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ABSTRACT: In AdS, scalar fields with masses slightly above the Breitenlohner-Freedman
bound admit a variety of possible boundary conditions which are reflected in the Lagrangian
of the dual field theory. Generic small changes in the AdS boundary conditions correspond
to deformations of the dual field theory by multi-trace operators. Here we extend this dis-
cussion to the case of vector gauge fields in the bulk spacetime using the results of Ishibashi
and Wald [hep-th/0402184]. As in the context of scalar fields, general boundary conditions
for vector fields involve multi-trace deformations which lead to renormalization-group flows.
Such flows originate in ultra-violet CFTs which give new gauge/gravity dualities. At least
for AdS,4/CFTjs, the dual of the bulk photon appears to be a propagating gauge field in-
stead of the usual R-charge current. Applying similar reasoning to tensor fields suggests
the existence of a duality between string theory on AdS4 and a quantum gravity theory in
three dimensions.
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1. Introduction

In the AdS/CFT correspondence, boundary conditions for bulk fields are related to the
specification of the dual CFT [[]-[]. In particular, small changes in the bulk boundary
conditions correspond to deformations of the dual CFT Lagrangian. Bulk scalar fields in

2 < —d?/4 + 1 provide a particularly inter-

AdSg4,1 with mass in the range —d?/4 < m
esting example of this correspondence. As indicated by the work of Breitenlohner and
Freedman [f], ff], such scalar fields admit a variety of possible boundary conditions. In
particular, one may fix either the faster or slower falloff part of the scalar field at infinity.

The two resulting bulk theories correspond to two different dual CFTs, in which the
field ¢ is dual to operators of dimensions A_ and A; = d — A_ respectively, where
d/2>A_>d/2—1. In [fi, §, it was observed that a general linear boundary condition,

relating the faster falloff part to the slower, corresponds to a double-trace deformation,



adding a term fO? to the Lagrangian of the CFT. Starting from the A_ CFT, this is is a
relevant deformation, which will produce an renormalization-group flow which is expected
to end at the A, CFT in the IR; evidence for this picture has been obtained in [p]-
[1]. Since a double-trace operator corresponds to a multiparticle state, the double-trace
deformations in the CFT have also been related to worldsheet non-locality in the bulk

string theory [[3, [LJ].

In the present work, we conduct a similar analysis for vector fields. The possibility of
general boundary conditions for vector gauge fields was first raised in [f] for d = 3. In a
recent thorough analysis by Ishibashi and Wald [[[4], it was shown that for electromagnetic
and gravitational perturbations in AdS spacetime, both the slow- and fast- falloff pieces
of certain parts of the field are normalizable for d = 3,4, 5; i.e., for bulk spacetime dimen-
sions 4, 5 and 6. As a result, these fields admit general classes of boundary conditions.
We investigate the dual CFT description of such general theories, focusing on the electro-
magnetic perturbations for simplicity. As in the scalar case, we will find different CFTs
corresponding to fixing the faster and slower falloff pieces of the bulk field. Furthermore, a
general local linear boundary condition corresponds to a deformation of the former theory
by a relevant operator, generating a renormalization-group flow which should lead to the
latter.

However, a number of interesting new features arise in the vector case. Some of these
are associated with gauge invariance. In the slow falloff CF'T, the operator dual to the bulk
photon is a CFT gauge field instead of the more familiar R-symmetry current. As a result,
a general boundary condition is dual to a field theory for which the gauge-invariant action
is non-local, though it becomes local in the gauge picked out by the boundary condition.
Other features have to do with the possibility of deforming only certain pieces of the gauge
field, breaking Lorentz invariance as a result.

After posting the first version of this paper on the hep-th arxiv, we became aware
of a body of literature with results overlapping those presented here for the case d = 3.
In particular, the fact that ‘conjugate’ boundary conditions in AdSy are dual to a CFTj3
with a dynamical gauge theory was described in [[5] and discussed further in [[[6]-[[9].
Certain aspects of the general multi-trace deformations and renormalization group flows
were discussed in [[[§-[[§], and these references also study higher spins for d = 3. For spin
1, the conjugate CFT is related to the quantum Hall effect [R0]. For higher spins, there is
a relation to higher spin theories in AdSy; see [@, @] for recent reviews. This earlier work
focuses largely on the CFT point of view; our work provides a bulk counterpart, considers
certain details required to yield a fully local theory, and addresses extensions to d = 4,5,
and the allowed boundary condition for d = 2.

We begin by carefully reviewing the analysis of the scalar case in section §| We then
address boundary conditions for vector gauge fields in section B, drawing heavily on the
results of [[l4]. In section [, we develop our proposal for the dual CFT description. Some
final remarks concerning both vector fields and extrapolations to tensor fields are contained

in section [{.



2. Scalar fields: general linear boundary conditions and double-trace de-
formations

This section reviews the relation between boundary conditions for scalar fields and the
associated deformations of the dual field theory. This correspondence was conjectured
in [, B, derived in [RF, and studied further in, e.g. [P4-P7. Our treatment below is
essentially a Lorentzian version of [RJ], extended in section to the case of scalars with
logarithmic behavior near the boundary of AdS. For simplicity, we use the familiar toy
model of AdS/CFT in which the bulk theory is replaced by a real scalar test field ¢ in
AdSgy.

2.1 Scalars with m?2 > m%F

As stated above, we consider a real scalar field which propagates on a fixed spacetime. We
take this spacetime to be AdSgsy1, with AdS length scale £ = 1. It is convenient to use
coordinates such that the AdS;;; metric is

dr?
1+ r2

ds® = gapdy®dy® = —(1 + r2)dt> + + r2dQ3%_ |, (2.1)
where dQ?lfl is the round metric on the unit S% 1.

Since we are interested in boundary conditions, we first describe the asymptotic behav-
ior of the field. Suppose that our scalar is associated with a potential V(¢) with squared
mass m? = %V” (0). We restrict attention here to the case where the mass is close to, but
slightly above, the Breitenlohner-Freedman bound [f, fi:

2 5 d2
—— 41> > ——. 2.2
1 + m 1 (2.2)
For such values of m, one finds that all solutions to the equations of motion take the
asymptotic form

alz) | A)

A o

¢ —

where z are coordinates on null infinity (OM, also known as the conformal boundary) and

d 1 —
)\i = -4+ 5 d2 + 4m2. (24)

2

) (2.3)

where

Note that (P.J) implies
2> A=A >0. (2.5)

The case m? = —d? /4 involves various logarithmic terms and will be treated separately in

section below.

The boundary condition should be chosen to yield a well-defined phase space. This
occurs when the symplectic structure is finite and the symplectic flux! through infinity
vanishes, so that the symplectic structure is conserved.

The symplectic flux for a scalar field is proportional to the Klein-Gordon flux. See e.g. [@, E], for
general comments on symplectic structures and their role in quantization.



The mass range (R.2) is precisely the range for which all solutions (.3]) are normalizable
with respect to the symplectic structure (see e.g. [B0]). Thus, the only constraint is the
requirement that the flux through infinity vanish. For two vectors d1¢, d2¢ tangent to the
space of solutions, the symplectic flux through a region R of null infinity is

wr(81¢,020) = Ay — A_) /R V(510053 — 61 30200). (2.6)

If our boundary condition is to force (R.6) to vanish for all regions R, then a must be an
ultra-local function of f3; i.e., a(z) can depend only on (x) at a point, and cannot depend
on derivatives of G:

a(z) = Jo(z,8) or [(x)=Js(z,a). (2.7)
Note that in each case, vanishing of (.6) implies the existence of a potential W (3), Ws(a)
such that
ST = O A(e.8) Jr = (AT, (28)

where the normalization factor (Ay — A_) on the right-hand side was chosen for later

convenience. One may further show that all such boundary conditions remain valid when
the scalar field is coupled to gravity; see [BI] for a general analysis and [B2—B7] for direct
calculations. We recall the implications of various choices of such boundary conditions for
AdS/CFT below.?

2.1.1 Fixing «

Because AdS is not globally hyperbolic, we must impose a boundary condition on the
scalar field. Let us first suppose that one fixes the leading behavior by choosing some fixed
function J, on OM and imposing

a(x) = Ju(z), for x € OM. (2.9)

The coefficient B(x) is then to be determined from the equations of motion and the initial

conditions which, for the moment, we take to be given by specifying fixed values of ¢ on
PO

o(x) = ¢p4(x), forxe Xy, (2.10)

A valid action must be stationary on solutions. In particular, we wish the action to be

stationary under all variations which preserve the boundary conditions (R.9) and (R.10).
To this end, consider the action

Sa:cm’bst = _/ (%8¢2 + V((b)) \/__g - %)‘— \/__h¢27 (211)
M

oM

ZWhile it would not correspond to our usual notion of a local bulk theory, one could choose to require
the integrated flux (@) to vanish only for a certain family of regions R. For example, if vanishing flux
is required only for regions bounded by ¢ = constant surfaces then the boundary condition J.(z,3) can

be taken to be non-local in space (but still ultra-local in time), so long as 6;5‘(%) is an appropriately self-

adjoint operator; i.e., so long as the potential W, continues to exist. Such settings may also be of interest
for AdS/CFT. Further generalizations should also be possible if one is willing to add extra boundary degrees
of freedom.



where M denotes a region of AdS;.1 bounded to the past and future by Cauchy surfaces
3, %, though we abuse notation by continuing to use M to denote only the boundary
at null infinity. As noted in 27, the action (R.11)) is equivalent to the “improved action”
advocated by Klebanov and Witten (see equation (2.14) of [B(]]) for configurations satisfy-
ing (2-3). In (R.11), h denotes the determinant of the (divergent) induced metric on null
infinity.

We now compute variations:

5Snconst = / VI (V26— V'(6) 56— [ VTR(n%0a)56— A / VoR$66, (2.12)
M oM

oM

where n is the outward pointing unit normal to M (i.e., with n*nbg,, = £1) and we have
used (2.10) to show that the boundary terms at ¥4 vanish. We have

V=h(n%9,¢)6¢ = — V(M A= A_ada + A_adB + Ay o),
oM oM
/ V—hedp = / VAt A= ada + adf + Boa), (2.13)
oM oM

where Q is the determinant of the metric on the unit S~! sphere, and we have neglected
terms which vanish in the r — oo limit. In particular, we have used the fact that n%9d, =

(Vr2+1)0, = (r + O(r~1))9, and (R.§). As a result, one finds

0Sazconst = | V=9 (Vo =V'(9)) s+ (A —A) [ VQgsa. (2.14)
oM oM
Since (R.9) implies 6o = 0, we see that (R.11]) indeed provides a valid variational principle
for such boundary conditions. A similar calculation shows that under the same boundary
condition the action Sq—const is also finite when the equations of motion hold.

Now, the variation of a path integral with respect to some family of deformations may
be taken to define an operator. Furthermore, in the semi-classical limit, variations of the
path integral are given by variations of the on-shell action. Consider then the operator O,
in the dual CFT whose matrix elements are given in this approximation by the variation
of the bulk on-shell action with respect to Jo(x):

1 6504:00715
(Oa) = ﬁTt = (Ay —A-)B. (2.15)

It is convenient to denote a generic matrix element by (O,) and to leave implicit the
specification of states between which the matrix element is computed.

The choice of states between which one computes the matrix element (O,) determines
the boundary conditions at ¥+ and as well as additional boundary terms at ¥4 which must
be added to Sq—const- For simplicity, we have suppressed such details here. As discussed
in [BY, the net result of adding the additional terms and altering the boundary conditions
is that (R.14) is unchanged, though the solution on which (R.14)) is evaluated depends on

the choice of states.



2.1.2 Fixing

For masses in the range (, one may similarly consider a theory with boundary condition
B = Jg(x) [B, B]. An appropriately stationary action for such theories is given by

Spcama = = [ (306 +v(@)) vEa+ [ Vehomgoor o [ VR
M\ 2 OM 2

oM

= Sa—const — (Mg — A_) /BM VQsa, (2.16)

for which we have
6S5—const = / V=9 (V26 —V'(¢)) 66 — (\+ — A2) VQas. (2.17)
M oM
In each such theory, there is an operator Og associated with deformations of Jg:
i 5Sﬁ:const
Va8

As conjectured in [BJ] and discussed in detail in [[[(], the bulk theory with 8 = 0 boundary
conditions is dual to a CFT for which the generating functional for planar diagrams is
related to that of the o = 0 theory.

(Og) = = —(A\y — Ao (2.18)

2.1.3 More general boundary conditions

Two particular classes of boundary conditions were considered above, defined by fixing
either the value of a or § on OM. We now wish to consider the more general boundary
conditions (R.§), starting with the case defined by a potential W, (3). From (R.14) we
see that with the boundary condition (R.7) the original action Sa—const (B-11]) is no longer
stationary on solutions. The full action must be of the form

SWQ = OSa=const T B(a) (219)

On-shell, and for fixed boundary conditions at ¥, we clearly have

1 0B

——0 2.2

5Sw, = /aM VQ [(M — \_)Bda +

so we must choose B to satisfy
0B
ge!
Let us now ask about the field theory dual of the bulk theory defined by the general

boundary condition (7). The action of this theory will differ from the action SZZ, of
the @ = 0 CFT by some term ASTT. One may calculate how such a theory is related to

= —(Ay — A8V (2.21)

the a = 0 CFT by considering a continuous deformation along the one-parameter family
of boundary conditions o« = A\J(z,3) for A € [0,1]. The argument below is essentially a
Lorentzian version of the argument of [23).

Suppose that one deforms some such boundary condition by a small amount dA. We
may compute the corresponding deformation 657 = 9y\S¥T§\ of the dual field theory



action using the AdS/CFT version [B§ of the Schwinger variational principle [B9-[]
to compute the matrix element of 9yS¥T between two states |1),[12). Let us define
War(W1,92) = (W1|(SET — SEL V|thy). The Schwinger principle relates the variation of
the inner product (11]1)2) element to the variation of the action as follows:

NWar(¥1,92) := (1h1|0\STT [ha) = —iO (1 |1h2) = 8A5Af11§2= (2.22)

where the function 5’1/21“152 is built from the action Sy, (R.19), together with the bulk wave
functions corresponding to the states [¢1), [t)2). Furthermore, the boundary conditions for
the variation are such that S, Ads on the right-hand side of (R.22) is to be evaluated on the
particular solution which Causes all »* boundary terms in 5SAdS to vanish [B§]. This is
just the condition that the classical solution considered is the proper stationary point of

the path integral to approximate matrix elements between |¢)1) and |¢)9).

As a result, (£.22) is given just by the terms in 6Sy, on OM:

MWWan = O\B + VOAL — A_)B0za. (2.23)
oM

Functionally differentiating this relation with respect to 3 yields:

o
BA(WW aA— + VO — A)dha +/ VO, — )ﬁaA 55 =V — A )dha,
(2.24)
where in the last step we have used (P21)) and the rule & W = fom &fﬁ 3 6%%96).

When acting on «, the derivative with respect to A produces two types of terms: those
associated with the explicit variation of the form of the boundary condition (P.7) which
relates o to B as well as an “implicit” change resulting from a possible change in the value
of 3 itself. The point here is that 3 is in general evaluated at some point between ¥ _
and X, and so must be determined from the fixed boundary conditions at ¥ via the A-
dependent dynamics. As a result, we see that Wa, A1, ¥2) = Wy A(B) for a function Wy, 5
whose explicit form satisfies a version of (R.24]) in which the right-hand side is understood
to represent only the explicit change in the form of «. Integrating from A =0 to A = 1,
and using axy—g = 0 and W, x—¢ = 0 then yields

1 6Woaet
NoRREE

so that W, y—1 is just the potential W, in (R.§) which was guaranteed to exist by (B.5). The
result (R.25) gives a version of the relation from [f], §] consistent with the normalizations

of (R.19).

Using large N factorization, we see from (P.15) that

= A+ — A )a, (2.25)

FT __
AS™T = Wal,_

1, HOW/N), (2.26)

since the matrix elements of the left and right-hand sides agree between any two states
|11}, [t2), up to 1/N corrections.



Similarly, one may show that the field theory action differs from that of the g8 = 0
CFT by the term

ST — SELy =Wy _ + O(1/N), (2.27)

-1
XA Op

where Wy satisfies

1 0Wpg _
ﬁﬂ =—(Ar —A)p. (2.28)

2.2 Saturating the Breitenlohner-Freedman bound

Let us now consider the case saturating the Breitenlohner-Freedman bound, where the

asymptotic behavior is
alz)Inr N B(x)

¢ — 5 ra2
In analogy with (R-I1]), consider the action

(2.29)

Suco = /M (%a& + V(¢>>> NN e (2.30)

oM

for which we find

0S40 = — /M VQa(nréa + 44). (2.31)

We see that S,—q yields a satisfactory variational principle only for the boundary condition
a=0.
To fix a to some other value (o = J,(x)), we can use

So—j, = Sa—o + VQBJ,. (2.32)
oM
Performing the usual calculation then yields
L 5Sa:const
NI

Furthermore, if we deform the o = 0 theory to a theory with boundary conditions a =

J(z, ) satisfying (B.5), the arguments of section (.I.3)) lead to the conclusion that the
action of the dual field theory has been deformed by the addition of W, (O,) where

(On) = ~ 8. (2.33)

1 oW,
_ = 2.34
VQ 03 (2.54)
In the same way, considering deformations of the 5 = 0 theory yields

1 556:0071515
Og) = ——=—2 — g, 2.35
O = 555 (2.35)

and L s

1 Ws _ ~B. (2.36)

VQ da
However, in this case the 8 = 0 theory is not precisely conformal [f]. Instead, it has a
logarithmic behavior associated with the Inr in (R.29).



3. Boundary conditions for vector fields

In section P above, we reviewed the freedom of choosing boundary conditions for scalar
fields. It is natural to expect that similar choices of boundary conditions are allowed
for spinors, vectors, and tensor fields in AdS;1; with similar interpretations in terms of
deformations of the dual field theory. In the scalar case, the range (P.2]) of masses for
which such boundary conditions are allowed depends on the dimension d. One expects
similar results for higher spin fields but, for the vector and tensor case, we note that one
particular value of the mass (zero, in the obvious convention) will be associated with gauge
invariance. Thus, if one focuses on either vector gauge fields or the linearized graviton, one
expects general boundary conditions to be allowed only for certain dimensions d. In fact,
such boundary conditions exist for d = 3,4,5, though only for d = 3 will they preserve
Lorentz invariance.

For simplicity, we focus here on case of a vector field A, satisfying the source-free

Maxwell equation

V, PR =0, (3.1)

though the tensor case is clearly of interest as well. From our perspective, the fundamental
question is what boundary conditions turn the space of solutions to (B.I) into a well-
defined phase space. Any such setting leads to a well-defined (though not necessarily
renormalizable) framework for perturbative quantization [R§, 2, E3]. In particular, we
ask under what boundary conditions is the symplectic structure both finite and conserved,
meaning that no symplectic flux flows outward through the AdS boundary oM.

3.1 Symplectic flux through oM

Let us first consider the symplectic flux through a region R C OM of null infinity. We
will take our Maxwell field to have the usual symplectic structure:

wR(51A,52A) = —/ vV —hn“(élA”égFW — (52AV51FMV). (3.2)
R

One might also consider modifying (B-2)) by the addition of boundary terms. We will not
do so here, though one should bear in mind that allowing such generalizations will enlarge
the space of allowed boundary conditions derived below.

Introducing indices I, J, K ... which run over directions in OM, it is clear that the
flux (B.9) vanishes whenever the pull-back A; to M of A, is appropriately related to the
projection F! to OM of

V=h

FY = 7 n, " = —rin, P, (3.3)

where the factor of —r? is chosen to simplify later expressions. That is, we wish to impose

either
A[ZJAI(.%',F|8M) or FIZJFI(l',A|8M), (3.4)
where 57 57
A FI
d 3.5
ar " Ba, (35)



must be symmetric in order for wr to vanish. The symmetry conditions (B.§) are just
the integrability conditions for the boundary conditions (B.4) to be specified in terms of
potentials W, W3 such that

VQ OFT’ =0 6AL

Ja, = (3.6)

Since the boundary conditions (B.4) are local on M one expects that these theories
are fully local. In particular, one expects that the advanced and retarded Green’s functions
G*(z,y) vanish unless 2 and y are connected by a causal curve.

Before proceeding, let us make a few observations about the effects of gauge symmetry
and charge conservation. In (B.§), we considered Wy to be some fixed functional of an
arbitrary vector field F! on the boundary. However, due to charge conservation, F! is
divergence-free on-shell:

DrF! =0, (3.7)

where D! is the covariant derivative on the boundary. Thus, if one instead considers
W4 as a functional of the on-shell fields, the variations of F are constrained by (B.7)
and the functional derivatives (B.6) are ill-defined. However, the ambiguity is just that
associated with the gauge freedom; under a gauge transformation A, — A, + d,A we have
Ja,r — Ar+0rA. Similarly, due to (B-A), we must have D;Jpr = 0 on shell. Thus, on shell
and when the boundary condition holds, Wr must be equal (up to boundary terms at ¥4)
to some gauge-invariant functional of Aj.

3.2 Normalizability and boundary conditions

We now turn to the question of normalizability of the modes with respect to the symplectic
structure. A related normalizability criterion was analyzed in [[4] by Ishibashi and Wald,
whose results will be of central use below. The results of [[4 are stated in terms of a
decomposition of the vector field A, into vector and scalar parts with respect to some
SO(d) symmetry in AdS41, which we now recall.

3.2.1 Preliminaries

We begin by introducing notation in order to recall the results of [[[4] and to reformulate
these results in a more transparent form. One notes that spheres invariant under the SO(d)
symmetry foliate the spacetime, and that the spheres themselves can be labelled by the
coordinates y?, a = 0,1 with y° = t,y' = r. It is convenient to introduce an associated
two-dimensional metric

dr?

72 b_ (2 2
ds = gupdy®dy’ = —(r* + 1)dt —}—m,

(3.8)

with metric-compatible covariant derivative Va, and Levi-Civita tensor g, satisfying €, =
1. On the unit sphere S, we introduce coordinates 2, i = 1...d — 1, and we take the
metric and covariant derivative on the unit sphere to be €2;;, D;.

,10,



It is useful to introduce orthonormal bases of scalar and vector eigenmodes of the
Laplacian on S9!, satisfying

(D? + k%) Sps = 0, (3.9)

. SksSky, = Otk (3.10)

(D? + k¥)Vig, =0, Q9D;V,;, =0, (3.11)
/Sn Viky Vi Q9 = kS ke (3.12)

where D? = QY D;D;. The normalization (B.12) differs from the one used in [[4], but is
useful to display certain parallels between the vector and scalar parts.

Using the above bases, one can decompose A, into a vector and scalar part with respect
to SO(d):

Ay = A} + A, (3.13)
where
AV dat =" by, Vi, d2', (3.14)
kv
and
ASdat = " AapgSpgdy® + Apg DiSpgdz". (3.15)

ks
Gauge transformations affect only the scalar part; the gauge-invariant information in the
scalar parts is contained in a scalar mode ¢g 1. defined by?

Vadshs = €apr® > (VP Ay — Azs)- (3.16)

We emphasize here that ¢g g, dv iy, Arg depend only on the y* coordinates; that is, they
are fields only on the two-dimensional quotient space AdSg11/SO(d). In [14], it was found
that for these two scalars fall off at infinity as

Oy = Vi) + Bypy 72+ O ) + O(r™?),d # 2 (3.17)

é . Oés,ksTd_4 + ﬁs,ksTO + 00 )+ 0% for d#4
Shs = Bs kg + askgInr +O(r=2Inr) for d=4

Note that there are no vector modes for d = 2, as all vector harmonics with non-zero

(3.18)

angular momentum on S' are the gradients of scalars.
Equations (B.17) and (B.1§) are the main results we take from [[[4], but it will be useful
to summarize these results in a somewhat more local and covariant form. To this end we

construct fields ag, Bs, a;, B; on the boundary from the modes ag kg, Bs kg OVky s Bvky, as
follows:

aS(Ziat) = ZaS,ksSks’ BS(Zi?t) = st ﬂS,ksSks,
ks

ai(2,t) == ZOZV,kVVz‘,kV, Bi(2't) = 2p, Bviky Viky- (3.19)
ky

3Note that such scalar modes are defined only for on-shell field configurations; the form on the right-hand
side is closed as a consequence of the equation of motion (E)
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Similarly, we introduce

o5 = Z¢S,kssksa and the “pure gauge” field A(z%,t,r) := Z Ao (t,7)Skg, (3.20)
k:s k‘S

so that we may write

bg = asr®™ + Bsr® + O(r=2) + O(rd4=6) for d+#4 (3.21)
B aglnr+ Bgr+ O(r=2Inr) for d=4 ’ '
A = DiA + i (25, t)r0 + B (25, )+ O(r72), (3.22)
Ay = A+ 1"V, 05 = 0 A+ cs(d)as + O3 + O(r2), (3.23)
and
A, = 0, A+ 17,0, (3.24)
where

cs(d) = {1(d -4 fgr‘ilit . (3.25)

Furthermore, note that F,; = €, F where
F=—(1/2)e®Fy = —Vor?~9We%g = D*pgr' ™, (3.26)

and where the last step follows from the equation of motion for ¢g (eq. (67) from [[4]).
Thus we may write

D?(agr®™* + B¢) + O(rd4=0) + O(r2) for d #4

Ft — d Fut —
mw { —D?*(aslnr + Bs) + O(r—2Inr) for d=4

(3.27)

and

Fio— —rdnuF“i —_Qu [@tqubS + rd*2n“@u(z4j - DjA)]

Qi <rd_4@tDjoz5 + @tD]ﬂs - (2- d)ﬁj) +O(r2) 4+ O(r4=0) for d +# 4
- - . (3.28)
Qg (VtDjas Inr+VD;fBs — (2 — d)ﬂi) +O(r—2lnr) for d = 4

These results summarize the asymptotic behavior of the gauge field and form the corner-
stone of the normalizability analysis below and in [[[4].

3.2.2 Normalizability of the symplectic structure

The most familiar AdS/CFT boundary conditions for a vector field are to fix A; on the
boundary [B]. From (B.14), (B.29), (B.23) we see that this corresponds to fixing o, ag,
and also the “pure-gauge” field A. This is true even for d = 2,3, where (g is the slower

fall-off part of ¢gj,. This alone is enough to make one suspect that more general boundary
conditions should be available, and to motivate a general study.
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As stated above, a boundary condition of the form (B.6) will be allowed whenever it
renders the symplectic structure finite. Computing the symplectic structure on a hyper-
surface X defined by t = constant using (8.22)), (B-23), (B.24), and the fact that the vector
modes are divergence-free on S 1, we find

wg((SlA, (SQA) = —/ \/a t'u((slAy(Sng/ — 52AV51F“,,)
>
= - / VAT zdr rTO0Y (8105 + 6182 DV (6a0y + G232 %)
>

—/ VQd* 1 zdr rl_d(@t51¢5)(D252¢S)]
b

—|—/ VQdT 2 51 A8y F + (1 < 2) + finite, (3.29)
1)
where t# is the unit normal to ¥ and ¢ is the determinant of the metric on ¥. In (B.29),
the terms implicit in “finite” come from the higher order corrections in (B.21)), (B-2§) and
are explicitly finite for 2 < d < 6, which will be the cases of primary interest.

For the vector modes, the inner product studied in [[[4] agrees with (B.29) up to a
factor of the mode frequency w. For the scalar modes, the inner product agrees up to a

factor of w and a factor of k% Thus, the desired normalizability results are directly related
to those of [[L4]:

e d < 1: Since the bulk spacetime dimension is < 2, there are no propagating modes
for A,. This case is trivial.

e d = 2: There are no vector modes, and the the 3g 1, modes fail to be normalizable.
We therefore choose to fix Bs = Js,(z) for all ag. From (B.27) we see that for
d = 2 the contribution of ag to F! vanishes at M. Thus, fixing (g is equivalent
to imposing F! om = JF1 (), where Jpr is independent of the dynamical fields. We
must also keep the pure-gauge field A from growing too quickly at infinity. This is
easily accomplished by imposing the gauge condition Q% D;A; = O(r?).

e d = 3: All modes ag, Bg, a;, 3; are normalizable so long as the pure-gage field A is
finite on M. Thus, any boundary condition of the form (B.4) is allowed.

e d = 4 or 5: The ay, modes fail to be normalizable and must be fixed. From (B.29)
we see that, up to gauge transformations, this is equivalent to imposing Ai| oM =
Ja,(x), where Jy, is independent of the dynamical fields.

If one considers only the integral over ¥ in (B.29), then all scalar modes are nor-
malizable. However, because F'! is divergent for d = 4,5, there is a potential for
the final term involving the pure gauge field A to alter this conclusion. We remove
this possibility by noting that the above boundary condition on A; fixes A on the
boundary and by also imposing the gauge condition QYD;(A; — Ju;) = O(1/r). We
may then use any boundary condition of the form

1 0Wy, ¢ 1 0Wpge

T Vo ort T T TR 6A,

A, (3.30)
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where Wy, is the integral of a local function of F'* alone or W is the integral of a
local function of A; alone.

As noted above, F' is divergent for general values of ag. Nonetheless, we may
display the above boundary conditions in a manifestly finite form by introducing the
quantity FBIS:O’ defined by setting Bs g = 0 in the mode expansion (B.27), (B-2§) of
FI. We also introduce Fﬁls only “= Fl— Fészo which is finite on OM. We may then
reformulate (B.3() as

1 oWy 1 5WF
or Fég only —

A= — T T =" 0
' \/ﬁéF[gs only \/ﬁ 5At

where WF = Wgp + Fés:OAt' Choosing W4 to be a finite function of Fés only OF

choosing W to be a finite function of A; results in a well-defined boundary condition.

(3.31)

e d > 6: Neither the ay, modes nor the agy, modes are normalizable. We must
impose AI{@M = Jy,(x), with J4, is independent of the dynamical fields.

Ishibashi and Wald studied the case of linear boundary conditions in detail, and ob-
tained interesting results as to which boundary conditions yield stable bulk theories. In
contrast, our desire is to understand the general boundary condition above in terms of
deformations of the dual field theory. We turn to this question in section [] below.

4. Dual CFT description

For a scalar field with o completely fixed by the boundary condition, the expectation value
of the operator dual to deformations of « is given by (Ay — A_)3. The dimension of this
operator is thus related to the scaling of 8 in the bulk spacetime. Similarly, if we fix the
value of 3, the dimension of the operator associated with variations of ( is related to the
scaling of « in the bulk spacetime.

Here we study the corresponding relations and the details of the operators dual to a
vector gauge field. At least for d = 3, we expect to have two operators O A7I and Op dual
to variations of A; and F! respectively. Now, under a scaling » — Ar, the components of
the gauge field scale as A; — A, while FI — A @F! Thus, dim (’)A,I = dim F' =d—1,
which has the right dimension to represent a conserved current.

On the other hand, dim Op; = dim A; = 1. We note that this agrees with the results
of [[L7] obtained by CFT methods. At first, this may seem like a surprisingly low dimension.
Indeed, the dimension of local vector-like observables in a unitary CFT is bounded below
by d — 1 (see e.g. [f4]). The natural conclusion [[[, [[7] is that O is not strictly a local
observable, but instead represents a U(1) vector gauge field in the CFT.

The details of this picture are discussed below. We present bulk actions appropriate to
each of the boundary conditions stated in section P and discuss the corresponding implica-
tions for the dual field theory. In order to neglect certain additional terms which contribute
in higher dimensions, we restrict attention to the case 2 < d < 5, which encompasses the
most interesting cases identified above. The generalization to higher dimensional cases is
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straightforward. We proceed in parallel with our treatment of the scalar field in section P}
first reviewing the case where one fixes A; or F! alone, and then considering more general

boundary conditions.

4.1 Fixing A; on the boundary

As noted in section (B.2), for d > 3 we may choose the familiar boundary condition
Ar = JA](x)v (41>

where J4, independent of any dynamical fields. For this boundary condition, consider the

action

1 —
SA:const = _Z /M Vv _gFHVFﬂV + /8,/\/1 _hnﬂAVFéL;jﬁv:O’ (42)

where F é‘: By—0 18 constructed (in analogy with F' 5;:0 above) by setting 8s ks = Byx, =0
in the mode expansion of F'*¥ for all kg, kyy. We also define the analogous F éS By=0-
From (B.23), (B.29), (B.27)), and (B.29), it is clear that Fés 5= 18 a local function (on

the boundary) of A and its derivatives. As a result, under a general variation which

o

fixes boundary conditions at ¥4, we find
05 A=const = / \/QFBI only(;AI, (43)
oM
where Fﬁ[ only = FI — Fé& By =0 and we have used the equations of motion for the back-

ground. Clearly, ([.3) vanishes when the variation preserves ([L.I]). The corresponding dual

operator (91]4 satisfies

1 0S5 A—const
Iy - ZrA=const . 4.4
<OA, > \/ﬁ 5 :]I B only ( )

Of course, conservation of this current follows from gauge invariance, and it is natural
to introduce the notation j1 = O4f. This is the familiar AdS/CFT duality for vector
fields [B].

4.2 Fixing F! on the boundary

For d = 2 and d = 3, we have seen that an allowed boundary condition is to set
FL = Jpr(z), (4.5)

where Jpr is independent of any dynamical fields. From (B:27), (B-2§) we see that, for

such values of d, the condition (L) fixes Bsk, and Py, but leaves agjr, and ay,

unconstrained. For d = 2 this in fact the only allowed boundary condition in our class.
For the boundary condition ([t.§), consider the action

1
SF:const — —Z /M vV —ng/F‘uV + o V4 —hn“A,,F‘W. (46)

Under a general variation which fixes boundary conditions at 4, we find

0SF—const = — \/ﬁA[(SFI, (47)
oM

,15,



where we have used the equations of motion for the background. The result ([£.7) vanishes
as required when the variation preserves ({.1). The corresponding dual operator Op s
satisfies 1 49

(Op1) = ﬁ% = —A; + OA. (4.8)
Here A is an arbitrary function on OM introduced to take account of the fact that,
since ([.§) uses the on-shell action, variations of F! are constrained to satisfy DyF! = 0.
Thus, functional derivatives with respect to F! are inherently ambiguous. This ambiguity
strongly suggests that O F7I is itself a vector gauge field in the dual theory. For d = 3, this
conclusion was reached previously in [[5, [[9] using related path-integral reasoning. As ob-
served in [[I7], the well-defined (i.e., gauge invariant) part of O F,I is inherently a non-local
operator and is thus not subject to the bound A > d — 1 on the dimension of local vector
operators.

Recall that for d = 2,3 the engineering dimension of a vector gauge field is 0,1/2. In
contrast, dim Op; = 1, so the anomalous dimension of this operator is 1 for d = 2 and 1/2
for d = 3. From this point of view, it is no surprise that there is no F¥ =0 CFT for d > 4;
such theories would necessarily contain operators with negative anomalous dimension. The
case d = 4 is clearly marginal, and the F! = 0 theory fails to be conformal due to the

logarithmic behavior at large r.

4.3 More general boundary conditions

For d = 3 we may consider any boundary conditions (B.4) determined by some W4 or Wpg.
A general class of boundary condition (B.30) is also available in d = 4,5. There we cannot
consider the theory as a deformation of the F/ = 0 theory (which does not exist), but it
does make sense to define the theory through any functional Wy = Wy, + [ VQJ 4,
where Wy, is an integral of a local function of F*.

Let us therefore consider (in d = 3,4,5) such a boundary condition as a deformation
of the A; = constant theory via the action

Swa = Sa=const + Ba(Al,,,)- (4.9)
It is clear that for this action is to be stationary on solutions we must have

L@ —
\/56—’4[ B only*

It is also clear that B, is local on the boundary and, since F! is conserved, B, is gauge-

(4.10)

invariant at least on-shell. The same calculation as in section J| now shows that the defor-
mation of the dual field theory action is the Legendre transform of B 4:

(ASTTY = B, — /6 y VOF} Al (4.11)

Assuming that our boundary condition associates every FBI only with some A;, we may
regard (ASYT) as a function of F}

B only*
ate ([E11]) with respect to F| é onily- However, since we have worked on-shell, our expression

One would now like to functionally differenti-
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(ASTT) is only defined for divergence-free vector fields F é onty- The result is therefore

1 §(ASFT)
———— = —A; + 0/A. 4.12
\/ﬁ 5FBI only ! ! ( )

Except for the term 9;7A, this is the equation (B.6) satisfied by W 4. Thus we find AS¥T =
W4 + constant up to a term of the form faM \/ﬁFé Only@;A. Since 8]Fé only
the large N limit of the dual field theory, this amounts to the expected statement that

= 0 in

ASYT = W4+ constant up to 1 /N corrections (and perhaps a boundary term at ¥4). The
behavior at higher order in 1/N is determined by the structure of gauge anomalies in the
bulk theory.

Similarly, for d = 3 one may regard a generic boundary condition as a deformation of
the FI = constant theory via the action

SWF = SF:const + BF(F‘BM)v (413>

defined by
1 éBp

VQ OF!

where A is arbitrary. Since the construction of the dual field theory deformation proceeds

= A; + OrA, (414)

on-shell, this ambiguity in Br leads at most to a boundary term at 4. Again one finds
that the (ASY™) is the Legendre transform of Bp.

We wish to regard (ASYT) as a functional of A;. Because we now work on-shell,
simply using the boundary condition to replace F! by A; would define (AS*™) only for
those A; for which the boundary condition yields divergence-free F!. Let us therefore

consider only boundary conditions for which every A; differs from some A?w*f ree

only
by a gauge transformation, where ACIm*f "“® is a connection associated by the boundary
condition to some divergence-free F'/. This is the natural analogue of the condition imposed
above in discussing deformations of the A; = constant theory. Since ASTT must be gauge-
invariant up to boundary terms, our new assumption allows us to define (AS¥T) for all A;.

Taking a functional derivative then shows that for any A?w_f "¢ we have ASYT = Wp,

up to an additive constant and the usual boundary terms at X*. Thus, AS¥T is just the
gauge-invariant version of Wy mentioned at the end of section .1
Let us examine the particular case of linear boundary conditions in detail:
I 1J
Fj onty =7 " A, (4.15)

for some !/ with inverse 7. (For d = 4,5 we must have v7; x 0707 and 17 does not
exist.) Note that all solutions satisfying (l.15) will also will satisfy the gauge condition

Y1A; =0. (4.16)
For d = 3 we have

1
Wp=o [ VOAAn" =2 | VoA - 07 oy or) Ay, (4.17)

oM oM
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where [, = v17970; and the inverse is defined using Dirichlet boundary conditions at Y.
In the last step, we have used the gauge condition ({.16)). Note that this final form of Wg
is invariant under gauge transformations which vanish on .

The relevant (dim = 2) operator (f.17) will generate a renormalization-group flow
away from the F! = 0 CFT. The deformation is non-local when expressed in terms of
gauge-invariant operators, but becomes local in Lorentz gauge. This is consistent with the
fact that the bulk theory in this gauge satisfies local field equations and a local boundary
condition. Although there is no F! = 0 CFT for d = 4,5, we will discuss a similar UV
fixed point for d = 5 renormalization-group flows (and a logarithmic theory for d = 4) in
section [£.4] below.

Of course, we can also describe a general boundary condition as a deformation of the

A;r=0CFT by
1
WA = 5/\/5Fﬁ[ onlyFéjonly’YIJ’ (418)

which is an irrelvant operator of dimension 2d — 2. As in the case of scalar fields, it is thus
natural to conjecture (for d = 3) that the renormalization-group flow from the F! = 0
theory in the UV has an IR fixed point at the A; = 0 CFT. See [[L6, [[7] for further
discussion of such flows from the CFT point of view.

4.4 Hybrid Boundary conditions and their deformations

As noted above, in d = 4,5 the boundary conditions F/ = 0 are not allowed due to the
failure of the vector modes associated with ay to be normalizable. However, the scalar
modes ag are normalizable, and one may consider ‘hybrid’ boundary conditions of the
form

A= Ja(x),  Ff oy = Jpe(2). (4.19)
For J4, = 0 = Jpt, these boundary conditions are again conformal for d = 5, though for
d = 4 conformal invariance is broken by the logarithmic dependence on r. Furthermore,
such boundary conditions may be deformed to yield any relationship of the form (B.31)).
These boundary conditions may also be used in d = 3, where other hybrid options also
exist. For simplicity, we confine ourselves here to (), but the other d = 3 hybrid
boundary conditions can be handled similarly.

Consider the action

Shybrid = SA=const — oM v _hAtFé only* (420)
Under a general variation which fixes boundary conditions at ¥4, we find from ([£.3)) that
0Shybrid = /a VQ (FﬁZ only(SAi — At(;Fé only) , (4.21)

M

where we have used the equations of motion for the background. Clearly, (JL.21]) vanishes
when the variation preserves (f.19). The corresponding dual operators (’)%7, Or, satisfy

(047) = 1 OShybrid _
) \/ﬁ 5Az B only>

1 dShybrid
(OFy) = 7 Myw = —A,. (4.22)

,18,



Here there are no restrictions on F?, so that the functional derivative % is well-defined.

The result is a set of local operators. For d = 5 these operators have conformal dimensions
dim (DAvi =d—1and dim Op; = 1.

Much as with the d = 3 theory with F! = 0, for d = 5 we may regard the hybrid
theory with J4, = 0 = Jp¢ as a UV fixed point which we can deform by relevant operators
(such as [, M VQA;Ay) to generate a renormalization-group flow. Again, we expect that
this flow leads to an IR fixed point corresponding to the Ay = 0 theory. Although the
hybrid theory breaks Lorentz invariance, we see that Lorentz invariance is restored at the
IR fixed point.

Our hybrid theory also has an interesting class of marginal deformations. Given any
anti-symmetric tensor wyy, we may consider

Ww = \/ﬁwitOF,tOAj = — \/ﬁwitAtFéonly? (423)
oM oM

which leads to boundary conditions related to ([.19) by a Lorentz transformation. Due to

Lorentz symmetry in the bulk, this operator should be exactly marginal at all orders in
1/N.

5. Discussion

In this work, we have studied field theories dual to AdS theories with deformed boundary
conditions for vector fields. Our analysis used results from [[4] concerning the asymptotics
of vector gauge fields in AdS,; to read off the general local boundary condition which leads
to a well-defined phase space, and thus to a well-defined quantum theory. We then used the
bulk action and the Schwinger variational principle to construct the associated multi-trace
deformations of a dual CFT. The results are qualitatively similar to those obtained for
general scalar field boundary conditions [fi, B, B3], which were also reviewed in detail.

The results are best summarized separately for each dimension d. The cases d < 1 are
trivial as vector gauge fields have no propagating degrees of freedom.

For d = 2, there is a unique allowed class of local boundary conditions F'! = constant.
In particular, the most familiar boundary condition A; = constant is not allowed, as it
would fix all of the normalizable modes. This can be understood intuitively by considering
the description in terms of a dual potential in the bulk, as in [[[5]. In three bulk dimensions,
this is a massless scalar field defined by *F = d¢, and F! = constant corresponds to the
usual boundary condition for the scalar, fixing the slower falloff part.

In the original Maxwell field picture, one expects the dual operator to be another U(1)
vector gauge field, and not the usual R-charge current. However, this vector gauge field is
a dimension 1 operator (i.e., its anomalous dimension is 1 as well), and so has the same
dimension as a conserved current. We also note that the typical AdSs gauge fields which
arise in AdS3/CFTs are not strict Maxwell fields, but have Chern-Simons terms which in
d = 2 effectively provide a mixing between A; and F!. Clearly, these Chern-Simons terms
should be taken into account in a complete analysis.

The most general boundary conditions arise for d = 3, and the results are similar
to those for scalar fields near, but slightly above, the Breitenlohner-Freedman bound.
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For d = 3, any local boundary condition relating A; and F' is allowed, so long as it is
determined by a potential, see (B.6). We find Lorentz invariant CFTs associated with the
boundary conditions A; = 0 and F! = 0, and any linear boundary condition is associated
with a renormalization-group flow from the F! = 0 theory (the UV fixed point) to the
Ar = 0 theory (the IR fixed point).

As in the case of d = 2, the dual operator in the F/ = 0 theory is a vector gauge field
with conformal dimension 1. Using the associated gauge freedom, the relevant operators
that generate such renormalization-group flows can be expressed in two distinct ways.
When expressed in a gauge-invariant form, the operator is non-local. However, with the
gauge condition implied by the general boundary condition, the operator is completely
local. This is consistent with the fact that the bulk theory in this gauge satisfies local field
equations and a local boundary condition. In particular, the bulk advanced and retarded
Green’s functions G*(z,y) vanish unless z and y are connected by a causal curve. Since
the supports of advanced and retarded Green’s functions in the CFT are given by the
boundary limits of those for the bulk Green’s function, we see that the CF'T satisfies the
usual notion of causality in this gauge.

In the case d = 4, 5, one must fix the vector part of Ay, and there is no F'/ = 0 theory.
However, the scalar part still admits a variety of boundary conditions. For d = 5, this
leads to a new ‘hybrid’ CFT defined by the boundary conditions F* = 0, 4; = 0, which
explicitly break Lorentz invariance. This CFT is a UV fixed point for renormalization-
group flows that lead to the A; = 0 CFT where Lorentz invariance is restored.? For d = 4
such boundary conditions lead to a logarithmic field theory. For d > 6, only the A; =0
theory is allowed.

Since we consider only gauge fields (which necessarily have vanishing mass), the di-
mension dependence above reflects the fact that, in the case of scalar fields, the freedom
to choose non-trivial boundary conditions depends on the relation between the mass m
and the dimension d. In that case one understands the allowed range (P.2) in terms of
the unitarity bound A > (d — 2)/2 on the conformal dimension of scalar operators. If a
CFT with ‘conjugate’ boundary conditions were allowed for scalars with mass above the
upper boundary of (.2), it would contain an operator violating this bound. Hence, it does
not exist.’® We see that the picture here is similar: any F/ = 0 CFT would contain a
vector gauge field of conformal dimension 1. If such a theory were to exist for d > 4, the
corresponding operator would have negative anomalous dimension. The case d = 4 is a
marginal special case. It would be interesting to determine if the failure of the A; = 0
theory for d = 2 and the failure of the hybrid theories for d > 5 can be understood in a
similar way.

In the above, we considered a free Maxwell gauge field. It is interesting, however, to
extrapolate our results to more complicated cases. For simplicity, we focus on the case
d = 3. One immediate generalization is to the SO(8) non-abelian gauge fields of AdSy

4This hybrid CFT and others like it also exist for the case d = 3.

5The case where the upper bound of (@) is saturated and A = (d—2)/2 is clearly marginal. In principle
such a CFT is allowed, but the corresponding anomalous dimension would have to vanish. Since for this
case normalizability fails in the bulk, one expect that there is no such AdS/CFT correspondence.
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supergravity [, 6. As mentioned in [[[5], one expects that the asymptotics and thus the
boundary conditions are governed by the linear theory, and that there is again a UV CFT
dual to the boundary conditions F4 = 0, where A is an adjoint SO(8) index. This CFT
appears to contain an SO(8) gauge field in addition to the usual SU(N) gauge field. In
some sense, the usual R-symmetry has been gauged.

Our results for vector gauge fields were based heavily on the analysis of Ishibashi and
Wald [[4], who also analyzed boundary conditions for rank 2 tensor fields in the bulk; i.e.,
for the linearized graviton. Again for this case, very general boundary conditions were
allowed for d = 3. Extrapolating our results above, we therefore predict a new Lorentz-
invariant AdS,/CFTj3 correspondence where the graviton satisfies ‘conjugate’ boundary
conditions in the bulk. With the usual boundary conditions, the graviton is dual to the CFT
stress-energy tensor. However, for the conjugate boundary conditions the bulk graviton
must be dual to a spin-2 operator with spin-2 gauge invariance; i.e., the CFT3 is in fact a
(conformal) quantum gravity theory! A similar observation was made in [[6, [[7] working
from the CFT side. It is reassuring that quantum gravity in d = 3 is a finite theory [[7]- 0]
due to the lack of propagating degrees of freedom for the graviton [f1}, [7]. For d = 4,5
we expect hybrid theories of what might still be called ‘quantum gravity,” but which break
(local) Lorentz invariance.

A further generalization would be the inclusion of supersymmetry. The theories dis-
cussed above, and those dual to deformations of bulk scalars, are not supersymmetric
because they include no corresponding deformations of the Fermions. However, one ex-
pects the allowed boundary conditions for bulk spinor fields to be qualitatively similar to
those for fields of integer spin, with appropriate combinations providing super-symmetric
theories. We therefore conjecture that the ‘conjugate’ AdS,/CFT3 duality described above
(with quantum gravity in the CFT) can be taken to be maximally supersymmetric. See [p3]
for details of d = 3 conformal supergravity.

Finally, one may ask about the stability of such exotic theories. Since such stability
should be guaranteed by supersymmetry, stability itself may be taken as a test of the
self-consistency of the above conjectures. At the linearized level for fields of spin 0,1,2,
this question was fully analyzed for the dynamical modes by Ishibashi and Wald [[[4].
Interpreting their results in our language, the F! = 0 and hybrid theories are indeed
linearly stable.

After posting the first version of this paper on the hep-th arxiv, we became aware
of a body of literature containing the main results presented here for the case d = 3. In
particular, the fact that ‘conjugate’ boundary conditions in AdSy4 are dual to a CFTg with
a dynamical gauge theory was described in [[5 and discussed further in [[6]-[9]. Our
work extends this earlier work to other dimensions, and introduces the notion of hybrid
boundary conditions.

The perspective we take is also rather different from that of this previous work.
Whereas [[[5] started from the CFT description, and focused on the action of SL(2, Z), we
have started from the bulk spacetime description, and considered all the possible bound-
ary conditions such that the symplectic flux (P.6) vanishes through any region R on the
boundary. That is, we start from a fixed notion of the bulk gauge potential and a fixed
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form of the symplectic structure, and then consider all the allowed boundary conditions
for this formulation of the bulk theory. In contrast, the approach of [[L5] was to consider
the usual A; = 0 boundary condition for the different notions of the bulk gauge potential
related by SL(2, Z) and thus to derive boundary conditions on the original gauge potential.
Note that the symplectic flux defined by the analogue of (R.) for an SL(2, Z)-transformed
gauge potential flu will in general differ by a boundary term from the one we used here. As
a result, some of the boundary conditions A; = 0 will not preserve our choice of symplectic
flux. However, the boundary term in the symplectic structure is just that associated with
the addition to the action of a Chern-Simons boundary term, constructed in general from
both the vector potential and the dual magnetic vector potential. Thus, so long as one is
careful to include boundary terms in the action which provide an appropriate definition
of symplectic flux, one can impose a general boundary condition in terms of any formula-
tion of the bulk theory: for example, the general boundary condition e//KD;A; = )\?F‘]
imposed by [[[5-[[9. As one would expect, differences in perspective do not change the
physics.
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