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CrossMark
Abstract

Analogue gravity is based on a mathematical identity between quantum field
theory in curved space-time and the propagation of perturbations in certain
condensed matter systems. But not every curved space-time can be simulated
in such a way. For analogue gravity to work, one needs not only a condensed
matter system that generates the desired metric tensor, but this system then also
has to obey its own equations of motion. However, the relation to the metric
tensor usually overdetermines the equations of the underlying condensed
matter system, such that they in general cannot be fulfilled. In this case the
desired metric does not have an analogue.

Here, we show that the class of metrics that have an analogue is larger than
previously thought. The reason is that the analogue metric is only defined up
to a choice of parametrization of the perturbation in the underlying condensed
matter system. In this way, the class of analogue gravity models can be vastly
expanded.

Keywords: analogue gravity, field theory, Lagrangian formalism

1. Introduction

Some condensed matter systems act as ‘analogues’ for gravity so that small perturbations
around their background fulfill an equation of motion formally identical to that of fields in a
curved space-time. The effective metric that quantifies the curved space-time is then a func-
tion of the properties of the condensed matter system.

There are various examples for such analogies. For illustrative purposes we will deal here
with the one that employs a non-viscous, irrotational, and barotropic fluid. The effective
metric is then a function of the pressure (pg), the density (pp), and the velocity field (dp) of
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the fluid—though we note that the technique proposed here does not depend on the specific
form of the metric and is more generally applicable. Here and throughout this paper the index
0 refers to the background field.

That gravity and condensed matter physics are linked in this fashion has been known since
the mid 1980s [1, 2], but only in the last decade has the field begun to attract attention. One of
the reasons is that new connections between gravity and condensed matter systems have also
been found in different approaches, such as the AdS/CFT correspondence [3—5] and entropic
gravity [6-9]. The connection between analog gravity and the AdS/crr duality was studied
in [10-16]. Another reason is that the possibility to experimentally explore these systems has
recently become reality [17-22].

This is an exciting research area because it allows to probe quantum field theory in curved
space-time, which is not currently possible in the actual curved space-time. Beyond that, it allows
to explore how the underlying, more fundamental, theory makes itself noticeable. For condensed
matter systems the underlying theory is known. For gravity it is not. So, from the correspondence
between the two systems, we might learn in which situations we can probe the underlying theory.

But how much we can learn from analogue gravity is limited by the type of space-times
that can be simulated in this fashion. It is not generally the case that the fluid whose density,
pressure, and velocity can be extracted from the metric fulfills the equations of motion. In fact,
for the most-studied case—the Schwarzschild metric [23-25]—the condensed matter system
does not fulfill the equation of motion. This would lead one to conclude that it is not possible
to simulate the Schwarzschild metric directly, but only a metric which is conformal to the
Schwarzschild metric. We will, however, show here that by using a different way to identify
the background-perturbations, the Schwarzschild metric—and many other metrics that were
previously not possible—can be simulated directly.

This can be achieved by examining how a conformal factor enters the equations of motion
of the perturbation—similar considerations were also made in [26]—and observing that the
way in which this factor enters is similar to the way that an effective mass-term does. We
then demonstrate how to modify the background system such that it creates an effective mass
which cancels the contribution of the conformal factor. This method then allows us to find
condensed matter systems that are gravitational analogues for space-times which are confor-
mally equivalent to those space-times presently known to have gravitational analogues.

This paper is organized as follows. In section 2, we briefly summarize the derivation of
the equations of motion for the perturbations around the background field, paying special
attention to the effective mass and potential. In section 3, we remind the reader how confor-
mal rescaling affects the wave-equation. In section 4 we show with several examples how an
appropriately chosen conformal factor can be used to satisfy the equations of motion of the
fluid describing a non-relativistic acoustic metric. Then, in section 5, we discuss the procedure
in more general terms before summing up our findings in the conclusions.

We use units in which the speed of light and i = 1. The constant ¢ denotes the speed of
sound and not the speed of light. We will work in the ‘mostly plus’ signature convention for
the metric, (—1,1,...,1).

2. The acoustic metric

The effective metric which is perceived by small perturbations over a background field can
be derived using a Lagrangian approach. We here briefly summarize the results of this der-
ivation—for details the reader is referred to [2, 15, 27]. We assume that the ‘subjacent’ (as
opposed to effective) metric lives on a Lorenzian manifold of dimension n + 1.
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2.1. Real scalar field

We use a Lagrangian for a real scalar field which is of the general form
L= L[x(99),V(6,3)], (1)
where

X = 1" (0,0) (0,9) 2

is the kinetic term and V(6,X) describes the potential for the field and possible interactions
with external sources. Next, we split the field into a background and perturbations around the
background, 8 = 6y + 6, where (by assumption) the background field 6y fulfills the Euler—
Lagrange equations. One can then expand the action in powers of the perturbation. This way,
one finds that the terms for the perturbation take the form of the action of a scalar field propa-
gating in an effective metric g,,, which is defined by

V=gg" = oL 3
0(0,0)0(0,.0) 9:90’ 3)
and has a mass term
o*L O*L
— 2 —_ | —_— -
V=8 6969+8y (3(3u9)39>L_9 : 4)

Since (3) determines the propagation of sound-waves, it is also known as the (inverse) acoustic
metric. The effective mass (4) will not be a constant, in most cases. It might thus appear more
appropriate to use the term potential instead, however, to avoid a nomenclature-confusion with
the potential for the background field, we will refer to it as effective mass—as it has become
customary in the literature, in general.

Next, one can represent the acoustic metric in terms of quantities familiarly used for fluid
dynamics. To that end, one introduces the stress-energy-tensor

Tp,l/ = (PO + PO)M;MV +PO77;w, (5)
where the four-velocity, pressure and density of the background field are given by
0,6 oL
Muzi,POZL, P0:2X7_£’ (6)

VX Ix
and the four-velocity is normalized to one
n*uu, = —1. (7)

The field equations of the relativistic fluid are then identical to the conservation of the stress
energy

0,T" =0, (3)

and the acoustic metric and its inverse can be expressed as

2
T -1 1
g =i ('OO +p0> (77’“' + (1 - 2> u“u”) , )
X C

2

_ n—1
po = () Gt (1)) (10)
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Here, c is the speed of sound and defined by ¢=2 = dpy/po.
In the non-relativistic limit, po << po and v? < ¢2, then the acoustic metric is of the form

2 f q4/22 )
y%hau(&» ”‘( /e %/¢ ), (11)

c —vj/c* 6 — vl

g 1.3) o (22) <_(C2 N . (12)

—(vo); 0ij

In this limit, the equations of motion for the background field are the continuity equation and
the Euler equation:

8;/00 + 6 . (poﬁo) =0, (13)

-

p |08 + (B - V)| = F. (14)

The argument we will develop here assumes that we are in the non-relativist limit.

We will also assume, as usual, that the fluid is non-viscuos, has vanishing rotation (i.e.
is vorticity-free), and is barotropic. The velocity field is then the gradient of a scalar field
Tp = —6(;5 and the density py is a function of py only. In this case, the Euler equation can be
integrated once and can be written as

2
s

1/
a¢:h+§(v@ (15)
where
rodp
hip) =

is the specific enthalpy.

Let us then make the following observation. Consider we have a type of fluid with a speci-
fied Lagrangian £ and an unspecified potential V. We would like to find a potential for the
fluid that realizes a space-time metric which takes the form of the acoustic metric (12). We
then first read off p and 7 from the metric. With the previously made assumptions that the fluid
be non-viscuos, vorticity-free and barotropic, this will result in two equations of motions (13)
and (15). In general, however, both equations cannot be solved simultaneously. And since (3)
does not depend on V directly, different choices of the potential do not remedy the problem.
This leads to the conclusion that most metrics cannot be realized as gravitational analogues.
Indeed this is the case e.g. for the Schwarzschild-metric [2, 15].

We will in the following show how to circumvent this impasse.

2.2. Complex scalar field

Before we get to our main argument, let us briefly look at how to generalize the above formal-
ism to a complex scalar field, when the Lagrangian is a function of 96, 96*, and @, 6*. The
expansion works similarly to the case of a real scalar. When we set

Oon = (fo. 1) a7
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for brevity, then expanding the action to second order leads to the equations of motion for the
perturbations

0, (G"-0,01) —M -6, =0, (18)
where
(1 L L
3 (a(a#o)aeg + C'°-> 907, 00%,
GH = , (19)
L 1 L
a0,,00,, 2 (aeiﬂaa;; + C'C‘)
[1(_2C L 'L L
2 (aaae* ~ Ougoags, + C'C') a0-o0- ~ O go+ o,
M =
oL L 1 (2L L
o608 — On 3606, 2 <aeae* — O 96007, T C"")
(20)

Here, a semicolon denotes a covariant derivative with respect to the index that follows. With
the usual assumption of £ being real-valued, these matrices are Hermitian.

The equation of motion for the perturbations 6; and 67 are then two separate equations,
which are complex conjugates of each other. They do not in general split into separate equa-
tions for 0 and 07 respectively, which means there is no straight-forward interpretation of the
equations of motion in terms of an analogue metric.

However, under certain circumstances it is possible to separate the two equations. In par-
ticular, if G*¥ and M, as 2 x 2 matrices, have a common eigenvector, then a perturbation which
is parallel to this eigenvector will separate. Such a common eigenvector of G#* and M exists if,

2
ker () [(G*)5M'] |4_g, # {0} 1)

k=1

Here, k, [ are exponents, not indices, and the square brackets denote the commutator. We will
in the following not explore the necessary conditions which this implies for the Lagrangian.
We merely note that a sufficient condition to fulfill this requirement is that £ is subject to a
reality condition—as it would be for a feasible physical system, anyway—and background as
well as perturbation are restricted to real values. We will in the following assume that this is
the case. If the original definition of the fields does fulfill this condition, then one can separate
the equations by forming the linear combinations 6 + 6} and 6; — 67. In the case of a U(1)
gauge symmetry, this does not even impose any actual restriction, as a choice orthogonal to
the real solution would be pure gauge.

3. Conformal rescaling of the wave-equation
The perturbation of the scalar field, 6, satisfies the equation of motion

061 — ity = —=0, VIl 0,01) —miyby = 0. @)

1
Vgl
We now introduce a rescaled metric g = 2~2g, with an unspecified conformal factor (z, X)
that is a function of the coordinates. The d’Alembert-Operator [] acting on 6 can then be
rewritten via replacing occurrences of g in terms of g and {2,
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06, (VT a.0). 23)

/g "

Next, we replace 6 with a rescaled field 51 = 9%91. This results in the identity

1 n—2 ~ 2—n __n—d~
00 = ——=0, [ lglg"” (Qzavgl +—0Q 9131/9)}
vavar] 2
o (2 —n)b;
8l 20/l
Plugging this result into the original equation of motion, we therefore see that any field 6,
which fulfills the wave-equation (22) in the background given by the metric g can be mapped

o (VIglz" 0,61 ) + 0, (27 VIElg 0.9). 4

to a field 6, 1 which fulfills the wave-equation in the background g
0, — im0, = 0, (25)

provided we define the new effective mass as

n—

ol (26)

~ 2o~
méff = szgff + Q7 00
The conformal factor hence determines which effective mass is necessary to obtain the wave-

equation in the desired background g.
This also works if the scalar field is U(1)-charged and has a gauge field A, . We then have

(V. +igA,)(VH +igA") 0, — mib, = 0, (27)
and the equation can be mapped to
(V, +igA,) (V* +igAM)8) — m26) =0, (28)

with the same effective mass as in equation (26) and the gauge field A, remaining unmodified.
Here, V and V denote the covariant derivatives compatible with the effective metrics g and
g, respectively.

4. Examples

Space-times that can be simulated with gravitational analogues include the Schwarzschild
black hole [23-25] and expanding de-Sitter space that mimics the inflationary epoch of the
early universe [27-31].

In many cases, it was found that the specific metric of interest does not satisfy the resulting
fluid’s equations of motion, only a metric conformally equivalent to it does. To study certain
phenomena from a qualitative point of view, this is sufficient, but if any scale-dependence is
to be taken seriously in such findings, it would be much preferable to directly simulate the
original metric and not one that is merely conformal to it.

Important examples of metrics that can be made to satisfy the equations of motion by intro-
ducing a conformal factor are below.

4.1. Conformally flat space-times

The simplest case to illustrate the use of what we have shown in the previous section is to
consider a conformally flat space-time with line-element
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ds* = a*(1, %) (—dr” + §;dx‘dx’) . (29)

Formally, this case may not seem particularly interesting, because any conformally flat metric
with 9;p9 = 0 can directly be realized as an acoustic metric by choosing py = a? and 7y = 0.
Nevertheless, for an arbitrary function a(#, X), it may not be feasible to create an experimental
setup where the density py has a complicated, spatially modulated, and potentially time-
dependent, profile. But with the derivation from section 3, where is was laid out that the
analog metric is actually only determined up to a choice of parametrization, by setting {2 = a,
a perturbation in (29) can be mapped to a perturbation propagating in flat Minkowski space.
This, of course, comes at the price of having to adjust the effective mass (26) for the perturba-
tion to accommodate for the shift due to the conformal factor. From the point of view of an
experimental setup, however, the latter would appear much more practical, e.g. by coupling to
an external potential, which seems more straightforward to realize than having to change the

—

background altogether to allow for different profiles a(t, X)

4.2. Black holes

A more interesting case are black hole space-times, which, in general, are not conformally
flat—e.g. the Schwarzschild metric. They are of special interest as their analogue dual can be
used to test the presence of Hawking radiation®.

Thus, consider a typical static stationary black hole space-time in 7 4 1 dimensions*
2 2 ), 47 23 n—1
ds® = Q(r)" | —v(r)de” + 30 + rido , (30)

with the horizon topology of a n — 1 dimensional sphere (do) and blackening factor v(r). In
analogy to Painlevé—Gullstrand coordinates for the Schwarzschild metric [32—34] this metric
can be brought to the form

ds* = Q(r)? |:—I€2 y(r)dt? + 26+/1 — ~(r)df'dr + dr* + r*do" '], 31)

where the constant x has been introduced for later convenience. Comparing to (12) it is now
straightforward to read off the fluid components,

co=r, po=rQr)" v =ry1-7(r). (32)
For generic v and (2 it can easily be checked that the continuity equation (13) is generally
not satisfied, unless the very specific condition pyvj, ~ r!=" is met. However, if (r) were an
adjustable function, the continuity and Euler equation could be solved by choosing
3

| e . /
)= < [1=y() 2D, F :_2;1%' (33)

We can therefore conclude that while a generic black hole space-time will likely not be an
analogue metric, there is usually a conformally related metric that actually will be. As per our
previous argument, this means that we can find a rescaled perturbation for which the black
hole space-time is the analogue metric.

3Seee.g. [17, 18, 20, 21].
4Schwarzschild, AdS-Schwarzschild, RN and AdS-RN can all be written in a form like (30).

7



Class. Quantum Grav. 34 (2017) 165004 S Hossenfelder and T Zingg

Note, however, that this may not work globally, as e.g. in regions with y(r) > 1 bringing
the metric directly to Painlevé—Gullstrand form is not well defined—though, in areas close
enough to the horizon, there are no such issues.

4.3. Black branes

With black brane we refer to a space-time with a planar event horizon. A typical metric is of
the form

dr?
ds® = Q(r)? [—'y(r)dtz + —— +dx?| . (34)
7(r)
Such space-times are of particular relevance in AdS/CFT, where one is often interested in a
gravitational dual of a strongly correlated thermal field theory on the flat boundary geometry in
aymptotically AdS space-times. Finding an analog dual of such a metric works almost exactly
as in the previous section. From transforming into Painlevé—Gullstrand type coordinates,

ds®> = Q(r)? | K2 y(r)df? + 26/1 — ~(r) d’'dr + dr* + dxz} , (35)

the fluid components can again be read off directly. The main difference to the previous case
is that the spatial part of the line element is now in Cartesian rather than spherical coordinates.
This slightly changes how (r) needs to be chosen to satisfy the fluid equations. A quick
calculation reveals that the fluid components are again as in (32), but what has changed is
3 !
Q) = [1 =) 0D, o A (36)
2 1=9(r)

5. Analogue systems from conformal rescaling

The cases discussed in section 4 exemplify a more general lesson which can be summarized
as follows.

For a generic analougue metric of the form (12), the fluid equations are usually not satisfied
unless special compatibility conditions are met. The introduction of a conformal factor allows
to resolve that obstacle because it adds an additional degree of freedom. With the conformal
factor € taken into account, the continuity and Euler equations (13) and (14) are not any more
overdetermined, when considered as a set of equations for €2 and F. This means that with an
appropriately chosen ) it is now generally possible to realize a given background as an ana-
logue metric.

As previously mentioned, a caveat is that the solution might not be valid everywhere as,
e.g. for a generic background and boundary conditions it is a priori not necessarily forbidden
that € could potentially change sign, which would result in an unphysical analogue metric.
However, locally the system is solvable and in case €2 would change sign this just means that
the parameter range would have to be reduced in a conceivable experimental setup.

We can then combine this insight with what we showed in section 3. There, we laid out
that the analogue metric is actually only determined up to a choice of parametrization of the
perturbation. In particular, a conformal rescaling of the analogue metric is related to a con-
formal rescaling of the perturbation and a shift in the potential that determines the effective
mass. The latter is of course more than a mere choice of parametrization; it is a change to the
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experimental setup. Nevertheless, it is still an approach that seems experimentally quite con-
ceivable to realize, e.g. by coupling to an external potential.

Hence, we can conclude that any given metric of the form of a non-relativistic acoustic
metric (12) can indeed be realized as an analogue metric—albeit with some restrictions on
global validity as pointed out above. The procedure, as outlined above, is to first use the liberty
to choose a representative of the conformal class of metrics that satisfies the fluid equations,
and then absorb the conformal factor into a change of the potential for the perturbation.

We have in this present work not investigated the relativistic case. It is more complicated
because the pressure appears in the effective metric and the equations of motion cannot as easily
be integrated once. It is therefore not a priori clear that introducing one additional free function
will in general allow to solve the equations of motion. It is clear, however, that the additional
function will also in this case increase the class of metrics that can be realized. However, just in
which way the class would be enlarged is beyond the scope of this present work.

5.1. Modified Lagrangian

Having established how a conformal factor in the analogue metric can be absorbed into the
effective mass of the perturbation, the question becomes how this change can be incorporated
into the Lagrangian. Ideally, one would wish to change the potential for the scalar perturbation
without having to change anything in the background metric, or the fluid, respectively.

Thus, assume there are two actions S;2[f] such that, for a particular solution 6 = 6, in
either case the Euler—Lagrange equation is satisfied, as well as the resulting analog metric
and the stress tensor being identical. Then, on general grounds, it can be assumed that, when
evaluated close to the particular solution,

$116] = $2[0] = O(|6 — bo|*). 37)

This constrains the modified Lagrangian in the following way. If £[9,0, 6] is given and the
Euler-Lagrange equation is solved at § = 6y, then any Lagrangian that reproduces the same
background and analog metric is expected to be of the form £[,6, 6, A] with A = (6 — 6,)?
such that £[8,6, 6,0] = L[, 6, §]. Of course, under the condition that £ is sufficiently smooth
in the third variable, such that the resulting Euler—Lagrange equation are still well-defined and
fulfilled at 6 = 6.

Then, it is straightforward to verify that analogue metric (3) is unchanged and the fluid
identification, as well as the stress-energy tensor in this particular background remain the
same. However, according to (4), the effective mass for the variation will change to

- oL
V=gl = v/~ gmg; — 287A' (38)
The question remains what practical ways there are to modify a given Lagrangian. This, how-
ever, is a very model-specific problem which cannot be answered in all generality.

6. Conclusion

In this work we have detailed how an arbitrarily adjustable change in parametrization of a
perturbation around a condensed matter background changes the resulting analogue metric
and potential. This results in a significant extension of the class of space-times that have a
fluid analogue.
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Using this freedom in parametrization, we considered metrics—in particular black hole
space-times—which were hitherto argued to only be realizable in a conformally equivalent
way as analogue metrics. We then showed how any introduced conformal factor could be
absorbed into a change of potential for the perturbation. By using this procedure, we con-
cluded that, once a specific space-time has been specified, having to fulfill the equations of
motion for the analogue condensed matter system is less restrictive than it might originally
have appeared. In the case of non-viscous, barotropic fluids in the non-relativistic limit, we
even found that this new degree of freedom is sufficient to prevent the fluid equations of
motion from becoming overdetermined, thus removing a feature that otherwise would obstruct
finding a consistent analogue fluid.

We wish to emphasize that the re-parametrization introduced here does not rely on specific
symmetries of an analogue model, but merely quantifies a freedom of choice for selecting
the perturbation and defining its analogue metric. Therefore, the procedure as outlined in this
paper can be applied to any conceivable analogue model and represents a powerful new tool
to extend the classes of analogue metrics.

Acknowledgments

SH acknowledges support by the Foundational Questions Institute (FQXi).

References

[1] Unruh W G 1981 Phys. Rev. Lett. 46 1351
[2] Barcelo C, Liberati S and Visser M 2005 Living Rev. Relativ. 8 12
Barcelo C, Liberati S and Visser M 2011 Living Rev. Relativ. 14 3
[3] Maldacena J M 1998 Adv. Theor. Math. Phys. 2 231
[4] Witten E 1998 Adv. Theor. Math. Phys. 2 253
[5] Gubser S S, Klebanov I R and Polyakov A M 2002 Nucl. Phys. B 636 99
[6] Jacobson T 1995 Phys. Rev. Lett. 75 1260
[7] Padmanabhan T 2010 Rep. Prog. Phys. 73 046901
[8] Verlinde E P 2011 J. High Energy Phys. JHEP04(2011)029
[9] Verlinde E P 2017 SciPost Phys. 2 016
[10] Bili N, Domazet S and Toli D 2015 Phys. Lett. B 743 340
[11] Das S R, Ghosh A, Oh J H and Shapere A D 2011 J. High Energy Phys. JHEP04(2011)030
[12] Khveshchenko D V 2013 Europhys. Lett. 104 47002
[13] Semenotf G W 2012 AIP Conf. Proc. 1483 305
[14] Chen P and Rosu H 2012 Mod. Phys. Lett. A 27 1250218
[15] Hossenfelder S 2015 Phys. Rev. D 91 124064
[16] Hossenfelder S 2016 Phys. Lett. B 752 13
[17] Fedichev P O and Fischer U R 2003 Phys. Rev. Lett. 91 240407
[18] Weinfurtner S, Tedford E W, Penrice M C J, Unruh W G and Lawrence G A 2011 Phys. Rev. Lett.
106 021302
[19] Steinhauer J 2014 Nat. Phys. 10 864-9
[20] Steinhauer J 2016 Nat. Phys. 12 959-65
[21] Euv L-P, Michel F, Parentani R, Philbin T G and Rousseaux G 2016 Phys. Rev. Lett. 117 121301
[22] Peloquin C, Euv L P, Philbin T and Rousseaux G 2016 Phys. Rev. D 93 084032
[23] Visser M 1998 Class. Quantum Grav. 15 1767
[24] Garay L J, Anglin J R, Cirac J I and Zoller P 2000 Phys. Rev. Lett. 85 4643
[25] Barcelo C, Liberati S and Visser M 2001 Class. Quantum Grav. 18 1137
[26] Barcelo C, Liberati S and Visser M 2001 Class. Quantum Grav. 18 3595
[27] Bilic N and Tolic D 2013 Phys. Rev. D 88 105002
[28] Volovik G E 2001 Phys. Rep. 351 195

10


https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2011-3
https://doi.org/10.12942/lrr-2011-3
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1016/S0550-3213(02)00373-5
https://doi.org/10.1016/S0550-3213(02)00373-5
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1007/JHEP04(2011)029
https://doi.org/10.1007/JHEP04(2011)029
https://doi.org/10.21468/SciPostPhys.2.3.016
https://doi.org/10.21468/SciPostPhys.2.3.016
https://doi.org/10.1016/j.physletb.2015.03.009
https://doi.org/10.1016/j.physletb.2015.03.009
https://doi.org/10.1007/JHEP04(2011)030
https://doi.org/10.1007/JHEP04(2011)030
https://doi.org/10.1209/0295-5075/104/47002
https://doi.org/10.1209/0295-5075/104/47002
https://doi.org/10.1142/S0217732312502185
https://doi.org/10.1142/S0217732312502185
https://doi.org/10.1103/PhysRevD.91.124064
https://doi.org/10.1103/PhysRevD.91.124064
https://doi.org/10.1016/j.physletb.2015.11.026
https://doi.org/10.1016/j.physletb.2015.11.026
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.106.021302
https://doi.org/10.1103/PhysRevLett.106.021302
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3863
https://doi.org/10.1038/nphys3863
https://doi.org/10.1038/nphys3863
https://doi.org/10.1103/PhysRevLett.117.121301
https://doi.org/10.1103/PhysRevLett.117.121301
https://doi.org/10.1103/PhysRevD.93.084032
https://doi.org/10.1103/PhysRevD.93.084032
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1103/PhysRevLett.85.4643
https://doi.org/10.1103/PhysRevLett.85.4643
https://doi.org/10.1088/0264-9381/18/6/312
https://doi.org/10.1088/0264-9381/18/6/312
https://doi.org/10.1088/0264-9381/18/17/313
https://doi.org/10.1088/0264-9381/18/17/313
https://doi.org/10.1103/PhysRevD.88.105002
https://doi.org/10.1103/PhysRevD.88.105002
https://doi.org/10.1016/S0370-1573(00)00139-3
https://doi.org/10.1016/S0370-1573(00)00139-3

Class. Quantum Grav. 34 (2017) 165004 S Hossenfelder and T Zingg

[29] Weinfurtner S E C 2005 Gen. Relativ. Gravit. 37 1549

[30] Jain P, Weinfurtner S, Visser M and Gardiner C W 2007 Phys. Rev. A 76 033616
[31] Lin CY, Lee D S and Rivers R J 2013 J. Phys.: Condens. Matter 25 404211
[32] Painlevé P 1921 C. R. Acad. Sci. 173 677680 (Paris)

[33] Gullstrand A 1922 Ark. Mat. Astron. Fys. 16 115

[34] Lemaitre G 1933 Ann. Soc. Sci. Brux. A53 5185

1


https://doi.org/10.1007/s10714-005-0135-7
https://doi.org/10.1007/s10714-005-0135-7
https://doi.org/10.1103/PhysRevA.76.033616
https://doi.org/10.1103/PhysRevA.76.033616
https://doi.org/10.1088/0953-8984/25/40/404211
https://doi.org/10.1088/0953-8984/25/40/404211

