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ABSTRACT: We re-analyse the effect of corrections from canonical normalisation of ki-
netic terms on the quark and lepton mixing angles. This type of corrections emerges, for
example, from effective higher-dimensional Kéahler potential operators in the context of
locally supersymmetric models of flavour. In contrast to previous studies we find that the
necessary procedure of redefining the fields in order to restore canonically normalised ki-
netic terms, i.e. canonical normalisation, can lead to significant corrections to the fermion
mixing angles (as determined from the superpotential). Such potentially large effects are
characteristic of flavour models based on non-Abelian family symmetries, where some of
the possible Kéhler potential (and superpotential) operators, in particular those associated
with the third family, are only mildly suppressed. We investigate under which conditions
the messenger sector of such flavour models generates such Kéhler potential operators for
which the canonical normalisation effects are sizeable, and under which conditions these
operators may be absent and canonical normalisation effects are small. As explicit exam-
ples for potentially relevant CN effects, we will discuss the corrections to the CKM matrix
element |V,;| as well as corrections to tri-bimaximal neutrino mixing.
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1. Introduction

The flavour problem of the Standard Model (SM), i.e. the question of the origin of the
observed fermion masses and mixings, is one of the deepest mysteries in particle physics.
Since the discovery of the small neutrino masses and large lepton mixings has added new
aspects to this problem, it has received much attention. In addition to adding to the flavour
problem, the discoveries in the neutrino sector have also inspired new approaches towards its
solution. As the precision of the neutrino data has improved, it has become apparent that



lepton mixing is consistent with the so called Tri-bimaximal (TB) mixing pattern [, and
many models attempt to reproduce this as a theoretical prediction [J—[l0]. The essential
starting point of many of such models is to invoke a non-Abelian family symmetry which
spans all three families (like e.g. gauged SO(3) or SU(3), or their discrete subgroups such as
Ay or Aoy [l-[]) and which is subsequently spontaneously broken by extra Higgs scalars. In
addition to explaining the large observed lepton mixing from an underlying tri-bimaximal
pattern in the neutrino sector, models of this type can also accommodate the experimental
data on quark masses and mixings.

If supersymmetry (SUSY) is discovered at the LHC, the presence of a spectrum of
superparticle masses and their mixings and CP phases would add further aspects to the
flavour problem. Models of flavour which are capable of addressing also these issues are
typically formulated in the supergravity (SUGRA) framework. In this context, another
intriguing aspect of some classes of the non-Abelian family symmetry models initially build
to explain the (approximate) tri-bimaximal neutrino mixing, is that they can also provide
a solution to this SUSY flavour and CP problem [[I]. In these classes of flavour models,
in the exact flavour symmetry limit the Yukawa couplings vanish and the matter sector
Kéahler metric becomes proportional to the unit matrix. Consequently, the soft SUSY
breaking sfermion mass matrices are universal at leading order at high energies. Only
after spontaneous flavour symmetry breaking by the vacuum expectation values (VEVs)
(¢) of the flavons, the Yukawa couplings are emerge from higher-dimensional operators
involving flavon fields (and suppressed by powers of a messenger scale M). Their sizes
can be expressed in terms of (powers of) expansion parameters ¢ = (¢)/M. In addition,
after spontaneous flavour symmetry breaking effective higher-dimensional operators in the
Kahler potential induce corrections to the universal sfermion mass matrices as well as
corrections to the kinetic terms (which have standard canonical form in leading order).

Before any flavour theory of this type can be reliably interpreted, field transformations
must be performed in order to return the kinetic terms back to canonical form. These
field transformations, however, in general lead to modifications of the Yukawa couplings
and thus to the fermion masses and mixings (compared to their values extracted from the
initial superpotential). This rather technical but necessary procedure, to which we will
refer to as canonical normalisation (CN) in the following, has been discussed in [[I2] and
more recently in [T, [[3, [4]. Although these possible effects have been to some extent
addressed in the previous works [[lJ] and [[I4], the conclusion of these studies has been that
the effects on the mixing angles are too small to be relevant.

The motivation for re-visiting the effects of CN in this study is the observation that in
classes of theories that predict TB mixing, especially those based on non-Abelian family
symmetries spanning all three families of SM matter, certain Kéhler potential operators
can occur which are only very mildly suppressed. These operators lead to non-universal
entries in the CN transformation matrices of order €%, where e2 = |(¢3)|/M3, with typically
g3 ~ 0.5 [@] The reason for the appearance of this rather large “expansion parameter”
is that the large third generation Yukawa couplings (in particular y;) must originate from
a effective vertex containing an insertion of (at least) one flavon field (here called ¢3).
To accommodate for example a large y;, typically a rather large parameter €3 ~ 0.5 is



introduced. For such large non-universality in the CN transformations, one can anticipate
that their effects on fermion masses and mixings cannot be neglected anymore. In a recent
study [[[§] focusing on the corrections to lepton sector mixing, it has been highlighted that
such large third family wave-function corrections have to be included when comparing the
model prediction of TB mixing in the neutrino sector with precision data of future neutrino
oscillation facilities [[LG].

The main purpose of this paper is therefore to analyse in detail the possible impact
of such potentially large CN effects on the quark and lepton mixing angles, encoded in
the Cabibbo-Kobayashi-Maskawa (CKM) and Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
mixing matrices respectively. Another main question we will investigate in detail in this
study is under which conditions the messenger sector of such flavour models generates
these types of mildly suppressed Kahler potential operators and under which conditions
these operators may be absent such that the corrections from canonical normalisation
may be small. As explicit examples for potentially relevant CN effects, we will discuss
the corrections to the CKM matrix element |V,;| as well as corrections to tri-bimaximal
neutrino mixing. Regarding the tri-bimaximal mixing example, we go beyond the analysis
of [[3] by considering CN corrections in a realistic class of SU(3) flavour symmetry models
and by providing additional details regarding the derivation of the CN results and of the
procedure of combining CN corrections with corrections from renormalisation group (RG)
running and Cabibbo-like charged lepton mixing contributions (i.e. regarding the there
proposed stable mixing sum rule).

The paper is organised as follows: In the subsequent section we shall comment on some
generalities of the canonical normalisation procedure focusing on ambiguities in the defini-
tion of the canonical normalisation transformation. We develop a perturbative technique
to deal with effects of the canonical redefinition of fields in the Yukawa sector focusing in
particular on its impact on the CKM and PMNS mixing parameters. Sections 3 and 4 are
then devoted to a set of examples of the CN effects in the quark and lepton sectors respec-
tively. In section 5 we present a more in-depth discussion of the expected magnitude of the
CN corrections in a particular class of realistic SUSY flavour models based on non-Abelian
family symmetry. In section 6 we compare the CN corrections to other typically relevant
corrections. Section 7 concludes the paper. Some technical aspects of the discussion in the
main body of the paper and a specification of the used conventions can be found in the
appendices.

2. The Kahler potential and effects of canonical normalisation

Whenever the Kéahler potential of a given SUSY model is nontrivial there are extra effects
coming from the canonical normalisation procedure bringing the generic kinetic terms

Ll = 0,Q1(KQ)ij0" Quj + 8,05 (K )OS + 8,ds* (Kq)ijods + .. .,
Ll = Qi (KQ)ijin"0,Qaj + u%i(K,)iin"0,uj + do(Kqa)ijin 8udy + ..., (2.1)



(where (Ky);; denotes the Kéahler metric for the given scalar f, f¢ and fermionic f, f¢
degrees of freedom) into the canonical form Ky = d;;( Fen)i(Fean); and 65 (Fean)i(fean)
respectively.

In a wide class of non-Abelian flavour models, the dominant contributions to Ky rc’s

1

come from insertions of the flavon field associated to the third family Yukawas® (usually

denoted by ¢3) yielding

= 1
Ky e Fi kg0 + k] 1 (@h)is)
¥

i+ T | 0 K o 75 (22

where k:ggc are real constants and M, and M, denote masses of the messenger fields
relevant for the left- and right-chirality matter sectors respectively. If the flavon VEV (¢3)
is comparable to either M, and/or M,, one can expect a potentially large deviations from
the leading order universality (governed by the ¢;; factors above) in the relevant part of
the Kéhler metric.

It is important that one can hardly trim all these contributions to zero simultaneously
by fiddling around with the messenger masses because there is no symmetry that could
prevent every Yukawa sector relevant messenger from entering either Ky or K. This,2
however, depends strongly on the character of the Yukawa operators, and can, in turn,
single out a class of particular “Kahler-corrections-safe” flavour models; for more detailed
discussion see section @

2.1 Definitions and ambiguities

Canonical normalisation consists in redefining the defining basis fields f and f€ so that the
original (for instance scalar sector) kinetic terms Ly, = Of K fOf +0 'K peOf€ receive
the canonical foArm Lan = Iftof+oftafe. This is achieved® by transforming the defining
superfields by f — Pf_1 f = fean Where Py is a matrix bringing the relevant Kéhler metric
K into the diagonal form :

PlK;P; =1, ie. Kj=P['P/. (2.3)
This can be easily done in two steps:

e First, one can always diagonalise the Hermitean Kéhler metric by means of a unitary
transformation Uy KU =K JP where K ]’? is a real diagonal matrix.

'In the flavour models based on SU(3) family symmetry, the third family Yukawa couplings are governed
by operators of the type 712 (f-¢3)(f¢.¢3)H exploiting the triplet nature of matter of both chiralities f, f¢,
while in the SO(3) theories the structure of the leading order operators typically looks like ﬁ(f.qbg)ﬁH
due to the singlet nature of the right-handed spinors. The dot product corresponds to the simplest bilinear
invariants of the flavour symmetry under consideration.

2 As we shall see, it is namely the left-handed sector (i.e. non-universalities in K ) that could have large
effects on quark and lepton mixing in the charged currents.

3In what follows, we shall focus on the left-chiral matter sector, i.e. we shall often give the results only
for Ky; the relevant formulae for K¢e can be obtained upon replacing all the super-(sub-)scripts f — f€.
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e Second, a diagonal rescaling by , /K fD from both sides of Uy KU =K J? drives its

—1 -1
r.h.s. to unity: (, /K]?) UfoU} (, /Kf > = 1. Moreover, one can multiply this
formula by any unitary matrix from the left (and its inverse from the right) with no

effect on this unity matrix.

Thus, the most generic form of Py reads

Py =Uf (\/KP) “a, (2.4)

with the freedom to choose the unitary U ¢ matrix arbitrarily. Thus, one can for instance
have Py Hermitean by choosing U ¢ = Uy or exploit this freedom to bring the P; into a
triangular form as e.g. in [[[4].

Note on notation: in what follows, whenever appropriate we use hats to denote quan-
tities in the defining basis (i.e. before canonical normalisation) while the unhatted symbols
correspond to their physical counterparts, i.e. to quantities after the CN effects were already
taken into account.

2.2 Effect of canonical normalisation on the Yukawa couplings

Lepton sector: suppose the original charged lepton and the light Majorana neutrino
mass matrices are diagonalised* by means of the biunitary transformations VLIMZV” =M lD
and VL” mVVLvT = mL so that the lepton mixing matrix (before canonical normalisation)
obeys UPMNS = VLlVZ . The effect of canonical normalisation on Ml and® M,,:

M, — PENP.e =M,  and 7, — Pl Pp=m, (2.5)

induces a relevant change on VLl R — V]i r and VL” — V7 so that VLlMlV}lg = MlD and
Vim, VT =m0 is fulfilled, i.e.:
ViPIL PV =MP and  VYPEm,PLVET =mP (2.6)

v

should be satisfied. Then the physical lepton mixing matrix obeys (up to the rephasing
bringing it into the standard PDG form [[§]) Upnmns = VLlV]fT.

4The situation in the quark and lepton sectors is different: since the quark sector diagonalisation trans-
formation is bi-unitary, one can always absorb the would-be phases of the diagonal entries of M fD by a
suitable redefinition of VLf and VI{ and get rid of all but one CP phase in the CKM matrix. This is not
possible for Majorana neutrinos as there is only one unitary matrix in the relevant formula. This, in turn,
gives rise to extra phase factors associated to PMNS mixing - the Majorana phases.

5Note that the P,c actually does not enter the effective light neutrino matrix because it cancels among
the right-handed components of the neutrino Yukawas and the inverse of the Majorana mass matrix in the
seesaw formula 7, = MP M (MP)T M]



Quark sector: the reasoning for the quark sector goes along the same lines as above
- the original basis up and down-type Yukawa matrices de diagonalisable by biunitary
transformations VﬁMquT = MuD and VLdeVLdT = Mé) (leading to Vorxu = VﬁVgT before
canonical normalisation) change upon canonical normalisation into

M, — PEM,Pe =M, and My — PEMyPse = M, (2.7)
inducing a change on VL“ r— V[ g and VLd R Vﬁ R So that

VEPENLPVE = MP and  VEPEM PV = MY (2.8)
The physical CKM matrix then obeys Vogyr = VL“VIC/”.

Irrelevance of I}f matrices. It is easy to see that the arbitrary U ¢ matrices in the
definition of Py do not play any role in either the mixing matrices Upyns, Vo or the
physical spectra. Indeed, under any unitary change U ]’c of the relevant f]f matrices in the
definition (2-4), i.e. Py — P;U 1, the effects in (B-§) can be absorbed into redefinitions
Vi - Vit TL and V} — VYU’ TL so that (2:) remains unaffected. However, U ’L~cancels~in
Upnmns and the physical spectra remain intact, because the would-be effects of Uy, and U,
matrices in (R.6) can be absorbed into the biunitary transformation revealing the spectrum
of the charged lepton Yukawa matrix. Similarly, one can justify the irrelevance of the
particular choice of Pg and P,c 4c for Vogar and the quark sector spectra.

Exploiting the freedom in definition of Py yc. Thus, one can exploit the freedom
in choosing Uy, fe matrices in the definition of Pf s to simplify the structure of (4) so
that the Py re-factors are particularly easy to handle. The convenient choice is indicated
by the fact that even if the original Kéahler metric is just a slight perturbation of the
unity matrix 1 (up to an irrelevant overall normalisation k;g ), the diagonalisation matrix

Ur in Py = U}(,/K]?)_lfff could still be large. The intention to write (W/K]?)_l as
(1+ AK JP )/ k‘g , exploiting the limited departure of the Kéahler metric spectrum from
unity, then gives Py = (U}ﬁ [ U}AK ]’? U )/\/ k:g that could be brought to a particularly
convenient form for U; = Uy, and we can benefit from Py = (1 + U}AKJ?Uf)/ k;(];, ie.
hermiticity of APy = U}AKJ?Uf and simplicity of Py = (1 + APf)/\/k:g.

2.3 Perturbative prescription for the physical rotation matrices

For Hermitean Ppcc and Pgyege and Ppge = (14 APfe)/ k‘g’f ° (assuming a small
departure of K¢ and K s from unity), one obtains from (R.6):

Vi 4+ AP M1+ APV = JkEks MP
VE (1 + AP Yy, (1 + AP VYT = kbmD (2.9)



for the lepton sector and from (R.§):

V(1 + APDYNL (1 + AP ) Vit = \/kky MY
VAL + APE)My(1+ AP ) Vil = kS kg MY (2.10)

for the quarks. If all the (high-scale) physical spectra are sufficiently hierarchical,® the
smallness of APy re factors ensures only small differences between the hatted and un-hatted
diagonalisation matrices, i.e.

VL{R - Wf,RVLf,m (2.11)

where Wg p are small unitary rotations in the unity neighbourhood (up to a phase ambi-
guity to be discussed later):
Wi, =1+iaAw] ., (2.12)

with AWi r denoting their Hermitean generators. One can disentangle the left-handed
and right-handed rotations in formulae (R.9) and (B.10) by considering M fM}:

WEVE(L+ AP (14 2A P )M, (1 + APHVEWE = ki ks MP MPT
WEVE (L + APL) M, (1 + 2AP, )M (1 + AP VW = kQky" MPMPY | (2.13)
WEVE(L+ APE)My(1+ 2AP.) My (1 + APS)VAWTT = kQkd MP M

which yields (from the three complex off-diagonal zero conditions) at the leading order:

l _ i ~12 A 12\ (171 Tyt ALl (Y7l ol
' 2 <V1%AP“CV§T)”] ,
)

)

(AWE)iiits = o |2 ) (VAP )
j )
{ . . - o d
(AWf)ij,z‘;éj = B d [(m?2+m§l2) (VLdAPQTvaT).

m:>=—m 17

J
where the eigenvalues m{ 2 of the original M ¢ matrices can be at the leading order identified
with the physical charged fermion masses and the overall normalisation factors k‘g’f ‘ drop.
Similarly, the neutrino sector corrections obey (replacing M; — 1, VLl — V7, V}l;z — VvV
and AP, — APy, in the first formula above)

i w2 a2y (1) TY)
(AWL)ijiz) = o m [(m,-” + i) (VLVAPL VIIjT)
J

[

+ 2y (VAP vyt } .
iJ ji
(2.15)
Due to the assumed hierarchy in the physical spectra, the first terms tend to dominate over
the second (thus screening the ambiguity in the unknown structure of the right-handed

rotations in the charged sector) and we shall often neglect the latter.

5This is certainly true for all charged matter fermion spectra; for neutrinos we shall stick to the hierar-
chical spectrum case from now on.



Notice that formulae (R.15), (R.15) provide only the off-diagonal entries of AW{ ’s.
However, this reflects the three phase ambiguity in defining the diagonalisation matrices W
by means of relations like (P.13). Thus, it is not surprising that three parameters in AWg ’s
remain unconstrained and can be in principle chosen arbitrarily with the only constraint
coming from the required perturbativity of the W{ matrices (R.19). For simplicity, we
shall put the diagonal entries of all W{ 's to zero keeping in mind the possible need for
“standard” rephasing of the physical lepton mixing matrix. Another reason is that in the
real case W become orthogonal and thus generated by antisymmetric purely imaginary
AWg ’s. Thus, the AWg matrices can be without loss of generality chosen in the form:

0 AW{H AW{B
AWl = awfs, o awl,], (2.16)
AWy AW/, 0
with the off-diagonal entries given by formulae (B.14) and (R.15). With this at hand one

can write the physical7 quark and lepton mixing matrices Voxy and Upyins in term of the
original ones VCKM and ﬁpMNS as:

Upnins = (1+ iAW) Upnins (1 — iAW) = Uppins + AUpuns
Vorkm = (1+ iAW) Vexm (1 — ZAWfT) = Voxm + AVeku

with®
AUppMns = @ (AWiﬁpMNS — [ijNsAWET) +..., (2.17)
AVekm = i <AWL"VCKM - VCKMAW5T> +.o.. (2.18)

Recall that in a particular model, all the ingredients are actually at hand - one can easily
diagonalise the Hermitean Kéhler metric to get the (conventionally) Hermitean Pf_ ! factors

(and from there AP;’s) and the various VLf p matrices in (B.14), (B.15) can be inferred in
the same manner from the underlying model Yukawa couplings.

3. Canonical normalisation corrections to quark sector mixing

To illustrate the importance of CN corrections for the quark sector mixing we discuss as an
example the dominant Kahler corrections to the V,;, CKM entry in the class of potentially
realistic SU(3) setting with a large third family expansion parameter. Such large third
family expansion parameter appears, e.g., in the models discussed in [, [[9, Rq].

"From now on we shall always choose the free phases in VLf r (i.e. work in a particular basis) so that the
VCKM and UpMNs matrices are in their ’standard’ form ] This, however, need not be the case after the
CN corrections are taken into account and we shall comment on the phases later.

8 Although AWgyR are by definition Hermitean, we shall often keep the dagger in formulae

like (), () to help reader’s orientation in the text.



3.1 Corrections to V,; in classes of SU(3) flavour models

For simplicity reasons, we shall focus on a real 2x2 case for the two heavy states only
for a quasi-diagonal LH quark sector Kihler metric along the lines of [Id] discussed in
great detail in e.g. [L1], R0]. Assuming that the expansion parameters in the Kihler sector
coincide with those relevant for the superpotential (c.f. section .9 for a detailed discussion

of this point), the relevant piece of the matter sector Kihler metric can be written as’
1 &2
Ko = k¢ , 3.1
@ 0 \e21 —I—sg (3:-1)
which is diagonalised by means of UgKqU, =K g , where:
1 -5
: D . 9
Ug =~ E 153 and Kg ~ kggdlag(l, 1+e3). (3.2)
€3

- 1
Adopting the Hermitean convention Ug = Ug, ie. Py = UgQ(Kg)_ﬁUQ/\/k(?, one ob-

tains!® )
1 J I
Py~ — . Za ], (3.3)
K\-71-3

- e° e - €° g% — €3¢
Vum |, o) 2 Yu=PiQ) VP —= |, 3% |Pue,
€° 3 L@ \& €3
0
=2 =2 =2 =2 _1.2.2
- E° € - 1 €% T — 5e5¢
Yd ~ o o] — Yd = (PlQ)TYdec ~ — 9 % 3 Pdc s (3.4)
g“ &3 £Q \E €3
0

indicating non-negligible additive leading order corrections to 23 rotations in V' ’d, that,
however, cancel at the leading order in the CKM mixing matrix.

The net effect eventually emerges from the next to leading order ratio of the 23 and
33 entries and can be readily obtained from the perturbative prescription () together

with (R.15) provided:

1(0¢e) - = AT 1 -5
APg=—={ 550, Vrrl. ), Vialo 5, (3.5)
2 g 53 gg 1 gg 1
3 3

9For sake of simplicity, we have chosen a particular shape of K¢ so that the numerical factors are simple.

&2

~ 2
ONote that for Ug = 1 one receives Pg ~ \/I_Q 2 = <2 instead with enhanced off-diagonal terms
k(¢ \m= 1—%
< 2

with respect to @) As it was pointed out in [B], suchga Pg matrix can induce a potentially large deviation
of the physical Yukawa matrices from their defining basis structure. However, as far as physical observables
such as the CKM mixings are concerned, the individual relatively large 23 rotations arising in such case in
both up and down sectors act against each other and leave only a subleading effect, which becomes almost
trivial to infer upon adopting Ug = Ug.

In short, the “Hermitean” convention for Pg’s adopted here does not induce large fake corrections to the
off-diagonal Yukawa couplings and the corresponding VL“’d matrices.



g —28 3
E7
3

1 g2_¢g2
o N 2 ~ —2 2 . . .
(giving Vegkm =~ ( o . B ) and thus V ~ £ 528 before canonical normalisation).

=2 2

g~—¢
This yields at leading order AW} ~ 0 and from (.15) AW ~ i < _9 s 2 ) There-
fore, (R.1§) leads to:

. 0 52—52
AVorm ~ —iVorm AW ~ (62_52 (2) > , (3.6)
2

so the CKM matrix changes after canonical normalisation into:

g2—¢? 1.2
Vekm =~ <£ (11+ 1) €2 (11‘1' 563)> ) (3.7)
2 2¢3
The physical value of the 23 quark-sector mixing is then modified to:
Ve, = Vi <1+%e§>+.... (3.8)

As anticipated, there is a relatively large multiplicative correction due to the presence
of the large expansion parameter associated to the third family canonical normalisation
corrections, that was not appreciated in [[I4].

4. Canonical normalisation corrections to lepton sector mixing

In order to study the effects of Kéhler corrections to a generic bi-large lepton sector mixing,
one can not avoid the first generation anymore. Thus, in what follows, we consider the full
3 x 3 structure of the relevant mixing matrices as well as the matter sector Kéhler metric.

4.1 Corrections due to third family canonical rescaling

Though the generic shape of the relevant piece of the Kihler metric (i.e. namely K, as far
the lepton sector is concerned!!) is rather complicated, in realistic cases one can expect
the dominant effects coming from the leading non-universal contribution (R.3) governed by
(¢3). Thus, we shall first focus on the simplified setting where only the entries due to (.J)
are taken into account. Later on (in section p.1]), we shall compare the results obtained
here with the full-fledged potentially realistic SU(3) model analysis to reveal that this is
indeed a very accurate approximation.
In the present case, the lepton sector Kahler metric is given at leading order by:

KL = kg <]1+ ks <¢‘I’><¢3>> TR (4.1)

kg M

HRecall that AP.c is screened in ( at the leading order and corrections due to P,c entirely cancel
in the seesaw formula, c.f. (E)

— 10 —



with £ denoting the relevant O(1) Wilson coefficients in (R.3), while My stands for a
generic Kéhler sector messenger mass. In models where the 33 Yukawa entries are (at
least partly) generated by means of SU(2)z-doublet messengers (that in turn enter also the
Kahler potential) M is around the scale of the relevant Yukawa-sector-active messengers
(denoted by y; in section p.9) and % is of the order of the Yukawa sector parameter 3.

At the leading order, the lepton sector Kéhler metric can be written in a matrix form:

L Voo K _ K [(¢s)]
Kr~ky |1+(00 (;{ where 7" = % M2 (4.2)
00n
Therefore, the Pr, matrix is just:
1 1 000 1 00 0
P = 1--100 0 , and thus APL=——100 0 |. (4.3)

2 2
\ ko 00 00 9K

In the next sub-section, we shall consider the canonical normalisation corrections models
of (nearly) tri-bimaximal mixing in the lepton sector.

4.2 Canonical normalisation corrections to tri-bimaximal neutrino mixing

As an example for the impact of the potentially large third family CN corrections on
lepton mixing, let us consider their effects on the pattern of exact tri-bimaximal lepton
mixing. In many classes of flavour models this pattern of tri-bimaximal mixing emerges as
a prediction of the neutrino sector [1]]. These models are inspired by the proximity of the
present neutrino oscillation data on PMNS matrix to the tri-bimaximal mixing matrix a
la Harisson-Perkins-Scott [f], which has the form

5 .o

1 1
5 s Y , 2 0
UTB = _% % % PM with PM = 0 67’7 01l (44)
111 0 0 1
V6 V3 V2

where Py is (so far) experimentally undetermined diagonal matrix encoding the two ob-
servable Majorana phase differences.

We shall first focus on the simplest setting and assume that the lepton mixing generated
by the underlying family symmetry happens to be exactly tri-bimaximal (in the defining
basis) , i.e. U'pMNS = VLIVLV f = Urp and comes entirely from the neutrino sector [@], ie.
VLI r ~ 1 while VLV T~ Urg. In the canonical basis, UPMNS = Urp changes along ()
yielding:

Upyvns = Urg + ¢ (AWiUTB — UTBszT) +..., (4.5)

and the correction matrices are given by (R.16) provided (2.14), (B.15). Taking into account
the screening of the second terms o 211 /(17 — mg) in formulae (R.14) and (R.13) in
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Figure 1: Corrections to the tri-bimaximal neutrino mixing due to canonical normalisation (taken
from [[[f]). The n-parameter stands for n = ¥ from ([L.3) for the canonical normalisation effects,
n = nRY from @) for the leading order running effects, or n = n® + nR< if both CN and RG
corrections are taken into account, c.f. (6.4). The shaded regions correspond to values of || for
which one can expect deviations from the leading-order perturbative results. The reactor mixing
in this setup is seen to be rather stable with respect to the considered third family corrections.

case of the hierarchical neutrino spectrum, one obtains:?

i(ml? + ml?)

1 ~ T —
(AWL)ijizj = iZ — inl? (AP),; =0,
3} i(m? +mi?) o (1t APT
(AWE)iji<j = Tt (UTBAPL UTB)Z-]- = (UTBAPL UTB)ij T (46)

that yields at the leading order

A(Urg)ij,i<j = —(Uts)ij <U$BAPEUTB> (no summation over j) . (4.7)

i

Remarkably enough, the corrections to the three matrix elements under consideration are
(at the leading order) proportional to their values, c.f. formula ([£.7) and thus, in particular,
the canonical normalisation corrections to the reactor angle are cancelled by the 13 zero
of Urg. Second, the Majorana phases are irrelevant for the second bracket on the Lh.s.
of formula (.7) and enter only through the first term. Thus, the phase structure of the
correction is identical to the phase structure of the original matrix element and there is no
need for an additional rephasing.

Numerically, this leads for example to (AUrgp)12 ~ UK%, (AUrg)es ~ nKﬁ and
(AUtg)13 =~ 0 (up to irrelevant phase factors). The zero in the 13 correction, however,

f

12From now on, we shall always assume that the defining basis masses m; coincide at the leading order

with the corresponding physical quantities.
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Figure 2: Corrections to the tri-bimaximal neutrino mixing (faint dashed lines) from canonical
normalisation of the kinetic terms as a function of n = ¥ = &2 : % in a potentially realistic SU(3)

flavour model [EI] discussed in detail in section @ The dlsplayed curves correspond to the leading
order approximate results given by formulae @) Remarkably enough, these results coincide for
small 77 with those obtained by perturbative methods in the simplified setup discussed is section @,
thus demonstrating the crucial role played by the dominant 33-sector Kéahler correction.

emerges only from the first term in the approximation ([.6]) and gets lifted at the next-to-
leading level. Indeed, employing the full-featured formula (R.1§) one recovers (for hierar-
chical case):

~

mh mY
A(Upnins)1s = 2 |:m,2j(UTB)12(U’}‘B)23 + mll,(UTB)ll(U%B)13](APL)33(UTB)33
3 3
L (my ;% my i@> K
= ez — i : 48

where the two phase-factors reflect the Majorana nature of the light neutrino masses. The

last formula finally yields (assuming the first term in the bracket dominates):

A 2
7o ~4><10 21K] . (4.9)

~ || —=
\/7
All together, this gives at the leading order:

% T]KL{ T—’_n % 4X10—2‘7]K’e—i5
Vel

UPMNS ~ \/_ + 17K 12\/_ \/_ . PM . (410)

Lf VRPN,

f+n 12v/6 _%_n ﬁf V2 T as

It can be easily checked that Upyns is unitary up to O(n?) terms. Exploiting the
parametrisation of [R2] one gets:

S19 = —(1 + S), So3 = —(1 + (1), S13 = T, (4.11)

1
V2

S
N



and (comparing to ([.10)) the ‘TB-deviation’ parameters'3 read:

U "
r a6 x 1072n%], s=-7 and a=-r. (4.12)
We see, in particular, that 0,3 is rather stable and that the atmospheric mixing is changing
faster than the solar (a = n¥/4 while s = %/6), c.f. the shape of curves depicted in

figure [l

5. Canonical normalisation corrections in potentially realistic models

As discussed in the Introduction, it has been pointed out that the observed close-to tri-
bimaximal lepton mixing, along with the main features of the quark and charged lepton
sector observables, can be understood in frameworks with non-Abelian family symmetry
(F), that is spontaneously broken by the VEVs of three flavons ¢3, ¢o3, ¢123 (transforming
as triplets under F) pointing in particular directions in the family space. These flavon
fields give rise to the Yukawa operators of the shape (in the case of SU(3) family symmetry,
dropping superfield hats) [{]:

Wy ~ fiijMEJ% [0 (B123)i(023); + (023): (B123); 0 (8):(03), +u (6a)i(0m) | (5.1)

This approach requires the vacuum alignment in the SU(3) space of the form: ¢3 ~ (0,0, 1),
¢a3 ~ (0,1,1), ¢123 ~ (1,1,1), up to phases.

Note also that there is in principle at least two distinct types of messengers entering
the formula (B.1)), in particular those transmitting the SU(2);, doublet nature of f = Q, L
to the Higgs VEV insertion point (for definiteness let’s call them x¢. 1), and the SU(2)-
singlets propagating further the remaining SU(3). ® U(1)y quantum numbers to f¢ = u¢,
d¢, e® and v° (to be called xyde.), c.f. figure fl. However, for sake of simplicity, we shall
use a generic symbol My for both these classes and come back to this distinction only
upon getting to physical implications. Later in this section we shall address the question of
topology of the underlying messenger sector Feynman graphs giving rise to the operators
under consideration. We shall also discuss the relationship between these messengers and
those which appear in the Kahler potential.

5.1 Corrections to tri-bimaximal mixing in a class of SU(3); flavour models

As an example, let us focus on the canonical normalisation corrections to the tri-bimaximal
neutrino mixing in the classes of SU(3); flavour models considered in [[]]. Taking into
account the irrelevance of the canonical transformation P, in the see-saw formula for the
light neutrino masses, the quantity of our main interest is the leading order Kahler metric
for the lepton doublets K obeying:
E}l(le E‘}(kfeid’l E}l(leei@
Kp~kbi+4 | . e2 kL et kkeits | 4., (5.2)
ek

13Recall that the 13 mixing can be always without loss of generality made positive by a suitable redefinition
of the lepton sector Dirac CP phase.
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where the subscript K in the expansion parameters ex and eg3 indicates that the Kahler
metric messenger masses Mg (entering through e.g. ex3 = [(¢3)|/Mk) may differ from
those relevant for the Yukawa sector (f.1) and the dotted terms in (f.9) can be reconstructed
from hermiticity. The P_1 matrix is obtained!' to leading order in e, ex3 as:

k‘L + EK kL e kL i1 a%{kfei@
kE 2\/1& VEE+kE+EEES

le 714>1 kL &2 kL ipg

—1 _ EK
L B VR T 0T AT
kg + kY eies

+.o... (5.3)
4 fLe—it 2 kkei%3
\/k_L"‘\/kL"‘kLeKs \/k_L‘i'\/kL"‘kS €k3
Notice that due to the relatively large e3x ~ 0.5, the naive factorisation P = ﬁ(]l +AP)
(with |AP| = —1AK; < 1 for K, = kf(1+ AKJ)) is violated in the third family due to
higher power &g s-effects.

Charged lepton sector: inspecting the charged lepton Yukawa matrices in this class of
models (c.f. [[T]) before and after canonical normalisation, it can be seen that the charged
lepton mixing angles themselves as well as the CN corrections are small. Therefore we can
still treat the charged lepton mixing angles as only (CKM-like) small corrections to the
neutrino sector dominated Uppng and we shall (first) focus on the neutrino sector.

Neutrino sector: in the class of models under consideration, the Majorana mass
matrix My, originates from operators which involve factors like feifei (¢23)i(¢23); and
FEF(p193)i(d123)j. The relevant matrix structures read 1Al

0 B 4 M4 M €91 0
YV = A Bet 4 Aeit Oy |, My = | Mye'® Mye?® + Mg 0 |,
Aei?3 Bei®2 1 Aei(d1+¢3) Cs 0 0 Mc

(5.4)

where the real positive entries in My satisfy M < Mp < Mg. In terms of the expansion
parameters [[L1], the neutrino Yukawa matrix is given by

0 3y £33
YV = 3y, 3 (y1e + yoet)  3(y1ell@1H98) fypei®2) [ 4. (5.5)
30’3 €3 (192 + yoe'(P1793)) y3e3

which matches eq. (b.4) with A = y¥e® and B = y¥e3, ¢ ~ 0.05. The CN transfor-
mation (R.§) then yields (since P,c drops off the seesaw formula for the light Majorana
neutrinos, we are free to choose for simplicity P,e = 1) My, = My and:

3 3 i¢3
0(57) €yl g'yie
,(/kL N
3o &3 (y1e®1 +yoei?1) O(e?)
YV = NG NG T (5.6)
e3yae’?3 3 (y1e'92 +yaet($1193)) y3e3

oL
\/_\/1"‘51(3(3% \/_\/1"‘51(3 o \/_\/1"‘51(32

HMRecall that relation (E) fixes the P-matrices only up to a global unitary transformation; as before we
adopt the convention Ur, = Urso that P’s are Hermitean, c.f. section
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In order to extract the mixing angles analytically from these matrices, it is convenient to
transform Y and M)y, by means of a suitable non-singular matrix S [21, [L1):

VYY" =vrSh MM =STT MST, MY M =S ST, (5.7)

(which again leaves the neutrino mass matrix invariant) to the case of a diagonal M, =
diag(My4, Mp, M¢) which corresponds to:

3 3 i$3
C7(67) €Y1 gyie
v kL v kL
e3y2 €3y16?¢1 C)(E%)
Y = 3‘/k?-L¢ Sx/ké , +on (5.8)
e°y2e'?3 e3y1et®2 Y3€e3

oL oL oL
L 2 L 2 L 2
\/ko\/l—l—eKS@ \/ko\/l—i-sKS@ VK¢ \/1"'51{3@

Formulae for the corrected neutrino mixing angles: since the last transformation
brought the neutrino Yukawa and Majorana matrices into a particular form along the lines
of the Sequential Dominance setting 23], from eq. (5.§) we can directly read off the mixing
angles (imposing ¢o — ¢1 = ¢3 — ) at leading order in ms/m3 (making use of the generic
formulae given in [2J)):

v K v 1 v ma (811/2)2|77K|
tan Oy ~ /1 4+ 0k | tan@lgwﬁ’ 137 1+ 052+ 9K)
Co3 + e 34/ (14 7%)(2 +nK)

with n® = kle2.,/k{'. The n¥-behaviour of these relations is illustrated in figure . We see

that this independent calculation confirms the findings of the previous sections for small
n¥. To give a quantitative example we may take ex3 = 0.5 and set the (9( ) coefficients k‘?]}
and k{ to 1 yielding n = 0.25 and 6%, = 50.8°, 6%, = 38.3° and 6%; = 1.1°, compared to
the tri-bimaximal neutrino mixing predictions ; = 45°, 6%, = 35.26° and 0%, = 0° before
canonical normalisation.

5.2 Heavy SU(2);, doublet messengers & natural n* suppression

Since the naive estimate of the CN effects above leads to non-negligible deviations from
the TB-mixing in the lepton sector (in particular for relatively large [n¥|), let us sketch
in brief the prospects of getting k:3 / k:o (and thus ) naturally suppressed in the class of
popular SU(3) and SO(3) flavour models.

Recall first that the k{ coefficient governs the “canonical”, i.e. renormalisable con-
tribution in the Kéahler o auifa L (for scalars) while kY emerges at higher order via
operators like —8”LT8 L¢3¢3 only and therefore is sensitive to the relevant messenger
sector masses. Second due to the self-conjugated structure of this type of operators, any
messenger ¥, ¢ relevant for the Yukawa sector operators, i.e. with simultaneous couplings
to flavon and matter superfields (like e.g. ﬁ(ﬁzﬁc) necessarily enters the matter sector Kéhler
metric via effective operators of the form pve: LorLto L(Nqﬁ because no symmetry forbids such
structures, c.f. figure fi.

Since SU(2)z must remain intact upon flavour symmetry breaking, the messengers
potentially affecting k:g must necessarily be SU(2)-doublets, otherwise they can not couple
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Figure 3: A typical tree level correction to the Kéhler of LH fermions generating the effective
k¥ couplings driving the canonical normalisation corrections to the tri-bimaximal lepton mixing
pattern.

to ﬁ(ﬁ In what follows, we shall namely check whether the SU(2)-doublet part of the
messenger sector (if any) in the popular models can be naturally made heavy compared to
the SU(2)-singlet messenger fields (transforming as SU(2)g-doublet in the PS approach).

Models with SU(3) family symmetry. Starting with models based on SU(3) family
symmetry (or its discrete subgroups like Ag7), the triplet nature of both matter chiralities
f, f¢ calls for a pair of antitriplet flavon insertions (up to the singular case of 3.3 yc.34-type
contractions) so that the simplest Yukawa couplings have the internal structure depicted
at figure || (for discussions of the messenger sector of SU(3) models, see e.g. [24]).

The usual strategy in order to keep the particle content of a model minimal is to
exploit just some of these topologies for all the Yukawa sector entries. Typically, the first
alternative is chosen, because in such a case the spectra of the y-type of messengers are
sensitive to the large scale SU(2)r breaking providing for a bit more freedom in the Yukawa
sector construction. This actually works rather well for all but the 33 Yukawa entries, that
are preferred close to each other, at odds with the scaling properties of the other Yukawa
entries (driven by expansion factors €2 or 2 with € ~ 0.05 and  ~ 0.15 for the up- and
down-type sector respectively) and thus calling for extra contributions.

Such terms can then come from either an extra ¢s-type flavon entering the graph of
the same type (i.e. case 1 in figure f]) which has been exploited e.g. in the SU(3) model by
Varzielas-Ross [fi] by means of the particular SU(2) g-structure of ¢3 = 1® 3 (c.f. figure i),
or from a more complicated messenger sector with a left-handed “i-type” messengers ad-
mitting the other (case 2,3 in figure ) contributions to the 33 Yukawa coupling. However,
with the latter choice, a relatively light “left-handed” messenger must be postulated, lead-
ing to the instability of the tri-bimaximal lepton sector mixing generated by a potentially
large deviation from universality in the K part of the Kahler metric.

Thus, in order to avoid the potentially dangerous light SU(2)-doublet messengers ¢
one should base the effective Yukawa sector on the topologies of type 1 in figure [ that,
however, comes for the price of extending the third-family flavon sector along the lines
of [[] and further complication in the vacuum alignment mechanism.
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case 1: — ¢ ® —
f X1 X1 X5 X2 f
SU(3) ¢ 3 1 3 3 3 1 1 3 3
SU(2); 2 2 1 11 1 1 1 1
SU(2)r 1 2 2 2 1 2 2 1 2
PS 4 1 14 4 1 14 4 1 14

¢ h 0

X X X

. 2 . .
case 2: . —® g
f (2 U1 X2 X2 f
SU(3)¢ 3 3 1 1 1 1 1 3 3
SU(2). 2 1 2 2 2 1 1 1 1
SU(2)r 1 1 1 1 2 2 2 1 2
PS 4 1 1 4 1 1 4 1 1

¢ ¢ h

X X X

3 . 2 . 2 .
case 3: = = P -
f 1 (o (2 (0 ¥
SU(3)s 3 3 1 1 3 3 3 1 3
SU(2)z 2 1 2 2 1 2 2 2 1
SU(2)r 1 1 1 11 1 1 2 2
PS 4 1 1 4 1 4 4 1 14

Figure 4: The three basic configurations of the messenger sector leading to the lowest order Yukawa
sector effective operators in a typical SU(3) flavour model. The position the SM Higgs VEV enters
determines the SU(2); ® SU(2)g quantum numbers of the underlying messenger sector. We have
used 1); for the SU(2);, doublets while x; for the SU(2)r doublets respectively.

h o é h & ’
X x X x x ° %
L AP S N PN
f X1 X1 X5 X2 1 f X1 X1 X5 X2 fe
SU(3); 3 1 3 3 3 1 1 3 3 SU(3); 3 1 3 3 3 1 1 3 3
SU(2)L 2 2 1 11 1 11 1 SU(2)L 2 2 1 11 1 11 1
SU2)r 1 2 2 2 3 2 2 1 2 SU(2)r 1 2 2 2 3 2 2 3 2
PS 4 1 1 4 1 1 4 1 1 PS 4 1 1 4 1 1 4 1 1

Figure 5: Generating a pair of extra contributions to the 33 Yukawa entries by means of an extra
SU(2)g triplet of ¢3-type flavon fields ¢4. Notice that the messenger sector is SU(2)-singlet and
thus does not trigger a potentially large violation of tri-bimaximal mixing in the lepton sector.

Models with SO(3) family symmetry. The situation in models based on SO(3) is
slightly simplified by the fact that the basic nontrivial singlet structure can be built out of
two rather than three triplets without complex conjugation. Thus, in order to get realistic
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Figure 6: The two basic configurations of the messenger sector leading to the lowest order Yukawa
sector effective operators in a typical SU(3) flavour model. The position of the SM Higgs VEV
determines the SU(2); ® SU(2)g quantum numbers of the underlying messenger fields. As before,
we have used v; for the SU(2);, doublets while x; for the SU(2) doublets respectively. Note that
the 11 messenger in case 2 is usually “flavon-specific” and it is possible to forbid all the unwanted
d123, ¢23 type of insertions by just a proper choice of the messenger sector quantum numbers.

h o
x x
. @ .

f X1 X1 fe
SO(3); 3 1 3 3 3 1
SU©2);, 2 2 1 11 1
SU(2)r 1 2 2 2 3 2
PS 4 1 1 4 1 1

Figure 7: Extra ¢s-type flavon ¢4 as a solution to the Yukawa 33 entry irregularity without the
unwanted LH Kéahler correction effects in an SO(3) flavour model.

Yukawa patterns, only one chiral component (typically f) should transform as a triplet
while the other as an SO(3)-singlet [[{, B9, BdJ.!> At the lowest level (in number of flavon
insertions), we are left with only two basic options depicted in figure [i.

Again, one can utilise the right-handed messengers (i.e. doublets of SU(2)g) to obtain
most of the desired Yukawa structures, however, the above mentioned “irregularity” in the
33 entries calls for an extra contribution as in the SU(3) case. Again, the basic options
are either adding a left-handed (i.e. SU(2); doublet ) messenger sector fields along case 2
indicated at figure ff, c.f. [, with potential impact on the left-handed Kéhler corrections,
or employ an extra ¢s-type flavon, c.f. figure [

To conclude, the popular SU(3)¢-based flavour models a la Ross and Varzielas d, 19
do not in general suffer from large Kéahler corrections to the lepton sector tri-bimaximal
mixing pattern due to the mere absence of the potentially dangerous SU(2);, doublets in
the messenger sector. On the other hand, the SO(3)-class of models in versions [fj can lead

15This, however, leads to problems with universality of the right-handed soft masses in SUSY, that in
potentially realistic setups must be addressed by further assumptions.
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to substantial Kahler corrections because of employing a relatively light SU(2)z doublet in
the messenger sector to resolve the 33 Yukawa issue. However, these models can be cured
easily by invoking instead the “extra ¢s-type flavon solution” with only SU(2)g-doublet
light messengers entering the Kahler metric along the lines sketched above.

6. Comparison to other corrections to fermion mixings

In this section, we would like to set the CN corrections in context to other corrections to
fermion mixing, focusing on the corrections in the lepton sector. We will first consider
effects from renormalisation group (RG) running and then from charged lepton mixing
contributions.

6.1 Renormalisation group corrections to tri-bimaximal neutrino mixing

The predictions for the Yukawa matrices arise at the scale of flavour symmetry breaking
Ap, which we will assume to be close to the GUT scale (Mgur). In order to test such
predictions experimentally, the renormalisation group (RG) running between Ap and the
electroweak scale My has to be taken into account. In particular, if tri-bimaximal mixing
is realised in the neutrino sector, deviations from this pattern are induced by RG running.
The accurate calculation of such corrections requires evolving the effective neutrino mass
matrix from Arp ~ Mgyt to low energy using the S-functions for the energy ranges above
and between the see-saw scales and below the mass scale of the lightest right-handed
neutrino [2§-R7]. Numerically, this can be done conveniently using the software package
REAP [B§].

In what follows, we shall be interested mainly in estimating the size of the RG correc-
tions in the case of a hierarchical neutrino spectrum in the MSSM, for which the running
effects are comparatively small and where the leading logarithmic approximation works
reasonably well. Note that due to the non-renormalisation theorem, only the radiative
wave-function corrections contribute to the g-functions in supersymmetric theories and
the RG corrections can be treated in a very similar fashion to the canonical normalisation
corrections, as we will see explicitly below.

Following the spirit of section 4, let us consider the case when the wave-function
renormalisation due to the 3rd family dominates. More explicitly, we will assume that
the 33-elements govern both Y€ and Y in the model basis (with diagonal Mjs). This is
the case, for instance, in the classes of non-Abelian flavour models discussed in [[[1] (and
in the example given in section [5.4). Therefore, we will take: Y¢ ~ diag(0,0,y,) and
Y¥ ~ diag(0,0,y,,). Above the mass threshold of the heaviest RH neutrino M3, the g-
function for the effective neutrino mass matrix my, (u) = —v, Y (V)M () Y¥T (1) (where
1 is the renormalisation scale and v, is the VEV of the up-type Higgs doublet) reads:

1672 ,u%m,, = (vt vy m, +om, (YO 4+ YY)

6
+ (—gg% — 693 +2Tr Y'Y + 6Tx Y“W“) my (6.1)

— 20 —



where the last term is proportional to the unit matrix in flavour space. Below M3, the
same (-function applies with Y” = 0.

Keeping at leading order all terms (but m,) on the r.h.s. of (6.1]) constant, one can
integrate (f.)) analytically, yielding

Mgut

[2Tr YY" YV In
3

L
1672

6 wtvu Mgur
+ (—395 — 695 + 6Tr YUY >lnTZ}

<Y6*Y6T In MGUT + YI/*yI/T In MGUT)
Mz 3

my(Mz) = my,(Mgut) — my(MguT)

—my (MauT) 76

1 Mgut Mgut
———(Yy¥yeln —=——= + vy In —2—= ) m, (M,
167r2< ", " SN2 >m( Gur) + -

which can be rewritten as (forgetting about the doubly-suppressed mixed terms):

my(My) =~ Piq m,(Mgur) Prg ~ with  Prq =rl+APpg+... , (6.2)
where
1 Mgut Lo o Mgur
=1- TrYVTyYIin 2" +3( —2¢2 — Try“iy® ) n =220
" 16712[ " P Ts et " |
1 Mcgur 7, Mcur
APra = — vy n == pyvyvTn — 222 || .
HG 167T2[ ", VA (6.3)

Note that the r-factor in (6.9) is irrelevant for the lepton mixing, because at the leading
order one can rewrite Prg in the form

Prg=7r(1+APrg)+ 0O [ terms, (6.4)

1
(167 2)2}
but overall factors like r drop in formula (P.13).

As we mentioned, the leading order RG effect (B.2) has exactly the form of eq. (R.5), so
both types of corrections, from RG running, as well as from canonical normalisation, can
be treated on the same footing in this approximation. Furthermore, using eq. (b.1]) and
comparing eq. (6.3) with eq. (.3), we find that there is again a single parameter governing
the RG corrections to all the mixing angles given by:

RG _ YP o Mcur +y_33 o Mcur
82 My 82 Mz
The quantitative predictions of the RG running effects can then be obtained from the
relevant formulae for the CN corrections ([.), (£10), (E19), (6-19), (F-20), upon swapping
n¥ < nRG. The last contribution (6.§) would be absent if M3 > Mqur-.
We have cross-checked these results with the analytic approximations presented in [R6]

(6.5)

and found a perfect agreement for the considered case. In summary, with tri-bimaximal

neutrino mixing at the GUT scale, the low scale parameters are given approximately by:
1

oty = (1Y ey = L1 RG M2 6.6
s1a( Z)—\/g + 6 , Sl Z)_\/§ + 1 » 873(Mz) o< o (6.6)
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6.2 Combined treatment of RG and canonical normalisation corrections

Finally, one can even subsume the effects of 3rd family dominated RG and CN corrections
to tri-bimaximal mixing into a single physical parameter:

n=n"% 4+, (6.7)

where nR¢ is defined in (6.5) and n¥ is given in section [, c.f. eq. (£J). In the following,
we will apply this combined treatment to discuss CN and RG effects in the presence of
charged lepton mixing corrections to tri-bimaximal mixing. Note that while the size of the
RG effects depends mainly on tan 8 (which governs the size of y,) and on the M3 - Mgyt
hierarchy, the size of the canonical normalisation corrections depends on the messenger
sector as discussed in section p.3.

6.3 Charged lepton mixing corrections to tri-bimaximal neutrino mixing

Assume that (in the basis in which VLVT = Urg) there is a finite contribution to the
lepton mixing matrix coming from the charged lepton sector, as it is actually common
to many potentially realistic models of flavour employing unified gauge symmetries like
Pati-Salam [B1]] or SO(10) [BJ]. The charged lepton sector mixing in such cases tends to
copy the structure of Vf} (up to Clebsch factors) that leads to a natural assumption about
the structure of the V]f matrix (before the effects of canonical normalisation are taken into

account):
l chy  Slpem 0
7l ol Jip Al
Vi~ | =55 ¢y 0], (6.8)
0 0 1

where 8}, is a small Cabibbo-like mixing (typically 8}, ~ A/3) and / is a generic phase. In
such a case, the exact tri-bimaximal structure of the (high-scale) lepton mixing matrix is
lifted and one is left with (assuming as before VL” = Urn):

Upnins = ViV = ViUrs , (6.9)

up to a rephasing to the standard PDG form [1§], which is needed due to the extra phase
in (p.§). The charged lepton sector contribution (p.§) has multiple effects, in particu-
lar breaks the direct link between the “measured” (up to the renormalisation group run-
ning [RG]) values of the lepton mixing parameters and the underlying purely neutrino sector
rotations. However, due to the particular structure of VLI above (leading to just a mild
alteration of the tri-bimaximal neutrino mixing pattern), a set of simple relations between
the underlying neutrino and charged lepton sector mixings and Upnins can be obtained.

In particular, the original zero reactor angle is lifted by the 12 rotation in the charged
lepton sector to:

(UPMNS)13 - —§53§a2€_iﬁ = élg ~ §53§a2 - —Al (610)

\/5312
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(no phases enter because we are looking at a magnitude of the 13 term only), which in
Georgi-Jarlskog type of unified models [BJ] (where !, = /3 with 6 denoting the quark-

sector Cabibbo mixing) yields:
~ HC

013 ~ — .
13 372

Second, there is an interesting phenomenologically testable sum-rule for the deviation of

(6.11)

the solar angle from its exactly tri-bimaximal value frg = 35°16’ in the form [f]
019 = 01T2B + élg cos 3, ie. 8=rcosd , (6.12)

where 4 stands for the Dirac CP phase in the lepton sector.' An interested reader can
find the derivation of formulae (m) and (6.12) in appendix B

6.4 Canonical normalisation corrections to lepton mixing sum-rules

In view of results of section [L.2, let us discuss the stability of these formulae with respect to
the effects of canonical normalisation. We shall again assume the (leading order) 33-sector
non-universality in the corresponding Kihler metric (£.9). Remarkably enough, though
VLI is nontrivial, the block-structure of K is such that VLI plays essentially no role in the
leading-order formula (R.14) and one recovers ([£.6) as in the simplest case discussed in
the previous section. The canonical normalisation corrections to the lepton mixing matrix
then obey:

AUprins = —iUpyns AW, (6.13)

where UPMNS is not equal to Uty as in the simplest case, but UPMNS = VLIUTB.

Corrections to the charged-lepton-sector-induced 13 mixing: let us look first at
the CN corrections induced in the simpler formula (§.10). There is no a-priori reason the
13 entry of Upymng should vanish as it was the case at the leading order in the purely
tri-bimaximal setting ([.10). Indeed, we have:

A(Upnins)iz = —i(Upnns) 11 (AW )13 — i(Upnins)12( AW oz (6.14)

giving at the leading order:

—i Y (Upnns)ui(AWE)iz = Y > (VE)1;(Urn)ji (U”}BAPEUTB>
j

i=1,2 i

13

_ Z(V[l,)lj(UTB)j?ﬁ (U’}‘BAPgUTB)gg . (6.15)
J

Due to unitarity and the shape ([.3) of APy, the first term on the r.h.s. of (p.17) is zero,
while the latter yields:

K

A(Upmns)13 = (V£)12(UTB)23% = —&le

K
—ip 1

412

16 This sum-rule can be easily derived (c.f. appendix E) from the magnitude of the 31 entry of Upnins =

(6.16)

VLl Urs and thus is insensitive to the Majorana phases.
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Notice that the Majorana phase structure of this correction is again the same like the phase
structure of the defining basis 13 entry!” in (p.10) and thus the Dirac CP phase is stable

under CN effects. Taking into account also the subleading correction o \/Am% / Ami
(which is of the same order as the term in eq. (p.16)) of the type ({.§), the last formula is

extended to:
K

T, —ipA ~ 4 26‘2 Am2
A(Upnns)13 =~ Wi (e Pgly + Cllgge 2 Am%) , (6.17)

where, as before, the as phase accounts for the extra phase ambiguity due to the Majorana

nature of the neutrinos, c.f. discussion of formula (f.§). In order to deduce the Kihler
correction to the ‘induced’ 13 mixing (B.10), this result should be added to the r.h.s. of

formula (f.10) leading to:

(6.18)

nk g 0¥ i(%ﬂ?) Am?
S13 =~

1
al
8125 <1 + Z — C19 3\/56 Ami

for the physical 13 mixing in Upnng. Notice that there is a slight ambiguity due to the

phase factor in the second term, that can not be neglected with respect to the n’-part of the
first term therein. However, the smallness of the ‘charged-lepton-sector-induced’ reactor
mixing angle s13 ~ %éllz (which is typically 39—02 for Georgi-Jarlskog type of flavour models
corresponding to the first term above, c.f. formula (.11) and the discussion around) is not
disturbed by the effects of canonical normalisation.

Canonical normalisation corrections to § = #cosd: with the information about
the 0,3 stability at hand, one can infer the leading additive correction to the defining
basis formula (f.12), that (swapping all the defining basis quantities for their physical
counterparts) should read:

017 = 612 — O13cos 8 + f() (6.19)

where f(n®) is a linear function of ¥ vanishing for ¥ — 0, ie. f(n¥) = cn¥ with a
real proportionality factor c. As we have seen in the previous paragraph, the leading CN
correction to the 13-mixing (6.1§) is only multiplicative (6.1§) and thus all the would-be
corrections in (.19) due to the n¥-sensitivity in 613 or cos§ are suppressed by #13. This
means that in the 13 — 0 limit in (6.19), one should recover the simple leading order 69

scaling obtained in section .2, Thus, one gets ¢ = —ﬁ, which gives at the leading order:
nk
9?28 = 912 — 913 cosd — —— . (620)

6v2
Formula (p.20) can be finally recast (using a = % derived in section [1.9) into a sum-rule
for measurable quantities a, s and r and ¢ only:'®

2
s=rcosd + 3% (6.21)

17{.e. zero phase in the given global phase convention fixing the shape of Py with a real 33 entry.

18We note that the sum rule of eq. ) can be readily generalised to arbitrary 6%, (but keeping 0%y = 0°
and 0% = 45° fixed) using s¥5 = §¥5(1 4+ 7% (&{5)?/4) and repeating the derivation of appendix E
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This relation identifies a characteristic imprint of the canonical normalisation effects in the
popular scheme where the charged leptons contribute in the Georgi-Jarlskog manner (i.e.
only the 12 sector rotation is non-negligible) while the neutrino sector mixing is exactly
tri-bimaximal. Note that in addition to the precision measurements required for testing
the original sum rule [J], testing equation (f.2]) requires an accurate measurement of the
deviation from maximal atmospheric mixing [B4].

The simple argument above can only be used to fix the shape of the leading order
additive corrections in (f.19) and derive the main result (p.21), but does not, in gen-
eral, provide any information on sub-leading corrections (entering either as multiplicative
changes in small parameters or higher order effects in n¥) to (6.19). An interested reader
can find a more detailed explicit derivation of (.2() with a brief discussion of the shape
of such subleading corrections in the appendix. Remarkably enough, this formula is stable
also under radiative corrections due to the RG running (see in section p.1]), which makes
it directly testable at future experimental facilities.

7. Summary and discussion

In summary, we have re-analysed the effect of canonical normalisation of kinetic terms
on the quark and lepton mixing angles. In contrast to previous studies we have found
that the effects can lead to significant corrections to the fermion mixing angles. Such
potentially large effects are characteristic of flavour models based on non-Abelian family
symmetries, where some of the possible Kéhler potential (and superpotential) operators,
in particular those associated with the third family, are only mildly suppressed. We have
investigated under which conditions the messenger sector of such flavour models generates
such Kéahler potential operators for which canonical normalisation effects are sizeable, and
under which conditions these operators may be absent and canonical normalisation effects
are small. The quantitative significance of the canonical normalisation effects is clearly
model dependent, and in order to address this we have provided a detailed discussion of
the messenger sectors responsible for both the Kéahler potential and the superpotential
corrections in the class of SU(3) and SO(3) flavour models. For example in the SU(3) or
Aoz models [, the left-handed messengers sector essentially decouples from the effective
Yukawa couplings and the Kéhler metric for the left-chirality matter fields is only subject
to small corrections leading to n” ~ 0 and thus negligible CN effects. On the other hand,
in the SO(3) or A4 models [ff, the left-handed messengers ) have been assumed to be
quite light, in which case the wave-function effects of third family rescaling described in
this paper are expected to be large with n* ~ O(1).

We developed a general perturbative formalism which enables the CN effects in both
quark and lepton sectors to be estimated. We then applied this formalism to explicit
examples for potentially relevant CN effects. For example, we have discussed the corrections
to the CKM matrix element | V| as well as corrections to tri-bimaximal neutrino mixing. In
the quark sector we found that such canonical normalisation effects could imply a relatively
large change in Vi, that (although still only multiplicative) could be much larger than the
estimates given previously in the literature where the possibility of a large third family
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expansion parameter was not considered. Concerning leptons, we found that the physical
effect of canonical normalisation is strongly amplified compared to the quark sector, because
of the approximate tri-bimaximality of the solar and atmospheric mixings. On the other
hand, the (comparatively) small reactor angle receives only sub-leading corrections.

We have also compared the CN corrections with other relevant corrections to pre-
dictions of flavour models. Regarding renormalisation group (RG) corrections in leading
logarithmic approximation, we have expressed the effects in a form which allows a pertur-
bative treatment analogous to the one used for our analytical estimates of the CN effects.
We have shown how, in the case that third family effects dominate RG and CN corrections,
both sorts of corrections can be subsumed into a single universal parameter at leading or-
der. As application we have presented a detailed discussion of such third family effects
on the lepton mixing sum rule s = rcosd [f] which emerges as a relation among lepton
sector observables if the leading neutrino sector mixing is exactly tri-bimaximal and mod-
ified only by small (but relevant) Cabibbo-like charged lepton mixing contributions. In
this sum rule s, r describe the deviations of solar and reactor mixing angles from their tri-
bimaximal values, and § is the observable Dirac CP phase in PDG parameterisation [[g].
Assuming hierarchical neutrinos and taking into account both, CN and RG third family
wave-function effects, we have discussed in detail how the stable version of the sum rule
s =1cosd+ %a [L5] is derived (presenting additional details of the derivation, beyond the
previous analysis). The additional parameter a in the stable sum rule accounts for the
deviation of the atmospheric mixing angle from its (tri-bi)maximal value w/4 due to the
combined third family CN and RG effects.

In conclusion, the main message of this paper is that in certain classes of models
canonical normalisation effects, in particular those associated with the third family, may
be larger than previously thought, leading to larger corrections to quark and lepton mixing
angles than previously realised.
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A. Conventions - CKM & PMNS mixing matrices

In general, the mixing matrix in the lepton sector, the PMNS matrix Uppyns, is defined
as the matrix appearing in the charged electroweak currents expressed in terms of lepton
mass eigenstates. Denoting the charged lepton mass matrix by M and the light neutrino
mass matrix by m,, the mass part of the matter sector lagrangian reads:

L= —Z/LMllR — %DLm,ﬂ/ﬁ +H.c.. (Al)
Performing the transformation from flavour to mass basis by

VLl M, Vi = diag(me, my, m7), Vim, VL”T = diag(m1, ma, m3), (A.2)
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the PMNS matrix is given by
Upnns = ViV, (A.3)

Here it is assumed implicitly that unphysical phases are removed by field redefinitions, and

Upmns contains one Dirac phase and two Majorana phases.!”

The standard PDG parameterisation of the PMNS matrix (see e.g. [Ig]) is:
€12€13 512€13 s13e7%0

Upmns = | —cassia — s13823c12€™  cozcra — s13523512€™  sagcrs | P, (A.4)

i i
593512 — $13C23C12€"°  —S523C12 — 513C23512€"° €23C13

which is used in most analyses of neutrino oscillation experiments. Here § is the Dirac CP
violating phase which is in principle measurable in neutrino oscillation experiments, and
Py = diag(ei% , ei%, 1) contains the two measurable Majorana phase differences oy, ae. In
the body of this manuscript we use this standard parameterisation also for V}/ T and denote
the corresponding mixing angles by 6}, while the mixing angles 6;; without superscript
refer to the PMNS matrix.

B. Derivation of stable lepton mixing sum-rules

Let us recapitulate here the derivation of the sum-rules of our interest along the lines
they were originally obtained in [B]. We shall for the moment forget about the canonical
normalisation effects and drop all the hats in what follows. Later on in appendix [, we
shall reiterate the same procedure carefully with all the potential sources of deviations due
to canonical normalisation taken into account.

Perhaps the simplest method to obtain (f.10) and (f.13) consists in looking at partic-

ular elements of the lepton mixing matrix:2°

Upyvns = VIIIVLVT = Vll/UTB (B.1)

and exploiting the fact that the particular shape (f.§) of VLl exposes unaltered the third
row of the tri-bimaximal neutrino sector mixing in Upp and also the 13 entry of Upying
receives a particularly simple form. Indeed, one easily obtains |(Upnmngs)si| = [(Urs)si| that
(upon employing the standard parametrisation (A-4)) gives in particular:

31 entry : (312323 — Clgcggslgeié) glon/2 — s7a853 up to a global phase, (B.2)

and also:

13entry :  s;3e”® = —sl,e %54, up to a global phase. (B.3)

9The latter are physical only in the case of Majorana neutrinos, for Dirac neutrinos the two Majorana
phases can be absorbed as well.

20Gince we shall be looking on the magnitude of the matrix elements, the particular phase convention
employed here is immaterial, but clearly must not be altered during the computation.
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First, notice that a nonzero #;3 mixing is generated from a conspiracy between the 12
charged lepton sector mixing and 65;. In a wide class of models with a built-in Georgi-
Jarlskog mechanism (leading typically to 6!, ~ 6c/3 with 6c ~ X\ ~ 0.2 denoting the
Cabibbo CKM mixing governed by the down-type quark sector) one gets B 613 ~ bc_

3v2
Second, formula (B.J) subsequently leads to

v UV
§128923 — €12C23513 COS5 = 812823 . (B.4)

Since the 23 sector mixing is stable under the perturbation (f.§), one can trade so3 and
co3 in (B.4) for their TB values % while the r.h.s. gives %. Expanding the left-hand side
of (B.4) for small s13 ~ 3 one gets:

1
S12 — 612913 cosd = — . (B.5)

V3

The last step is to expand the physical 615 around the tri-bimaximal value 615 = 91T2B AT
which yields s1o = % + \/§A912 and cjp = \/g — %Aelg, leading to:

2 2 1
—Abo — - ——A =0. B.
\/; 912 913 (\/; \/g 912) cos 0 ( 6)

Forgetting about the doubly-suppressed 613615 term on the Lh.s. of (B.6), we get:
AB19 ~ 013cosd yielding f12 = 91T2B + 613 cos 0, (B.7)

providing a simple estimate for the deviation of the solar mixing angle 6o from its tri-
bimaximal value 615 = 35°16 in terms of two other lepton sector measurables, namely the
reactor mixing angle 613 and the Dirac CP phase 4.

Corrections to the sum-rule s = rcosd: suppose now that the assumptions made
above and which lead in particular to formula (B:7) hold at the underlying flavour-model
level, i.e. in the defining basis only. Thus, for sake of consistency with the notation used in
the body of the manuscript, we shall re-equip all the relevant quantities therein with hats
obtaining b10 = H?QB + 615 cosd as only the leading order approximation to the physical
(i.e. corrected) sum-rule, that should be written in terms of only unhatted quantities. The
scope of this section is to see what happens once the effects of RG running and canonical
normalisation are turned on.

Along similar lines as in section .4 one obtains first (utilising the perturbative proce-
dure of section P for n = n* + nRY), c.f. equations (-14)—(6.17):

A(Upmns)31 =

N3

(Urs)a1 [1 = [(Urs)a1]?] (B.8)
and thus (up to the Majorana phase associated to the (Urp)s; entry):

N A Ay A oy A
A(Upmns)31 = 5352553 [1— [87,855°] = §7,855A (B.9)
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where A = I (1—|8Y,8%|%°) = 1. Notice that due to the phase structure of the
A(Uppns)s1 correction (B.§), and in particular the (Urg)s; term therein, the overall phase
of the r.h.s. of (B.2) derived from ([B.1) and the phase of A(Upnns)s1 coincide. This admits
to write the analogue of relation (B.4) (derived now from Uppnns = Upmns + AUppnsg) in
a simple form:

<812823 — C126238136i6> gion/2 — §75855(1 + A) up to a global phase . (B.10)

The next step (leading to (B.5) in the ‘unperturbed’ case) would be to trade the 23
rotations for their tri-bimaximal values s93 = cp3 = 1/4/2, that is completely plausible if
there were no Kéahler or RG corrections around, because the neutrino part of the 23-sector
rotation in Upyng = VLlV]i' T formula (provided both Vg are written as UggUq3U72 along the
lines of [BY]), hits the small charged-lepton correction only (upon being grouped together
with 23-rotation in V]f), with just a negligible effect on the resulting physical 23 lepton
sector mixing. However, turning 7 on, fs3 becomes actually quite n-sensitive even in the
simplest case (c.f. section @), and thus putting so3 = co3 = 1/\/5 is not good enough.

Rather than that, we shall exploit the information?! obtained in section [ , see e.g.
formula (f.10), to write (at the leading order):

Ui

So3 = %(1 +a) = % (1 + g) and thus % (1 - Z> . (B.11)

and from (B.1() then (since A is real):

Co3 = %(1—@ =

812%(14-@) —Cm%(l—d)@lg(?os{s: %(1+A) . (B.12)

Expanding again the physical 612 around the tri-bimaximal value 019 = 9?2]3 + Abq9, ie.

S19 = % + \/gAﬁlg and cjg9 = \/g — %A@m and neglecting the higher order terms in a,
Af15 and 613, one receives:

1 n
A3 = 013¢c080 + —(A —a) = 013¢c080 + —— , B.13
12 =013 \/5( ) = b3 V3 (B.13)
which is an analogue of formula (B.q). The sum-rule with the Kéhler corrections taken

into account then reads:

9?28 = 912 — 913 cos ) — L . (B.14)

6v2
Notice that in the 61, — 0 limit (causing 13 — 0 and thus due to (F.13) also 613 — 0) one
indeed reveals the leading order effect (4.19) in the solar mixing s = %(1 + #) obtained
in section .9, that in turn provides a non-trivial consistency check of relation ([B.14).

Z1Those results, though being obtained for zero él127 provide a good leading order estimate of the atmo-
spheric mixing n-behaviour and since the error due to the nonzero charged-lepton 12-sector mixing (hitting
such a corrected 23 mixing) is the same (at the leading order) as in the “pure” case (i.e. without Kéhler
effects), it can be neglected as far as one looks for the deviations from the original sum-rule (@)
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