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ABSTRACT: We consider the sum of planar diagrams for open strings propagating on N
D3-branes and show that it can be recast as the propagation of a closed string with a
Hamiltonian H = Hy — gs NV P where Hj is the free Hamiltonian and P is the hole or loop
insertion operator. We compute explicitly P and study its properties. When the distance y
to the D3-branes is much larger than the string length, y > v/a/, small holes dominate and
H becomes a supersymmetric Hamiltonian describing the propagation of a closed string in
the full D3-brane supergravity background in a particular gauge that we call o-gauge. At
strong coupling, gsN > 1, there is a region 1 < y < (gsN )% where H is a supersymmetric
Hamiltonian describing the propagation of closed strings in AdSs x S°. We emphasize
that both results follow from the open string planar diagrams without any reference to the
existence of a D3-brane supergravity background. A by-product of our analysis is a closed
form for the scattering of a generic closed string state from a D3-brane. Finally, we briefly
discuss how this method could be applied to a field theory and describe a way to rewrite
the planar Feynman diagrams as the propagation of a string with a non-local Hamiltonian
by identifying the shape of the string with the trajectory of the particle.
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1. Introduction

Some years ago, 't Hooft proposed [f[] the large-N limit as a promising approach to under-
standing the strong coupling regime of gauge theories. In particular, he argued that, when
considered in light cone frame, a gauge theory looks similar to a string theory and that, by
summing the planar diagrams, one could obtain the particular effective string theory that
describes the strong coupling limit of the gauge theory. The idea, although beautiful and
potentially very useful, was hampered by the fact that summing the planar diagrams ap-
pears a difficult task. The situation somewhat changed when Polchinski [B, B] introduced
D-branes. In the low energy limit, open strings attached to a D-brane are described by a
gauge theory. In particular in the case of a D3-brane, the gauge theory is N'=4 SYM in
3+1 dimensions. The gauge group is SU(IN) where N is the number of D-branes. In the
limit when N is large, the stack of N D-branes becomes very heavy deforming the space
around it. In this limit, the D-branes can be described by a supergravity solution where
closed strings propagate giving a novel and interesting interpretation to the large N limit.
This was understood by Maldacena who proposed the AdS/CFT correspondence [f], a pre-
cise relation between a large N gauge theory, namely N = 4 SYM, and a string theory, IIB
on AdSs x S°, the near horizon limit of the D3-brane supergravity solution. This allows
to compute various field theory quantities in the strong coupling limit by using the string
description [[f]. Thus, the idea of 't Hooft is realized in the sense that the large-N limit
gives rise to a string theory. It further suggests that it might be possible to realize also
the other part, namely, that the planar diagrams can be summed up and the string theory
dual extracted from the result. In this paper we analyze this possibility elaborating on our
previous work [f].

In [f] which from now on we call (I), we considered the one loop amplitude describing
the interaction between a stack of N D-branes and a probe brane (see figure [[f). When
computing the planar corrections in light cone gauge, we found that they were described
by the propagation of a closed string with a Hamiltonian equal to H = Hy — gsN P where
P is the operator that describes the insertion of a hole in the world-sheet (or of a loop from
a field theory perspective). The operator P was explicitly computed in the bosonic sector
and described the scattering of an arbitrary closed string mode from a D-brane. In the
approximation that the holes are small the corrections describe the propagation of a closed
string in a modified supergravity background. Although one should expect this background
to be the D-brane supergravity solution, this was not the case, extra terms appeared in
the Hamiltonian. We attributed this to the fact that we only considered the bosonic sector
and expected those extra term to cancel in a full supersymmetric computation.

In the present paper we consider D3-branes and find precisely that. Namely, in the
limit of small holes the Hamiltonian H describes strings propagating in the full D3-brane
background.

Finally let us remark that the emphasis of this paper is in understanding the sum of
planar diagrams without any prejudice about the result. In particular we do not need that
the sum is given in terms of a string theory. The Hamiltonian we obtain in the closed string
side is non-local and therefore cannot be interpreted as a string Hamiltonian. This, however
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Figure 1: The interaction between a stack of N D-branes and a probe brane is given, at lowest
order, by a one-loop open string diagram, or equivalently by a single closed string interchange.

would not prevent us from studying planar diagrams since we can study the properties of
such Hamiltonian, e.g. spectrum, ground state etc. to derive properties of the open string
theory, or eventually field theory, whose planar diagrams we are summing.

The subject of gauge theories in light cone gauge is a well studied one. For example see
the review article [f]. More recent is the work in [[j] where loop calculations are discussed
and [f] where the formulation of A" = 4 in light cone gauge [ is used to compute conformal
dimensions of various operators.

String theory in light cone gauge is also very well studied [[[4]. Earlier work on the
subject including the relation to the large-N limit can be found for example in [[[1], f[J].

In the case of the superstring light cone gauge was an important method used to
construct the theory [[3, [4]. For strings in AdSs x S° the light-cone gauge action was
described in [[[3]. In the pp-wave approximation, light-cone gauge also was used recently
to compare amplitudes with the field theory result [[[§].

The idea of defining a “hole” operator was also already considered for example in [[L7].
A related idea is also discussed in [|L§]. There, small holes are studied in the case of the
bosonic string. Presumably their conclusions would be different if the calculation is done
for a D3-brane hole on a type IIB world-sheet. In the case of the bosonic string, an operator
similar to the slit insertion operator we discuss here was already computed in [[[J] for the
case of all Dirichlet boundary conditions.

These previous works indeed suggest that combining the light-cone frame and the
introduction of a “hole” operator should be useful.

It should be noted that recently, other approaches to the problem were discussed.
In [0, BT a world-sheet description of a gauge theory is derived. The first,! finds a rep-
resentation in terms of a spin system which followed by a mean-field approach gives a
world-sheet action and in the second representing a free field theory in terms of strings is
discussed. In the context of the AdS/CFT correspondence a relation between the Schwinger

T am grateful to C. Thorn for an explanation of the work in @]



parametrization of Feynman diagrams and particles propagating in AdSs space was dis-
cussed in [BZ). A more detailed analysis of this proposal including various checks can be
found in [PJ]. The idea of deriving the AdS/CFT duality using the NSR string (as opposed
to the GS we use here) is discussed in [4].

It is interesting to note that, in the context of topological strings, it was recently
observed [2§] that the open string partition function follows from the closed string partition
function by shifting the closed string moduli by terms linear in the 't Hooft coupling. The
Feynman diagram expansion for (topological) open string amplitudes follows in a similar
way. It would be interesting to understand further if this is related or not to the large-N
duality we propose here for ordinary superstrings. Namely, that the Feynman diagram
expansion of the open string follows from shifting the closed string Hamiltonian by an
operator linear in the 't Hooft coupling.

This paper is organized as follows: in section [] we review the main ideas of the previous
paper [[f]. In section | we compute the slit insertion operator and study the divergencies
of different fields as they approach the insertion of a slit. These divergences are the usual
divergences that any field has in the presence of an operator insertion and which determine
the operator product expansion between operators. As a result, we find that Pg is not
supersymmetric. Defining the correct operator implies multiplying Pg by certain operator
insertions at the ends of the slit. In section ] we compute those insertions and find the final
form of the hole insertion operator P. This operator P describes the scattering of closed
strings from a D3-brane. When reduced to the massless modes, it reproduces known results
providing a useful check as we show in section f]. In (I) it was observed that important
information on the background was contained in the limit of P for small holes. We compute
this limit in section f and show that it reproduces the propagation of a closed string in
the full D3-brane supergravity background. In section [] we briefly discuss ideas related to
the application of the present method to field theory planar diagrams. Finally we give our
conclusions in section §. Some calculations and formulas are collected in the appendices.
In particular a simpler derivation of the Neumann coefficients is described.

2. Planar diagrams in light cone gauge

In this section we briefly review the results and ideas of paper (I),i.e. [H]. If we consider
the diagram in figure [l], its value can be computed as the regulated sum of the zero point
energy of all physical open string oscillators. If, for simplicity, we consider a bosonic string
and all branes to be p-dimensional, the diagram of figure [| reduces to:

Z:/dpk: Z wk, with wp = VEk? +m?, m2:ZNfL—a+L2, (2.1)

Ni=0...00 n>1,

where k represents the momenta parallel to the brane, N are the occupation numbers of
the oscillators, L is the distance between the branes and a is the usual normal ordering
constant of the bosonic string (a = 1). The sum is divergent, to give it a meaning we start



by doing the following formal manipulations:

S o [T i Lo [ — L (k% +m?)
Z:/dkawkrv/dka/ —e ! +m>~/dp— k. Z/ dpte »F "L ,
Ni=0 Niz0”0 £ Ni=0"0
(2.2)
where in the last step we integrated out a spacial coordinate to write the result in a form

suggestive of light-cone gauge. In fact we can now re-write Z as:

Z:/ dp+Z:/ dptTr e PHue. (2.3)
0 0

where 8 = 2md/ is a constant and 7 = Tr e PHiec. with H; . the light cone Hamiltonian:

1|, . 1 L?
Hl'c_:élp? pJ-—I_ZN:Ln_J_‘_W . (24)
n>1,

The trace in (R.3) is over all oscillator states and parallel momenta. In this form the diver-
gence is in the integral over p™ in the limit p™ — oo but now can be physically understood
as due to the closed string tachyon propagating along the closed string channel. For that
reason we concentrate on the partition function Z which can be computed obtaining the
standard result. What we are more interested here is that we can rewrite Z in a path
integral form:

pt

Z= / DX e J5 o fy drl(0r X+ X1 )], (2.5)

We can now interchange o and 7 since they enter equally in the calculation and rewrite
the path integral as a computation in the closed string channel:

Z = (Byle =T\ By) (2.6)

where the time of propagation is 7 = 4a/p™*, namely the length of the open string in the
previous calculation, and |B; f) are the boundary states corresponding to the branes in the
diagram. These states are well known, a good review on how to construct them is [B1].
Finally the closed string Hamiltonian is given by:

1 . )
H., = 50/])2 - Z n (NI + N —2f | (2.7)

1
V! n>1,i

where N/? NII% are the occupation numbers of the left and right moving oscillators. It is
also a well-known result that both calculations of Z coincide [24].

The purpose of (I) was to sum the planar corrections that are obtained from diagrams
of the type shown in figure Pla while discarding those such as the one in figure fjb. From the
point of view of the closed string we are including all tree level corrections including those
of the massive modes. From the point of view of open strings, the interaction we should

take into account is the one that splits (or joins) strings as the one depicted in figure [
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Figure 2: Corrections to the diagram of figure EI In (a) we depict typical planar corrections and
in (b) non-planar ones. In the limit N — oo the first ones dominate.
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Figure 3: The interaction between open strings is given by a three vertex where two strings join
or one string splits in two []E] The total length of the strings is proportional to p™ and therefore
conserved.

Notice that the total length of the string is conserved since it is given by p*. With such
vertex we can construct diagrams of the type depicted in figure fla or those as in figure fb.

In the planar approximation one can see that those in figure fla dominate. Again, we
can now compute, instead, a path integral over such world-sheet with appropriate boundary
conditions on the slits. The total partition function is

5 = sIN )" . — [dodr[X !
" 2—:0 (gm) / .Hldf’fdoﬁdn / DX e drdrX+X17] (2.8)

where the hat indicates that we still have to do the integral on p™. We also have to integrate
over all positions of the slits, three parameters per each. We divide by n! since the slits
are identical or, equivalently, we can integrate over the range 0 < 71 < ... <7, < 7.
Again, we can interchange o and 7 to write the diagram in terms of the propagation of a
closed string as shown in figure f]. It is obvious from the figure that, in this channel, we still

have only one closed string. In this channel it is convenient to define an operator P(cf, off)



(a) (b)

Figure 4: Corrections to the diagram of figure EI as seen in the open string channel. Again we have
planar (a) and non-planar (b) contributions.

that propagates the closed string from an instant before inserting a slit to an instant right
after, as depicted in figure []. This operator depends on the positions ol and o® of the slit
but not on the time 7 at which it acts. With this operator, we can rewrite Z as:

[e.e] n

7 = Z(QSN)”/ H daiLdaleTi(Bﬂe_Ho(T_T”) e

n=0 0<m1 <. <7 ;4

x P(c%, of)eHole=m) p(ol oIty e=Hom | B))

= > (g:N)" / [[ dri(ByleHolr=mm) . pe=Holr=m) pe=Hom|B;) (2.9)
n=0 0

<11 <. KT <T ;1
where we defined P = [dotde®P(c®, or). If we further define
P(r) = o7 pe=thor | (2.10)

we get

7 = Z(QSN)n/O [ dn(BslP(r)... P(r) By) (2.11)
n=0

<T1< . <Tn <7 ;1
= [(By[Tes:N Js PO)T| B (2.12)
= (Byle” =P By). (2.13)

where A = ¢gsIV, the subindex [ indicates states in the interaction representation and T
indicates the time ordered product. The last equality is the standard Dyson representation
of time dependent perturbation theory if we want to expand the last line in powers of .
Thus, we obtain a closed string Hamiltonian H = Hy — AP which, by definition, is such

H7 in powers of A recreates,

that expanding the corresponding evolution operator U = e~
order by order, the perturbative expansion in the open string channel. It is clearly impor-
tant to study such operator and the rest of the paper is devoted to computing P for the
superstring and analyzing the result.

One caveat is that, if part of the supersymmetry is preserved, the partition function is

zero. In the path integral method this follows form the fact that there is a fermionic zero
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Figure 5: In the closed string channel we compute the diagram by defining an operator P that
propagates the string across the slit from 7 =7 —e to 7 =11 + €.

mode and that [ df#1 = 0. In the open string approach follows from the fact that there are
the same number of fermionic and bosonic states at each level and we compute

Z = /0 T dpt T ((—)Fe—ﬁHw) . (2.14)

We need (—)¥ where F is the fermionic number because the fermions contribute with a
minus sign to the zero point energy. From the closed string point of view we get a zero
because both boundary states, initial and final, satisfy the same condition for some given
fermionic zero mode. If we call the mode ¢ then we should have ¢|B;) = 0 and (By|c =0
meaning that in |B;) the mode is empty and in |By) it is full. Therefore (By|B;) = 0. For
that reason we should take an initial state that breaks supersymmetry. For example the
boundary state of a D3-brane moving at constant velocity along certain coordinate Y!. In
any case, at this stage we are not really concerned on the initial and final states since we
are interested in the Hamiltonian H that arises and not in actually evaluating the matrix
element (By|le H7|B;).

3. The slit operator Pg

In this section we compute the slit operator Pg and study its properties. At the end of the
section we find that, in the case of the superstring, the slit operator is not supersymmetric.
The correct operator P is actually a slit with operator insertions near the ends of the
segment. In the next section we do such computation, which parallels the open string
calculations in [[d].

3.1 Computation of Py

In fact, the slit operator for the superstring was computed in (I). It was written as a two
vertex state, namely as a state in the tensor product of the space of states of the initial and
final strings. Before stating the result let us introduce some notation. We consider type



IIB superstrings in the U(1) x SU(4) formalism [[(]. The spacial coordinates are divided
into parallel to the brane X*, X*=12 and perpendicular Y/=!-6. The coordinates parallel
to the brane are divided into light-cone coordinates X* and transverse. For the transverse

ones we sometimes use the redefinition
1 1
Xt = — (X' +ix?), xt=—(X'-ix?. 3.1
(i), X - (i) 1)

The fermionic coordinates are divided into left movers 64, A4, and right movers 64, X 4.
The upper index A transforms in the fundamental of SU(4) and the lower index A in the
antifundamental. At equal time, the anticommutation relations are

{04(0), Ap(0")} = 056(0 — o), {6%(0),Ap(0")} = 558(0 — o), (3.2)

the coordinates are expanded in modes according to

X =al+ Z zl e =gl 4 Z m (aim - a;-[n_n) e, (3.3)
n#£0 n#£0
. 1 ;
P; _ 2_ pOr + sz ino | _ 271- a;fro + 5 Z (aim + a;-rr’_n> e (3.4)
n#0 n#0
e S e - 3 e 5
n=—o0 n=—o00
- : . I =
>\7‘A - % Z /\TnAe”wy >\7‘A = % /\rnAemoy (36)
n=—oo n=—oo

where the index r = 1,2 refers to the initial and final strings.? By convention we defined

Py = ajor. The commutation relations are:

[airna a;sm] = ’n’ 5ij6T8 5mn7 {671‘47” )\sBm} = 57’56g5m+n {éfn: 5\sBm} = 57’56g5m+n ) (37)

and all others zero. The vacuum of the oscillators is defined such that, if n > 0, we have

airn‘0> = 07 air,—n’0> =0 (38)
61,10) =0, 63,_10), 61\_l0) =0, 63,10) =0 (3.9)
Anal0) =0, A2 —nal0), Al —nal0) =0, A2n4l0) = 0. (3.10)

The difference between r = 1,2 for the fermions is due to the fact that we define the
states with time running in opposite direction for the initial and final strings but we keep
the convention that the tilded variables are left moving and the ones with no tilde, right
moving. We have a set of linearly realized supercharges:

Qh =Xoa, QM =08, Qf =X, QT =67, (3.11)

2To avoid confusion with the slit operator in later sections we sometimes use the symbol II* = P,



and a set of non-linearly realized:

Q-a=2V2 [ pLhpAleP +8r [ AEX, (3.12)
Q.a=2vV2 | pLhpgAleP 48z [ AL, (3.13)
QA = —4V2r / pIAP AN +4 [ AR9A (3.14)
Q4 = —4\/§7r/ pIABANg +4 | ARGA, (3.15)
where 1 1
Al =pl - —9,vl, Al=P + —9,Y!, (3.16)
47 47

and the same for A®L. They have the commutation relations

[A(a),A(a')]:—%(%(5(0—0'), [A(a),A(a')}:%aaa(a—a'), [A(0). A(s")] =0

(3.17)
It is useful to have a list of supersymmetry variations of the different fields:
1/ 2 N/ 2 ~
(@, AT] = %dwaoef*, Q-4 A" = —%szageB,
(Q_a, AT] = 4i0, M4, [Q—A,AR} = —4id,\a,
{Q_a,07) = 8mo5 AL, {Q-4,07} = smof AT,
{Q-a, A} = 2v2p} g A", {@—A, :\B} = 2V2p g A,
[Q4, A] = —2iv/2p! 4B, A, [@i‘,ﬂf} — 2iv/2pT B9, A,
Q4 A = 2,07, Q4,4 = 2,60, (3.18)
T T
(1,07} = ~4Varp P A, {0167} = ~4varp! P4,
{Q4 A} = 54A", @22} = 444",
1 <A = 1
{Qt s} = 503 Qi As} = o8,
{Q+A,9B} = 55 {@—I—AvéB} = 57

where the ones not listed vanish. Finally, we can define the Hamiltonian Hy and the
momentum P, through

H = /da(HT +H)), (3.19)
P, = /da(Hr — H)), (3.20)
Hy = 2n <ALAR + %AIAI> + i0sAc0C, (3.21)
H, = 2r <ALAR + %AI Al ) — 10, AcHC. (3.22)

— 10 —



A D3-bane boundary state |Bps) was found in (I) to be defined by:

(ABE 4 AR |B) = o, (3.23)
(A7 -A")B) =0, (3.24)
(eA - 5A> IB) =0, (3.25)
</\A + XA> IB) =0, (3.26)

which preserve

Q) =Q% -0, Qua=0Qia+Qia, Qa=Q a—Q_a, Q'=0Q*+Q2 (327

This is regarding a boundary state. In the case of the vertex |V) we should impose these
conditions on the slit and continuity of the coordinates in the rest. For Dirichlet boundary
conditions this leads to

(Yll(a) - Y2I(O')) V) =0, —rm<o<m, (3.28)
(Y{ (o) + Y5 (0)) V) =0, |o| < oo, (3.29)
(I (o) + IT3(e)) [V) =0, o0 <ol <, (3.30)

(II{ (o) + I15(0)) |V) = 0, —rm<o<m, (3.31)
(I (o) — 115(0)) [V) = O, o < o0, (3.32)
(Xi(0) = X5(0)) [V) =0, og < |o| <, (3.33)

where we understand all operators are evaluated at 7 = 0. These conditions are solved by

the vertex state:
) rs ot oot i i
|V> — ez'rs,zmn Nz,nmawnazsm H 5(pll + pé) |0>7 (334)

i/EiZ-i-l

where ¢ runs over all eight bosonic coordinates and the Neumann coefficients N}3 ~ where
b

computed in (I). For the fermions the conditions are:

(9{‘ T ég‘) V) =0, r<o<m, (3.35)
(A1A+A2A+5\1A+5\2A> V) =0, r<o<m, (3.36)
(9{‘ — 08 44— ég‘) V) =0, o0 < |o| <, (3.37)
()\1A +Xoa — Aia — 5\2A> V) =0, og < o] <, (3.38)
(9{‘ T - ég‘) V) =0, —00 < o < op, (3.39)
()\1A — Ao+ Aia — 5\2A> V) =0, —0g <o < oy. (3.40)

— 11 —



To construct the vertex state it is useful to define new fermionic variables:

=A_ L (g ga =, 1 5
= _\/5<91 +02), uA—ﬁ(AlA-i-)\zA)’
1 ~ 1 ~
XA:E<)\2A+)\1A>7 XA=—2(954+914)7
1 /-~ 1 /-
CA:$<)\1A_)\2A>7 EA:—2(914—9§4), (3.41)
1 ~ - 1 ~
dA:$<914—6§4), dA:_z()\lA_)‘QA)7
in terms of which the conditions are
(xa+Ea) V) =0, —rm<o<m,
(EA_XA) V) =0, -t <o<m,
(et +d*) |v) =0, oo <|o| <, (3.42)
(da —ca) V) =0, oo <ol <,
(dA — EA) V) =0, —o0g < o < 0y,
(da+ca) V) =0, _op < 0 < ap.

The first two conditions are solved by the state

eSmz1 (mABA B4, —m Xk ) [ (xos + Z0s)10). (3.43)
B

The other four conditions can be solved by introducing yet another set of fermionic modes

aLA:an, if (n > 0) bt =i, if (n > 0),
bt = g if (n < 0) al = dna, if (n < 0),
ad =&, if (n <0) bpa = Cna, if (n <0), (3.44)
bpa = dpa , if (n > 0) a,‘f:d,‘f, if (n > 0),
and defining the state
lv> — eZm,n#O Vnm|m|b£TaInA+Zm¢o(56406m+6646m)a;A ‘O>7 (345)
where
Vim = =2 (Npb(ei = —1) + N}2,(g; = —1)), (3.46)
am = —|m| (Ngi(ei = —1) + Ni& (es = —1)) (3.47)
B = —m (N}(es = 1) = Njjg(e; = 1)) . (3.48)
The zero modes were defined as
_ 1 - -
apa = doa — Ccoa = NG <>\1A0 — X240 — A140 + )\2A0) ;
_ _ 1 ~ ~
a; :dfo“—cg‘:ﬁ@i%—eé‘})—ef‘owg‘o), (3.49)

- 12 —



_ 1 - _
boa = coa +doa = —= <>\1A0 — X240 + A1ao — /\2A0) ;

TA _ A_ L HA
b = et + dj f< — 03 + 03t — 035
and obey
{aga,al} =205, {boa, b8} = 205. (3.50)
The vacuum obeys
a0A|0> = 0, b0A|0> = 0. (3.51)

The meaning of the representation in terms of a vertex state is better understood by writing
the vertex state corresponding to the identity operator which is?

4 dﬁq ; I( Iy I) A . .
- [ W et T oo} +pb)lo), (3.52)
’i/&i:-i-l
AO - Z | | zlm 12 -m + Z </\2nA914,—n + :\171145&4,—71 + Al,—nAegn + ;\27—TLA9~i4n)
1,m#0 n>0
_ Z = Aty + > (XmaZh,, +Emvm) + > blital (3.53)
1,m#0 m>1 n#0

Acting on this state we can replace:

a;r2m — —Qi1,—m; efn - Hln’ éfn - éf&n’ )\2nA - _>\1nA, /~\2nA — _S\InA- (354)
If we have an operator which is a function of only creation operators, after doing the
replacement we get an operator acting only on string 1 and in normal ordered form. This
shows that the vertex state is a way to write the operator normally ordered. In particular

we can rewrite the operator Pg as an operator rather than vertex state as:

pS — A(D)-‘FA(N)-FA 355)
A =- 3 NPy o+ 2" S NGyl + ¢* NG, (3.56)
m,n#0 n;éO
AW _ 11N a 2 @ .
B =4 |mn|NLNpept + 4pg Z ~ By + 4K Incos =, (3.57)
m,n#0 n;ﬁO
Arp =4 Z |m|sg(n)N1PO, A, + 20, Z B + 564 Z amA, (3.58)
m,n#0 m#0 m#0

where the colons indicate normal ordering and the upper index D in NHD means that we
evaluate the Neumann coefficient for Dirichlet boundary conditions (i.e. € = —1), and in
the case of NIV for e = +1. We also introduced the notation

1
——eacpbl by by b, (3.59)

64
07 94

3See the discussion in appendix Q
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and defined the fields:

@A:%<9A—9~A>, AA:%</\A—5\A), (3.60)
@A:%@AJF@A), AA:%QAJFXA), (3.61)

whose mode expansions we used in writing Pg. In the form (B.5g) the oscillator part is
written as an operator but not the zero modes. We get the final expression by doing a

~ 1 4= d6q AR 9 SN PN
Pg= | =d*hy | —— e 0o Moa—iay" p 62
s /4 o/(zﬂ)ﬁe S, (3.62)

where we use the same symbol Pg to denote different representations of the same operator.

Fourier transform:

The factor % is from the fact that 53 — %H as discussed in appendix [J.
To do the g integral we have to note that N&(} = Insin % < 0. The result is:

5 1 1 a7 AP AN AL
00
AL _ _ Z ’mn’NllD I y! ZNMDW Iy Y (3.64)
B mn Y— my— NHD on Y_n 4N11D7 .
m,n#0 00 n=0 00
N 1 of
ASB ) — 4 Z |mn|N ,i,ivpfnpn—kélpgzﬁﬂnpg—i-élﬁ In cos o
m,n#0 n#0

AF =4 Z |m|Sg NllD@AAmA + 2664 Z ﬁmAmA + BSX _AOA + Z OémAmA )

m,n#0 m#0 m#0
where we defined
11D o NllDNllD
Now =Np NIID (3.65)
00
From the properties of the Neumann coefficients we can derive:
_ . 1 .
> NP = e, if |o| < oo, (3.66)
2|m|
n#0
, 1 NllD ‘
> nNPem = Syt if |o| > op. (3.67)
n#0

Using this together with the properties of the Neumann coefficients listed in (I), we readily
find that Pg as defined in eq. (B.63) satisfies:

[Y1(o), Ps] =0, for —m<o<m, (3.68)
[ (o), Ps] = 0, for o < |o| <, (3.69)

vi(o)Ps =0, for |o| < oo, (3.70)
[1%(0), Ps] = 0, for —w<o<m, (3.71)
[X%(0o), Ps] =0, for o9 < |o| <, (3.72)
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(o) Ps = 0, for |o| < oo, (3.73)
[©(0), Ps] =0, for —m<o<m, (3.74)
[A(o), Ps] =0, for —m<o<m, (3.75)
[O(c), Ps] =0, for oo < |o], (3.76)
[A(0), Ps] =0, for og < o], (3.77)

O(0)Pg =0, for |o| < oy, (3.78)
A(o)Ps =0, for |o| < oo, (3.79)

which imply that indeed Pg projects over the right boundary conditions on the region
|o| < o¢ and does nothing for oy < |o|. In doing these calculations it is useful to note that

(0, 2] = :[0, Ale?:, (3.80)

whenever O is an operator linear in oscillators and A is quadratic in oscillators.
Having found different useful representations of the operator Pg we proceed to study
its properties.

3.2 Divergences of operators near Py

Whenever one inserts an operator in the world-sheet, other field becomes singular near the
insertion. For example if one inserts the operator X%(zy) then the (world-sheet) energy
momentum tensor has a pole at z = zp whose residue is 9,X?(zp). This simply means
that the energy momentum tensor generates translations on the world-sheet. If we insert
a slit the situation is no different. For example the energy momentum tensor should also
have a singularity representing a translation of the slit. Of particular importance for us
are translations in ¢. It is clear that the slit is “almost” invariant under such translations.
Indeed under an infinitesimal translation in o the only variation occurs at the ends of the
slit, in the region |o| < 0¢ no change is observed. Therefore we expect the translation
operator to have pole singularities localized at the ends of the segment.

With this in mind we proceed now to study different fields and see what singularities
they have at the end points of the slit. The analysis is the same as the one in [I(]. Consider
the field A® whose mode expansion is:

. 1 1 Cino
Ajfo) = 5o+ 5= (aimre™ + afe7m7). (3.81)
n>0

Now we compute

, rs(i) %
A:‘(U)leszmnN"m awnaum|0> (382)

rs(i) b f 1 i
— lesimn N”bm Airnism [2 ITO + Z (2 Z ’n’NTS(Z zsm ’an' + ajrne—ln0'>] ’0>

There is a singularity coming from the double sum which we express as

. 1 .
A(o) ~ — D7 IV al,, e (3.83)

n>0,sm
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The behavior of the Neumann coefficients for large value of the arguments was derived in
(I). This allows us to obtain, for example,

1 el1 —inoo ]
anle i ~ _ I s(i) ino 3.84
Z ‘ V27 sinog sin og Z o < Im ) ( )

n>0
1 fm TR
_ 3.85
24/2sin oy (\/U—UQ+\/—U—UO ' (3.89)

where the approximation refers to the leading behavior near ¢ = £0¢. In this way we can do

a lengthy but straight-forward study of all the fields and obtain the leading singularities as:

. ~. . . VA A
v N~ —AZ ~ —e AL~
Al EZ.Al Az EZ.AQ \/O' —— + \/—O' — 0_07
1 1 yA4 yA
—dt v =~ 0~ O~ 3.86
V2 \/ic \/0—00+\/—o——o—0’ ( )
1 1, - < : V. V.
ﬁ 80614 ~ ﬁ acrdA ~ 80'A1A ~ 80'A1A ~1 (\/O' f 70 + \/_O_A_ O'()>
where we defined the operators:
Zi — 3(7' , 3.87
47T V/sinog Zf Zsm (387)
7t = Fs@al 3.88
471'\/81110' Z Im ’sm (3:88)
yA - 1 1@64 sin — + b cos 20 > fPhbiA (3.89)
Vsinog | 2 2 2 o
VA = L 1&64 sin 20 — cos =24 Z LD)pfA (3.90)
Vsinog | 2 2 = ’
A _ FiD)g
vA = (3.92)

71(D)
_— m al
Qw\/sinao Em:‘ Fim

A very useful check is to use the singularities of the translation operator (B.20)) to compute
the commutator:
[P,, Ps] = —i0, Ps, (3.93)

which we expect to give the sigma derivative of the operator we commute it with. To verify
that, we use, as shown in figure | that the commutator is

[Py, Ps] = f(Hr — H))Ps, (3.94)

where the integral is over the contour in the figure. It is equal to the commutator because
it precisely represents the difference between applying first Pg and then P, and doing the

— 16 —



Figure 6: To compute the commutator between the slit and the integral over sigma of an operator
we apply them in different order and subtract. The result is a closed contour integral around the
slit.

same in opposite order. The first observation is that the integral outside the slit cancel
each other. On the slit, both sides are independent but the boundary conditions imply
H, — H; = 0 so the integral vanishes there.

The only contribution comes from the singularities at the end points of the string.
Deforming the contour we get two integrals along circles centered at p = +oq. If we write
the two circles as p = 09 + €, p = —0( + € we obtain

[P,, Pg] = 7§(Hr —H) = (yé d; - 7{ %) [2rZbZ"% + 722" —VaY4]  (3.95)

de  [d ok per oo
- (yé = 7{ —6> (27 ZE 2R + 72121 — Va4,
€ €

where the minus sign comes from the fact that e.g. A’ ~ Z'/\/€ near og but A* ~ Z¢/\/—¢
near —og. Remembering that the contours are oriented counterclockwise we get

[Py, Ps] = —i |4n* 21 Z! 4 872 ZF ZR + 4nY AV (3.96)

—dn?z1 7t —8x?zb zBR —any Ay, | . (3.97)

At the same time a straightforward computation using the properties of the Neumann
coefficients gives:

Oo(Ap + Ap) = 42 Z1 21 4 872 ZL 28 + 4xy AV, (3.98)
—Ar? 71 7T — 872 ZE ZR — anY AV, (3.99)

which proves the identity (B.93). To perform the sigma derivative we introduced the o
dependence in Pg through (e.g. in the vertex representation):

|[Pg) = efutar H 5(p + ) H(XOB +Z05)|0), (3.100)
’i/&i:-i-l B
Ap= Y Nipe ™%l al (3.101)
rs,imn
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Z Vi |m e (M7 pAt g1 mA T Z b o + @' )eimgaInA (3.102)
m,n#0 m#0

+ > (maZ,, + Ea-mX) - (3.103)

m>1

It is instructive also to use the divergencies and write:

[P,, Ps] = €P(0g) + €P(—0p) with (3.104)
1 -
Plo) = ST ? + Zac,yfa,yf + 2mid, AO, (3.105)

which has the following meaning: €P(0p) means to evaluate €P (o + €) in the limit where
e — 0,i.e. keeping the divergent piece of P(o(). The same for eP(og) = lim._,o P(—og+e¢).
Notice that the minus sign we discussed before reappears and we get the same operator
evaluated at the two points.

Recall now that the operator Pg is a function of o7, and oR, the positions of the two
extreme points. Since in our variables we have o, = 0 — 09 and og = 0 + 09 we get

0y Ps = 5, Ps + 0, Ps. (3.106)

If we change o, the only variation in Pg occurs precisely at that end-point, the rest of the
slit is unmodified. The same if we change or. Thus we conclude that:

05, Ps = €P(—0y), (3.107)
Do Ps = €P(0y), (3.108)

that we are going to find useful later on. Without this trick we should have evaluated
explicitly Oy, Pg which seems a very difficult task.

3.3 Supersymmetric transformation of Pg

The conserved supersymmetric charges commute according to

{Q, Q%) = —2v2P!p!P4, (3.109)
{Q44,Q-8} = 2V2P pjzy, (3.110)
{Q_4,QP} = 2(H, — H, )55 = —16P,6%. (3.111)

One is used to the fact that the supercharges commute to the Hamiltonian but, after
interchanging ¢ < 7 they commute to translations in ¢. This is rather interesting since
the Hamiltonian has a correction of order A but P, does not. If the supercharges had
anti-commuted to H then they should have had terms of order A but, since they not, there
is no reason for them to be corrected. In fact as we see below they are not. On the other
hand, we can use the Jacobi identity and obtain

{Q4,Q7"}, Ps] + {[Ps,Q),Q P} +{[Q7 %, Ps[,Q3} =0 = (3.112)
— 1605 [Py, Ps] + {[Ps,Q,],Q %} + {[Q 7, Ps),Q,} = 0. (3.113)
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Since Pg is not invariant under translations it cannot be invariant under supersymmetry,
i.e. we cannot have [Ps, Q] = 0 and [Q~ 7, Ps] = 0 since [P,, Ps] # 0. In fact using the
same ideas as the previous subsection it is very simple to find out that

O=0j|

[Q_4, Ps] = {22' pre(%YI(aB‘ , +2i pQBEGJYIGB‘J:_JO} Py, (3.114)

and
— 87iV/2el1e4

o=0¢

[Q4, Ps] = {— 8miv/2el1 04

} Ps. (3.115)
o=—00

Since Pg does not commute with the supersymmetries that are preserved by the D3-brane
it cannot be the Hamiltonian. In fact, as is well-known [[(], one has to insert operators
at the end of the slit such that the supersymmetric current has new singularities canceling
the ones coming from the slit. We discuss this in the next section.

3.4 U(1) rotational symmetry

In light cone-gauge, there is a manifest SO(2) = U(1) symmetry that rotates the coordinates
parallel to the brane but transverse to the light-cone, namely X®=%2. The fields transform
according to:

xPtoeoxt mftsefnt, xboext, b ent
O — e3¢ o, A— e%¢A, 0 —e 220 A — e3?A. (3.116)

It is clear that, in (B.63), ASBD) and ASBN) are invariant under the U(1). However, Ay has

a term proportional to 1_364 which is not invariant unless we rotate 564 — e_%¢564. If we do
that, the integral [ dgg‘ rotates as (recall this is a fermionic integral):

/dbOA — e2i¢/dbg‘. (3.117)
Therefore the slit operator transforms as
Pg — ¥ Pg, (3.118)

under rotations. One way to confirm this is to compute, from eq. (B.63) the limit of Pg as
og — 0 which results in

Ps ~g 0 \NlﬁAé’ (3.119)

00

where we used the properties of the Neumann coefficients derived in (I) and Aga is the
zero mode of A 4. Now, it is obvious that for small ¢, Pg has charge +2 which, since it is
an integer, should be independent of oy. This is another reason why we cannot think of Pg
as a Hamiltonian which should preserve the U(1) rotational symmetry. Again, the same
insertions that make P supersymmetric make it invariant under the U(1). Note that for
o9 — 0, the operator Pg actually vanishes since ‘N&&D‘ = ‘ln sin %| — o0. In eq. (B.119)
we kept the leading contribution.
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3.5 Algebra of the Pg

In this subsection we make some comments about the operator P, for the case of the bosonic
strings. They are outside the main line of development of the paper and we include them
for future reference. The point we want to make is that, since the operator Pg imposes the
boundary state boundary conditions on the slit they should obey the relations:

[Ps(or,0R), Ps(oh,0%)] =0, Y oL.R 0L R (3.120)
Ps(op,0R)Ps(0),0%) = Ps(or,0%) VoL <ol <or<oh, (3.121)
Ps(o1,0R)Ps(0),0%) = Ps(or,0R) Vo <o <op<og, (3.122)

Ps(or,0r)|B) = |B) YV or,oR, (3.123)

where |B) is the boundary state. These relations establish the idea that Pyg is a projector.
For the superstring we expect similar relations but we have not investigated the issue.

4. Operator insertions: computation of P

We have to insert operators at the end of the slit in such a way that the resulting operator
commutes with the supercharges and is invariant under the transverse U(1). We propose
the ansatz

P:Oé3/ dO’/ dO’oHl(O'L)Hl(O'R)ps(UL,O'R). (4.1)
- 0

where the slit extends from o; to or with og 0 + 09, 0 being the position of the center
of the slit and oy its half-width. The constant «ag is inserted to provide an overall nor-
malization and is going to be determine later by comparison with previously know results
from scattering of closed strings from D-branes. In the open string channel it is known
which operators to insert [[[J] and we expect them to be essentially the same here since we
are only doing a ¢ < 7 interchange. Nevertheless let us reason what we can have. As we
discuss later it is convenient to have operators that commute with Pg. As we saw in the
previous section, I, Y71 and ©4, A4 commute with Pg independently of the position
in which they are inserted. We also have to add up operators with the same charge under
the U(1) that rotates the transverse Neumann coordinates (transverse to the light-cone
directions, not the D3-brane). This leads to a solution analogous to the one in [[L0]:

Hy = /e {HL — ed,Y!pL 00l — 5211394} . (4.2)

i
8mv/2
Of course the precise coefficients follow from the calculation but we anticipated the result.
We would like to compute the commutator of the supercharges with H;. To do that it is bet-
ter to rewrite (B.1§) in terms of the fields and supercharges we are using now. The result is

[Q@_a,X"] =0, [Q_4, XB] = —8iv2A 4,
[Q—A7 HL] =0 [Q—A7 HR] = 2\/52.60']&‘47
[Q_a, Y] = —4iph, 307, Q-4 P'] = =ph0,6",
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- 1
{Q_a,Ap} = —;PQB@TYI, {Q_a,Ap} = 4plip P,

{Q_4, 07} = 87v25511%, {Q_4,07} = —2v2650, X",
(@4, 0,X1] = —4iv20,04, [@4,0,X%] =0, (4.3)
(@4, 18] :igao@f‘, [@4,11%] =0,
(@4, 0,Y] = 8mip'*P9,Ap, [Q4, PT] = —2ip" 4B, Ap,
{Q4,Ap} = 4V25511", {Q4,Ap} = —gaga(,XR,
{Q4, 08} = 2B,y {Q4,68} = —8np'4EP!.

With this table it is a simple task to compute:

3
€2

[Q_a, Hi] = —2ie2 pl 30, VTILOB + 8, (eapcp©P0°EP) (4.4)
372
3
+3;j/§ (=82l TR — 27i0, ApOF Y eapcp©BOC0P,  (4.5)
which implies
%

z h o€ BoCaD P

HN[Q-a, Ps] +[Q. Hi|Ps = o505, (capcp@”O 0P Py) (4.6)

where H; is evaluated at or and we used eq. (B.10§). The same is valid at or. If we define

the operator:
3

~ €2
Q_a= mGABCDQB@C@Dy (4-7)

we can write:

[Q_A,/dO’LdO'RHl(O'L)Hl(O'R)ps(O'L,O'R)] = (4.8)
= /daLdaRHl(UR)(%L <©_A(O'L)p5) —|—/daLd0RH1(0L)&,R (Q_A(O'R)ps)

= —/dO'LdURQ—A(UL)aoR <H1(0'R)Ps) + /dO'LdO'RHl(O'L)ach <Q—A(UR)pS) ,

where we replaced 05, = 0, — 0,, and integrated by parts in o. Also, all the operators

OR
are made out of the same commuting fields so the order is not important. Finally we can

integrate in op to get:

/:L+27r dopOsp, (Hl(O'R)pS) = Hi(oL) (17327r - ]30) , (4.9)

L

where Py is the operator corresponding to a slit of zero size and Py, the operator corre-
sponding to a slit of size 27. Doing the same with the other integral we get

[Q_4,P) = [Q—Aa/dULdURHl(UL)Hl(UR)pS] = (4.10)

= —/dJLQ_A(JL)H1(JL) (Pzn - Po>+/d0L@—A(UL)H1(UL) <P2W—Po> =0.
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We conclude that P defined in (E)) is supersymmetric under this charge. The other charge
Q4 works the same with

iv/2€e ol
— 9%

04 = (4.11)

It is worth mentioning that, in a later section, we compute P in the limit of small holes
obtaining a local operator invariant under supersymmetry, providing an independent check
of supersymmetry. Therefore the operator P is the correct operator to represent a hole
or loop insertion in the superstring. It is useful to write it in normal ordered form. That
amounts essentially to replacing every field by its divergent part. However, an important
point is that there is an extra contribution from the contraction between P%*’s and also
between 9,Y’s coming from H; (o) and Hy(og). If we think of them as vertex insertions
this is the propagator in the presence of the slit which has singularities. In the two vertex
state formalism what we want to compute is for example

AL AL ePB|0)., (4.12)

We can commute the annihilation operators in the A’s through e®? which is, in fact, the
calculation we did to obtain the divergencies. However when we apply the second A, there
are creation operators acting on |0) coming from applying the first .A. The result is that
the divergence is in fact:

ALAL ~ = ! {ZIZI— ! L} (4.13)

Vo —ag/—o—og 3272 sin oy

Except for this subtlety, the rest amounts simply to replacing the operators by their diver-
gencies to obtain:
P =:HPg:, (4.14)

with

i = <ZL n %pﬁwzf YAYB 4ZRY4> (ZL - %piBZI VAYB 4ZRY4>

1 1 — 1 P
+—— Y44+ Y44 CeapepYAYPYOYD )| (4.15)
872 sin o 4
which is a very useful form of P. We remind the reader of the notation

Y= LeapepYAYBYCYD.
As a final point, for later use, we emphasize that all the ideas described in this section
fix P up to an overall constant that we are not able to compute.

5. Scattering of massless strings from D-branes, a check of P

The operator Pg has the physical interpretation of describing the scattering of a closed
string in an arbitrary state from a D3-brane. This is a by product of our computation,
namely a closed form for the scattering of a generic closed string state from a D3-brane.
Usually, one is interested only in the scattering of massless modes which has been computed
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in [27, §).* The relation between P and scattering off D-branes follows from the diagram
in figure [{. It describes the free propagation of a closed string from 7 = —oco to 7 = 0
at which time, the operator P is applied. After that, the closed string propagates freely
again. Therefore, if the initial and final states are eigenstates of the Hamiltonian, the
diagram is proportional to the matrix element of P between those two states. On the other
hand, the diagram can be conformally mapped to an annulus with two closed string vertex
insertions which is the more standard way of computing scattering from D-branes. Since the
scattering of massless states is known, it is useful to recompute it with the operator P, as a
check. In the vertex representation, we should sandwich the vertex state with the vacuum
of the oscillators. If we do that all terms containing creation operator cancel. In particular,
in the exponent only the bosonic part gives a contribution which reduces to (see also (I)):

Z Ooazroawo =¢’In sin 20 5 0 4+ 4% In cos 020. (5.1)

rs zmn

The operator insertions also reduce to their zero modes namely:

iv/2 cos G
zl gl = W2 TR 5.2
20 4 \/sinaoq ’ (5:2)
gLE _ gL _2V2 SMF g (5.3)
0 47 +/sinog ’
1
A A A : —A
Y4 - vt = my ., with ¢4 =aj sin 20 5 O 4+ ibg cos 7 (5.4)

With that, the operator insertion (f.17) reduces to:

- 1 1 1 cos % 1 sinZ
H = k;L - 2 LR, 4
zero modes — i 70 <7r \/* 167 sin og q PABZ/ y" = /2 sin2og Y
1 cos 1 sinZo
in 20%L _ E 2 R4
<7r\/_ 167 singg | A 297"  4ny/2sin? o Y
L 4,4 L A, B-C~-D
R +y + e . 5.5
T2 sin® o <y '+ qeaBcDy Y Yy (5.5)

Now we should expand in terms of ao ) bA and do the integrals over og. This is a lengthy
calculation that uses the identities listed in the appendix for the p,I4 p matrices. The result

is better written classified by the number of fermionic operators contained:

HY = —8—;2 skPEE A(s,t), (5.6)
H[(;]) = —267T12\/§k‘LquII43 (t byl — Saéao) A(s, t), (5.7)
1Y) = g {4 B = Lo haadal ool A0, 658)
HY ~ _28;2 ke (1 B — s ) A(s.0), (5.9)
HY = —271#2 SERER A B A(s, 1), (5.10)

1See also @] for some recent work on the subject.
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which summarizes the scattering of massless modes from the D3-brane. Let us however ex-
plain the notation: ¢! = g + g2 is the total momentum transfer to the D3-brane, k; = —ks
is the conserved parallel momentum. We defined s = —¢® and t = —4k% = —8kLk® and
also introduced the function

()T (%)

r(2k2+§+1)’

A(s,t) = A(¢* k?) = (5.11)

(0)

which comes from the integral in og. The result, particularly for H [ f] was simplified using
identities between Euler’s I' functions. To compare with other calculations we should

insert polarizations states. For example for transverse polarizations we should compute:

531} 5&?2 (0[pT4B pTCP X1 a0 M1 BoA 100 Do pTEE p?CH Xa o AaroAaco Az o H[(Ag) B0y, (5.12)

remembering that af = & (8 — 0 — 67b + 0 ) and b = 5 (0 — 5 + B — 0.

We also defined the vacuum of the zero modes as:
Ara0l0) =0, Aragl0) =0, (5.13)

so that massless polarization states are created from the vacuum by the A’s. This is not
the same zero mode state that enters in the definition of P. The only difference is that the
latter is annihilated by 8 = xo — =9 whereas the vacuum of the \’s is not. For that reason,
the factor 34 appears mapping one vacuum to the other. For the calculation we should use

1 ~ _
8 =5 (—0ib — b + 01 + 020 ) (5.14)

and expand everything in powers of the 6’s. Contracting each term with the corresponding
A\’s we obtain a result that agrees perfectly with [27, B§]. In fact, it is a very useful check
since it depends on many details of the previous calculations. The full calculation for the
scattering of NSNS massless modes is done in appendix [J.

6. The limit of small holes

When the holes become small they can be replaced by an insertion of a local operator that
we compute here. In order to do so, we use the properties of the Neumann coefficients to
obtain the small oy expansions of the operators:

iv2 100 o? io? iod iod
7l = —— _J¢f+ 20,1 — gl 4+ =092y T 4 03yl — 0 vI Y,
4m~/si0 00 {q Ty g1 T %t T % 48 %
2 2
gLR _ __90 R4 209 bk 20 92L.R _ SOqLR 4 6.1
1 . ;o 2 3 3
- G (340 G0 it Gt flons Fogets )
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GLX

Figure 7: The slit insertion operator can be used to compute scattering of closed strings from
D-branes in the Green-Schwarz formalism.

Replacing in H and keeping the most singular terms as o9 — 0, we get:

1 1 2 74 1 74 i 74 I a2~ 1 1 74 I 1
—_— — 2)by — —TII°I1%b — biq 02Y " — b0, Y'0,Y
3272 o (g b0 809 0 96724, 07 % 220 °
1

+ 327720y

e i e
qquﬂiBﬂéDngbg@C@D - mQIQJPIAFPiBGPQRFb(I)Dbgbgaa@B
i N 1 V2 . _
_ bAbBbcao-@D - ve HL 1.1 bAbB HR 11 @A@Bb4 .
3967200 267T200€ABCD 0 00 0o + 0 167 [I1°q" papby by + 11" pup o)

H200_>0 —

pIFApiBEPQRFZ_)OPl_)OQZ_)ORGB (80Y1q‘] — &,Y‘]ql)

26720

(6.2)

Note that the first term has a cubic divergence ;le; typical of the tachyon since it gives rise
0

to a pole at ¢ = 2. However here it is precisely multiplied by (g% —2) so the residue of the

pole is zero and the tachyon poles cancels. Note however that near ¢> = 0, the term 0—13

0
combines with order 08 terms coming from the exponent to give a Ulo pole. Some of these

terms are precisely the spurious terms that were present in the bosonic calculation of (I)
and that, as we will see cancel against contributions from the insertions. To check that,
we need to expand the exponent to order 08. The result is
z'ag
4
2 _2rratya wg X 7AR Ug—A 27

2
. (o
Ap + Ap ~g—0 ¢ Inog +iq' Vi, — goaayfaayf +—04¢192y!

where the subindex NZ in Y]\I, , and Az indicates the oscillator part of the corresponding
operator, i.e. without the zero mode. Expanding the exponential and combining with the
expansion of H we get a pole U—lo in sigma. The integral of which is

2

€ q 1

2_1 €

[ =%~5 @-o. (6.4
0 q q
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For this reason, small holes dominate as ¢> — 0, namely ¢> < 1 in string units. As
discussed before we still have to do the Fourier integrals:

d°q qryr [1 45 AR J A
B BT ) (65)
where F represents the result of the calculation we just did and the factors 1 7 and & )6 are
the same we already discussed (see appendix [J). The integrals in ¢ are straight-forward:
/ dﬁq ieiqy — Li / dﬁq q_Jeiqy — izy_J (6.6)
e Ayt et By |
The integral in 1_364 is done according to the formulas:
/ d*by 064 = ¢4, (6.7)
—  FAe = 1
/ @By M B = —<ABPepectp, (6.8)
- 7 - 1
/ d'by P04 bPbP = —5e P Pecep, (6.9)
/ o P BARBRC — (ABCDg (6.10)
/ 15 A BARBECED — (ABCD. (6.11)

In particular [ d*bo l_)f)1 = 1. After a straight-forward and not so lengthy calculation we
obtain for P in the limit oy — 0:

Wm0 p o= L e - L Ly yrg vty (040,84 + A10,0%)
as 44 2672 Y477 167TY4 AT o4
iv2Y!
—iV2 21575 HL ICDA o Ap 4+ —— g YGHR php04es
8;pIAC J AA@ = (8 YIYJ agnyf)
1 vy o
+ v <5U 6T> A8 pl hAaApOC P, (6.12)

As a check of the calculation we can compute for example [Q_4,H] = 0. It is also useful
to check that H is hermitian. We define the following hermiticity relations:

Nt 1R A T_i D
(I*)' =11%,  (Ap) =5-07, (6.13)

in a basis where the matrices pl,5 are unitary, i.e. (,OI AB )* = pL, (which means that
the corresponding Dirac matrices are hermitian). If we write now the full Hamiltonian
describing the propagation of the closed string in the ¢ «+» 7 channel we have:

Hips pkg) = Ho — /\16 SSH = Hy — 2772\H, (6.14)
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where we used that a3 = 2!'7® as determined in appendix [J, eq. (C.60). The value of H,
was given in eq. (B.22)) but it is convenient to rewrite it in terms of the variables we are
using now:

1 >, 1
H0:27r/da <HX+HY+16 5 (0,X) + = (0 Y))

i / do (8,06 + 0,10), (6.15)

where we use the definitions (B.61]). The bosonic part of H, including the first two terms
of H, is the the Hamiltonian describing the propagation of a closed string in the full
D3-brane background in o-gauge as computed in (I). We propose that the full H is the
Hamiltonian for closed strings in the D3-background in this particular gauge. To our
knowledge, the fermionic part was not known. It might seem strange that H is linear in
A but that is a feature of the o gauge as explained in (I).

Thus, we see that the full supergravity background has emerged from the open string
calculation. We also emphasize that the operator H we found is a full quantum operators
which should be understood in normal ordered form.

It is interesting now to take the near horizon limit. Formally we rescale:

X% %X”, % — 1%, vy ey, | %HI
1 _ 1. ~ _
0 —£0, A—>EA, @—>E@ A — EA, (6.16)

preserving the canonical commutation relations. Quite interestingly, under this rescaling,

all the terms in H scale as However for Hy we get:

52

2
H0—>27T/d0 <£2H§(+ ! ! ¢

£2HY Tl e (8 X"+ 1672 (8"Y)2>

+z/da < Oy AO + £20, A@) (6.17)

Now we take the limit £ — 0. Naively, in this limit we would drop terms such as 16 —— (8 Y)
but in fact the derivative can be as large as we want so that would not be correct. If we
look more carefully, however, there is also a term (9,Y)? in H that goes as flz Therefore
in the limit we keep the term in H and discard the one in Hy. The result is that in the
near horizon limit the Hamiltonian reduces to:

Hipgs5x5%) = 27T/d0 (H% o2 (9 X) > /da&UA(:)

+3271%A / do { II°T1% + 61 2%80Y~’80YI ;}/4 (00, Aa+A40,6")
Y
+idv/2m o HL ICDR R —iy—nR L6408
i
+27TpIAC % AA@B 5 (0,Y'Y7 - 0,y7Y7)
1 Y'Y’ -
-5 (5” 72 > pfABpéDAAAB@C@D}. (6.18)
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The bosonic part of this Hamiltonian, including the overall normalization,® exactly agrees
with the Hamiltonian of closed strings in AdSs x S®. Again we propose that the complete
H describes strings in AdSs x S°. Although we have not checked it, we expect the result
to agree with the Hamiltonian derived from the Metsaev-Tseytlin action [B{] after some
appropriate k-symmetry fixing and after taking o-gauge. Note however that here we derived
the result by analyzing planar diagrams in the open string theory without any reference to
AdSs x S° or any supergravity background for that matter.

Note also that when taking the limit & — 0 the final Hamiltonian scaled as ¢ 2. This

Hr 1 scales as €2 and therefore U is

is fine because, in the evolution operator U = e~
invariant. To see that, recall that 7 ~ p* in the closed string channel and we should
rescale p™ — £pT since pT is a momentum parallel to the brane. On top of that we have
that, in o-gauge, X* = o so we should rescale o — %a. Since we want ¢ to run from 0
to 2m we do a conformal transformation (o,7) — (£0,£7) so that ¢ remains invariant and
T — &27 as mentioned before.

We can also be more precise in the region of validity of our result. When deriving the
Hamiltonian we consider small holes which dominate in the limit ¢> — 0. More precisely,
we require g2 < 1 in string units which is equivalent to Y2 > 1. After that we want some

of the terms in H to dominate those in Hy. This happens if Y2 < v/, therefore we need
1< Y2« V), (6.19)

to recover strings in AdSs x S°. This implies A > 1, namely a strong coupling limit. This,
however, is not the decoupling limit of Maldacena which is taken at Y2 <« 1. In fact the
throat region is the relevant region for the double scaling limit proposed by I. Klebanov
and further studied in [BJ. The work presented here might help to illuminate that. On the
other hand, if one tries to derive the AdS/CFT correspondence with this approach, further
work would be needed to understand the region Y2 < 1. In that region, both, small and
large holes appear to be important. From our perspective, the AdS/CFT correspondence
indicates that this should not be true, namely the fact that we have the same AdSs x S°
background in the region Y? < 1 suggest that even there, all the contribution comes from
small holes.

7. Comments on applications to field theory

We have discussed how to sum planar diagrams for open superstrings. It would be inter-
esting to apply the same ideas to sum the planar diagrams of a field theory with fields
in the adjoint. We gave some ideas to that respect in paper (I) and here we continue to
study such matter. However this section is mainly speculative and outside the main line
of development of the paper.

Consider we want to compute a Feynman diagram such as the one in figure f§ which
is in the usual coordinate representation, not in light-cone frame. We argue that it can be

5As we recall, the normalization was determined by comparing with the supergravity background so it
is a consistency check rather than a prediction from the open string side.
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Figure 8: Two loop planar Feynman diagram in coordinate representation and double line notation.
The dashed line indicates a string whose shape is the same as the trajectory of the particle. The
state of the string changes suddenly every time we cross a loop. The change is equivalent to applying
the loop insertion operator P to the string state.

computed by considering a string whose shape is the trajectory of the particle and which
evolves in discreet steps across the diagram. The evolution acts whenever the string crosses
a loop as is indicated in the figure. Note that such description is only possible if the diagram
is planar, otherwise we cannot get unique intermediate states for the shape of the string.
To be more specific, let us look at the simpler case of figure . That diagram is given by

1 1 1 1
A= | dlzodix . 7.1
/ o |21 — 22|72 g — 23|72 |wp — 3|92 |25 — 24|02 (7-1)
An alternative expression for the propagators is obtained through
d
© 1 _a@eep? 227 'D(4-1
/ da'_de_% ! 4 2 == %- (7-2)
0 &2 w1 — 2
The integrand can be written as a path integral using
_ 1 —20)2
/ DX (o) e~2 )0 (9eX)?do _ Lde_i( =l (7.3)

X(o)=xz2
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Suppose we now consider an open string whose states are given by its shape in a given
parameterization: |X(0),d), namely the shape is characterized by a function X (o) with
0 < o < 5. The states are orthogonal, namely

(X1(0),611X2(0),62) = 6(61 — 52) ] ¢ (X1(0) — Xa(0)). (7.4)
0<o<0o1
Define now the “boundary” state:
|$1y x2, 5-> - /X(O)sz DX(O-)G_% foc}(aaX)2dU|X(0-)v 6>7 (75)
X(O_'):.’Ez

which is not normalized, in fact its norm is

1 (11*f2)2

(xl,xg,ﬂxl,xg,@ = /X(O):xl DX(O’) 6_%f05(aax)2dg = e %, (76)

[M]fsH

o
X(0)=xz2

in such a way that

d
%0 22717 (4 - 1)
do{x1,x9,0|x1,22,0) = -2 _J 7.7
| drteranslorone) = =ty (7.7
Let us further define a tensor product between the states of the string such that
/ddx]azl,a:,al> ® |z, 2,0 — 01) = |21, 22,05), (7.8)

that is, we glue the two paths, using that the actions add up. We can now write the
diagram as

2 [ d. o _ _ _ _
A=A /d xod 963/d01d02d03d04(331,902,01!351,332,01><9€2,9€3,02 To,13,02)

X (x2,x3,0|x2, x3,03) (T3, T4, Ga|T1,T2,0) (7.9)

= Az/dd$2ddﬂf3/d51d52d53d54 <<331,l‘2,51| ® (x9, 3,03 ® <ZE3,$4,54|>

<H® |z2, 73, 03) (T2, T3, 02| ®H> <|$1,$2,5’1> ® |x2, x3,52) ® |<E37<E4754>> ,

where we considered the initial and final strings divided in three pieces of which we should
glue the pieces at both ends as indicated by the identities in the intermediate operator
and, for the middle piece, we should project both sides over the boundary state as also
indicated. Note that the pieces in the middle can have different lengths in o.

As a last step, using the tensor product ([[.§) we can write A as:

A:)\2/d51d52d53d54<l‘1,$4,5f:5'1+5'3+5'4|P(51,5‘2,5‘3)|l‘1,l‘4,5‘i:54+51+5‘2>, (7.10)
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XX X X x x x x

Figure 9: One loop planar Feynman diagram in coordinate representation and double line notation.
The dashed line indicates the string as in figure E On the right we draw the diagram as the

propagation of a string with a discreet step given by P. The left and right pieces of the string are
identified and the middle one is projected over the boundary state. The result is the same as the
diagram on the left.

with

P(61,09,03) = 1@ |X(51), X(52),53)(X (61), X (52), 02| @ L. (7.11)
Perhaps the notation is not very precise but the meaning is: we cut the string at the points
o = 0&1 and 0 = g9. We get three pieces. We leave the left and right pieces as they are but
to the middle one we apply the operator |X(71), X(52),03)(X(F1), X(G2),02|. It is clear
that the result is the Feynman diagram that we want. If we define the operator

pP= /daldagd()'gp(()'l,ag,ag), (7.12)
then we have
A:A2/daldagdagda4<x1,:c4,af:al+ag+a4u5(al,ag,ag)ya:l,a;4,ai:a4+al+ag>
= )\2/d01d0'2d0'3d0'i<$1,$4,0'f =0;+ 03 — 62]]5(61, J9,03)|x1, x4, 0;) (7.13)
= )\2/d5fd5i($1,x4,5f|15|:171,:174,5i>.

In this way we can write any planar Feynman diagram for the cubic theory in terms of
multiple P insertions. We hope this representation is useful and can be used to sum the
planar diagrams of the theory but we leave the issue for future investigation. Here we just
want to emphasize that similar methods as the ones employed for open strings can also be
discussed within a field theory. As mentioned before, they use in an essential way that the
diagrams are planar so they capture an important property that they have, namely, that
one can think of them as a string going across the diagram always in a well defined state.

8. Conclusions

In this paper we apply the method described in (I) (i.e. [[]) to the planar diagrams of
open superstrings propagating on a stack of N D3-branes. We find that the sum of planar
diagrams is described by the propagation of a closed string with a non-local Hamiltonian H
which includes a hole insertion operator P that can be explicitly computed. The result is

— 31 —



given in egs. (f£1) and ([£3), or equivalently, eqs. (f.14) and ([.15). At distances from the
D3-brane larger than a string length, H reduces to the propagation of strings in the full D3-

brane supergravity background in a particular gauge that we call o-gauge and which was
defined in (I). To our knowledge, this Hamiltonian, which is shown in eqs. (6.14), (6.19)
and (b.19), is new since only the bosonic part was known before. In the near-horizon
limit it reduces to the propagation of a closed string in AdSs x S° as shown in eq. (6.19).
This last Hamiltonian has a novel form although it should be equivalently derived from
the Metsaev-Tseytlin action [B]. We emphasize however that in both cases the important
point is that we derived these Hamiltonians from the analysis of the open string planar
diagrams without any reference whatsoever to the existence of the D3-brane supergravity
background. We also stress the fact that we can study the full non-local operator H
even when it does not have the nice interpretation of a string in an external background.
Properties of the planar diagrams are contained in properties of H such as the spectrum,
ground state existence of gap etc. Presumably a non-local H is the general situation even
for a field theory. In the previous paper (I) some doubts were raised regarding possible
higher order corrections in A to P. In the supersymmetric case we saw no indication of such
corrections. Divergences due to the tachyon are absent in the superstring. Furthermore,
at low energy the theory reduces to N' = 4 SYM which is finite in light-cone gauge [9].
Also, the supersymmetry algebra is such that no first order corrections in A are required for
the conserved supercharges suggesting that no higher order corrections are needed for the
Hamiltonian. The usual reasoning is that, since the supercharges anticommute to H and H
has a term of order A, then the supercharges also should have terms of order A which, when
anticommuted, will contribute to H at order A\?. In our case, the supercharges anticommute
to a translation in the world-sheet spacial direction and not to H. Therefore this reasoning
does not apply. To complement these ideas one should compute explicitly, for example,
two loop diagrams and check that divergences are indeed absent. This is outside the scope
of the present paper but seems a feasible calculation.

One other thing we should emphasize is that scattering amplitudes can also be com-
puted as discussed in (I). In that case we have an infinitely long open string that prop-
agates. The hole insertion operator should work similarly. In particular for small holes
there should be no difference.

It should be interesting to understand the small holes in conformal gauge which might
give a simpler way to compute P. In that gauge, however, we do not know how to argue
that the sum of planar diagrams exponentiate as it does in light-cone gauge.

Note also that we map the open and closed string in a very precise way such that
any calculation done with planar light-cone diagrams in the open string theory can be
equivalently understood as a closed string calculation which obviously gives the same result.

The sum of planar diagrams for the open string includes the sum of planar diagrams
for N/ = 4. In this paper we do not study how to extract such sum from the open strings
although it can be argued that, after deriving the supergravity background, one can use the
same reasoning as Maldacena to take the decoupling limit. The improvement being that we
do not assume the existence of a supergravity description and consider the sum of planar
diagrams instead. In any case a more direct approach to the field theory should be desirable.
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A. Useful formulas

A.1 Formulas involving the matrices piB

The matrices pl, 5 and their inverses p! 4B are defined in [[l(]. Some useful properties are:

papp’ ¢+ phpp! PC = 26764,

PhBPtD = —2€ABCD,
Pt PP = 851, (A1)
phnp' P = =2 (5565 — 050%) .
PﬁxB = %GABCDPICD7

Tr (prMprN) — 4(5KM5LN _5KL5MN+5KN5ML),

and the Fierz identity:

1 1
qquprpéD aApBaCpP — _§quJp{4BpéD aAaBrCpP — queABCD ataBrChP (A.2)
where a?, b4 are anticommuting variables and ¢’ is a six vector. In fact, many other

properties can be easily found by noting that

0 pIAB
o <p£4 o) (A.3)
B

are SO(6) Dirac gamma matrices. Note that in a basis where the v/ are hermitian ((’yl )Jr =

7!), we have that the p’s are unitary: (pI)T = (pI)_l.

B. Simplifying the Neumann coefficients

The Neumann coefficients NS, appearing in the expression (B.34) for the vertex state
defining Pg were computed in (I). In this appendix we revisit such computation and show
that, actually, equivalent but much simpler expressions can be found for them. We also
compare the results with previous computations in (I) and [L9].

The idea of the computation can be found in [[(] (see also (I)). The main steps are,
briefly, as follows. First we consider, as in figure [, the cylinder with a slit and parameterize
it with two real coordinates —oo < 7 < 0o and —m < ¢ < w. The slit is parallel to the o
axis, sits at 7 = 0 and extends from —og < 0 < 0¢. It is convenient to introduce a complex
coordinate p = 7 +io and also u = e = ¢, Then, we find a conformal transformation
z(u) to the upper half-plane parameterized by z, Imz > 0. Such transformation is unique
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up to a choice of two points z; = z(u = 0) and 22 = z(u = c0) corresponding to where
the end points of the cylinder map to. Using the SL(2,R) invariance of the half-plane we
can fix three parameters and then only one parameter or moduli remains. This remaining
parameter is the width of the slit, namely 20¢. The Green function on the upper half-plane
G(z,7') is given by

G(z,7)=Inlz — 2| +en|z - 7| (B.1)
where ¢, = —1 or g; = +1 according if we want G(z,2’) to satisfy Dirichlet or Neumann
boundary conditions on the real axis. Using the conformal transformation we just described
we can map it back to the Green function G(u,u’) on the cylinder. To proceed we need to
consider four different cases according if v and u’ are in the initial 7 — —oo or final string

7 — 00. In each case we expand G(u,u’) appropriately in a series expansion in u = €%

! s ! . . . . . .
and v’ = ™ T (or equivalently Fourier expansion in o, ¢’). The coefficients are precisely

N}s where the index r,s = 1,2 indicate the initial and final strings. The logarithmic
singularities when the two points coincide (which can only happen if they are on the same

(initial or final) string) should be subtracted. More concretely, we write

oo 0o
G(u,u') —In ‘u_ul‘_’_ Z Z Nﬁllne\m\r—i-\nh’eima-‘rina” T, oo (B2)
n=—ocom=—00
oo oo
G(u,u') = Z Z N2 elmir=Inir’ gimosino” T — —00,T — +00
n=—00 M=—00
(B.3)
oo oo
G(u,u') _ Z Z N%lne—\m\r—i—\nh’eima—i-ina" - —I—OO,T/ - —00
n=—00 M=—00
(B.4)
1 0o oo . .
G(u,u') —In __E + Z Z Nr2n2ne—\m\7——\n|7 eimoting T = 400 (B5)

n=—00 M=—00

In this way, Nl for m,n > 0 is determined by the terms depending on wu,u’ whereas
N#’_n for m,n > 0 is determined by those depending on u, %’ and so on. Although what
we describe has the character of a recipe, it can be verified, a posteriori, that the coefficients
so computed obey all the properties necessary for the vertex state to satisfy the appropriate
conditions explained in section f]. In the rest of the appendix we show how to find explicit
expressions for N/ by computing G(u,u’) and then doing the power series expansion. This
seems straight-forward and indeed it is. However different (but equivalent) expressions can
be found according on how we choose to do the Taylor expansion of G(u,u') and also
on how we choose the points z12. In (I) we chose z1 = 4, 220 = 1y, 0 < y < 1 where
90
Y= Tm

1—sin .. . . . . .
. In a similar computation, Green and Wai [[I9] chose z; = i, 25 = i — a with

0 < a < oo and related to og by a = 2tan 7. Here we show that choosing 212 = jeti T
leads to much simpler expressions.

We start by proving that an SL(2,R) transformation leaves the Neumann coefficient
appearing in the operator P invariant. Then we show how to find new, simpler expressions

for Ns and finally we compare the results with (I) and [9].
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B.1 SL(2,R) invariance of the Neumann coefficients

Suppose that we define a new complex variable w spanning the upper half plane and

related to z by

aw +b
= B.
& cw+d (B.6)

where a,b,c,d are real numbers and ad — bc = 1. The Green function in the upper half

plane is taken to be
G(z,2)=In|z — 2| +¢&n|z — 7| (B.7)

where ¢; = —1 for Dirichlet and ¢; = 41 for Neumann boundary conditions. Under the
SL(2,R) transformation it maps to

Gw,w) =In|jw—w|+enjw—0|—-1+e)njcw+dl — (1 +¢&)ln|cw —d (B.8)

whereas, having we used w directly, we would have taken just the first two terms. The
difference vanishes for Dirichlet boundary conditions, namely €; = —1 and there is nothing
to prove. In the case of Neumann boundary conditions we observe that each extra terms
depends on w or w’' but not on both. After mapping back, each term will be power
expanded in u or ¥’ but not both so it will modify only Neumann coefficients with at least
one zero subindex:

N} — Ny +Cr, (B.9)

Moreover, if the coefficient depends on wu, it will not matter if we expand for v/ — 0 or
u’ — o0 so the contribution C7, is independent of s as indicated. The bosonic part of the
vertex state in eq. (B.34) will be modified as

Z Nfrifna;[rma;[sn_) Z Nrrrfnajrmajsn—’_ Z Cfrnajrm(a;[,s:l,nzo+aj,s:2,n:0) (BlO)

rS,imn rs, omn rym,i/e;=+1

T

i, t
However, by definition a s=2.n—

s=1ln=
and final strings. Since we are considering a Neumann direction, momentum conservation

o =p1 and a o = D2 are the momentum of the initial
implies p; + p2 = 0 and therefore |V) is not modified. Perhaps, more easily, when writing
the operator Ps as in eqs. (B59)(B:59), the Neumann coefficients with subindex zero do
not appear unless they correspond to Dirichlet boundary conditions.

In the fermionic part, the coefficient N} % (e; = +1) only enters in the definition of
Bm in eq. (B4§) and in such a form that is not affected by the shift (B.9). The insertion
operators that also appear in P do not depend on the Neumann coefficients and therefore
are not affected. We have then proved that the operator P is invariant under the SL(2,R)
transformation, as it should. We are therefore free to choose, up to one moduli, the points
Z1,2 at our convenience.

B.2 Simplified expressions for N;?

+i

. 4400 . .
Now we choose 212 =ie™"2 which defines the conformal transformation

] 2 i0
.20 | u—e9r —igy 2 T €7°
z=1ie "2\ ——, u=e 10027. (B.11)
u — e—'9o 2?2 + e~ 100
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The Green function

G(z,2)=In|z — 2| +¢&n|z — 7| (B.12)
maps to
Glu,u') = In|[y/{w=p)(ed = 1) = Vi = @) (pu—1)| (B.13)
tein |v/(pu = 1) — 1) + /{u— )@ — )| (B.14)
—%(1+€,~)ln|u—,u_1| —%(1+Ei)ln‘u'—/fl‘ (B.15)

where we defined ;i = €%, The terms in the last line are of the same type as we proved, in
the previous subsection, to be irrelevant in the computation of P. Namely, they obviously
go away for ¢; = —1 and, as they only depend on one or the other variable, when ¢; = +1
they also go away in P because of momentum conservation. For that reason we can define
a new equivalent Green function

Glu,u') = In|[y/(w= )l = 1) = V(= @) (pu—1)| (B.16)

teiln [/ = 1) (u = 1) + /(u = )@ = p) (B.17)

Expanding in powers of u, v’ for small u, v’ we get

~ 2 !
G(u,u') ~In|u —u|+1In £ —‘ +eiln|l+ pl+ Z NAL /™ (B.18)
2 'LL nm
/
~ In|u —u| + Insinog +¢; In [2 cos %} + Z N omq/™ (B.19)
nm
where we used pu = €9, From here we find (see below however) Nil = Insinoy +

giln [2 cos "—2‘)] and the rest of the coefficients are obtained by continuing the expansion.
To compute them explicitly we consider the term in G that depends only on u, v’ (and not
their conjugates) and observe that, by a straight-forward calculation, we get:

[ud + /0, 5 [V(“ il 1u),__ X(u/ — 1)] = (B20)
o 1 — 1 B.21
4/ (u—p)( —p)(pu — )’ 1) 4 20

where the prime in the summation sign indicates that we omit the term with m =n = 0.
The functions P, = P, (cos 0p) are the usual Legendre polynomials and we defined by con-
venience P_1(coscg) = 0. The Legendre Polynomials appear in virtue of the identity [B3]

1 1 1 1 00 .
V(= p)(pu —1) T VBV —Zucosoo 1 VI nZZ%P”(COS o0)u (B.23)
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We then identify
lpan - Pn—lpm—l

N,i}n:4 — , n,m>0, n+m#0 (B.24)
To get the coefficients N}L’l_m , (n,m > 0) we need to consider the term depending on u
and @’ for which we have
[y — w0w] 5 n [Vl =D =D +/(w—m@ -] = (B25)
i u—a
= =TT (:20)
- % 3 (PuPr_1 — Py P) u™u'™ (B.27)
m,n=0

where again, the Legendre polynomials are evaluated at cosog and we use the convention
P_1(cosop) = 0. Thus,

n & PanPp1 — Pao1Py

mTme Y n—m ’

n,m>0, n—m%0 (B.28)

The case N,ll,l_n has to be considered separately. In this case we can take just the derivative
with respect to u for example and, after a tedious but simple calculation, we obtain

n—1 n—1
€ 1 1
NL, = —ﬁ > PP+ 5 Pn P = cos g > P2+ 5 "#0 (B.29)
q=1 q=0

From the fact that the Green function, and the Neumann coefficients, are real we obtain

NY =N (B.30)

—n,—m

which allows us to compute the other components.
Now we should compute N2L. In order to do that we should expand G(u,u’) for
u — oo and v/ — 0. It can be easily done if one notices that

~ 1+¢; ! ~ (1 1
G(u,u')= ey, |ul+(14¢;) In(2sin og) +1n -4, <G<—,ﬂ’> —In|——@ ) (B.31)
2 U U U
When expanding the last term we get the coefficients N}l that we already computed.
Including the contribution from expanding In ‘1 — % we obtain
21 o, 1
N3, = —&iNp,, + §5n+m, except n=m=0 (B.32)
N& = (14 ¢;)In(2sinop) — g;Ngg = In <2 sin %) +e;1n2 (B.33)
Finally it is easy to see that
N2 = N} (B.34)
Ny = Niop (B.35)
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for all n, m. Notice also that we can write

1—¢ 1+¢;
08 = ~—"Insin 204 0"%(1 4 ¢;) Incos S e In (4sin @> (B.36)
2 2 2 2 2
The last term can be dropped by the reason we already discussed. Namely it goes away
for ¢, = —1 and for Neumann boundary conditions, i.e. ¢; = +1 it goes away in P by
momentum conservation. So we prefer to write

1—¢;
Ts _ - &; In sin % +6™(1 + &) In cos % (B.37)

as we had found in (I). To complete the calculation, we still need to compute N,%Ilo. The
result is actually contained in the expansions we performed, the only point is that, for
n = 0, the terms depending on u, v’ and u, @' both contribute. Using the results we have
(and remembering we defined P_;(cos og) = 0) we easily obtain

1
NM = i (Ppn(cosog) — €iPp—1(cosap)), m >0 (B.38)

We also have N1 = Nﬂn’o.

m
To summarize we obtained the expressions:

1 .
N§§ = 5 % Insin % + 0" (1+¢;)Incos % (B.39)
1
Ny = Nilm,o = Im (P (cos 0g) — €iP—1(cos 0p)), m >0 (B.40)
1P,P, — Py_1 Py
NifnzNiln,_mZZ = mn+’;n ml o p,m >0, n4+m#0 (B.41)
g; P, P, -1 — P, _1P
Ny, = El,mzz’ n ’”n_m" ™ onm>0, n—m#0 (B.42)
€ n—1 1 n—1 1
an}_n = Nilnmz —ﬁ Z PqPq_1+§PnPn_1—cos a0 Z Pq2—|—§ , n#0
q=1 q=0
1
N2 = —gNML + §5n+m, except n=m=0 (B.43)
Nyw = Nam (B.44)
N2 _ 2 BAS
mn nm ( * )

which determine all Neumann coefficients. As we show below following (I), the case
n +m # 0 can also be summarized as

1

NS = Im(f}, ] B.46
= e ) (B.46)

where fﬁl>0 = _fma fﬁl<0 = —¢€if-m, r2n7$0 = _5if7%1 with
fms0 = —% [ei%oPm(cos og) — e_iUTOPm_l(COS 00) (B.47)
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and

fo = —;gl (1 — sin %) —1 5 £ cos ? (B.48)
fé = —;EZ (1 + sin %) —1 5 £ cos % (B.49)

In the following we compare these results to our previous calculations in (I) and also to
the expressions in [[LJ]. Here let us just note that what we just found are much simpler
expressions than those we knew from before.

B.3 Comparison with previous results

In (I) we have already computed the Neumann coefficients in terms of finite sums of as-
sociated Legendre polynomials. In [[[9] Green and Wai had previously discussed a similar
calculation for the bosonic string for the case of Dirichlet boundary conditions in all direc-
tions (including X*). They found the Neumann coefficients in terms of (sometimes infinite)
double sums. Here we show briefly that the results have to agree since they come from ex-
panding in series the same Green function. We also make explicit the different expressions
for the coefficients so one can compute them for particular values of the subindices and see
that they indeed agree.
In (I) we expanded the Green function

G (u,u') = In|w(u) —w@w')| + & In|w(u) — ww)] (B.50)

with

7 1
u—11+sin %

w(u) = —

{(1 + u) sin % + \/(u —¢elo0)(u — e—iC’O)} (B.51)
where the square root has a cut on the slit. Replacing in eq. () and after some algebra

we find

8003”—20
1—|—sinﬂ

—(1+e)In|vVu—p+ivpu—1]— (1 +&)In|y/u' — p+ i/ pu’ — 1|

with p = ¢/ as before. The first term, G (u, ') is the same one as in eq. (B:17) and the
others are irrelevant for the same reason we already explained (Namely they do not appear

GO (u,u) = Gu, ) + (1 + &) In (B.52)

in ]5) Therefore the Neumann coefficients are proved to be the same since they are the
coefficients of the series expansion of the same function. In (I)we wrote the result as

7 (1 + Ei) 1
NS o— L TS, s : r s B.
mn 8 m+n (am 0t ay 0)+ (m—i—n)smao m(fmfn) ( 53)
where fr,o = —fms fmco = —€if—m, Fzo = —€ifn with
i o i) l
m>0 = —— ‘ lP B.54
fm>o = ——e"2 Z (cos o) (B.54)
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where P! are associated Legendre polynomials defined, in terms of regular Legendre

polynomials P, as®

Pl(@) = (~1)'(1 - 2?)2 = Pu(2) (B.55)

Comparing with the result we obtained in the previous subsection one finds that,
agreement of the Neumann coefficients implies the following interesting identity between
Legendre polynomials

fuso = ——€'% Z Py, (cos a9) (B.56)
1=1
1 [ ;% ;%0
= -3 [e’ 2 P(cosag) —e "2 Py,_1(cos 0’0)] (B.57)

Although this is proven because it equates the coefficients of the series expansion of the
same function, it is reassuring to compute the functions f,,(oqg) for several explicit values
of m and see that they indeed agree.

We can also compare explicitly with the results of Green and Wai. Before doing that,
however, let us dwell a little into the relation between that calculation and the one presented
in (I)and here. In modern language, Green and Wai look at a D-instanton (although it
is in Minkowski space making the interpretation less clear). In any case the coefficients
they find should agree with ours for ¢; = —1 giving us an extra check of the calculations.
It should be noted that, in our case, we have Neumann boundary conditions in X* which
corresponds to the usual D-brane interpretation (where the D-brane extends in the time
direction). To see how this comes about we write one of the conformal constraints as

D XT0, X~ +0, X 0,XT = -0, X109, X+ (B.58)

Since the slit is parallel to the ¢ axis, Neumann boundary conditions are given by 0, X =0
and Dirichlet by 9,X = 0. On the slit, each of the directions X perpendicular to the
light-cone satisfies either Dirichlet or Neumann boundary conditions and therefore the right
hand side of the equation vanishes implying

0, X1, X~ + @X‘&,Xﬂbdy =0 (B.59)

We use a gauge X = ¢ which we call o-gauge. It obviously means that 9, X = 0, namely
X7 satisfies Neumann boundary conditions. Moreover, replacing X+ = ¢ in eq. (B.59)
we obtain 9; X~ = 0, so both X* are Neumann. In [[[J] the authors considered a gauge
X+ =7 implying X* are Dirichlet.

Having said this, let us consider the Green function appearing in eq. (5.7) of [[9]:

Cu+1 \/ .u+1
——1-3 ——1-
\/ a1 Y1
1
1\/——1—za Ut \/——1+ au+1
' -1

SCare should be taken when checking these formulas with computer algebra programs since definitions

Gp(u

(B.60)

—In (B.61)

of P! can differ between them.
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where a = 2tan§ with L = 0. Again simple algebra reveals that

~

Gp(u,u') = G(eu, e'70u) (B.62)

where the extra phase factors appear because Green and Wai have the slit between 0 <
o < 209, namely shifted by og. This is of course irrelevant for us since we integrate over
the position of the slit when defining P. In doing the comparison we should also rescale
o by two since in [I9], 0 < o < 7, instead of —m < 0 < 7. Again, this implies equality of
the Neumann coefficients up to a phase factor. The Neumann coefficients in [[[9] can be
extracted from eq. (5.9) in that paper resulting in

o0
Ngql = Z UmUnp <m+p_1> (n—l—q—l) (1_62i00)m+n (B63)

n,m=1n+m p q
u I UmUn, p_l q_l —2i m+n
=)y == (e7270 —1) (B.64)
m:ln:ln+m p—m q—n
-~ 1 Uy Un, nfm+p—1 q—1 1 ~2igo\ MM (B Gx
Np,—q_4mz_:l;n+m( 1) » g—n ( e ) (B.65)

for p,q > 0. Notice that in [[J] two different but equivalent expressions are given for Nz}ql,
p,q > 0. As we already said, it follows from eq. (B.62) that

N?%lln _ eiao(m+n)N$11n (B.66)

It is reassuring to compute several of the coefficients, as functions of oy, and check that
this relation is correct. Namely, check the agreement (up to the phase factor in eq. (B.64))

between eqgs. (B.63), (B.64) and (B.41) and also ([B.6§) and (B.43).

C. Massless string scattering from D-branes

As explained in section [J the operator Pg summarizes the scattering amplitudes for closed
string states from a D3-brane. This includes massive and massless states. Since scattering
amplitudes for massless states are known [R7, their explicit computation provides a
check for the calculation. This was already explained in section b were we sketched the
main steps of the calculation. Since the results depends on several details, it is a very
useful check and deserves to be spelled out in more detail which we do in this appendix.
First we explain the derivation of eqs. (§-8)(F-10) which are the zero mode part of Ps. Tt
is the only relevant part since massless states, in the Green-Schwarz formalism are given
by the different vacua, namely they contain no oscillator excitations. After that we use the
result to compute the scattering amplitudes concentrating on bosonic states. Finally we
compare with known results. The comparison fixes the overall normalization of the hole
insertion operator, namely the constant a3 in eq. ([£1).
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C.1 Zero modes Hamiltonian

The zero mode part of the operator ]55, namely the part that contains no oscillators is

given by
™ 2 2
> . 00\¢ 0o 4k2
= d (sm —> (cos —) H C1
%1 zero modes /0 70 2 92 zero modes (C.1)
where H sero modes 1S the zero mode part of the insertions computed in (5.5) and the other

factors come from the exponential

2 2
eZrnimn Nbo0lotla = ¢¢* nsin P4k Incos P _ <Sin %)q <Cos %)% (C.2)
From eq. (b.§) we can write H sero modes Separating the terms with different number of
fermions:
1 sin®>%
Hym = 5—5—2k"k"
272 sin oy
1 sin % cos | 1 sin®? % LR/ A4 4
- 2}, + 2 kMK (yt + g
1672y/2  sin?og (vdy + 949) — 872 sin? 00 W+
1 cos® F

2872 gin3 4

1 41
y;éyy;éy 3 <y + 9 —€ABCDyAyByCyD>
2772 sin’ o
1 sin 22 cos
5 5 LR

_|_
2672,/2 Sm4 oo
2 o

(7 vy + v'5dy)

L S YRRy (C.3)
2572 sin® oy

where we use the notation

1
vt = gpeaseoyy "y ", ydy =d'phpy’y” (C.4)
and the same for §. The next step is to replace, from eq. (F-4),
yd = ap sin 2¢ 5 0 4 b, cos 20 2 7 = af sin 020 b, cos 22 2 (C.5)

in the previous equation. By expanding the corresponding terms and taking into account
that

GAgBaCaD — ABCDgd  JApBRCyD _ _ABCDp4
ap ag ag ay = ag, bobybyby =€ by (C.6)

which result in formulas such as

1 . 400 _ 007
yt gt ZGABCDyAyByCyD = 8sin? 7@3 + 8cos® Ebé (C.7)
EABC'DBO d(?aocdoD doﬂi)o = —6@3 Boﬂi)o
eApcp)abbs by aoda = 4ag bogbo (C.9)

we can easily find that ﬁz,m, reduces to

A 1 sin

Hym. = —k"k" 2

47 cos 2
kL

—m <a0¢ja0 tan 02 — bogébocotan70>
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1 sing _,  cosF 9 . 900 9 900
~ 553 <C083@a0+ 30_2 by (4l<: sin 7—1—(] cos 7—2)

1 L
2cotan O (G@odidio) (bodbo) + 510 26ABCDELE)4&§bgbOD <4k‘2 tan%—qzcotan@>
T

27 2

(tan J—ao bodbo — cotan 2 Bé doqdo)

kR
2771'2\/_

1 -
553 tan —kRkRagbg (C.10)

Now we proceed to replace in eq. (C.J) and perform the o integration using that

/07r <Sin?)a<cos%>ﬁd00:B<a;1,$> (C.11)

where B(a,b) = FF(EZJIZES) is Euler’s Beta function. There is an important point that we
should mention here which is that the integral in oy can be divergent. We define it by
analytic continuation to be equal to the Beta function. This is the usual procedure when

computing scattering amplitudes in string theory. Namely to assume we do the calculation
in a region of momenta where all integrals are convergent and continue to other regions
assuming analyticity of the scattering amplitudes in the external momenta (g2, k2). To

write the final expression we find convenient to define s = —¢?, t = —4k? and a function
;s 2 ﬁ)
g _TEHT (Y T4 i
(87 ) - P 1 S t - 2 ( N )
(1-3-3) r(w+%+1)

to which all Beta functions that appear can be reduced to using the properties of the
Gamma functions. The result of the o integration is a Hamiltonian to which Pg reduces
after eliminating all oscillators. It can better be written split into terms of different
number of fermions as was presented in egs. (5.6)-(p.10).

HY) = —#M%L A(s, 1), (C.13)
HY ~ 267; Sk (togh — stiof) A(s. ) (C.14)
H[(f}) = —# {aés2 +bit? — Zaogaoboyjbo} A(s,1), (C.15)
ao - _28; 5k (tadao B — s o) Als.) (C.16)
Ho - —27;2 s KRER AT A(s, 1), (C.17)

C.2 External states

Since we are going to consider only massless scattering the only states we need to consider
for the Green-Schwarz closed IIB string are the vacuum states. One simple way to describe
them is to define a state

0)x, such that  Agal0)x =0, Agal0)x =0 (C.18)
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and act on it with the 6, 63!, Since there are four 3" and four 65 we have 28 states. From
the 2% vacua, for simplicity, we will only consider the 26 = 64 NS-NS states obtained by
acting an even number of times with the 96‘ and an even number of times with the 564. It
is therefore convenient to define the following normalized states

IR) = |0), |I) plp00P10)y, |L) = 640)y (C.19)

1

2v/2
Also, from now on, we do not put the subindex 0 since in this section all fields are reduced
to their zero modes. We are going to define a polarization state as

1§) = &LlL) +&1lT) + ErIR) (C.20)

with g = £} . The corresponding bra we define as

(€l = (LlgL + (1|1 + (RIER (C.21)

which implies we use the notation (|L))T = (R| and (|R))! = (L| and therefore the identity
is written as

I=[R)(L| + |L)(R[ + [I){I] (C.22)
The state of a closed string is determined by the product of two polarization states, one

for the left and one for the right movers. Both should be transverse to the momentum p
of the particle, i.e. (p§) = 0. For convenience we define

03 =61, 64=0o (C.23)

so that the polarizations are eV = & ® &4, €@ = & ® &. While a general polarization
tensor cannot be always factorized in that way, it certainly can be written as a linear
combination of such factorized terms. The hole insertion operator is written, in section
in a vertex state representation. This means that it is written as a state in the product
space of the Hilbert spaces of the initial and final strings. Formally, if we label the basis
with an index v, we get

IP) = (11 |Pln) ) @ ) (C.24)

viv2

If we want to apply the operator to the state |vq) we do
(| P) =) va){(a|Plvr) = Ploy) (C.25)
v2
One further point we need to make is that the vacuum we used in defining the hole insertion
operator satisfies, according to egs. (B.42), (B:51),
aal0) =0, a0) =0, (xa—Z4)0) =0, (E*'=xH0)=0 (C.26)

These are linear combinations of the A’s except the last one. This means that the state
|0) # ]0)x. In fact, the state |0), satisfies the same properties ([C.2(), except that the last
one is replaced by (x4 + Z4)|0) = 0. This means that, if we define

)
b Ayl sa g4 A
f= ) =5 (o8 + 05 — o5 - 07 (C.27)
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we obtain

10) = 8*|0)x (C.28)

which is a useful relation to write the zero mode hole insertion operator as linear combi-
nation of the states ([C.20).

A final point has to do with the way in which we define the identity operator as a
vertex state in the subspace of zero modes. It should impose the conditions:

(61— 62)[I) = O, (C.29)
(61— 62)[1) = 0, (C.30)
(A1 + A2)|I) =0, (C.31)
(A + M) ) = 0, (C.32)
(C.33)
which identifies both strings. This conditions are solved by
L) = (61 — 62)" (61 — 62)*]0) (C.34)

To understand what it does we can consider a single fermion 6 and states |0) and |1) = 0|0).
The condition

(61— 62)|I) =0, (C.35)
imposes
) =0} ® 1) +[1) @ 10) (C.36)
whereas the identity operator is
= 10){0[ + [1)(1] (C.37)

So, in converting a vertex representation as in (|C.3() into and operator representa-
tion ([C.37) we should flip [0) — (1| and |1) — (0. In our case, for the left moving fermions
we have

1
(61—62)"0)x — (9‘f+ZEABCDGf%B@g@sz%)IOh = |L)®|R) = |)[)+|R)®[L) (C.38)

Where the arrow indicates that we keep only the NS states, even in all fermion variables.
We also made use of the formula
€apop0i 0760505 0)x = —4pl pptp010705657|0)x = —4|T) ® |I) (C.39)

Comparing with (C.23) implies that we should flip [R) — (R|, |L) — (L|, |I) — —(I|. The
final upshot is that we should simply interpret the states as polarizations but flip the sign
for each perpendicular polarization in the initial state. Finally notice that we can use (8

from eq. (C.27) and by from eq. (B.49) to write
- 1
68" 10)x = 4I1) (C.40)

meaning that we should understand bg in the vertex representation of the Hamiltonian H
as % times the identity. It can be seen that this matters only for the overall normalization
and does no affect the relative coefficients of the terms in H.
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C.3 Massless scattering

We need to expand the zero mode Hamiltonian in powers of §4_; ,. As mentioned in the
previous subsection, for convenience we define

O3 =61, 64 =0 (C.41)

which then gives

_ L

1 _
(—91—93+94+92), doz—(91+92—94—93), bo \/5(91—1-94—92—93)

V2
(C.42)

We should replace in the Hamiltonian and expand in powers of the .. Since we are

N —

6=

interested in the scattering of NS-NS states, only terms which contain an even number of
each 60, are kept. It is not difficult to obtain that

1
Bt = o7 (=01 — 03+ 01+ 0)*
1 1
- 01 +05+07+65] +35 [£0705 420707 +£0705 40507 +£0505 40703 ]
1
24

aodao 8 — =5 [01 02405 + 01 O3¢03 + 03 01401 + 03 04404
+0; 020> + 03 034103 + 03 014101 + 05 04464 ]
+2_16 (024162 €6707 + 014161 €0505 + 0403 €076 + 464 c0563]
bogdbo 3 — 2i4 (0% 016, + 07 03405 + 02 01461 + 0 646>
+03 04404 + 03 03403 + 63 01461 + 63 020
+2—16 04404 0705 + 01461 0305 + 03405 0703 + 240> 0303

agB* = 1602 ~ 03)" (01 — 64)*

[};|>—\®|>~

1
(07602 + 0103 + 0301 + 0303] + S5 e0107 0305
1
26
(61— 02)" (62 — 63)"

_|_

(07 €0303 + 03 0107 + 0} €0303 + 03 0167 ]

bost =

ST

1
0104 + 0105 + 0507 + 0503] + ﬁeﬁfﬁ €h20;
1
+35 (01 €0703 + 01 0705 + 05 €0363 + 03 €0765]
- 1 1
doﬂao boﬂbo ﬂ4 — —§q2 [6‘116§ + 9%93] + ? [9411 (92%02 94%04 + 94%04 93%03 + 92%02 93%03)
103 (61461 03¢03 + 04404 03403 + 61461 04¢6.)

+9i (92%92 93;493 + 91%91 92;492 + 91%91 93%93)
+03 (01461 04404 + 01461 020> + 02410 04404)]
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2—16 [q%€0105 0363 + q*c0703 €03035 — q° 0703 0303
1014461 024402 0202 + 01401 04404 €0303 + 04404 03403 0703
+ Oa(f0 034103 €0307 — Oa4f0 04404 0705 — 01461 03403 €0507]
B8 — oy (0101 (0ats + 0sg0) + 030 (01401 + 0.402)
+0103 (62402 + Oagi0s) + 05604 (01461 + O34165)]
o (01 6ot 8263 + 630,46, 363 + 010ty 0763 + 030,40, 6763

_|_

bogboag8* — 2i4 (6103 (044104 + O3463) + 0103 (61461 + O2¢0>)
+0105 (04d0s + O2402) + 0105 (01461 + 03¢03)]
+2i6 (07 044104 €0303 + 01 01401 €0503 + 03 O3¢403 €707 + 05 020 0707]
Ayt — o [oiedet + olaied + olelel + o10lel]
o (03030303 + 0101 0303 + 0303 303
+0103 €0703 + 0103 0307 + 0507 0303 (C.43)

where the arrow indicates that we only keep terms even in all fermionic variables 0,—1 4.
We also used the following notation
1
0} = —capcpfoBoC0P,  €0%0% = capcpb020S0P. 0,46, = ' pl 0208 (C.44)

s 24 rIr vr Yro S rYr s vs»

Having expanded in the zero modes, we can proceed to apply the operators to the vacuum
state. Using the formulas in eqs. (C.19) and ([C.39) it easily follows that

1
BA0)y — o (|LRRR) + |RLRR) + |RRLR) + |RRRL))
1
— 51 (K KRR} K RK R)+{K RRK)+RK K R)+|RK RK)+{RRK K)
2
aodao3*|0)x — o3 ([LgRR) +|LRRq) + |¢LRR) + |RLqR)
+|RqLR) + |RRLq) + |¢RRL) + |RRqL))

V2
— o7 ([KgKR) +[¢K RK) + |KRKq) + |RKK))

5

2

boboB'0)x — - (LRR) + |LRRq) + |qRLR) + |RqLR)

+|RLqR) + |RLRq) + |¢qRRL) + |RgRL))
—g (IKKqR) + |¢qRKK) + |KKRq) + |R¢KK))
assioy, — 2—12 (|ILLRR) + |LRRL) + |RLLR) + |RRLL))
—5 (|(LKRK)+ |KLKR) + |RKLK)+ |KRKL)) + 2% |KIKI)

1
(ILRLR) + |LRRL) + |RLLR) + |RLRL))

Eéﬁ4|0>>\ - ?
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_2i2 (LRKK) + |KKLR) + |RLKK) + | K KRL)) + 2% \KKTI)
aodiao bogbo B* — —2¢> ((LRRL) + |RLLR)) + ¢* (IIKK) + |IKIK) — [IKKI))
+2(|LqqR) + |LqRq) + |LRqq) + |gLqR) + |qLRq) + |RLqq)
+lqqLR) + |qgRLq) + |RqLq) + |qqRL) + |qRqL) + [RqqL))
—2(lggKK) + |gKqK) + |[KKqq) + |[KqKq) — |KqqK) — |¢K Kq))
botbo @5 3*10)x — V2 (|LLRq) +|LLgR) + |¢RLL) + |RqLL)
+|LgRL) + |LRqL) + |¢LLR) + |[RLLq))
—V2(|[LK¢K) + |¢KLK) + |KLKq) + |KqKL))
dogfao by3'|0)x — V2 (|LRLq) + |LqLR) + |¢LRL) + |RLqL)
+|LRqL) + |LgRL) + |[¢LLR) + |RLLq))
—V2(|LgKK) + |¢qLKK) + |KK Lg) + |KKqL))
agbet|0Vx — (|LLLR) + |LLRL) + |LRLL) + |RLLL))
~(LLKK)YHLKLKY|KLKLYHKKLLHLKKLHKLLK) (C.45)
Now we can write the same information in terms of polarizations using that e) = & @ &

and €? = & @ & and what we found before, for each perpendicular polarization in the
initial state we should flip the sign:

|abed) — (—)matraell)l?) (C.46)

where n;, = ngp = 0 and n; = 1. We obtain the contribution of each term in the Hamilto-
nian to the polarization part of the NSNS scattering amplitude:

H|0) = — A(s, ) K, K= K[O} + K[g] + K[4] + K[ﬁ} + K[g] (C.47)

2872
where, for convenience, we extracted a common factor, lumping all the polarization depen-
dence in K which has the following contributions from each term in the Hamiltonian:

1 1) (2 1 1) (2
Kio) = 2sk"k" | (¢ hefih + ek + claneloh + clehefin)

1 2 1 2 2 1 1 2 2
(el el ettt + et — e + ket

2 2 1 1 2 1 2 1 1 2
Ky = K o [ (el e et el e~ + )

2 1 2 1
(e~ e+ Byl + )]

1 2 1 1 2 1) (2 1) (2
Rl e e e et~ e el

1 1 1 1) (2
<e()((1) ((1)() 6()(3 (;())]}
S 1) (2 1 1 2
Ky = {— [(6([ R) 6([ R) el )e(R)[ +e( )e([ R) +€(R)[€(R)[)

2 1 2 2 2 1
(el e+ e+ i) + ]

2
2 1) (2 1) (2 1 2
(e el + e+ )
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1 2 1 2 2
(et aet s e+ i) + el

[ (e + e + (el e — )]
(A0 — e 1 D) el 4 ey )
—i—e[(]L) 22]% + eélL)e( ) 6(1% t(z?z) + eg}%e(z) (1)622 + 65!23 (2)>
(e + el + oty + ety — el — el ]}

1 2 1 2 1 2 1 1
Ky = 1 {0 (< e~ e et~ e el e e

1 1 2 1) (2
(A 0+ e~ )]

1) (2 2 1 2 1 2 2
o (el el 4 e el e~ D)

1 1 1 2 1 2
(et et~ et — )]}

2 1 2 1) (2
Kig = 25"k (50 + el + elden + i)

2 1 1 2 1 1
+ (fkeCk—ell i —ekkerekLedLrelkedirekLelk)]  (C4®)
where K7, is the polarization factor corresponding to H,) (r = 0,2,4,6,8). The scattering
amplitude is then simply

2mag
2872

A(s, K = ——2 A(s, 1)K, (C.49)

A=- 27

where the 27 comes from the o integral in eq. (1)) (since the zero modes do not depend
on o) and ag is the overall constant introduced in the same equation (and which we are
going to determine later in the appendix).

C.4 Comparison with known results

The scattering of massless strings from D-branes has been studied in detail 27, R§. Here
we follow the work of Myers and Garousi who give, for NS-NS states scattering from a

p-brane the amplitude

A= —z“—TPA(s NE (C.50)

where A(s, t) is the same function defined in eq. ([C.19), & the closed string coupling constant
and T}, is the D-brane tension. The kinematic factor K is given by
2

2
S st
K =T (6{62)+ZT1~ (e1D)Tr (2D)+ [Tr (] €2)+Tr (e1D)Tr (€2D)—Tr (Dey Des)|

+§ [Tr (e1D) (pre2Dpa + p2Deapr + p2DeaDpa) + p1Dey Dea Dpy — paDesel Dpy

+ Tr (e2D) (p1Derps + paer Dp1 + p1De1 Dp1) + paDea Dey Dpy — p1Def €2Dps]
—% [Tr (e1D)p1eap1 — preaDerpa — preae] Dpi — pies €1 Dp1 — preae] po

+ Tr (e2D)paerps — paer Deap1 — paeres Dpa — pael €2Dpa — pael e2p1]  (C.51)
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where p; o are the momenta of the initial and final particles, D, is a diagonal matrix with
diagonal element equal to 1 or —1 according if u is parallel or perpendicular to the D-brane.
Finally (€1),u, (€2),, are the polarizations of the initial and final particles. The result (C.51))
can be obtained” from equations (11), (12) and (13) of [2§] after replacing, according to
our conventions ¢ — —ﬁ and t — s. Another, alternative way to compute the kinematic
factor K is, as also shown in ], to start from the four open string kinematic factor [L(]

K = —(pap3) (p2p4) (€1€2) (C3Ca) — (p2p3) (p3pa) (C1€3) (C2Ca) — (p3pa) (P2pa) (C1¢4) (C2(3) (C.52)
—(p1P2)[(p4C1 P23 )(C2Ca) + (P3¢ )(P1Ca)(C1¢3) + (P3¢t P2Ga N(C2C3) + (P42 (P13 )(C1a)]
—(p1p3)[(P4C1)(P3C2)((3¢a) + (P2€3)P1¢a)(C16a) + (P2€1 (P3Ca)C2C3) + (P43 P12 (€1 a))]

—(p1P4)[(p261 X P43)(C2Ca) + (p3Ca)(P162)(€1¢3) + (p3C1 (P42 )((3Ca) + (P24 N(p1¢3 )€1 C2))]

and replace® ps — Dp1, p3 — Dpo, (1 @ (4 — 1D and (o ® (3 — e2D. To convert to the
SU(4) x U(1) notation we should now replace in ([C-5])) or alternatively ([C.53)

p = (k,q1), p2=(-k,q2), p3=(=k,—q2), pa=(k,—q1) (C.53)

and the scalar products

(@1¢1) = —(kC1), (q1€1) = (kCa), (q2C2) = (kC2), (q2C3) = —(k(3) (C.54)

which follows from (p;(;) = 0, p? = 0 and ¢ = q1 + g2 = p1 + pa. The result is then
expanded using that
(vw) = vpwy, + vLwR + Viwy (C.55)

which gives

t 2) 1) (@2 . (1) (2 2) (1
e [0 e+ e+ e+ e

1 1 2
P & )+ )+ i

1 2 1) (2 1 1 1
2 (et el el — At — e+ ae)

2 2 1) (2
etk et + )

1 1) (2 2 2
4 (el + e ehe — el - 2e) ) — 260 el

1 2 1 2 1 2 1 2 2
e Bttty b el +

(De2) ) @) (D@4 W), W) ) 1)) )@, 0

—€4q €RL T €RLEqq Lg T€qRrCL T€RCLqg T€LqqR — €qq €LR ™ €LR%q T€Lq€Rq
1 2 2 1) (2 2 1
F2skikr, [elgkeik + enkelen T EChek — ki — XKk + xR
1 1 2 1 2 1 2
el ik + e+ ] e

"This is not completely true. We replaced two terms p1 ezefpz — pgef@pl and p2 Des epole Def €2 Dp2
since @] seems to contain a typo.
8Here we have some factors of two discrepancies with @] which we attribute to some typos in [@]
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LKCLk T €Lrekr T €KLk — €LL€kK — €KKCLL T €KLEKL

P+ e+ et + el

1 1 1 1 2
ke | —cgacior — i T Kk T ek

2 2) (1 1) (2 1) (2 1) (2 1) (2)]
+eSReh + e+ el + aeth — cihelh — £helh — kel — el

1) (2 2 2 2
obn [~ DBl — DD+ BB 1 B

2 1 2 2 1 2 1 2)]
D) ) e+ 2l — D — D - -

2 1 2 1
b [k e+ el el

1+2skrkp [e( ) (2) (1) (2 (1) (2) M _(2) M (2, (1) (2

1 1 1) (2 1) (2 1) 2 (@ 1 2) ]
Pl el ethelt — et — et et + ek + e

2 1 2 1 1 2
i (el — e+ el — )

2 1 2 1 1) (2 1 1 2
el e el el — e — e + e + gl

where, by a slight abuse of notation, we used the subindex ¢ to denote contraction with

¢!, for example, el% =q! e%%, etc. Comparison with eq. (C.48) shows a perfect agreement

of the polarization factor K. The overall coefficient would agree if we choose

a3 1
If we use from [§ and [R6] that
1
T3 =7, K*= 5(271)7920/4 (C.58)
we get
kT3 = 2°7g, (C.59)

where we set o = 2 as used here and in [2§]. This fixes the normalization coefficient
o = 2175 (C.60)

which is the correct value for ag as we will discuss in more detail in the next subsection.
Notice also that, in our case, the string coupling constant gs; appears in A = g;/N which
multiplies P.

C.5 Overall normalization

The overall normalization of the amplitude determines the coefficient a3 in eq. (f.1)). The
calculation is tantamount to determine the tension of the D-brane and requires some extra

= 21175 in units

material to which we devote this subsection. The final result is that as =
where o/ = 2. This is the same as we obtained in the previous section using the results of [Rg]
and [Rg]. Here we summarize how it is obtained, namely by normalizing the amplitude to
agree, at large distances, with the classical scattering from the corresponding D3-brane

supergravity background. Notice that this is the only point where we make any reference
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to the existence of such background. All the rest we derived from summing the planar
diagrams of the open string theory. In principle it should be possible to determine the
correct normalization, namely the tension of the D-brane, from an open string argument
alone. It appears a difficult task however and we do not attempt to do so here.

The supergravity solution we use in paper (I)for the D3-brane has a metric

_ 1
WV

Far from the D-brane, the metric is

ds®

N
(XTdX~ +dX?) +/fdY?, f=1+ 4m’29Y4 (C.61)

gsN
2 1 D (C.62)

where D, is a diagonal matrix with diagonal elements equal to one for directions parallel

Juv = N — 2T

to the brane and minus one for directions perpendicular. Consider now the action of a
B-field in this background:®

S = —g /dlox\/—gH%_ﬁ’“j’ (C.63)
where 1
Hypy = 3 (OuByp + 0, By + 0, Byy) (C.64)
Expanding for small h,, and setting the dilaton ¢ to zero we get for the term linear in A,
§==2 [0 | S, 12 — 31 5,2 C
= —5 x 57’] my -3 poaftly ( 65)

Now we are going to consider, for simplicity, only transverse B-fields and also, since we are
interested in the D-brane, assume that h,, = h(y?)D,,. We obtain

S=-3 / dzh(y*)Hy s Hy s (C.66)

where I,J, K = 1...6 denote transverse indices. This vertex corrects the propagator of
the B-field by an amount
AJBB = 6h(q)H[JKH]JK (C67)

where there is a factor of two from the two different ways to contract the fields to the
external states and we have introduced the Fourier transforms

- , . i
h(q) = /dGZ/h(y)elqy, Hrkx =3 (p1Byk +pxBrj +psBkr) (C.68)

with Bjj the B-field in momentum representation. The matrix element of the perturbation
Aé p determines the scattering amplitude of transverse B-fields by the D-brane. Using,

from eq. (C-63), that h(y) = —2ma/2%% we get

8ria/? - -
HijxHijk, s=—¢ (C.69)

Agp = —6g,N

9As in [@] we consider a B-field for simplicity.
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as the supergravity result. In our previous calculation, the kinematic factor K, for this
situation reduces to

t
K=t [(2 n z) 62 4 o) (2) (C.70)

Using that Hyjx = 5 (prejk + prers + piek) we can write

K =3tH;jxkHrjKk (C?l)
Far from the brane, in momentum space, means that the momentum transfer ¢> = —s is
small. In that limit we have
L (=3)r(=3) 4
Als,t) = ——22 20~ g — C.72
(87) F(l_%_%) SOSt ( )

which gives, from Garousi and Myers paper

61

App =~ — s Hk K (C.73)
and from our calculation 6i
i o
Abp ~ —;ﬁHUKHUK (C.74)

Therefore, matching all the results, including the supergravity one requires that we set

«
KI5 = gsNﬁ = 8rla?g, N (C.75)

which, with o/ = 2, fixes ag = 2175 and kT3 = 2°7%g,N. This verifies the result ([C.6().
Finally note that inverting eq. ([C.6§) gives

6 . ~
) = [ iz 0 (.70

which shows that, in these conventions, the integration measure for ¢ contains (27)~%
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