed to an
unconstrained problem as follows

L

Jnin. 7(h —ylogh, 1)w + *Hh Hz|y + [ 1Li = Ri(2) |7 + miMiog,s, (£:){ s (22)
b 74 Z:l

where 7 > 0, a > 0 and 7; > 0. We call this model as the non-local lowsrank tensor model for 3D

Poissonian image deblurring.

4.3 The full algorithm for 3D Poissonian image deblurring

To solve the proposed model (22) for 3D Poissonian image deblurring, we Rerform an alternating mini-
mization algorithm with a proximal term as follows.

k

e Update of L;: given x = ", we update Ef“ by solving the following subproblem

iyin e~ Ri(mk)H; i Mg s (). (23)

We solve this t-log-S, minimization problem by the t-IRSpM algorithm given in Algorithm 3 using

LF as an initial solution.
&

k by minimizing problem (22) with respect to h as

e Update of h: given ¢ = « Rl

follows

, we update

Bi*! = argmin 7(h Sylogh. Lw + 5 [h — Ha" [y
h

This is a least squares problem. Itsiclosed-form solution is

hk+1:1(ka—T)+\/1 (Hack— ) + Y (24)
2 « 4 o «

e Update of x: given h = h*™! andiC; = £, the update of the estimated image xF! at the
(k + 1)-th step is computediby. minimizing problem (22) together with a proximal term as follows

L
k+1 _ N P 2 LIl st A 5
MNP, YA I S S PR T A
where 8 > 0./The update of  has a closed-form solution as follows
. L
=l HTH + (B+1) 1] <aHThk+1 +> WIRT (Lf“) + Bmk> : (25)

whére R}« RM*n2xns 5 RN is an inverse process of R; defined as RY (X) = > RT vec(X (:

 Jxi))-

Since the update of h has a closed-form solution, the algorithm can be viewed as alternatively updating
variables £; and . We call this algorithm as the patch-based tensor logarithmic .S, minimization (TL-
SpM) algerithm and summarize it in Algorithm 4. The convergence analysis of this algorithm is presented
in_the next subsection.

15
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Algorithm 4 Patch-based TLSpM algorithm for 3D Poissonian deblurring

Input: y, and parameters 7, «, 7;, and (3.
1: Initialize 2° =y, k =0

2: Set extraction R; by cube matching
3: repeat
4: Update L5 by t-TRSpM(R;(*), n;) initialized with £F, i = 1,2, ..., L;
5. Update h**! by eq. (24);
6:  Update "1 by eq. (25);
7 k+—k+1.
8: until convergence
Output: z*

~

4.4 Convergence analysis of the Patch-based TLSpM algorithm

We can prove that any accumulation point of the sequenee {(x*,h*3{L;*})}, where {L£;*} denotes
{L1*, Lo", ..., LL*}, generated by Patch-based TLSpM algorithm in Algorithm 4 is a stationary point of
the objective function of the proposed model in (22).

For the sake of proving convergence results for Algerithm 4, we assume with loss of generality that
the t-IRSpM algorithm in line 4 performs ¢ inner iteratiens.»And we denote the inner updates of £; from
the initial E?k to the output [fi](kﬂ)
line 4.

, which are corresponding to the initial L',f to the output Ef“ in

Definition 4.2. A point (x*, h*,{L;*}) is a first-order stationary point of problem (22) if
0=r1(1= %) +a(h® — Hz™)
0=aH"(Hzt-—h") +a* - Y W 'R (L),

where the division of y is a component=wise operation and for s =1,2,...,n3,1=1,2,...,L,
=T (750) 57w\ 1 . (T O A (%)
0c{U (L;" —Riwm h) V.4 mpDiag(d) :(U, V) € O ( L;

—1,3%(s) —=(s) -
and dj = o? (L7 ) (oP(L7 ) + )7}
Proposition 4.3. Let ®denote the objective function of model (22). Suppose that {(z*, h* {L£;7})} is
a sequence generated by Algorithm 4. Then the following assertions hold:

(i) The following inequality holds for k =1,2,...

(I)(wk,hk, {Eiqk})_(I)(warl,thrl7 {Eiq(kJrl)}) > E Z

ki  pgkti—1 By k
5 [ ||%+§Hw _

q
"Iy,

=1 j5=1

(26)
where > 1 is an IRSpM algorithm parameter.

(i) The séquence {(x*, h* {L;%})} is bounded.

(iii) Vel — @F |y =0, lim [|R! — ¥ g =0 and lim £ — £ =0
k—oo k—oo k—o0

(iv) Any accumulation point of {(x*, R, {L£;%})} is a stationary point of ¥,

16
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Proof. (i) By the update of L?(kﬂ) via t-TRSpM algorithm, it follows from Theorem 34.3/that

L q
1 -
(@, b, {L£:)) — @(a¥, BY (L2} > B3T3 et - e R
=1 j=1

By the updates of h**! and 2**!, we have ®(z*, h¥*! {£;9*+D}) — &(xF RE, {£,7%EDY) > 0 and
O(2MH1 REHL (L, a0 @ (gk RRFL L9 FDY) > By gkt k|2 Tt follows immiediately from these
inequalities that equation (26) holds.

(ii) Since @ is bounded below and coercive assertion (ii) holds.

(iii) Summing (26) from k£ =0 to k = K, we have

L q ~
1
M > N e — £+ || 2P < o RO {LY) — @ (2 hE L)) < 4o,
=1 j=1

Taking K — oo, we have

L ¢
SN TNLET — £FNE < 400 Land ekt — 2|y < 4o
i=1 j=1

These together with (24) yield assertion (iii). y

(iv) Let (z*,h*,{L;*}) be an accumulation point of the sequence {(z*, h*, {L£;%%})}. Assume that a
subsequence {(z¥, h*, {£;7%%})}x converges to (&*, h*, {£7}) as k — oc.

According to the t-IRSpM algorithm and Theorem 3.13, we have for s =1,2,...,n3,i=1,2,..., L,

T (TS (o) 4 (=L
0e{U" (L?“““) - Ruah) )> Vap Ditig(d),:(U, V) € O (Lg“““) >

(s) (s)

and djzoé’_l(Lg(k—H) )(a;?(Lg“““) )4e) L

RFF! +L we have

According to the updates of and ¥

~
0=r(1- h’?“) FoB _ Hzt)

0 = o HI(H M — pF1) 4 bt — Z W_IRZ»T(AC?(]CH)) + B(xF ! — F),
Taking k € K approaches e and using assertion (iii), we can obtain the assertion (iv). O

5 Experimental Results

In this section; we demonstrate the performance of the patch-based TLSpM algorithm in Algorithm 4 for
3D Poissonian image deblurring. We compare this algorithm with other Poisson deblurring algorithms
including RL [10], ARL [11], VST-BM3D [29] and PURE-LET ([33] algorithms. Also, we test the KBR-
deneising [61].for 3D Poissonian image deblurring by using our proposed model and algorithm scheme.
For examplé, in the KBR-PoisDebl algorithm, the model is (22) where Mg g, is replaced by KBR. The
experiments were implemented in MATLAB 2016b running a 64-bit Ubuntu 18.04 system and executed
on an eight-core Intel Xeon E5-2640v3 128GB CPU at 2.6 GHz. The proposed algorithm was accelerated
usingyparallel computing, as the estimation of each patch tensor can be computed in parallel.
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5.1 Experiments on fluorescence microscope images

Poisson noise and blur degradation often occur simultaneously in fluorescence microscope.images. Fluores-
cence microscopy is widely used in biological studies to analyze cell and tissue structures. Its resolution
is affected by two factors. One is the ambiguity caused by the Abbe diffractionflimit, and the other
is the noise that strongly depends on the signal. We use 3D fluorescence microscoperimages for test-
ing. Three test images are “Spherical-beads”! (128 x 128 x 64), “Micro-tubules”®(128 x 128 x 64), and
“Pollen”? (256 x 256 x 32). The 10th frontal slice of each original image is shown in Figure 1. To simulate
blurry Poissonian images, we adopt the procedure in [62]. First, the original image is scaled by Peak /I ax,
where I ax is the maximum value of the original image and Peak is the peak valueiset as 255. Then the
image is further convolved with three different 3D blur kernels obtained by a mictoscope PSF generator?,
including one 3D Gibson & Lanni blur (G&L) [63] and two different™3DyGaussian blur (G1 and G2).
Lastly, Poisson noise is added to the blurry image. o

Figure 1: The 10th frontal slices of fluorescencesmicroscope images of “Spherical-beads”, “Micro-tubules”
and “Pollen”, respectively.

For the proposed patch-based TLSpM algorithm, we first set the search window as 35 x 35 and the
number of non-local patches fordeach group as'60. The cube size is 7 x 7 x 7 for the G&L blur kernel and
6 x 6 x 14 for the G1 and G2 blur kernels. Also, the parameters p = 0.95, 8 = 0.0001 and x = 1.0001 and
the rest are shown in Table 1. And to achieve better performance, the cube matching R; is also updated
for certain iterations and then remains unchanged afterward.

N
Table 1: Parameter settings for patch-based TLSpM algorithm

Image | Spherical-beads Micro-tubules Pollen
PSE TG&L, G G2 | G&L Gl G2 | G&L Gl G2
(o} 20 20 2 20 20 2 20 20 2

T 150 200 80 | 150 200 80 | 240 200 60
i 5000 5000 900 | 5000 5000 900 | 5000 35000 700

In the experiment, the peak signal-to-noise ratio (PSNR) [64] and structural similarity index mea-
sure (SSIM) [65] are used to measure the quality of the restored images. In particular, the PSNR value
is defined as

Peak?

PSNR = 10log;g — |
|z* — |5

wherexx* is/the restored image and @ is the original image. And the SSIM value is defined in [65].

! The “Spherical-beads” and “Micro-tubules” images are collected from http: //bigwww.epfl.ch/deconvolution/index.html#data.
*The “Pollen” image is collected from http://www. cellimagelibrary.org/images/35532.
3The software package is downloaded from http://bigwww.epfl.ch/algorithms/psfgenerator/.
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Table 2: PSNR and SSIM comparison among different algorithms under differentblur kernels

Image Metric Spherical-beads Micro-tubules Pollen

PSF G&L Gl G2 G&L Gl G2 G&L G1 G2
Noisy PSNR | 14.53 13.82 14.67 | 19.66 19.64 19.66 | 23.774 23.76  23.64
SSIM | 0.291  0.197 0.315 | 0.220 0.221  0.224 |50.429 0462 £ 0.450
RL PSNR | 18.80 17.78 18.60 | 20.85 20.95 20.92 | 2646 2517, 25.82
SSIM | 0.782 0.674 0.766 | 0.325 0.337  0.324 |/0.626 ».0.475 "~ 0.581
ARL PSNR | 17.44 15.64 1744 | 19.79 19.81 19.74 4»24.72 2323 23.90
SSIM | 0.639 0.451 0.686 | 0.305 0.286  0.280., 0.557 0.417  0.501
VST-BMAD PSNR | 19.09 19.13 19.24 | 22.01 22.32 2208 | 27.25 » 25.60 26.51
SSIM | 0.756  0.746  0.766 | 0.358 0.381 0.365 | 0.642 0.546  0.594
PURE-LET PSNR | 19.41 1897 19.28 | 22.39 22.72 42269, 28.23 26.82 27.59

SSIM | 0.779  0.734  0.787 | 0.357 0.356/ 0.371°} 0.741 0.595 0.627
PoisDebl-KBR. PSNR | 19.70 19.21 19.56 | 23.15  23.55" »23.67 | 28.40 27.34 28.10
SSIM | 0.820 0.787  0.812 | 0.607  0.574», 0.628 | 0.717  0.600  0.658

Patch-based PSNR | 19.67 19.42 20.97 | 23.58  23.65 23.87 | 28.49 27.35 28.40
TLSpM (ours) | SSIM | 0.788 0.795 0.846 | 0.634 “0:602 0.634 | 0.720 0.689 0.718

The PSNR and SSIM values of the restored imageés obtained by different algorithms are shown in
Table 2. It shows that the proposed patch-based TLSpMsalgorithm achieves the best numerical values for
most of the testing cases. For example, for “Micre-tublules” image with the G2 blur kernel, the PSNR
value of the proposed algorithm exceeds the state-of-the-art PURE-LET algorithm by 1.18 dB. The
PoisDebl-KBR method that is modified from eur proposed model performs very competitive numerical
results, achieving only 0.17 dB in average less than,our Patch-based TLSpM in terms of PSNR values.

To evaluate the visual quality of the restored images obtained by different algorithms, we compare
several selected slices of the restored 3D images.in Figures 2-4. In Figure 2, for the “Spherical-beads” image
with the G&L blur kernel, the proposed patch-based TLSpM algorithm obtains the best performance in
preserving the spherical structure of beads andyseparating distinct beads. In contrast, The RL and ARL
algorithms were not able to remove,Poisson noise and restore the shape of the beads; the VST-BM4D
and PURE-LET fail to separate the distinct beads if they are too close to each other; and the PoisDebl-
KBR method can separate the beads but the gaps between the beads are not as clear as our proposed
method, even though the PSNRiwalue of PoisDebl-KBR method exceeds our proposed method by 0.03dB.
In Figure 3, the lateral slice of the original “Micro-tubules” image contains many luminous points. The
ARL and RL algorithms cannot recognize luminous points, while the VST-BM4D, PURE-LET, PoisDebl-
KBR and proposed algorithms can identify most of the luminous points. In fact, the proposed algorithm
can restore images with higher accuracy and fewer artifacts, compared to the VST-BM4D, PURE-LET
and PoisDebl-KBR/ algorithms, as shown in the zoomed-in image of Figure 3. Lastly, in Figure 4, for
the “Pollen” image with the G2 blur kernel, the proposed and PoisDebl-KBR algorithms can recover the
pattern of the cellswall; while the RL and ARL algorithms fail to remove the noise on the cell wall and
the state-of-the-art VST-BM4D and PURE-LET algorithms restore blurry cell walls without details.

All in all; the proposed patch-based TLSpM algorithm outperforms the competing algorithms in
removingPoisson moise and retrieving details from blurry images.

5.2 +Analysis on the parameter p

The denoising performance of the proposed patch-based TLSpM method is related to the parameter p,
whichiis useéd in the t-log-S), low-rank measure. We conduct a sensitivity analysis on parameter p using
the “Spherical-beads” image with a G2 blur kernel. Figure 5(a) presents the plot of the PSNR value
for prer(0,1) vs the number of iterations. We can observe that when p € (0,0.65), the PSNR value
decreases as p decreases; when p € [0.65, 1), the differences in PSNR are not very significant. To analyze
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Figure 2: The 20th frontal slices of the images restored by different algorithms from the noisy “Spherical-
beads” image with the G&L blurkernel. The PSNR values of the restored images are: (b) noisy image
(14.53 dB); (¢) RL (18:80.dB);.(d) ARL (17.44 dB); (e) VST-BM4D (19.09 dB); (f) PURE-LET (19.41 dB);
(g) PoisDebl-KBR ((19.70°dB); (h) Patch-based TLSpM (ours) (19.67 dB).
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25 (a) Original b) Noisy ) ARL

20 (@) WST-BM4D ) PURE-LET  (g) PoisDebl-KBR (h) Patch-based
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Figure 3: The 33rd lateralislices of the images restored by different algorithms from the noisy “Micro-
tubules” image with the G1 blur kernel. The PSNR values of the restored images are: (b) noisy image
45 (19.64 dB); (¢)RL(20.95dB); (d) ARL (19.81 dB); (e) VST-BM4D (22.32 dB); (f) PURE-LET (22.72 dB);
46 (g) PoisDeblNKBR/ (2345 dB); (h) Patch-based TLSpM (ours) (23.65 dB).
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(a) Original

(e) VST-BM4D (Q PURE-LET (g) PoisDebl (h) Patch-based TLSpM
(ours)

Figure 4: The 12th frontal slices of the images restored by different algorithms from the noisy “Pollen”
image with the G2 blur kernel. The PSNR values of the restored images are: (b) noisy image (23.64 dB);
(c) RL (25.82 dB); (d)»ARL. (23.90 dB); (e) VST-BM4D (25.51 dB); (f) PURE-LET (27.59 dB); (g)
PoisDebl-KBR (28/10 dB); (h) Patch-based TLSpM (ours) (28.40 dB).
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the sensitivity of parameter p € [0.65,1), we use the PSNR value for p = 0.8 as a referencé and compute
the difference between the PSNR value for each p and the reference PSNR. Figure 5(b) presents the plot
of the PSNR difference vs the number of iterations. When fewer than 100 iterationsare performed, the
PSNR differences are not significant; when 100-300 iterations are performed, p = 0.8 performs the best;
when 500 iterations are performed, p = 0.95 performs the best. In summary, the proposed method can
achieve satisfactory performance by choosing p € [0.65,1). When early stop is preferred; ome may choose
p = 0.8; otherwise, one may choose p = 0.95.

21 T 0.04
p=0.05
........... p=0.15 . |
— =025 & 002 2
-~ -p=04 e
20.5¢ p=0.65 1 0 -
& 0=0.8 & .
Z o .
o c-002}
& 3
20t
.  -0.04
£
04006 |
19.51
: : : : -0.08 —= : : :
0 100 200 300 400 500 0 100 200 300 400 500
Iteration Iteration
(a) Plot of PSNR values. (b) Plot of differences in PSNR values.

Figure 5: Sensitivity analysis of parameter p. (a) Plotief the PSNR value for p € (0,1) vs the number of
iterations; (b) The PSNR difference for pieyf0.65,1) vs the number of iterations.

6 Conclusion

In this paper, we first define a new t-log-.S;, low-rank measure for tensors. Then we propose a patch-based
non-local low-rank approachy calléd patched-based TLSpM, for removing blur and Poisson noise. The
experimental results show that this algorithm is effective in improving the image quality of 3D fluorescence
microscopes, and it isssuperior to the existing methods in terms of visual quality and quantitative quality
measures.
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