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ABSTRACT: We exploit some common features of black hole and domain wall solutions
of (super)gravity theories coupled to scalar fields and construct a class of stable extremal
black holes that are non-BPS, but still can be described by first-order differential equations.
These are driven by a “superpotential”, which replaces the central charge Z in the usual
black hole potential. We provide a general procedure for finding this class and deriving
the associated “superpotential”. We also identify some other cases which do not belong to
this class, but show a similar behaviour.
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1. Introduction

The “no-hair theorem” states that a black hole solution is completely specified by its mass
M and charges @ (listing the angular momentum among the charges). Although there are
by now several counter examples to a general validity of this theorem, it seems to hold
true for spherically symmetric, static and asymptotically flat black holes in 4 dimensional
gravity theories coupled to Maxwell fields. The same mass and charge are used to determine
whether or not the black hole singularity is hidden by a horizon. This happens any time
the mass is bigger or equal to the charge M > |Q|, providing a (sort of) BPS bound, which
is saturated by extremal (zero temperature) black holes, having M = |Q)|.

The idea of an attractor mechanism [f]l-f] for supergravity black holes rests on the
above arguments, leading to scalar fields that are drawn to fixed values, where they are
functions only of masses and charges. More precisely, in Einstein-Maxwell theories coupled
to scalar fields, the near horizon geometry of extremal black holes should depend only on
the charges and not on the asymptotic values of the scalar fields.

In a supergravity, theory it is natural to expect that the charge giving the BPS bound
be a central charge of the theory @@ = Z (actually, the maximal eigenvalue of the central
charges in extended supergravities [[f]). The extremality condition for a given black hole is
then equivalent to the requirement that some fraction of supersymmetry be preserved: the
bound for the existence of a horizon can be identified with the BPS bound following from
the supersymmetry algebra M > |Z|. This is the context where the attractor mechanism
was first introduced in [l -f].



In the beginning, the main attention was devoted to supersymmetric solutions because
supersymmetry preserves the BPS bound at all values of the string coupling constant, and
this in turn allows the analysis of the black hole entropy from a string theory point of
view. However it is known that there exist also non-BPS extremal black holes, and that an
attractor behaviour can be found also for these solutions, when perturbatively stable [f, [
Indeed, the attractor mechanism seems to be related to the extremality rather than to the
supersymmetry property of a given solution [, ff]. Despite some common features with
the BPS case, the non-BPS extremal black holes are not expected to share the property
of fulfilling first-order rather than second order Einstein and scalar field equations, a fea-
ture that arises as a consequence of the supersymmetry transformations on the fermions.
However, it seems natural to ask whether they satisfy only second order differential equa-
tions or if there is also some first-order formalism which identically solves the equations
of motion, and that could be related to the appearance of an attractor behaviour. If such
a formalism would exist, it should be similar to supersymmetry, though different in some
essential details. In the case of domain-wall solutions, this issue has been addressed and
solved by “fake supergravities” [§—[[1]]. These are gravitational theories in d-dimensions
that, in spite of not being supersymmetric in general, present some “fake BPS equations”
for the metric and scalar fields that are of first order and originate from the vanishing
action of certain operators on spinor parameters. Indeed, fake supergravity allows to con-
struct stable domain-wall solutions satisfying first-order, attractor-like equations that are
not following from supersymmetry. Spherically symmetric, static and asymptotically flat
black hole solutions can be reduced to a one-dimensional problem of evolution in a radial
coordinate, which resembles very closely the description of domain-walls. It is therefore
interesting to see whether the analogy extends any further, also in the light of similar
investigations on developing a first order formalism for cosmological solutions [[[2, [[J].

Building on previous knowledge of flow equations and other aspects of domain wall
supergravity solutions [[4—-[[@, in this note we address this problem by looking for non-
BPS extremal black holes satisfying first-order equations. Although we will not give a
general answer to the question of whether all extremal solutions derive from first-order
equations, we are going to show that there exist classes of non-BPS extremal black holes of
this type, and provide the conditions required to obtain them. Our solutions fulfill ordinary
supergravity equations of motion as well as a fake supergravity first-order formalism.

We work for convenience in N = 2 supergravity in four dimensions. In this context,
the superpotential W (¢) yielding BPS black holes is to be identified with the covariantly
holomorphic central charge Z(¢), that specifies the BPS solutions. In fact, the warp factor
and the scalar field derivatives are related to Z(¢) and its first-order derivative by the
supersymmetry conditions. In the class of extremal solutions we are going to present, it
is not Z(¢) that appears in the BPS equations, but rather we find it replaced by another
function W (¢) playing the role of a “fake superpotential” .

We start in section 2 with some general remarks and we build the set up to compare
black hole and domain wall solutions. We will find that the non-extremality parameter
¢ # 0 is related to the presence of a positive curvature A > 0 on the domain-wall. Then,
in section 3 we will show how one can construct a general class of non-BPS extremal



black holes by analyzing the symmetry properties of the supergravity potentials V' (¢), and
giving evidence of their degenerate description in terms of a superpotential W (¢). This
construction was inspired by the suggestion that there may exist a canonical transformation
relating BPS and non-BPS black holes at the horizon [[17].

In section 4 we show that this class is not empty by providing a simple example.
Although the conditions that select this class of solutions are quite restrictive and difficult
to match, this same construction can also be useful when the conditions are met only in
some truncated setups. For this reason, always in section 4, we provide an example of non-
BPS extremal black holes satisfying first-order differential equations in the STU model. In
section 5 we give yet another example of non-BPS extremal solutions that do not belong
to this class but show the same behaviour. In section 6, we end with some open problems.

2. Black holes and domain walls

As explained in the introduction, we consider four-dimensional Einstein-Maxwell theories
coupled to n complex scalar fields z*, with lagrangian

R .
L= =3 +0i0,2' 07 + ImNAsF FE 1 + ReNps F, («F ). (2.1)

The vector kinetic matrix Max(z, Z) is a complex and symmetric function of the scalar fields,
A=0,1,...,ny. We focus on black hole solutions of this system, especially concentrating
on spherically symmetric, charged, static and asymptotically flat solutions, as they are
known to display an attractor behaviour. For these reasons, the metric Ansatz is

dr? 2

+
sinh*(er) ~ sinh?(cr)

ds? = 2V gp? 4 =20 0) [04 (d62 + sin? 9d¢2) . (2.2)
We allow the scalar fields to have a profile in the radial direction, but fix the vector fields
so that their field-strengths obey the usual quantization conditions

. FA = amph, /52 Ga = 4mqa, (2.3)

where gp and p® are the electric and magnetic charges respectively.

Since we are looking at time-independent solutions that preserve spherical symmetry,
we can reduce the 4-dimensional action to a one-dimensional effective theory, by inte-
grating over R; x S? and discarding (infinite) constant integration factors. The resulting
effective action is given by integrating over the remaining radial coordinate S = [ drL the
Lagrangian [f]

L= (U'(r)*+ gi2"27 + 2V Vg — 2, (2.4)

with the prime denoting the derivative with respect to the radial coordinate (obviously one
could discard the last constant term, but we will keep it for comparison with the domain-
wall action). The first and the last term in (2.4) come from the Einstein-Hilbert action,
while the derivatives on the scalar fields arise from their kinetic term, and the black hole

effective potential Vg comes from the vector field terms and it is positive semi-definite.



This effective action is actually quite general for any 4-dimensional gravity theory, provided
the effective potential is tuned with the theory under consideration.

The original theory (R.1]) gives rise to some equations of motion that coincide with
those of the above effective theory only up to a Hamiltonian constraint:

(U'(r))? + gi72" 27 = U Vi + . (2.5)

Therefore, black holes are solutions to the equations of motion for the lagrangian (P.4))
U" = &YV, (2.6)
2t Fékz/jz/k = eV 470, Vpy, (2.7)

complemented by the Hamiltonian constraint (2.H), where we can now identify 2 =28T [
for S the entropy and T the temperature of the black hole. Extremal black holes are those
that have ¢ = 0, following from their zero temperature 1" = 0.

Let us now analyze the relation between this black hole effective action and the one
for domain-walls in 4 dimensions.

It was already pointed out in [[L§] that supersymmetric black holes arise from an
effective action that can be related to the one of flat supersymmetric domain-wall solutions.
It was also suggested that the negative curvature A < 0 of the supersymmetric domain-wall
solutions could be related to the angular momentum of supersymmetric black holes [[9].
Here we want to examine this analogy for any extremal (also non-BPS) black hole as well as
for non-extremal solutions, and we want to compare them to curved domain wall solutions.
We will find that a positive curvature A > 0 of the domain-wall can be related to the non-
extremality parameter of the black hole, namely ¢?>. We are led to this parallel because, as
we will see in the following, both these constants play the role of deformation parameters
in the first-order differential equations that describe the solutions.

In the case of domain-wall solutions in 4-dimensions, the metric Ansatz is

ds? = eQU(T)Qijdxidxj + PV gp?, (2.8)
for p real, and where the 3-dimensional metric § is chosen among the following three
possibilities:

dSs gijdaidad = —di? + VM (dz? + d2d) A >0,
AdSy  Gijdaide! = dr? + e VA (—dt? 4 dz?) A <0, (2.9)
M gijdxida! = —dt? + da? + da3, A=0.

When the domain-wall is supported by scalar fields (we neglect charged domain-walls like
those constructed in [T, 1]), and for p = 2, the effective action follows from the lagrangian

L=l [(U'(T))2 — 97727 — 2V Vpw + Al, (2.10)
with the constraint 1
(U'(r)* = 395227 = —e*"Vow + A. (2.11)



The corresponding equations of motion for the warp factor and the scalar fields are

1 o
U" = —e®"Vpw — §9i52”5/], (2.12)
24 F;kz'jz'k = U2+ 2V g0, Vpw. (2.13)

2.1 First order equations

For domain-wall solutions, we know since P2, f] that whenever the scalar potential Vpw
is determined by a real superpotential W such that

41

Vow = —W? + g?qiﬂ’aivvajwf, (2.14)

the solution to the equations of motion coming from (R.1(0) can also be derived from the
first-order “flow” equations

U = +eVy(rW, (2.15)

, 2
2 = :FeU?g”B]—W, (2.16)

/ A
Y= 1 + e_ZUW. (217)

It should be noted that the form of the potential (R.14) is such that the constraint (R.11)
is identically satisfied upon using (2.1§) and (R.14).

At this stage, we are ready to explore the differences and similarities between the
two setups. Firstly, the lagrangian (2.10)) can actually be related to the one in (B.4) by a
conformal rescaling, provided that two more crucial sign changes in the scalar kinetic term

where

and in the (cosmological) constant are taken into account. Clearly, these are precisely
the two ingredients that give rise to different physical systems. However, the remaining
constraints can be exactly mapped onto each other, at least for the case of constant scalar
fields, when Vpw is a negative constant, while Vpy is a positive one. In this case ()
matches (R.5), once the identifications

Ven=—Vow=Q?>>0 and Z=A>0 (2.18)

are made (thus restricting to dS or Minkowski domain-walls). As we will see briefly, this
feature implies a similar description of the two systems.

In particular, given this similarity, one can hope to reproduce also in the case of black
holes the derivation leading to first-order equations for domain-walls, at least in simple
theories where the scalar fields are constant.

As we have seen for the domain wall solutions, first order equations may be obtained
by solving the constraint (R.5), and then checking that the resulting dynamical flows also
fulfill the equations of motion. For constant scalars, this procedure together with the
identifications suggested above, gives immediately the result obtained in 23, 4], for non-
extremal black hole solutions with a single magnetic charge. Indeed, for a single magnetic



charge @, the black hole potential is Vgy = Q2. Using the identifications W = @Q and
A = ¢%, we can solve the constraint (R.§) by using

U = eY~(r)W, (2.19)

y=4/1+ e—ZUi. (2.20)
\ Q

Since the scalars are constant, equation (R.1) is identically satisfied and the warp fac-

where

tor equation of motion (R.12) (using again the identification Vgg = —Vpw) is equivalent
to (B.6). As we have just stated, this equation is implied by (R.15), and we can safely argue
that (R.19) solves both the black hole equations of motion (R.6) and the constraint (R.9).
This first-order equation for the warp factor is precisely the one derived in 3, P4, ex-
pressed in our coordinate basis.

It is interesting to point out that this similarity implies a relation between the non-
extremality parameter ¢?, which drives the black hole away from the BPS condition, and
the positive cosmological constant A, which in the domain-wall case forbids supersymmetric
solutions.! The final result is that a de Sitter curved domain wall in a gauged supergravity
theory and a non extremal black hole in a Maxwell + Einstein theory with a single charge
from an abelian vector field and no scalar fields (for instance pure supergravity with a
non-trivial graviphoton charge) share the same effective action.

As we have noted before, it is not to be expected that the actions describing the
domain-wall and black hole systems can be generically mapped exactly one on the other.
The difference in the two systems shows up when trying to extend the first-order formalism
just discussed to the case of non-constant scalar fields. While a warp-factor equation like
the one suggested in (R.19) may solve the related equation of motion, there is no simple
way to find a first-order equation with a similar property also for the scalar fields. The only
instance where this seems to be possible is the case of extremal black holes, where ¢ = 0.
For vanishing extremality parameter, the constraint (2.§) becomes a relation between the
potential, the derivatives of the scalar fields and the warp factor. Therefore, it becomes
easy to see that if the constraint (R.J) can be solved by a real “superpotential” function
W (z,z) such that

U = +"W, (2.21)
2 = +2¢Y g0, (2.22)

then the potential Vg becomes
Vo = W2 + 4g70,Wo;W (2.23)

Tt is known that there are exceptions to this rule, when the total metric describes four-dimensional
Minkowski or Anti de Sitter space. In this case, the de Sitter domain walls can be foliations of supersym-
metric spaces, such that the supersymmetry parameters are not preserved on each foil.



and the equations of motion are identically satisfied. This can also be seen directly by
rewriting the effective action (R.4) in the usual BPS form
S = /dr [(U’ + VW) + |27 + 26V gl W |” ¥ 26% ("W). (2.24)

The parallelism with the domain-wall solutions is self-manifest. The ¢ = 0 constraint
gives a situation similar to that of flat domain-walls. The first-order equations (R.17)
and (R.16) as well as the potential (.14) easily reduce to expressions which closely resemble
the black hole ones (2.21))-(2.22) and (R.23), with an appropriate sign change in the scalar
equation, reflecting the different relative sign (and factor) in the scalar potential. We stress
once more that we need the solution to be extremal in order to solve the Hamiltonian
constraint and therefore to implement first-order equations of motion when the scalars are
not constant. The constraint for non-extremal black holes is shifted by the constant ¢ and
it cannot be put easily in the appropriate first-order form that also satisfies the equations
of motion. We also remark that nothing has been related to supersymmetry so far. On
the other hand, it is clear that a potential of the form (R:23) is not common to any gravity
theory.

In supersymmetric theories there is a natural superpotential function, which is defined
by the central charge Z. For instance, in N' = 2 supergravity the effective potential can
be written in terms of Z as

Veu = |21+ ¢7"D;ZD;Z, (2.25)

where D; = 0; + %@K are Kahler covariant derivatives. This potential can be compared
to (R.29) by identifying W = |Z| in which case (R.25) becomes

Ve = |22+ 4¢"70;| 2|04 2|, (2.26)

where we have used that the central charge is a covariantly holomorphic function of the
scalar fields, i.e. satisfying (55— %(%K) Z = 0, which implies that Z = eK(zivzj)/zf(zi).
Extrema of this superpotential function, with D;Z = 0 and Z # 0 (which therefore are
in one to one correspondence with 9;|Z| = 0), give rise to supersymmetric black holes,
and the first-order equations (R.21])-(R.29) are nothing but the conditions following from
the (vanishing of the) supersymmetry variations of the supergravity fermi fields? [fi], [g].
However, we are interested in those theories that may not be supersymmetric, or in those
supersymmetric theories where the constraint (R.J) admits multiple solutions. This may be
due to a potential (R.23) that does not univocally identify a superpotential W, but rather
may be equivalently rewritten in terms of different superpotentials W, only one of which
correspond to the true central charge Z. Then, the first-order equations do not imply

20Often in the literature the BPS equation for the scalar fields contains the covariant derivative on Z
instead of the simple derivative on the absolute value | Z|. The two equations are actually equivalent upon
using the condition on the phase of the central charge following from the supersymmetry condition coming
from the gravitino transformation in the radial direction §¢2 = 0. This is also clear from the BPS form of
the action ), which, for W = |Z|, can be rewritten in the form given in [, ﬂ] using special geometry.



anymore preserved supersymmetries, as they differ from the Killing spinor equation and
susy rules. At most, we can talk about pseudo or “fake supersymmetries”, and preservation
of the form of the potential will still grant the stability of the solution, if non singular.

2.2 Multiple W for the same Vg

In view of the above discussion, we now turn to explore the conditions for the con-
straint (R.§) to be solved by a “fake” black hole superpotential 1, which is not simply
proportional to the central charge Z. When such a real function W (z, Z) exists, its critical
points, 0;W = 0, give rise to stable non-BPS black holes.

First of all, it must be clear that quite generally there is no unique solution to the
effective potential V' in terms of a superpotential W that preserves the “stability” form [[L4]
appearing for instance in (2.14). That expression should rather be interpreted as a partial
differential equation defining W for a given V. In the case of domain walls and just one
scalar field, the issue has been raised in [R5, Pf], showing that it is possible to have families
of solutions. Moreover, also the fake supergravities are an indirect manifestation of this
ambiguity. For our purposes, it is useful to consider the rescaled potential V(U,z,z) =
e?VV(z,%). Then, V can be written as the sum of squares of derivatives of W(U, z,2) =
eUW (2, 2) with respect to a set of effective coordinates that include also the warp-factor
A ={U,z2 7}

V(z?) = g1 Paw(z)opW(x), (2.27)

where gy = 1, gu; = 0 and g4 is positive definite. This formula shows how it is possible to
have different superpotentials, or better gradients of the superpotential 4W(x) generating
the same V(x).

The constraint (2.27) says that we will get the same V(z) for all the vectors d4W(z)
having the same norm. Therefore, the constraint allows for a field dependent rotation,
provided that the rotated vector be once more a gradient (at least locally). More in detail,
given the same V, we can write it in terms of two different superpotentials W and W(:U)
provided

OaW(z) = RAP (2, 2)0pW(x), (2.28)

and R(z, %) is a field-dependent rotation matrix R gR = g, which does not contain the
warp factor, so that W = eUW (2, z) In addition to the above contraints, this rotation matrix
fulfills a differential condition:

d(dz*RAPOpW) =0 < 04 (Rp“9cW) = 0. (2.29)

Although we have not found a general R matrix to solve this condition, we will see in the
next section that we can indirectly construct classes of solutions by using the symplectic
structure of the 4-dimensional black hole potential.

Before proceeding, it is useful to pause and comment on some properties of the multiple
choice of superpotentials to the same potential. The critical points of Vg with a finite
area of the horizon necessarily have dyW # 0, but 9;W = 0. This means that if we have
two different superpotentials W for the same potential Vpy, the generic behaviour of the



transformation mapping them one into the other is such that critical points of one are
mapped onto ordinary points of the other, with &;W # 0. Only critical points with zero
value of the superpotential W = 0 are common to all possible solutions of the potential
constraint, but we exclude them because we want a non-trivial black hole horizon and
this is related to Vgy = W? at the critical point. This further implies that when we
solve the potential Vgy for two different functions with only one of the two being the
superpotential appearing in the supersymmetry transformations (i.e. the central charge Z
for N = 2), the critical points of the other “fake superpotential” will describe horizons of

non-supersymmetric black holes.

3. One class of Vg with multiple W

From now on, we focus on N/ = 2 supergravity, where the properties of special geometry
allow us to specify a simple condition for finding multiple (fake) superpotentials describing
the same black hole potential.

For this theory, the black hole potential is given by the invariant [27]

Ve = I = Q" MQ, (3.1)
where Q = {p*,qa} is the Sp(2ny + 2,7Z) symplectic vector of charges and M = (&5) is

the symplectic matrix defined by the entries
A = —DT = ReN(ImN) 7,
C = (ImA)~, (3.2)
B = —ImN — ReN (ImN)~!ReN.

This can be further rewritten through another symplectic matrix
DC
M = 3.3
(5<) @

M=1IM, I:<0_H>, (3.4)

via the relation

Io

with M? = —I. We remind that the matrix Myx(z, Z), whose real and imaginary parts
appear in the previous equation, defines the metric of the vector fields as in (R.1]).

As mentioned in the previous section, for N' = 2 supergravity this potential can always
be written in terms of a superpotential, which is given by the central charge

Z =l (ax — pPFy) . (3.5)

This is a symplectic invariant of the charge vector Q = {pA, ga} and the covariantly holo-
morphic sections V = eX/2{XA F\} = {L* Mp} (with My = NjsL*) describing the
vector multiplet scalar manifold geometry:

Z2=QT1V = L — Mpap™. (3.6)



The black hole potential follows from (R.29)
Vo =N = |21+ ¢”D;ZD;Z, (3.7)

and we have seen that this has a natural superpotential defined by W = |Z]|.

We first look at (@) and see that, given a potential defined by I;, we still have the
freedom to perform transformations on the charge vector @ — S@Q without changing its
value. Assuming S is also a symplectic matrix, this happens when

I =Q"MQ=QTSTMSQ = STMS = M. (3.8)
This last condition becomes
STIMS =TM, (3.9)
and using the properties of symplectic matrices (and hence STZS =T = STZ = I57!) we
get
STIMS =TS *MS =1IM (3.10)
and finally
[S, M] = 0. (3.11)

However, by the comparison of the two equivalent definitions (B.1]) and (B.7) we deduce
that only if S is constant we can define a new “fake superpotential”

W =Q"'sTTy (3.12)

(with W = |W|) giving rise to the same potential as Z. Only in this case the derivatives
on the superpotential will go through the matrix S and therefore the charges transformed
by the matrix S will factorize, just like in the ordinary case where the superpotential is
defined by the central charge, reconstructing M.

Summing up, anytime we find a constant symplectic matrix S that commutes with M
defined above, we find a new “fake superpotential” whose critical points (if any) describe
non-supersymmetric black holes.

Some comments are in order. Firstly, in the generic case the field dependent matrix M
spans all possible symplectic matrices in the group of duality transformations and therefore
there will be no way to find constant matrices commuting with it. However, we will see that
there is at least one simple instance where such matrix exists. Secondly, quite often one can
consistently truncate the theory to a subset of the scalar fields, so that the constraint (B.11])
allows for solutions. We will see this again in the next section for the case of STU black
holes. Finally, another strong constraint on the existence of such solutions comes from
an observation in [[f], that the second derivatives of a potential of the form (B:2§) at the
critical point are proportional to the metric (and hence positive definite). This implies
that matrices satisfying (B.11) can be found only if the Hessian of the black hole potential
is positive-definite and proportional to the scalar o-model metric also at the critical points
describing the non-BPS black holes. Although there are examples where this happens,
this cannot be a general feature of all non-BPS black holes. This does not exclude that

,10,



there may be alternative ways of obtaining “fake superpotentials” describing the same
potential. The main requirement then would be that these “fake superpotentials” must
not be covariantly holomorphic functions of the scalar fields. In this case the argument
in [ fails and therefore there is no constraint on the Hessian of the potential at the non-
BPS critical points. This is precisely the case where one can find a field dependent R
satisfying (R.29), but not a constant S satisfying (B.11]). We will see an example of this
sort in section 5.

4. Examples

Let us now turn to examples of models where the black hole effective potential has multiple
descriptions, by a superpotential Z and a “fake superpotential” W.

4.1 One-modulus case

The first example is given by the SU(1,1)/U(1) model with just one modulus, generated
by the prepotential
F=—iX°Xx" (4.1)

In special geometry, the Kihler potential is defined in terms of the sections { X, Fp}, with
F\ = 8AF(X)a by
K = —logli( X Fy — X2 Fy)), (4.2)

and upon inserting (1) it reads K = —log2(z + 2).
Using normal coordinates z = X' /X, in the gauge X° = 1 and for generic electric g

and magnetic p® charges, this generates a central charge:

g tipt+ (¢ +ip°)z

z (4.3)
2(z+2)
The black hole potential Vg is derived by inserting this expression in (2.25):
(p")? —iqi(z — 2)p" + qo® + ip°q0(z — 2) + ((1°)? + (q1)?) 22
Van = . (4.4)

2+ z
Black hole solutions are then found by looking for solutions interpolating between flat space
at infinity and AdS, x S? at the horizons defined by the critical points of Viy.
Critical points of Vgy are found for

+ 0,1 2,0, 1
S @’ + qoq1) +i(»’qo pfh)’ (4.5)

(P°)? + (@1)?

and since Rez > 0, they lie inside the moduli space for (p°p! 4+ qoq1) > 0 when 2zt is chosen

in ([.5), and (p°p* + goq1) < O for 2.
This model has both supersymmetric black holes as well as non-supersymmetric ones.

More precisely, 2+ ({.5) gives the supersymmetric vacuum, which satisfies D;Z = 0, with
Z #0, (hence 0;|Z| = 0) and thus it is a fixed point of ({.3) .
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The negative sign z~ gives the non-BPS black hole, for which D;Z # 0. The Hessian
at these points is always positive as there are 2 identical positive eigenvalues

1

T aoq (@) + (@) () + (a)*)): (4.6)

A simple inspection of the above formulae shows that the two type of black holes are
related by a change of sign in the electric or magnetic charges. Let us now argue that
this is precisely the transformation that can be achieved by acting on the charges with
a matrix S, satisfying (B-1J)), to map the superpotential into the “fake superpotential”
describing the non supersymmetric critical point and giving the first-order equations for
the non supersymmetric black hole. As explained in the previous section, the black hole
potential can be deduced from the (B.I) formula, by using the symplectic matrix (B.3),
which reads

SES
[a)
|
8=
[a)

(x)*+(@)? 0 _% 0

T

0

8=
)
SIS

where we have used the notation z = z + 1y.
We now look for a general constant symplectic matrix commuting with ([.7). Given
the simple structure of M, we can see that

o 0 0 —ic?
S = — cos[d] ( 0 U3> + sin[6] <w2 . ) (4.8)

is appropriate for this purpose. Applying this matrix to the charges we get a new complex
“fake superpotential”

W = it ~do+ it + (g —ip’)z (4.9)
2(z+2)
that indeed differs from ({.J), but gives rise to the same potential Vgy. It is also quite
simple to check that the critical point of this new “fake superpotential” is the non-BPS
black hole, namely ([L.§) with the minus sign. Also, for § = 0, this is proving what we were
expecting: the BPS and non-BPS black hole are related by a sign change in the charges
appearing in the definition of the superpotential.

From the general discussion of section 2, we also know that the superpotentials giving
the first-order equations describing the two types of black holes, namely W = eV|Z|, for
the supersymmetric one, and W = eV|W], for the non supersymmetric one, must be related
by (R.2§). This is indeed what happens for a special choice of the matrix R, which is such
that the norm of the superpotential and the norm of its derivatives with respect to the
moduli fields are exchanged. This is a clear invariance of the black hole potential, which
is given by the sum of the two, but it cannot always be realized with a rotation matrix
satisfying (R.29) with the exception of the case of a single real scalar. The general way to
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|Z]

W

1.9
0.5

1.8

Re z
1.7 0.5 1 1.5 2 2.5 3

-0.5
1.6 1
1.5 -1.5
Re z -2

Figure 1: Plots of the sections of W and |Z| at Im z = 0, for unit charges. Where the central
charge shows a minimum, the “fake superpotentials” crosses zero. Changing the signs of the gy and
p° charges exchanges the two pictures.

construct a matrix that gives the desired result (exchange of W2 with |[9W|?) is to take

no (0% 4.10
_<uA>’ (4.10)

where (for n scalars) the n-dimensional vector u is defined as the unit-norm derivative of

the original superpotential with respect to the scalar fields
BL

'J: -
0w

(4.11)

and the n x n matrix A acting on the scalar field directions is constructed as A = R—Ruu”,
for R a rotation matrix. The relation (R.2§) can be explicitly verified by applying the above

~ (19| W
- - - . . 412
oW ( gn | =Ro=n (g (4.12)

For the simple case at hand, one can also check that the new superpotential is indeed

expressions

the norm of the derivative of the supersymmetric one |[W| = |0|Z|| and that the con-
straint (R.29) is identically satisfied.

4.2 STU black hole

The STU model can be constructed starting from a cubic prepotential

Xtx2x3
F= —¥0 (4.13)
Using special coordinates, the Kéahler potential of the scalar o-model reads
K = —log (—i(z' = 21)(2* — 22)(2* — 2%)) (4.14)

and the central charge follows in the usual way from Z = eK/Q(qAXA — p*Fy). Let us
focus on a choice of charges admitting both BPS and non-BPS black holes. This is the
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case when we have only one magnetic charge p° and 3 electric charges ¢;, i = 1,2,3. For

this choice of charges, the central charge reads
Z =l/? (qizi —i—pozlzZz?’) . (4.15)

The BPS and non-BPS attractor points for the moduli are then given by

2t = —iy /:F—ngg, P —i /:F—qqu, P —i /:F—q(l)qQ, (4.16)
p-q1 P q2 p-qs

where the minus sign is for the BPS black hole (p°q1¢2¢3 < 0 in that case) and the plus sign
is for the non supersymmetric ones (p°q1g2gs > 0). These critical points are both stable,
as shown in [R§]. The non-BPS critical point, however, does not have a Hessian matrix
for the potential which is positive definite, but there are flat directions in the axion sector.
It is clear already from this fact that we should not expect to find a constant S giving
rise to a new “fake superpotential” generating this critical point. Indeed, by constructing
explicitly M for this example we do not find any constant S commuting with it. If, on the
other hand, we truncate the theory setting to zero the axion fields Rez?, we can once more
prove that there is a “fake superpotential” describing the non-BPS black hole.

First of all, we can prove that this truncation is consistent, as the axion equations
of motion are identically satisfied by setting them to zero. We are therefore left with
an effective potential depending only on Imz’ = y* < 0, and this latter follows from the
truncated central charge

1 0/ ls23 y! y? y?
Z:%[—P Y'Yyt @ —@—FQQ —W+Q3 _Fa (4.17)

whose critical point is (4.16), with the minus sign choice. The difference however is that

now the matrix M simplifies a lot

0 0 0 0 soms 0 0 0
0 0 0 0 0 £ 0 0
vy?
0 0 0 0 0 0 yé’yl 0
0 0o 0 0 0 0 0 -
M = vy (4.18)

—yly?y? 0 0 0 0 0 0 0
0 -L£ 0 0 0 0 0 0
0 0 L& 0 0 0 0 0
0 0 0 -L¥ 0 0 0 0

and therefore we can find a constant S commuting with it:
= lag a7 7 c7 9 a/7 ) c? 7 *

S =di b,c,d,a,b,c,d 4.19
where a,b,c,d = £1. For instance, choosing a = —1, b = ¢ = d = 1, we get the “fake
superpotential”

1 0 o3 yl y2 y3
W:% PV Y Yyt @ _W+QQ _W+Q3 U2 (4.20)
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which generates the same potential as ({.17), but the only critical point of W is the non-
BPS black hole with the plus sign in (§.16). Other choices of the signs in the matrix S
give “fake superpotentials” that do not admit critical points in the allowed regions of the
moduli space. Once more, the relation between the two superpotentials is a sign change
in the charges, but we will see in the next section that this is not a necessary condition in
order to find multiple superpotential solutions to the potential constraint.

5. More general solutions

In this last section we consider another simple model with a single modulus. However, we
choose a model that does not allow for solutions of (B.11]), but still admits multiple black
hole vacua. We will be able to identify also in this case multiple superpotentials driving
the first-order equations yielding BPS and non-BPS black holes.

A model with these properties is the one with a cubic prepotential like the STU model,
but with a single modulus and thus only two sections X*:

(xh)?
F= ~0 (5.1)
Let us consider the case of black holes generated by the electric charge ¢; and the magnetic
0.
one p°:
0,3
Z = M- (5.2)
Vv —i(z—2)3
Critical points of the central charge lead to supersymmetric black holes at
. a1
Zz=—0|———=, 5.3

provided p¢q; < 0. Analyzing the full black hole potential we can also find a non-
supersymmetric critical point (and hence a non-BPS black hole horizon) at

. Q1
z=—1 3,0 (5.4)
when p°q; > 0. The Hessian at these points is always positive, but with different eigen-
values. This already implies that we cannot obtain a “fake superpotential” by acting on
the charges in Z by a constant S transformation. This can be explicitly verified by com-
puting M and checking that there are no constant matrices commuting with it. Still, we
can find a “fake superpotential” generating (5.4) by making a field-dependent transforma-
tion as suggested in (B-2§). Following these considerations, the new superpotential cannot
be covariantly holomorphic and this is indeed the case as one can see from the explicit
expression, which reads:
zq1 + pP2%z
—i(z—2)3|

This superpotential clearly differs from (5.9), but gives rise to the same potential Vay

W= (5.5)

through (R.23). This new “fake superpotential” has a single critical point, which corre-
sponds to the horizon of the non-BPS black hole, namely (5.4).
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Finally, it is interesting to note that formally this same superpotential can be obtained
by applying a field-dependent S to the charges defining (p.9). This same S, once the axion
is fixed at the critical point, reduces to a constant matrix that commutes with M in the

same truncated setup, just like in the STU model.

6. Outlook

One of the main reasons why it is interesting that supersymmetric black hole solutions
are described by first order equations is related to the possible existence of an attractor
mechanism for the scalar fields. Henceforth, it is very appropriate to address this question
in the class of examples we have just presented. The non-BPS black holes we have found
in section 3 are for sure attractor points of the potential, as it is clear from the comments
on the positivity of the Hessian of the scalar potential. However, there is more that we
can say, and following the procedure used for the supersymmetric attractors in [ff], we can
derive the attractor equations in an algebraic form.

In [f], starting from the BPS extremality condition D;Z = 0 and using special geometry
relations, one obtains a purely algebraic condition specifying the critical points

Q =1Im (2V) (6.1)

The same argument goes through in our case by replacing the central charge with the
“superpotential” W and the charges with those transformed by the action of the matrix S.
The final outcome is that for these examples the non-BPS critical points can be obtained
by solving the algebraic equation

SQ =TIm (WV). (6.2)

In order to derive this result we had to use the holomorphicity properties of this “superpo-
tential” and therefore we can not get a similar result in the more general case of a real W
generated by some R transformation which is not related to the class just presented here.
Both these classes will be described by the non-BPS attractor equations of 2], though,
and it would be desirable to reach a deeper understanding of the relation between the two
formulations.

Although it is clear that our discussion has an easy extension to black hole solutions
with a higher number of supersymmetries, we have worked for convenience in N = 2
supergravity in four dimensions. In this context, the superpotential yielding BPS black
holes W (¢) is to be identified with the covariantly holomorphic central charge Z(¢), that
specifies the BPS solutions. In fact, the warp factor and the scalar field derivatives are
related to Z(¢) and its first-order derivative by the supersymmetry conditions. We have
been able to generate new classes of extremal black hole solutions where the potential
is not expressed in terms of the central charge Z(¢), but rather in terms of the “fake”
superpotential W (¢). It would be interesting to understand the physical meaning of this
“superpotential” as some generalized (central) charge of the theory. This is especially true
in virtue of the connection between the “superpotential” and the area of the non-BPS black
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hole horizon, that could be suggestive of some relation between this W (¢) and the entropy
functional of [B(].

It is important to understand whether our class of solutions, or others that can be
generated by a similar mechanism, are just special ones inside all non-BPS extremal black
holes, or if there is a general way to argue for the same behaviour for all other extremal
solutions.

Furthermore, the intriguing connection between canonical transformations relating
BPS and non-BPS black holes at the horizon and the S matrix transformation relating
the central charge and the fake superpotentials certainly worths future investigations.

Finally, it would be very interesting to see whether the first order equations we provide
in this note can be extracted from some pseudo supersymmetry transformation of a fully
fledged fake supergravity, and we hope to report on it somewhere else.
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