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ABSTRACT: For M-theory on the G5 holonomy manifold given by the cone on 83 x S we
consider the superpotential generated by membrane instantons and study its transforma-
tions properties, especially under monodromy transformations and triality symmetry. We
find that the latter symmetry is, essentially, even a symmetry of the superpotential. As
in Seiberg/Witten theory, where a flat bundle given by the periods of an universal elliptic
curve over the u-plane occurs, here a flat bundle related to the Heisenberg group appears
and the relevant universal object over the moduli space is related to hyperbolic geometry.
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1. Introduction

The conifold transition among Calabi-Yau manifolds in type-II string theory has an asym-
metrical character: an S? is exchanged with an S%2. When the situation is lifted to M-theory
the resulting geometries become completely symmetrical [, PJ: the two small resolutions
given by the S?’s (related by a IIA flop) on the one side of the transition become S3’s
as well (Hopf fibred by the M-theory circle Si;; this concerns, in type-ITA language, the
situation where on this side one unit of RR flux on the S? is turned on and one has a D6
brane on the S? of the deformed conifold side; cf. also [f]). This symmetry of the three S3’s



is the triality symmetry >3 of M-theory on the corresponding non-compact Go manifold
which is a suitable deformation X7 of a cone over S3 x 83 = SU(2)3/SU(2)p and comes
naturally in three equivalent versions X1, Xs, X3.

In [B] it was pointed out that for general reasons the superpotential should have an
anti-invariant behaviour under the triality symmetry, i.e. it should transform with the
sign-character of X3 (cf. appendix [A]). For this recall the action of the order two ele-
ment « coming from the interchange g < g3 of SU(2) elements in (g1, ¢g2,93), which on
X1 = R* x 8 (when gauging g3 to 1) is given by (g1, 92) — (9192—1’92—1) and induces an
orientation reversing endomorphism on the tangent space (at a fixed point with go = 1).
It acts as an R-symmetry under which the superpotential transforms odd. Then a trial-
ity symmetric superpotential was considered [[f] which was suggested by global symmetry
considerations on the moduli space N = P} (triality symmetric behaviour meaning here
that it transforms anti-invariantly, i.e. with the sign character). The simplest possibility
was (with X3 operating by t — wt where w = ¢>™/3 and t — 1/t)

3 —1

W =537

(1.1)

As we will show one can actually arrive at a closely related result on a different route by
considering the actual non-perturbative superpotential generated by membrane instantons.
The analytic continuation of these local (on A') contributions gives an essentially symmetric
superpotential (cf. below). Crucial will be a non-linear realization of the triality symmetry.
Under the following action of the triality group X3

1 —1
z /BZ: /32Z:Z
1—=2 Z

1

z

afz=1-z af’z = (1.2)

az =
z—1

the holomorphic observables given by the variables n; form a Zs orbit: 1,1 = Bn;, 711 =
(3%n;. The variables u;, given by the membrane instanton amplitudes and constituting
local coordinates at the semiclassical ends of the global moduli space, are (when globally
analytically continued; they are properly only first order variables) holomorphically related
to the n;. One has a relation n3 = ﬁ then also for the (global) u;; note the corresponding
map in [[] (+ and V the sizes of 8% and S? in type IIA; for N = 1 there)

1 1%
We argue (in the framework of [2]) that the full multi-cover membrane instanton su-
perpotential is given by the dilogarithm (cf. [[[4])

un

W(u) = Li(u) =Y (1.4)

— -
n
n=1

To accomplish this we reinterprete the treatment of the one-instanton amplitude in [P].
There the evaluation of the vev ([, C- [, *G) via an auxiliary classical four-form field G



was done in connection with the derivation of an ordinary interaction from the superpo-
tential. The scalar potential computation for the superpotential can be argued to describe
not only the one-instanton contribution but the full instanton series.

Remarkably, the actual superpotential given by the multi-cover membrane instantons
knows ‘by itself’, via its analytic continuation, that it entails a triality symmetry. For
the function W (u) satisfies the following symmetry relations which will ensure that the
dilogarithm superpotential is compatible with triality symmetry (i.e. that the local (on N)
membrane instanton contributions fit together globally in this sense)

W (7) = W - @ - Flog(-u

u

W(l—u) =—-W(u)+((2) —logulog(l —u). (1.5)

The symmetry relations (given here for the transformation under o and «3; from these all
others are derived) have the consequence that, up to the elementary corrections provided
by the products of two log’s and ((2), the W (u) superpotential is invariant under the trans-
formations in the first line of (B.J) and transforms with a minus sign under the mappings
of the second line. That is the ‘local’ superpotential transforms (under the S1(2) action)
up to the elementary corrections with the sign character just as the global superpotential
did (under the linear action) and as it should a priori. In other words triality symmetry is
in this sense ‘dynamical’: it holds on the level of the superpotential.

Similarly, and much more trivially, the geometric world-sheet instanton series ‘knows’
about the S2-flop transition. Note the analogous behaviour of the instanton sums
Lys(1/q) = —I,s(q) — 1 and ([L.F)) describing the multi-coverings of the supersymmetric
cycles provided by the holomorphic S? in the string world-sheet case and the associative
S? in the membrane case, respectively.

Note that when ([[.4) is globally analytically continued over the critical circle (the
boundary of its convergence disk) one gets monodromy contributions. The monodromy rep-
resentation of the fundamental group 71 (P*\{0,1,00}) will describe the multi-valuedness
Li(z) A, Li(z) — 27milog z. The relevant local system is described by a bundle, flat with
respect to a suitable connection. Like in the case of the logarithm where the monodromy
of log z around z = 0 is captured by the monodromy matrix M (lp) :<(1) 21”) and the
monodromy group is given by Uy — Uc where U denotes the upper triangular group
(é j)c S1(2) (the embedding of Uz, in Uc may include here the factor of 27i), the cor-
responding generalisation in the case of the dilogarithm involves upper triangular 3 x 3
matrices, i.e. one gets again admixtures from ‘lower’ components when one considers con-
stants, ordinary logarithms and the dilogarithm all at the same time. One then finds a
function

L(z) = ImLi(z) — Imlog 8z Relog = (1.6)

which because of its mj-invariance is single-valued. Furthermore the quantity £ now trans-
forms precisely anti-invariantly under X3, i.e. without any correction terms (just as the
analogous single-valued cousin Relog z of the logarithm has anti-invariant transformation



behaviour under the duality group Zs with non-trivial element @ : z — 1/z). So both
deviations from the expected transformation properties are cured at the same time.

We will describe a number of ways to understand this anti-invariant transformation
behaviour of £(z). Most importantly for the interpretation via a string theory duality we
propose in the outlook is the geometrical interpretation as the hyperbolic volume

vol A(z) = L(2) (1.7)

of an ideal tetrahedron in hyperbolic three space Hs with vertices z1, 29, 23, 24 lying on
the boundary P(lc of H3 which is manifestly independent of the numbering of the vertices
except that the orientation changes under odd renumberings, showing the anti-invariant
2)

(21,29,23,24) — (0,1,00,2)). Corresponding to this 3-volume interpretation one has a

transformation behaviour (with z the cross ratio and ¥, — Egl after the gauging

1-volume interpretation (in the upper half-space model for Hg)
length(v,) = Relog z. (1.8)

Here . is the path on the j-axis from j to |z|j. As described in the outlook it is natural

to consider ([.7) and ([.g) together (cf. (5.20) and (p.21))).

It may be worth mentioning that by our description of the global relations on the

quantum moduli space we get two simple reinterpretations of the membrane anomaly

/c+/ c+ | Cc=nr. (1.9)
D1 Do D3

First, the non-linear S1(2,7Z) realisation ([.J) of Y3, which connects the three different
quantities in question by a ‘global’ relation, makes ([L9) manifest (for z being some n5)

z-Bz- 3z =—1. (1.10)

Moreover ([[.I0) is already a consequence of having a global ¥3 symmetry at all (cf. (B.9)).
And secondly, in the dual hyperbolic model a relation corresponding to ([[.9) (cf. (7))
becomes just the angle sum in an euclidean triangle (the two explanations are related,
of. (CT0))

a+fB+y=m. (1.11)

We also compare Wien, to a superpotential induced by G-flux
WG:/(C+Z'T)/\G. (1.12)
X

A useful analogy is provided by the mass breaking of N = 2 SU(2) gauge theory by the
tree-level term Wigee = m tr &2 whose quantum corrected version is W 4w = mu occuring in
Seiberg/Witten theory: it is given by a flux induced superpotential Wy = [ 5 QYA Hj on the
Calabi-Yau Z in type IIB (mirror dual to the type-IIA Calabi-Yau Z which describes the
string embedding of the Seiberg/Witten theory) in the double scaling limit [} §] (crucial
for this reinterpretaion is that the field theory quantity u occurs, in the appropriate limit,
among the Calabi-Yau periods).



Further we extend the theory to the case of singularities of codimension four, describing
four-dimensional non-abelian gauge theories in different phases. For some further relations
to type-IIA string theory and to five-dimensional Seiberg/Witten theory see [B5].

For the speculative global interpretation developed in the outlook think of A(u), or
its generalisation to a hyperbolic 3-manifold, as playing the role of the Seiberg/Witten

I The relevant non-perturbative quantity is in both

elliptic curve E, over the wu-plane.
cases computed by a geometric period on the object varying over the moduli space. One
might understand this as a computation of a M-theory superpotential dual to the orig-
inal membrane instanton sum (analogous to the mentioned mass braking W = mu in
Seiberg/Witten, computed in the stringy embedding from a flux superpotential [§] where
u is a period of the type-IIB mirror Calabi-Yau). If the Calabi-Yau’s are K3 fibered over a
base P! then the (single) Seiberg/Witten curve can be understood as being fibered over the
same P! (with discrete fibre a spectral set related to H?(K3)). So in the general situation
of M-theory on a G holonomy manifold X7, K3 fibered over 82, one may try to compare
the quantum expression given by the membrane instanton sum to a period coming from a
(G-flux?) superpotential on a dual manifold Y7 (a different K3 fibration over Bs, similar
to some CY situations), respectively to a period in the ‘thinned out’ (spectral) version of
Y7 given by a hyperbolic 3-manifold M3 (where the complexified Chern-Simons invariant

is computed; this will be described in more detail elsewhere [[]).

The paper is organised as follows. In section J we recall, following [P], the G'3 holonomy
manifold X7 = S x R?, the quantum moduli space A" and the membrane anomaly. In
section f] we describe the crucial non-linear realization of the triality symmetry. In section f]
we recall the treatment of the superpotential W (t) by global arguments on A and then
describe the local approach to the superpotential by summing up the membrane instan-
tons and investigate its deviations from strict anti-invariance with respect to the triality
symmetry. Using the study of the monodromy representation (describing the Heisenberg
bundle and the superpotential as its section) we describe how one can, at the cost of intro-
ducing some non-holomorphy, replace the notion of section by a function £. £ is shown in
four ways to transform anti-invariantly; one of them uses hyperbolic geometry by giving £
an interpretation as a hyperbolic volume. We also compare with a flux-induced superpo-
tential. In section [] we extend to the case of singularities of codimension four, describing
four-dimensional non-abelian gauge theories in different phases. In the Outlook we compare
the hyperbolic deformation moduli space with the Seiberg/Witten set-up and interprete
all findings as describing a dual superpotential computation with the hyperbolic 3-simplex
playing the role of the Seiberg/Witten curve. We indicate that the theory should extend
to cover general K3 fibered compact Go manifolds (and global hyperbolic 3-manifolds).
In the appendices [A], B, [J we study the representation of ¥3 and give two proofs of the
anti-invariance of £. Furthermore we give some background concerning the monodromy
representation of Li, the hyperbolic geometry (including the volume computation of an

ideal tetrahedron), and the cohomological interpretation.

I Think of a different copy of Hz over each point u in P! as ambient space for A(u) just as one has copies
of the Weierstrass embedding plane Pi,y,z for E,.



2. The G5 manifold over S* x S* and its moduli space

The three manifolds X; (cf. [ff]) are cones over Y = S3 x S3 = SU(2)3/SU(2)p where Y
carries the (up to scaling) unique (Einstein) metric with SU(2)? (acting from the left) and
Y3 symmetry (da® stands for — Tr(a~'da)? where a = gQggl, b= gggfl, c= glggl)

1

d0? =
36

(da® + db* + dc?). (2.1)
The images D; in Y of the three SU(2) factors fulfill the triality symmetric relation
D1—|—D2+D3:O. (22)

(as three-cycles in homology) indicating that there are actually only two S®’s. The singular

manifold X9 is a cone over Y (r the radial coordinate)

ds® = dr® +r?dQ” .

When embedded in one of the X; & R* x 83 where the i’th SU(2) is filled in to a B; = R*
one has D; ~ 0. The remaining three-sphere which sits at the center of X;, corresponding
to the value 0 in the R* or r = r( in (@), is called @;. It is homologous to £D;_1 ~ FD; ;.

The G5 manifold X has a covariant constant three-form Y (resp. four-form «Y). The
modulus vol(Q;) ~ 7“8 is not dynamical but more like a coupling constant specified at
infinity. The deformed manifold X = R* x S (which near infinity is asymptotic to (and

for 79 — 0 reduces to) the cone (R.3)) has the G5 holonomy metric (r € [rg, c0))

dr? r2

=T (ro/r? 36

Let us examine the metric perturbations which preserve Gs holonomy. Using a new radial

coordinate y with 1— (CZ)Q/T)S = dy?, provided at large r, to the accuracy needed, by

y:r<1—i(i—°)3+0<(%>6>>, (2.4)

one gets for the metric (with (f1, f2, f3) = (1, —2,1) and up to terms y20((r0/y)%))

3 1
ds? (da2 +db? + de? — (T—O) (da2 —5db” + d02>> . (2.3)

r

ds® = dy? + g—G <da2 + db? + dc? — 3 <Z—°> (f1da® + fadb® + f3 dc2)> : (2.5)

At small r¢ or large y one finds the conical metric with the full ¥3 symmetry; the first
correction in the expansion of powers of 7o /y (at third order) is parametrized by the f;. So



for (f;) a positive multiple of (1,—2,1) or its cyclic permutations or linear combinations?

of them one gets G2 holonomy, i.e. for (the negative f; indicates which D; is filled in)

d fi=0. (2.6)
One has for the volume of @); and the y-dependent volume of D; embedded in X; (at large
y; with vol D; given up to higher order terms in (rg/y)?)

vol Q; = 2mr3 (2.7)
272 3., /To\3 79\ 0
1D, = —y3(1+=f(-2 o (= 2.8
v 27y<+8f(y> * <<y)>> (28)
2% 4 1

Here, the first correction to the divergent piece is the finite volume defect 7—12 fivol(S2).
Note that semiclassically the volume defects are p(1, —2,1) or a permutation (with p — oo;
one could choose p = r§ or absorb? p giving (f;) ~ (1,-2,1)).

Quantum moduli space and observables. In the quantum domain there is actually [fi]
B a smooth curve N = Pl (when compactified) of theories interpolating between the three

classical limits (large ) given by the X; (given by three points P; of ¢t = wT! with ¢ the

global coordinate, w = €27/3),

A holomorphic observable on A must combine as SUSY partners the C-field period*

o = /D C (2.10)

with an order 1/r3 metric perturbation (w.r.t. the conical metric), as in
yi = exp (kfi + (it — ai—1)) (2.11)
(with ], % = 1 by (R.4)). Actually one works with the quantity
k .
;i = exp <§(fi—1 — fit1) + Zai) (2.12)

(so nm; = (y?flyi)l/?’,yi = Nit1/Mi—1, cf. (BI1))). On the other hand one identifies 7; by

global considerations on the genus zero moduli space N as the following rational function

P P Py
t— wi m 1 o 0
n3loo 0 1

2Because regarding only the lowest order term amounts to linearization of the theory; this refers thus
to the situation at infinity; note that classical reasoning at infinity would expect the f; nethertheless to be
a positive multiple of a cyclic permutation of (1, —2,1) to fulfill the non-linear Einstein equations in the
interior; together with the other classical expectation fD_ C = 0 (for D; filled in) this would fix n; to its
classical value 1 at P;; but this behaviour is modified by éuantum corrections [E}

3In a measurement at infinity the parameter r¢ will not be known; one refers [E] also to f; as the volume
defect, when stating that the f; go to oo (in ratio (1,—2,1) or a permutation) for ro — co.

“Which at large radial coordinate r is independent of r for a C-field flat near infinity (to keep the energy
finite), entailing that the components of C' are of order 1/r3.



We have also the local coordinate u; at P; given by the membrane instanton amplitudes

u; = exp (—TVO](QZ') —|—z’/ C>
1 = exp (k% +z/D C> : (2.14)

The local parameter u; vanishes at P, due to the large volume of the manifold X;. We

]

denote by ®; the physical modulus to which it is related via u; = "7 = ¢'®i, i.e. (where

we have set T'= 1; Q; is an (isolated) supersymmetric cycle so T|g, is the volume form)
o = / C+iY = ¢; +ivol(Q;) (2.15)
Qj

The membrane anomaly. To be well-defined the phase of the 7; variable must be
modified [f] to

' = sign Pf(D) e i € (2.16)

where D is the Dirac operator on S? with values in the positive spinor bundle of the normal
bundle and Pf denotes its pfaffian (square root of the determinant) which occurs in the
fermion path integral and must be combined with the classical phase factor ¢'/p: % in the
worldvolume path integral for a membrane wrapping S3. Now for a three-manifold X3
which is the boundary of a (spin) four-manifold B one has [P] (with Dp the S(Np) valued
Dirac operator on B with Atiyah-Patodi-Singer boundary conditions along X3)

Sigl’l Pf(D) —. eiﬂ,u(S3) _ eiﬂind(DB)/Q — eiﬂ'w4(NB) _ eiwx(B) (217)

If B could be chosen to be smooth (as for a single D;) the correction would be ineffective,
but for the union (relevant for ) . o; = m) of the intersecting D; this cannot be the case.
Now one gets the result ) . o; = 7 either from a union of B;’s respectively bounded by the
D; or more directly from slightly perturbing the D; as follows. For this let us recall that
PZ = (H3\{0})/H* = S /S3 has [f] Y = S3x S? = SU(2)3/SU(2)p fibres over a triangle
A = {[\ i, V]|\, v > 0} € P2 from the quaternionic norm P2, -+ A = P2 /Z3 (where
73 = <(Z§ X Z % Zg)/zg‘iag)) . Foraline B =S4 =P}, C P} and B = B—U%_, D3 . (p;)
for p; = BNL; (L; C P%{ the coordinate lines, Dflosed (p;) C B small 4-discs around p; of
resp. boundary S* ~ D;) one has

and finds 1 for the self-intersection number (the Euler class of the normal bundle, the mod
2 relevant number). We will refer then to the membrane anomaly as

Zai = 7 mod 27 or Hm =-1 (2.19)
7 7



The conifold transition in type ITA. In a type-IIA reinterpretation (cf. [P]) one
divides by the circle Si; = (1) C SU(2); giving for X; = R* x S3 = (SU(2); x R=%) x 83
the type-ITA manifold (S? x RZ%) x 83 = R3 x S3 with fixed point at the origin, i.e. the
deformed conifold 7*S? with a D6-brane wrapping the zero-section. For X, or X3 one
gets R* x 83/U/(1) = R* x S2, the two small resolutions of the conifold together with a
unit of RR two-form flux on S? (as S? is Hopf fibered by Si; over S?). One may compare
with the special lagrangian deformations [B7] of the cone over T2 with different S%’s killed
in homology; the fixed point set under the U(1)p is L = S' x R?2 ¢ X = 8% x R* (from
C C H), the S! being the boundary (where the fibre shrinks) of the disc D? = S3/u(1).

The deviation of the metric from the conical form being of order (rg/r)?3 for large r (so
not square-integrable in seven dimensions), r( is not free to fluctuate (the kinetic energy
of the fluctuation would be divergent). So in the four-dimensional low energy theory it
is rather a coupling constant than a modulus. To have a normalizable (or at least log
normalizable) mode, one of the circles at infinity should approach a constant size (which
can happen in many ways related to the Chern-Simons framing ambiguity [[§])® which
is not the case for the Zz symmetric point discussed in [B] and here. In this sense the
expression ‘superpotential’ has to be qualified; one gets the actual superpotential for an
ordinary modulus if the local geometry X7 is embedded in a compact G2 manifold (cf.
section f.29). The metric (R.J) describes an M-theory lift of a type-IIA model with the
string coupling infinite far form the D6 brane; to have at infinity an M-theory circle of
finite radius one of the three SU(2) symmetries of (R.3) must be broken to ¢(1) [f.

3. The non-linear symmetry action

We will consider two actions of ¥3 on PL. In the first (‘linear’) action the Zj sector acted
by multiplication with an element of C*; in the second case this sector will act non-linearly

(the operation of a will be given in both cases by z — 1/z).

The linear action of 3. Here the ‘rotation’ subgroup Zs is generated by the action
2
t — wton N = P} and « acts by t — 1/t, giving as images of ¢ under X3 (tfl w;:et—l w“;_ﬂ)

(cf. (B22)). The involution ¢ : ¢ — —t is an automorphism of (P}, ¥3), i.e.X3 compatible:
Ly = L.

Degenerate orbits in the ¢t-plane. We treat the question of fixpoints or degenerate
orbits. The structure of X3 leads one to look for two-element and three-element orbits.
The two-element orbit, whose elements are then fixed respectively by the Zs cosets, is
( 0 0 i) In the other case the full X3 orbit is already covered by the Zg orbit; the

(e elNe o]
transforms under the remaining (order two) elements from the non-trivial Zg coset will then

20n H3(Y) = Z @ Z one has a full S1(2,Z) operating but for the ‘filled in’ versions only the three spaces
X; are allowed as the closed and co-closed three-form Y of class (p,q) € Z ® Z corresponds to a regular
metric just for the three cases (p,q) = (0,1), (=1,0) or (1, —1) (where the unbroken Z, C X3 exchanges the
S? factors) [E} But for the S' x S! = T2 (relating to L as Y to X) not only the ¥3 but the full SI(2,7Z)
is allowed which expresses the framing ambiguity @] Cf. also the case S® x S% in [E]



2
just repeat the Zsg orbit in some order. This gives the two possibilities <§ :2 “; and
2
<_1 - :“;} > ¢t exchanges these two orbits and fixes the elements of the two-element

The non-linear action of 3. Note that the action induced on the 7; is as follows.
The cyclic permutation of the points P; (i = 1,2,3), which is described by the rotation
transformation ¢ — wt, produces the corresponding cyclic permutation n; — n3 — 19 — m
on the 7;, as seen from (R.13). Furthermore the inversion induces 1 — 73 Ly — Ny ! The
n; which fulfill the relation n1m9m3 = —1 (reflecting the membrane anomaly) are actually

related by
1 1 1

= ) 1= 5 2 =
I—m 7 11— 7 1—mn3

So consider now instead of the linear action of Zs the non-linear action of it resp. of the

3 (3.1)

full symmetry group X3 as S1(2,7Z)/T'(2). As is well known from the theory of the Legendre
A function, the elements are given then as the fractional linear transformations displayed
below. 3 occurs not only as a quotient but also as a subgroup. For this recall that the
holomorphic automorphism group of P! is given by Aut(P!) = PGI(2,C) = G1(2,C)/C* =
PSI(2,C) = S1(2,C)/{+15} and that for two triples of points of P! there exists an automor-
phism mapping these two sets of elements onto each other. In particular we will consider
the elements permuting the set {0, 1, 00} which are then given by transformations z, 3z, 3%z
and az, a8z, af3%z understood as mappings P! — P! ie. Aut(P!, {0,1,00}) = ¥3. This
leads just formally to the relation (which restates (R.19))°

[[7==-1. (3.2)

That this product is a constant follows already from the divisor relations” (note that the 3!
are permutations on the set {0,1,00}): (ez) =0— 00, (32) =c0—1, (22) =1 -0 imply
that their product is a nowhere vanishing globally holomorphic function, so a constant
x # 0. Now, in the Zj sector given by {e, a}, the transformation o, mapping 0 < oo and 1
to itself, will operate as multiplicative inversion (i.e. z-az = 1). So 22 = H’*{EES vz =1 as
[Licz, 62 = © = [licz, B'az = [liez, @Bz Then z = (az)- f(az) - f*(az) = z-af?z- (2
for an a-fixpoint (so z = +1 or —1) shows that x = —1.
One finds for the concrete functional form of the transformations

1 -1

z /BZ: /BQZ:Z
1-=2 z

afz z af*z o (3.3)

az =

Degenerate orbits in the n-plane. Let us consider again the question of degenerate
orbits (now under the non-linear S1(2) action; the cases will correspond to the descrip-
tions in the t-plane under (R.13)). Concerning first the two-element orbits note that their

5This product of the meromorphic functions 3'z has nothing to do with the group multiplication given
by composing mappings which leads to Z§l2. The point of the argument is to fix the sign-prefactors relevant
for (@)7 to write down just transformations with the prescribed divisors is of course easy.

"So for example (e z) = 0 — oo indicates that the function z — z has a simple zero/pole at 0/coc.
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elements are Zs fixpoints. Therefore the condition (R.19) reads in this case n® = —1, so
n = —w or —w? (the solution —1 leads to another case, cf. below). So up to permutation
in the still running factor Zs = {e, a} one finds the case (:;2 e > To develop the
three-element orbits note that the three possibilities to repeat a value n = e(n)) from the
first line in the second line (which will then, as a set, repeat the first line) lead to the cases
n=1/mson==+l,orn=1-—mson=1/2or oo, or finally n = n/(n—1) son =0 or
n = 2. If one looks for the corresponding orbits one finds that up to cyclic permutations (in

o : . 0 1 oo -1 1/2 2\ 38
the P; with which one starts) one has just the two cases (Oo L o > and (71 5 1/2>.

¢ exchanges these two orbits and leaves fixed the two elements of the two-element-orbit.?

Relations of the variables. Under the non-linear action (B.3) of the triality group 3
the n; form a Zs orbit

Ni—1 = B, Niv1 = B0 (3.4)

and the membrane anomaly (R.19) becomes manifest (for z some 7;)

[[5==-1. (3.5)

1€Z3

As shown after (B.2) this is already a consequence of having a global X3 symmetry at all.
Recall that in a semiclassical regime with D; = 0 one has Q; ~ £D;_1 = FD; 1

Qi = FDit1. (3.6)

From the classical fact (B.6) one has F [ p, C = st C, what is (with holomorphy) tanta-
mount to saying that 7,11 ~ u; to first order (as reflected in the first order zero of ;41 at
P; where u; vanishes to first order; the respective lower sign in (B.6) is fixed at P;). We
assume that such a relation persists'® (cf. footn.’s [lI] and [[J) so that one has a relation
Bu; = n;: the holomorphic relation between the u; and the n; is fixed (up to a real factor)
by the relation between their arguments (imaginary parts of logarithms), so (P.14)), (B.6))
imply w; = 041 = B%n;, ie.

Bu; =mn; . (3.7)

Note that the u; are, in contrast to the n;, actually only first order parameters; therefore
the assertion made, where we think of them as globally analytically continued, has to be
suitably interpreted.!’ But note that in [[4] indeed flat coordinates —u; are described (the
u, v there, being shifted by 7i, being the w; = logu; here).

8The +1 occurring here are a-fixpoints just as the elements of the two-element-orbit were Z3-fixpoints.

9P} has (by transport from the P}) the involution ¢ : 7 — 5’777__—21, which is 221(2) compatible: 1y = vu.
O Thereby a relation 7;—1 = l—ln- holds also for the w;: us = fu; =
el —1n~ eiv in [lﬂ] (in the case N = 1 there).

11n the approach choosen the relation could practically be taken as a definition of u

1. :
T=ap note the corresponding map

(glob)
i
it would be possible to rephrase the whole discussion on superpotentials to follow w.r.t. the 7; instead of

. In principle

u¥°® but it would be much less intuitive.
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(Concerning an ensuing relation (B.5)) then also for the u; note the deviation from the
relation ¢ - ¢¥ - q“2 = 41 which one would have in classical variables for the linear action
on q = e* (cf. also footn. [[§) from s — ws (and which would be the analogue of ¢-¢~! =1
in the Zy case of the usual IIA flop).)!?

We recall below that the crucial argument in [[] for a one-component quantum moduli
space was the fact that the classical statement o; = [ D, C = Imlogn; = 0 is modified by
membrane instantons; such a membrane instanton contribution will be present as soon as
u; # 0, i.e. away from the infinite volume limit for (); which would suppress the latter
contribution. Similarly the classical expectation of finding the f; in (a permutation of)
the ratio (1, —2,1) and therefore having Relogn; = 0 for one of the 7; gets modified (cf.

footn. fl). So one expects that actually u; # 0 = logn; # 0 as is the case in (B.7).

The critical circle and special points. The ‘critical’ circle |u;| = 1 comrespondsE
classically to the case vol(Q;) = 0 of a shrinking @);. Let us study the parameter u; on the
critical circle. One has (¢ € [0,27])

(m—¢)

log(f €'?) = —log <2 sin g) + ZT . (3.8)

So here (B.7) means for ¢; = [, C and'® a; = [}, C just a; = (1 — ¢;)/2 or (cf. (219))
/C+2/C:7T (mod 2r). (3.9)
Q D

Note that by (B.§) the 3-transform of a parameter z = re'® =: e/ on the critical
circle f = 0 stays there in the cases (z being then a [-fixpoint by (B.9))

(f =0) cb:ig. (3.10)
There are some special points in moduli space which are interesting to consider. Let us
consider first the phases where the S? given by ; has (seen classically) still physical (non-
negative) volume, i.e. the domain |u;| < 1 or f; < 0 in parameter space=d: here |u;| < 1
(i.eH vol(Q;) > 0) or f; < 0 is the region where D; is filled in (i.e. Q; is not shrunken
where D; is shrinkable). So at the (classical) intersection of all three phases, where all the
three-spheres have to be shrinkable at the same time, one finds f; = 0, i.e. the Zg orbit
given by the 7; triple lies on the unit circle in the n-plane. This leads via (B.10) to the two
possibilities'4
(3.11)

12This s and the mentioned classical linear action is not to be confused with the ¢ of the true global
quantum moduli space and its (quantum) linear action of the same form (which corresponds under ¢t < 7
to the quantum non-linear action).

13The geometrical interpretation applies strictly only semiclassically, in general the arguments apply just
to the global variables. It is nevertheless instructive to keep this interpretation in mind.

My = —w and n = —w?, identified above: the case where the 7; constitute a completely degenerate Zs
orbit (n; = Bn: = ﬁQm), i.e. the full X3 orbit degenerates to a two-element orbit.
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4. The superpotential: the local approach

The global superpotential. Let us recall first the global approach to the superpoten-
tial [f]. One expects the superpotential W to vanish at the P;. If there are no further
zeroes then W will have exactly three poles on the genus zero moduli space N. Both of
these three element sets will have to be complete Y3 orbits by themselves. This leads to
the two degenerate three-element orbits w’ and —w'. So the minimal solution is [P]

3 —1
W~ . 4.1
B3 +1 (4.1)
Note that (under the linear action) it transforms with the sign character
W(yt) = sign(v)W(t) (4.2)

ie. W(wt)=W(t), W(t!) = —W(t) (it transforms ‘anti-invariantly’).1?

Concerning the zeroes and poles of the global superpotential W (t) for the Z{™ orbits of
1 and —1 (in the ¢-plane), respectively, note that one has corresponding Zg 2 orbits of +1
(now in the n-plane!) for the 7;, and so for the u;: u; = +1 or —1, i.e.1% vol(Q;) = 0 with
fQ¢ C=0or fQi C = T, so the cases are:'” first u; = 0, i.e. vol(Q;) = co and fQi C=0
— zero for Wy; and, secondly, u; = —1, i.e. vol(Q;) = 0 and fQi C = m = pole for W,
(this case may be compared with the case of a vanishing S? with fSQ B =n).

The local superpotential. The actual superpotential arises from the sum of all the
multi-cover membrane instantons

W(u) = anuf. (4.3)
1

How do the non-perturbative contributions from the local semiclassical informations
near the P; fit together over the whole quantum moduli space N7 Is W(uggbb) 1) =
W(ug;)b) (1)), i.e. W(u) =W (Bu): is W (at least Zs3) triality symmetric?

First note that the membrane instantons make the deviation from the classical result
a; = 0 possible ([f] and recalled below), just as sums of world-sheet instanton contributions
in the case of the type-ITA string on a Calabi-Yau manifold give quantum corrections
to a classical (complexified) Kéahler volume. In the ITA case of N = 2 supersymmetry
one can answer the analogue of our question above by considering the resummation of

n

the geometric instanton series Iys(q) = >, L5 = 7% for a flop [A where the Kéahler

2mit

parameter ¢ = [p; B+ i area(P!) in ¢ = e?™ is reflected as t — —t:

Ls (3) = —lus(q) — 1. (4.4)

The deviation from anti-invariance stems from change in classical intersection numbers.

BIn W(t) = ij:r} an underlying anti-invariant projection @ is made manifest by using the relation

—w? 1 —wl . 3 1
W(t) ~ ez, 7 = 5 2 iczs §+7 giving W(t) ~ 3> .. sign(v) g1 lve-
5But note here the issue of uEglOb) vs. uiloc), cf. footn. E and remark after (@)
"Note that in case the independent variables z; relevant for W build a Zs orbit (like is the case for the

1;) the first case, z; = 0 or z;—1 = Bz; = 1, differs only in the C field period, from the second one.
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Now let us ask what the corresponding ‘reflection’ is on the modulus ®; = [, Q C+iY =
¢;+ivol(Q;) in (R.15) under which we should look for reasonable transformation behaviour
of the quantum corrections (reasonable meaning a way of transformation so that the three
contributions fit together in a triality symmetric way over \).

In the case of M-theory on our Go holonomy manifold the question of flopping an
S3, instead of an S? in type IIA on a Calabi-Yau manifold, is more complicated as the
Kahler moduli no lo longer fit together naturally at the classical level [f]. Rather the
metric moduli vol(S?) of the X;, running classically over a half-line [0,00), are at angles
27/3 to one another (in a copy of R? containing the root lattice A of SU(3)); the C-
field periods measured at infinity on the different X; take values in different subgroups
E; = H3(X;,U(1)) =2 U(1) of H3(Y,U(1)) = U(1) x U(1) (when restricted to V).

So in view of the problems with the three rays in R? we will not consider the trans-
formation'® given by rotation with 27 /3 around the origin in this R?, i.e. multiplication
of the modulus with w. Rather one should now consider instead of this linear action the
non-linear action (cf. (B-3))) of X3 represented as S1(2,7)/T'(2).

The one-membrane instanton contribution. Actually there is a one-component
moduli space comprising all the P; [E] as quantum effects given by membrane instan-
tons cause a deviation from the classical result «; = 0. For this recall that to convert the
interaction given by u, which is like a superpotential, to an ordinary interaction one has
to integrate over the fermionic collective coordinates of the membrane instanton, i.e. to
evaluate the chiral superspace integral [ d?6u (there is also an integration | d*y over the
membrane position in R* to be made). As the fermion integral has the properties of a
derivation with respect to w one gets'? (u =e®; T = 1)

/d29u:u/d29w:—2u/d29/ T. (4.5)
Q

For this one gets the evaluation (w = i®, cf. (R.19))

/d20w~/ %G . (4.6)

i

In a second step one finds that the contribution fR4X 0; G to the effective action induces
a non-zero value of o; = [ D, C' as one has?

</R4in e /D C> 70 (4.7)

because the ‘linking number’ of the two three-spheres Q); and D; is one (effectively given
by the intersection number of Q; with B;).

18’Gene]rating Zs, or Y3 when combined with complex conjugation on RZ~C (or with inversion).
19The contribution to fD C of a second term 2u [ do*w J df?w occurring here is subleading for large r.
20With a classical G-field generated by a source [, C as a means to evaluate (@)
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Derivation of the dilogarithm superpotential. The evaluation ([.7)) occurred in the
transition from the superpotential u to an ordinary interaction [ d*y d?0 u: enhancing this
argument we want to argue that this determines already the complete scalar potential (also
suggested by the form of a G flux induced superpotential, cf. subsection [L.5]), so that one
gets thereby the full membrane instanton amplitude including all the higher wrappings,
i.e. the full quantum corrections.

Note first that more generally than in (fL.5) the derivative nature (w.r.t. w = logu,
cf. p. 60) of the fermion integral gives

aw

d’e ~ d*0 w. 4.
/ W(u) dlogu v (4.8)

Now to determine the actual sum W (u) of the multi-cover membrane instantons we inter-
pret (7)) as representing actually a relation (with T'= 1) between the full [ d?0 W (u) (cf.

footn. [i§) and fDC-fQ*7G:fDC-fd29w

/d29 W (u) ~ z‘/DC-/dQGw (4.9)

For this note that classically one has [ p C = 0 and of course also i d’0W =0as W = 0.
A shift A [ p C # 0 away from the classical vanishing value was argued [B] to occur via
a contribution [ d’0 W # 0 from the membrane instantons. Here we argue that actually
the relation between A fDC and A fd29W should be used to show that fd29W =

WV [ 20 w = W fQ «G = -W_ s (proportional to) Jp C =Imlogn as in ([L.Y). This

dlogu dlogu dlogu
leads with (B.7) to the differential equation?! for W (cf. (£.60))

aw
dlogu

:i/ C =ilImlogn he logn = log Bu (4.10)
D

The two crucial inputs to get this were the two interpretations (B.7) and ({£.9).
With the differential equation (f.10) we get for the full superpotential (cf. [[[3] )

Wi dt = ul
W (ug) = —/ —log(1—1) = > — =Li(ui) (4.11)

0 n=1
(cf. (B.) for the polylogarithm). Note that the integral representation (JL.11) defines
W on the complex plane, cut along the part (1,00) of the positive real axis. In the
series representation for large volume vol(Q);) &~ oo the instanton contributions vanish, i.e.
W (0) = 0. The function of the modulus ® = —iw = —ilogu has, by (JL10)), a critical point
exactly at u = 0, the large volume point P; (cf. (E59)). So in total??

— =0 u=0, W(@)=0<=u=0 (4.12)

giving no proper supersymmetric vacuum but the common decompactification runaway.

21Here we made a holomorphic completion on the r.h.s. which the holomorphic Lh.s. suggests.
#2Because of the deviations (cf. below) from strict anti-invariance this captures just the v = 0 end.
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4.1 The triality symmetry relations of the local superpotential

Anti-invariance-with-correction-terms of the superpotential. Now, remarkably,
in the case of the actual membrane instanton superpotential, the function W (u) satis-
fies?3 the following symmetry relations which will ensure that the local superpotential is

compatible with triality symmetry (almost)

W <l> = —-Wi(u) —(¢(2) — %logz(—u) (4.13)

u

W1 —u) = -W(u) + ¢(2) — logulog(l —u). (4.14)

The symmetry relations entail that, up to?* the elementary corrections provided by the
products of two log’s and ((2), the W (u) superpotential is invariant under the transfor-
mations in the first line of (B.3)) and transforms with a minus sign under the mappings of
the second line. That is the ‘local’ superpotential transforms (under the S1(2) action) up
to the elementary corrections with the sign character just as the global superpotential did
(under the linear action) and as it should a priori. The behaviour under Zs shows how the
local (on N') membrane instanton contributions fit together globally.

Relating invariance deviations by differentiation. Let us compare the analogous

behaviour of the instanton sums Lig and Lis, describing the multi-coverings of SUSY-cycles

provided by the holomorphic S? in the string world-sheet case and the associative S? in
1

the membrane case, respectively (where the ‘lower terms’ —((2) — 1(—7? + 2miw) are at

most linear in w = log u)

ew 2

1 1
Winem <—> = —Whem(e¥) — =w? + lower terms (4.15)
1
Lus <—> = —Tus(q) — 1. (4.16)
q

Note then that (fEI5)) corresponds after taking 92 /0w? via (B-1)) to (E14).

Let us look on a related example concerning the issue of corrections of polylogarithms.
By ([4) Lig(q) = 3,51 4" = %_q had the anti-invariant transformation behaviour under
Zo up to mentioned correction. Said differently, when one considers the full expression
which includes the classical contribution and the quantum corrections one finds a smooth
behaviour.? The change in the classical intersection number will then be balanced exactly
by the change in the quantum contribution.

**Integrating the relation -LW (1) = 7%—) c=y = w gives () (for the integration
constant compare at u = 1). Partial integration gives (: - I % log(1 —t) = —logulog(l —u) —
Iy 1% logt, the last integral being W (1 — u) — W(1) (by the substitution s = 1 —¢ in W (1 — u)).

#4The differential equation (f.10) makes it technically clear that W is not precisely anti-invariant (cf.
remark after ())7 what is remarkable is that it is almost anti-invariant.

25].e. start with the prepotential as given by a cubic polynomial with the intersection numbers as coef-
ficients (possible lower polynomial terms are not relevant here) plus the Lisz term (including the instanton
coefficients, i.e. the number of rational curves in specific cohomology classes) then take the third derivative

(w.r.t. t =log ¢) and find the classical intersection number plus Lip(q) (again by (@))
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Now if a curve C = P! is flopped at a point g along the Horava/Witten intervall this
is argued in BI] to cause a G = (&+)d¢ contribution (from dG = (£)dcd(z11 — x0)dw11).
This comes as one has the usual anomaly balance dG = (tr Fypg/nid A Fobs/nid — %trR A
R) - 6(211 — Tobs/nia )dr11 at the boundaries, but along the intervall, when crossing the flop
point, the gravitational contribution will have changed?® B3], with ¢ = Agop - How can
one have a jump between the endpoints of the flop transition if these can also be smoothly
related (when one does not go through the singular point but encircles it by rotating the
B-field)? As the latter process is not just classical geometry (as would be comparing just
¢2’s) one has to look at the quantum corrected quantities where a classical-quantum balance
now takes place at well. The relevant expression to look at is

12F, = (02—2 - J) t + Lip (q) (4.17)

and 0;Fy ~ % - J + Lig(q) brings us effectively back to the previous balancing argument.

Anti-invariance of the superpotential-with-correction-terms? One might ask
whether one could make the superpotential anti-invariant by adding suitable terms to
W so that the troublesome remainder terms?” R, (z) (for v € X3) in

W(72) = sign())W(2) + Ry (2) (4.18)

(the log’s and constants interfering with the precise anti-invariant transformation be-
haviour) would be canceled. For example the deviation in (JL16]) can be rectified that
way, the modified I,s := Iy + 1/2 is strictly anti-invariant: fws(l/q) = —fws(q). As for
W the deviations consist of quadratic polynomials in the log’s of u and its Z§12 transforms
one may try to adjust W by adding a term of this type (as suggested by the fact that I,
and Wiem are related by taking a two-fold derivative w.r.t. log u, cf. above).

So one would make an ansatz to correct the superpotential by additional terms?® C(z)
which cancel the unwanted terms. Including C'(z) one gets a modified superpotential

W(z) =W(z)+ C(z) (4.19)

such that W transforms just with the sign character. One expects W to have the structure
making manifest an underlying anti-invariant projection (@) (cf. appendix

. 1 . : 1 .
Z sign(y)W(y-) = G Z sign(y)[sign(y)W + Ry = W + 6 Z sign(v)R . (4.20)
YEX3 YEX3 YEXS3

%6The reason for the 1/2 is that c2(CY) - S = ¢2(S) — c3(S) changes by 2 as an blow-up increases the
Euler number of S by one and the canonical class gets a contribution from the exceptional divisor.

"From R, and Ras in (f.19) and (J.14) one derives iteratively that Rs = —2((2) — logzlog 8z —
%logQ(—ﬁz), Rg2 = —((2) —log zlog Bz — %log2 z, Rog2 = —% log?(1 — 2); R, 52 follows also directly from
integrating LW (=25) = 7% (2:1)2 =log(l — z) (i + 1;).

28Reasonably one has to demand that C(z) is ‘more elementary’ than W (z) itself (like a polynomial in
log terms) as one has always the anti-invariant projection (@) with C = > 5 . sign(y)yW. From
C ~ > sign(y)Ry as used above one finds that for this it suffices that the R, are ‘more elementary’.
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From this one has for the sought-after correction term?® C' = % > ex, sign(v) Ry

1 1 1
C= 6 (—5 log? z — 2log zlog 3z + ; log? 3z + 2log Bz log 5%z + 3 log? 62z> . (4.21)

One finds also (with a subtle sign and remote similarity to the Rogers modification (B.16)))

~ . 1 7 im
W(z) = Li(z) — 3 log Bz log z — 3 + E(log z —log 3z) . (4.22)
But a physical motivation for C' is unclear; one wants to see the local individual superpo-
tentials in the three different phases not added like in (.20) but rather naturally patching

together (cf. remark after ([L3)).

Behaviour of the local superpotential on the critical circle. Let us study W on?®°
the critical circle |u;| = 1 (the boundary of the domain of convergence of the series (§.11))),
so just as a function of ¢; = ‘[Qi C. Then W (') — W (1) = —i fod) dxlog(1 —e™X) and (B.§)
give the elementary evaluation

Rt () = 30 0 = ((2) - 1o(2n —0) (423

n2
n>1
for the real part and the non-elementary odd function I(¢) for the imaginary part
I(¢)—ZM——/¢1O 2sin L) dy (4.24)
- n>1 n? N 0 ° 2 .

which is of period3! 27. As we will have opportunity to consider terms like

@
T1(¢) = %I(ng) _ /0 log (2 sin ¢4)dd) (4.25)

let us note that32

$1(20) = 1(6) + I(n 4 6) = 1(6) ~ I(x — 9) (4.26)

29 Coming with () from 6C = —2lag 2 log Bz + log zlog 3%z + log®(—2) + 1 log? Bz — 1 log?(—fz).
30Which would correspond classicall to a shrinking Q; of vol(Q;) = 0.

311f ¢ ¢ [0, 2] one has to take the absolute value inside the logarithm.

324

]
I(2¢) = —2A dx log(2sinx)

¢ X ¢ X
= 72/ dx log <2 sin —) - 2/ dx log (2 cos —)
0 2 0 2

= 2I(¢) + 2/7r_¢ d€log (2 sin g)

= 2I(¢) + 2I(w) — 2I(w — ¢).
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for a; = 7/3 = arg(—w?) or a;

In view of the membrane anomaly relation a1 + ag + ag = 7 (for the D;) with symmetry
—7/3 = arg(—w), note® that I(¢) becomes maximal at

¢ = /3 (as seen from solving I'(¢) = —log(2sin %) = 0; cf. (B.11))) and that (by ([=26))

3
I(r/3) = 5](277/3) (4.27)
So for the six roots eF’s" (k=1,...,6) one has (I := I(r/3), ¢ :=((2) = 7%/6)
k%%’ —w? w -1 w —w (4.28)
W &) || be4il | —2¢+2ir | =3¢ | —2¢— %I | Lc—il | ¢ '

A Zy symmetry property. The result that ), Li(eF?™/6) = ¢/6 = Li(1)/6 leads
to a more general observation concerning the angular degree of freedom ¢ of Li(z), more
precisely on the interrelation between entries equidistributed with respect to ¢. Generally

one has** (with wy = *>™/N)

1. .
N Li(zN) = Z Li(wk2).

k€EZn

(4.29)

4.2 The monodromy representation

The multi-valuedness of log z and Li(z) around z = 0,1 and oo is described by the mon-
odromy representation of the fundamental group 71 (P!\{0,1,00}). This describes for the
generator loops [;(¢) (i = 0,1, ¢t € [0,1]) which encircle (in the mathematically positively
oriented sense) z = 0 and z = 1, respectively (then I olj 0ly = 1), the increments (cf. also

appendix B)

log z o, log z + 2mi (4.30)
log 5z A, log Bz — 2mi, Li(z) A, Li(z) — 2milog = . (4.31)

The relevant local system is described by a bundle, flat with respect to a suitable connection.
In the case of the logarithm the monodromy ([.3() is captured by the matrix M(ly) =
(1 27”) acting on the two-vector (log z,1)! and the monodromy group is given by Uz —

0 1
Uc where U denotes the upper triangular group (é T)c SI(2) (the embedding of Uy,

33For the Q; but in view of the identiﬁcation’ B (@) of the D; and the @Q); in a Zs rotated phase.
BAs 11—y =11, (wh —y) =11, (1 —wiy) gives

N
1 z z
——/ log(1 —t)dlogt = —/ log(1 — y™M)dlogy
N Jo 0

= —Z/ log(1 —o.);,ky)dlogy: —Z/ log(1 —wf\;x)dlogm
k “0 k70

wlk\,z
= 72/ log(1 — t)dlogt.
— Jo
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in U may include the factor of 27i). The generalisation in the case of the dilogarithm
involves the upper triangular 3 x 3 matrices [[L§], i.e. one gets again admixtures from ‘lower’
components: the hierarchical structure of the poly-logarithm Li = Lis with respect to its
predecessor log Gz = Lij(z) entails that its monodromy is not any longer given just by
the addition of integers (multiplied by 27i); rather one has to consider constants, ordinary
logarithms and the dilogarithm all at the same time and to consider the lower ones as
monodromy contributions of the next higher one. One can organize this as follows. Analytic
continuation about a loop I in P'\{0,1, 00} (based at 1/2, say) leads to the monodromy

representation

M : 7 (P1\{0,1,00}) — G1(3,C). (4.32)

There are two equivalent ways to express this. In a wvector picture one assembles Li,
the ordinary logarithm and the constants to a three-vector cs and finds for the images of
the generator loops [;(t) (i = 0,1) the matrices M (l;) representing ([£30), ({.31) for c3

Li(z) 10 0 1 —2m 0
c3=|logz | : M(lp)=10 1 27 |, M@)=10 1 0. (4.33)
1 0 0 1 0 0 1

Alternatively, in a Heisenberg picture, consider the complexified Heisenberg group Hc
1 a c
0 1 b|—(abl|c)e€He. (4.34)
0 0 1

Instead of c3 one considers here the expression (a flat section of a suitable connection)

AQ) = (- log Bz,log 2| — Li(z)) (4.35)

and left operation with Hyz expresses the multi-valuedness (i.31]). More precisely one finds
for the monodromy along the loops I; the representing left multipliers h;

ho=(0,1]0),  hy=(1,0]0),  he=(—1,—1]0). (4.36)

So ho - (u,v|w) = (u,v+ 1|w) and hy - (u,v|w) = (u+ 1,v|w + v) give® ([{L3T).
One has from (a,b|c) — (z,y) = (e?,e’) a bundle projection with fibre (27i)2Z\C, =
C* (via ¢ — S := e%/?™; the entries of Hz are actually from ((27i)Z, (2mi)Z | (27)%7Z))

Hz\Hc

!
C; x Cy = (2miZ)*\CZ, . (4.37)

35Note that actually we consider (a,b,c) € Z* embedded in Hz via (2mia, 2mib | (27i)%c).
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This carries a connection of curvature %dlog x A dlogy coming from the connection

1
VS = TS(Qm’d log S — udv) = dS — Sudv/2mi (4.38)
i
on the pullback®® of the bundle (:37) to C x C along (a,b) — (e?,e’). The latter trivialises
the bundle so that a section can be understood as a map S : C x C — C*.
Now consider the pullback (along the base map z — (1 — z, 2)) of the bundle Hz\Hc
lying over C* x C* to what we will call the Heisenberg bundle H over P*\{0,1, 00}

H —  Hz\Hc

1 ! (4.39)
PI\{0,1,00} " ¢ x .
As the first two entries of a section s of H are fixed by the construction (up to the indeter-
minacy caused by the coset) s has the form s(z) = Hyz(— log z,log z | ¢). Asking even for
a flat section one finds (undoing the fibre identification ¢ — e¢%?™ = §) that the flatness
condition dc = udv (from ([l.3§)) just expresses ([.10]), the Li integral, and that the coset
takes into account the multi-valuedness ([.31)). So H possesses the flat section ([.3H) and
the Heisenberg bundle just encodes the fact that the ‘function’ Li is a section.
To gain information about Li itself by somehow projecting to it is not straightforward
as the immediate extraction of Li is obstructed by the Hz coset. What actually can be
extracted is the (suitably adjusted) imaginary part of it as we describe now.

4.3 Anti-invariance of the adjusted imaginary part £ of W

To motivate this note that the integral representation (f.11)) defines W on the complex
plane, cut along the part (1,00) of the positive real axis where W jumps by 27ilog z when
crossing the cut; so the expression W(z) + iarg(l — z)log z is continuous; its imaginary
part coincides with £ below.

Now note that the complez-valued ‘function’ Li(z) of the complex variable z is not
well-defined as a function according to the multi-valuedness expressed by the increments
A; around the l; which follow from ([.31), i.e. Ag = 0, Ay = —2milogz. Note that if
we restrict the values by considering just ImLi(z) then this real-valued ‘function’ of the
compler variable z has still Ag = 0, A; = —2w Relog z. Therefore, if we go one step
further and consider the real-valued ‘function’ of the real degree of freedom z = e living
on the critical circle |z| = 1, we get indeed a well-defined function.

Now it is interesting to see that, with a slight modification, we can actually do better.
Namely, to extrapolate this property beyond the critical circle, consider the expression ¢ =
log Bz Relog z (vanishing on |z| = 1). One finds that the real-valued combination of a com-
plex degree of freedom £(z) = Im Li(z) —Im #(2) is actually not only a well-defined func-
tion i.e. w1 (P\{0, 1, 0o} )-invariant, but at the same time also X3 anti-invariant, so it trans-
forms precisely with the sign-character, i.e. without correction terms. Furthermore, it is
even expressible by a function depending just on a real degree of freedom: the critical circle.

36The bundle (274)?Z\H — Cao x Cy, of fibre (2mi)?>Z\C.; so this is the complex analogue of (E)
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This is the case although £ is not just depending only on the angular part of the
complex variable z; rather it depends on the value of I(¢) = Im Li|.ip = L]|.i¢ on the
angular parts of the different Zg transforms of z, which themselves are not depending on
the angular part of z alone, cf. ({.42).

So note first that the function one finds (which also satisfies £(z) = —L(z))

L(z) =ImLi(z) — Imlog fz Relog = (4.40)

(cf. (B.14)) is m-invariant, i.e. single-valued as is also easily checked from ({.31)).

Now, just as the single-valued cousin Relog z of the logarithm has anti-invariant trans-
formation behavior under the duality group Zs (with « : z — 1/z), we will see that £
transfroms anti-invariantly under Y3. We give four arguments for this: the direct compu-
tational check, an argument using representation theory, a manifestly invariant rewriting
and finally a geometric interpretation.

Anti-invariance of £ (first argument): explicit evaluation (appendix [A.1]). This
is the brute force procedure given by the explicit check.

Anti-invariance of £ (second argument): representation theory (appendix [A.2]).
More conceptually one has a representation theoretic argument (cf. (A.24), (A.27)).

Anti-invariance of £ (third argument): rewriting to a manifestly invariant ex-
pression. The third argument (going in essence back to Kummer) is by an explicit rewrit-
ing ([£43). Consider the decomposition of Li(z) in real and imaginary parts as we did above
for its restriction on the critical circle |z| = 1. One finds with z = re’® that

r P 70)
Li(z) = _/ log(1 — e*t) .,
0

t
1 ["log(1l—2t t2 " tsi dt
= _—/ og( cosg + )dt+i/ arctan _tsing —.  (4.41)
2 Jo t 0 1—tcosp) t
This gives37 with arctan 121?0? s X0 K= X|t=r = Imlog Bz and the inversion relation
t= Sms(l)rzif 5 (considering ¢ as a parameter) the evaluation (using (f.25), (A.13))

Todt ® K sin
Im Li(z :/ — =vlo t”—/lo tdy = klo r—/lo — = d
(2) X x log t[g [ logtdx g e e L

1
— klogr + 5 (I(2¢>) FI(2K) — T(26 + 2@) (4.42)
1
= Imlog Bz Relog z + 3 (1(2 Imlog z) + I(2Imlog 5z) + I(2Imlog ﬁ2z)> .
This shows that the ‘function’ Im Li(z), which a priori is a non-elementary real ‘function’

of a complex variable, is actually already determined (up to the elementary logarithmic
product term) by the real ‘function’ I(¢) of a real degree of freedom (cf. remark above).

Imz
1-Rez"

Im 2

3TNote that Imlog z = arctan Res

and Imlog Bz = arctan
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Using the notation z — €*?(*) = 2/|z| = exp{iImlog z} for the (a-compatible) oper-
ation of taking the angular part, one has by (§.42), ({.25))

L(z) = T(¢(52)) (4.43)

1€ZL3

which shows that £(z) is X3 anti-invariant (as ¢(az) = —¢(z) and I(¢) is odd). And
L(z) =% s Sign () Li(e2?(2)), making a X3 anti—invariant projection in £(z) mani-
fest, follows® with II(¢) = 31(2¢) = +:(Li(e*?) — Li(e~%?)) (cf. (29) for N = 2).

Anti-invariance of £ (fourth argument): volume of an ideal hyperbolic tetrahe-
dron. This approach uses a geometric interpretation ({1.45)). The idea is to interpret the
transformation behaviour of £(z) (under the 33 operation on z) geometrically in the fol-
lowing sense: z € P! is interpreted as being actually a cross ratio (cf. (C13); the definition
is normalized so that z = cr{oc0,0,1, z})

(4.44)

21 — %3 Z9 — Z3
z = cr{z1, 20,23, 24} =

21— 24 22 — 24

of four points 21, 22, 23, z4 in P! and the operation of 25 as the residual effect of the original
Y4 on the z; (cf. (C.15), (C.16)); then £(z) € R is understood as a geometrical quantity
which transforms under ¥4 with the sign character (of 34 which induces the corresponding
character on Y3). For this geometrical quantity one takes the hyperbolic volume of the
ideal tetrahedron in hyperbolic three space Hj (cf. appendix [J) with vertices 21, 22, 23, 24
lying on the boundary P}C of Hs. This is then manifestly independent of the numbering
of the vertices except that the orientation changes under odd renumberings showing the
anti-invariant transformation behaviour.

Here an ideal tetrahedron is a tetrahedron A (bounded by geodesic faces and geodesic
edges)3” with vertices 21, 22, 23, 24 on the boundary C U {co}. One has vol A = £(z) with
z = cr{z, 22, 23,24} (cf. appendix [J) or, equivalently4°

vol A(z) = L(2) (4.45)

for an ideal tetrahedron A(z) with vertices (00,0,1,2). As a check note that A(z) degen-
erates if one of the faces degenerates, i.e. not only for z = 0,1, 0o but also for z being on a
line with 0 and 1, i.e. for z real; in all these cases ({.40]) vanishes as well.

Let us give an example. The symmetric hyperbolic three-simplex Agym (with vertices

on Pl and having all six dihedral angles equal to 7/3) is in the ‘circle gauge’ (cf. appendix)
given by the vertices oo, —1, —w?, —w, s0 2 = —w = /3 and (cf. (B11))
=1 (1.46)

**Note the a-anti-invariant projection in I(¢) = Im Li(e’?) = £ (Li(e’?) — Li(e~*?)) making I odd.
39The geodescis are vertical lines and semi-circles (in vertical planes) with endpoints in the boundary

C U {o0}; geodesic planes are vertical planes and hemispheres (over C and bounded by geodesics).
40 As the 2; can be transformed to (00,0, 1,2) by an element of SI(2,C) on P{, an isometry of Hj.
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Now the volume ([C.11]) of a hyperbolic three-simplex becomes maximal®! for the symmetric
case ([L.46)) (cf. the corresponding remark about I(¢) in subsection [£.1])

vol(Agym) = 311 <§> (4.47)

which, being equal to 31(27/3), equals indeed £(z) = ImLi(z) = I(r/3) by (E27).

4.4 Linear modifications

We consider now some possible slight modifications which can occur from different prespec-
tives but all have a somewhat similar flavour. Recall that we found ([.22)) for the formal
triality symmetric (anti-invariant) modification W of W

i 2
W(z)=R(z) £ E(logz —log Bz) — 5 (4.48)
So W was a less than quadratic modification of*2 R, i.e. up to a constant just a linear
modification. We want to point here to other occurrences of such linear modifications.
For this let us recall the differential equation (JL10) for the superpotential before doing
the holomorphic completion (which the aim to get a proper superpotential suggested)

aw
dlogu

= Imlog fu = %(log Bu — log fu) (4.49)

(where we absorbed a factor ¢ into W). Considering z and z as two degrees of freedom
like Re z and Im z, the antiholomorphic part of the r.h.s. of (JL49) is independent of the
differentiation variable and one finds by giving up the holomorphicity demand on W a

superpotential W,om with a holomorphic anomaly
1_. 1 _
Wanom(u) = % Li(u) — % log Bu log u (4.50)
i i

which is a linear modification in the holomorphic coordinate (of course quadratic when
considered non-holomorphically). For easier comparison we display some relations

1 1
Re Wanom(u) = 3 Im Li(u) — 3 (Relog fuImlog u — Imlog fu Relog u) (4.51)
1 1
Im Wopnom(u) = — 3 Re Li(u) + 3 (Relog fuRelogu + Imlog fulmlogu)  (4.52)
1 1 1
§£(U’) =3 Im Li(u) — 3 Imlog fuRelogu. (4.53)

Further, allowing [[[4] in (the r.h.s. of) the differential equation ([.10) of W for an additional
additive constant — log Su., one finds again a similar modification but with u, constant

WY (u) = Li(u) — log fus logu . (4.54)

n He area(As) = © — 3 o; becomes maximal (= 7) for o; = 0 (like for the fundamental domain).

42In many respects (cf. section ﬂ) the Rogers modification R(z) = Li(z) — 1 log 8z log z (cf. ()), which
itself may be described as a quadratic (in the log’s of z and its Zs transforms) modification of Li, is a
conceptually more natural object to consider.
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Finally, including codimension four singularities like in R* x S% x R*/Zy leading to
non-abelian gauge symmetry on R* x S? (cf. section [f) one has for the full superpotential®3

WyMmem = ¢ W (u1 i) + S® = cN Li(e%ik/Ngl/N) —iSlogu. (4.55)

4.5 Comparison with a flux superpotential

We now want to compare the membrane instanton superpotential W ~ Li with a flux
induced superpotential** Wg = fW7 G A (C +iY). A non-trivial G-flux turned on (as
classical background) will break supersymmetry [0, [1]. So the mentioned comparison
is possible only because of the absence ([f.13) of proper susy vacua, i.e. one can have a
non-trivial G-flux just& for all u # 0. One tries to choose®™ [, G :=log fu (mimicking the
quantum vev). Recall that the notion of superpotential was somewhat improper because
of the non-compactness of X7; similarly one does not have a proper Kéhler potential®® in
the infinite volume case, or a flux with support on a closed cycle (here B has effectively
the boundary“® D). In the end all of this should be embedded in compact G5 holonomy
manifolds. But at least it is suggestive to see how the form of the membrane instanton
superpotential may reappear here. Let us recall first the flux superpotentials [f}, fi, [0].
One has, schematically, the flux-generated superpotential in type IIB on a Calabi-Yau

Wy = HAQ, Vg= HAN«xH (+n) (4.56)
cy cy
(with holomorphic three-form Q and H = HE + 1HYS, cf. [{]) the associated scalar po-
tential Vg = f d20 W can be obtained from a Kaluza-Klein reduction of the kinetic term
H? (including a topological integer n ~ |, oy H NS A HE). Similarly one has, schematically,
on a G holonomy manifold X with covariant constant three-form Y [0, f]

WGZ/XGA(CHT), VG:/Xc:A*c:Jr(/Xc;AC)2 (4.57)

4

and gains?” in the scalar potential the Kaluza-Klein reduction of the kinetic term G2. Vg

contains, now in our non-compact case*® X7, a term of the form considered in ([£7)

/G/\*G:/ G| G H@/ C | *G (4.58)

43Cf. footn. ; here S is the superfield tr W*W, of highest component [ d*0 S = tr(F? +iF A F).
4 Gtrictly speaking this may concern in general a ‘dual’ G holonomy manifold; the difference may concern

in our case of the M-theory conifold just a transition to a phase with the role of $’s exchanged.

5 Actually W is a section of a line bundle L of ¢1(L) = 5=00K over the moduli space M.

46 Compactification of X gives the closed cone of boundary Y = S% x 8%; for M-theory on manifolds
with boundary [@} open membrane instanton contributions to the superpotential become important [@]

4"Precise normalizations [E] give vol(X) = ;fr AT, 0 = ﬁ JGAC € R/27Z, K = %, Wa =
L [GA(RC+4T) € C/LZ, Vo ~ eX(vol(X) [ |G* + (2760)*) (kinetic term e*/? |0 W |* ~ [ |G|?).

4 The two effective supersymmetry transformations of the double fermionic integration in V = Ik d*0wW
lead for u [E] from the volume (metric) in fQ T~ fQ d*z./g (Q is supersymmetric) first to the gravitino ¢
and then again to the bosonic field C', more precisely to |, ; *@G; so symbolically one gets from the [ G AT

in We the [ G A *G in Vg via fd29 fQ T~ fQ *(; just as with Q and *H for a Calabi-Yau.
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(at least in a schematic product ansatz where also 6 ~ fB¢ GfQi C b fDi C fQ¢ C so one
has still Vg ~ [ D; (). Now we want to argue for the P; as representing supersymmetric
vacua. For this note that the relations u; = 0 and | p, ¢ =0 (which hold at the semiclassical
end P; where rg ~ o0) give W|p, = 0 and W |p, = 0: the first from [5G = log fu — 0,
the latter by V. ~ |0W|? (at P; where W|p, = 0) together with Vg ~ fDi C by (E59)
(conversely (1), (£.58) would give P # P; = [, C # 0 = W #0)

P:R:>W\p:0:8W]p (4.59)

Note further that (specialising to our non-compact X7)

aWG /G/\(SB _/ G (4.60)

suggesting® with (B.7) again the differential equation ([.10) (and (E59) by (E12)
dWg
d log u;

= log fu; . (4.61)

Remark: there is a formal similarity between two invariance-adjustments of the super-
potential W = —i Li. The adjusted imaginary part £, depending on u = ¢'®, is invariant
under monodromy from the 71(P\{0,1,00}) action (with additive shifts A;,® = 2,
A We = 2mi®); a term like DW (now dependent on @) is invariant under Kéahler trans-
formations (with multiplicative shift W — We™t and K — K + F + F; so the section
W is adjusted to a well-defined function in e = eX|W|?). From the general relation
0K =3 Vol( 59 [ xi AT (where T = Im ® y; is the harmonic decomposition) [f] one gets
in our local srcuatlon of X7 w1th one 3- cycle @, x = 0p and vol(X) = Im® [ T the
2vol(X fB T =5 Imcb ’
DW = oW + 3 Im<I> W (so that the difference to the ordinary derivative OW vanishes

when approaching via vol Q — oo the end). So one can compare (with Li(u = e'®))

finite expressmn 0; K which gives for the covariant derivative

1 I(iWg)
Im®-ImD = Im & Im 4.62
m® - Im DWg 3 Im(iWg) + Im 20i0) (4.62)
o0 Li
L=ImLi+Im®Im — 90 (4.63)

which leads, up to the factor 1/2, with iWg = Li to a certain formal parallelism.

5. Codimension 4 singularities

When X = R* x 83 is divided through by a finite subgroup I' of SU(2) one obtains
Xir= R*/T x S3 and Xor = Xz = S3/T' x R* leading as effective four-dimensional field
theories to an ADFE gauge theory and to a theory without massless fields, respectively (the
latter explaining the conjectured mass gap of the former) (I" operates always on the first

factor of SU(2)3/SU(2)p, the i in X; denotes which factor is filled in).

“9In the compact case note that G-flux, on a compact K3 fibre, say, of a K3 fibered W7, is quantised (in
units of 27 over tension), so constant over the moduli space (and the duality [E] with the heterotic string
might then be obstructed as for type ITA [@])) Here [, G = [, C, being zero classically, becomes in the
quantum domain the varying expression Im log 7, which may now be mimicked (!) by prescribing for each
u a corresponding classical flux background (which entails the ensuing formal similarities).
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Relations between the observables given by the 7;-variables. In more detail [[] let
N = |I'| and Yp = I'\S3 x 83 = '\ SU(2)3/SU(2) where I acts on the first factor. Clearly
the triality symmetry >3 is broken down to Zs. The three-cycles D; project to the D; with
Dy ~ ND] and D; ~ D; for i > 1 and one has ND| +Dy+ Dy = 0 and Na| + g4y = N7
(with a; = [y C) from the consideration of the membrane anomaly. The ensuing relation
nVnans = (—1)N for the variables 7, = exp{ka?f—;\r,fl +ia)} and n; = exp{kw +ia;}
for i > 1 entails that now the 7; are not a simple Zs orbit with n3 = 11,72 = 81, as
in (B.4), but that rather

)N

A-series  m2 = (B2 )™, ms = (Bm)N. (5.1)

This is actually only the case if I" is just a cyclic group, corresponding to the A-series (in
the type-IIA reinterpretation this means that one has wrapped N D6-branes on the S3
respectively has N units of Ramond flux on the S?). For the two different types of D,
singularity in M-theory (n > 4), with gauge group SO(2n) and Sp(n —4) (of dual Coxeter
numbers h = 2n — 2 and h' = n — 3, fulfilling N = h + 2h’), respectively, where the latter
‘exotic’ case leads to the new semiclassical limit point 77 = —1 (beyond 0,1, 00) of the
quantum modulio space NT, the relations are

D-series 12 = (82m)" (B2(=m))™™ . ms = (Bm)" (B(=m))?" . (5.2)

Finally for the E-series one has (with w; = €2™/?) new classical limits at 1, = wi': the
different FE-singularities in M-theory are indexed by an integer ¢ dividing some of the
Dynkin indices k; of the E-group and an integer u with 1 < o < ¢ and (p,t) =1 (for t > 2;
fort =11is p=0). With h; = %Zt‘ki k; the dual Coxeter number of the gauge group K

in M-theory at a G-singularity of index ¢ one has (in general)

. th
Eseries  m =[] (BPwi'm)™ . ns =[] Butm)™ . (5.3)
tp tp

Relation to the instanton expansion parameters u;. After the mutual 7; relations
let us also give the analogues of the relation (B.7) between the 7; and the instanton param-
eters u;. Let us restrict us to the A-series (in general a membrane wrapped on S% Cc Xir
corresponds to ¢ instantons in K;.). The different X; r are defined by the ‘filling in’ con-
dition D; ~ (0. Consider the two cases ¢ = 1 resp. ¢ > 1 separately. At the center of
Xir =RYT x 8% lies 8% = Q ~ +D,_,
four-dimensional supersymmetric SU(N) gauge theory to a point-like Yang-Mills instanton,

(as the membrane instanton corresponds in the

note that, because of chiral symmetry breaking as detected by the gluino condensate, the
local parameter at P is not uy = exp{i(fQ/ C+iY)} but rather u}/N). As earlier one gets
1

uy = 1 or with (5.1])

6 <U1/N> =M (5.4)
(again footn.’s [L1], 13 apply). For i > 1 one has at the center of X;r = R* x S3/T lying
S} =Q; = + D) (this time u; is a good local parameter at P;). uz = 7; leads now to

Buz =y (5.5)
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Superpotential. Let us consider the ensuing superpotential evaluations (f£.10]) (again
for the A-series). On X;p, where i = 1 or 3, one gets for dW/dlogu; now fsg/FC =
Imlogn; and fsg C = Imlogns, respectively, and finds (after holomorphic completion)

with (B4), B3)(k € Zw)
W (u1g) = /0 b log B(t'/N)dlogt = N Li(wkui/™) (5.6)

W (ug) = /0 “ log(Bt)N dlog t — N Li(us) (5.7)

(u™N principal value, wy = e%). N = Fuz by uy =2, uz3 = m and (5.1). By (E.29)

> W(uy k) = Li(us) (5.8)

keZn

Now consider the four-dimensional interaction Im fR4 dy f d?0S® with S = tr WeW,,
the ‘glueball’ chiral superfield of lowest component the gaugino bilinear tr A> and highest
component [ d*0tr W? = F?2 +iF N F (W the field-strength superfield of highest com-
ponent F' + ix4 F') and @ the superfield of lowest component ® = fQ C + ¢ and highest
component |, 0 *( x7)G by (£.6). Just as the coupling constant in front of the kinetic term
of the seven-dimensional gauge fields on R* x S3 gets rescaled by vol(S3) = Im ® in four
dimensions, one has an interaction fR4Xs3 tr FAFAC (gauge theory instantons carry mem-
brane charge) so Re ® leads to the four-dimensional theta-angle §. On the other hand one
has the interaction fR4 g3 drytr A2 A *(x;)G and as tr A2 gets a vev ~ Aew? w (k € Zn,
the N different vacua from chiral symmetry breaking) one finds [f] again (cf. (|£6])) the
interaction proportional to fsg *x(G.

Taken together (with relative weight factor®® ¢ ~ e=1/ Q%Meﬁg) with the membrane

1/N

instanton contribution u one finds as superpotential Wy o) = S®+N 2cu,
point S = —z'Ncu}/N. This gives ® = —ilog(79)" and Weg(S) = —iSlog(+=S)N +iNS
of critical point (NLCS )N =1or trW? = —iNcwk. We will consider elsewhere the critical

of critical

point and the effective superpotential for the full
WYM,mem =S®+ Ne¢ W(uLk) . (5.10)

Remark: there is another Zy relation (5.11)) besides (F.§) (i.e. (JE29)) which would be
interesting to relate with the Zx of SU(N) or to provide a gauge-theoretic meaning,.

The expression R(z) = %(Li(z) — Li(1 — z)) + 7{—;, cf. (B.19), is more suitable for

expressing some Li relations. Actually one has a relation (cf. appendix, section

N—-1 2 7 N-2 s 2
sin sin? = T 3(N —2)
R N Rl ——& | =— (1421 5.11
<sm l%) )+ (sm (i+1)% > 6 ( + N ) (5.11)

=1 i=1

0By a shift & — & + &g the ¢ can be identified with a shift in the bare coupling constant, so ¢ ~ e%%;

further there is an order N? factor [E, @]
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Here the argument is 1/Q%, (where i + 1 = Sym® 2 with action diag(z?,2172,...,27%))

sin(i +1)% 1 —wif!
Qio = sin & —= 1- w]\][\; [ = trigy oy (5.12)
N

with Zy < SI(2,C) via diag(z, z71) for z = wy. Eq. (B.11)) is interpretable [[{3] as the eval-
uation (cf. (6.14))) of a Cheeger Chern-Simons class on a generator of H3(Zy,Z): consider
the embedding Zy — PSI(2,R) given by

(cos% —sin%) ‘ (5.13)

Gin T . T
sin 3 COS 7

Furthermore one has a geometrical interpretation [[4] that Zle R(t;) = %Qn for a certain
integer n when a 3-manifold M is triangulated by k oriented tetrahedra T’;. Here for each
vertex ¢ (i = 1,...,N) a real number z; is given and one has associated to the tetrahedron
T; the corresponding cross ratio t; = cr{zq, Zp, T¢, q}. As the set of tetrahedra forms a
triangulation the boundary 9 Zle T; = 0 of the associated 3-chain is zero and this implies

the relation 2?21 t; A (1 —t;) = 0 which then implies (F.11)). (cf. appendix D))

6. Interpretation and outlook

The preceding investigations cause three sorts of questions. First, one may dwell on some of
the points touched already: the identification of the relevant coordinates (u;,n;) (cf. discus-
sion around (B.7)), especially the globalization question with possibly a direct connection

to the type-IIA approach [I4] which uses special flat coordinates of N = 2; the question of
ow

dlogu

the holomorphy violation (by the boundary; cf. the Es anomaly, even in superpotential

holomorphic completion of the superpotential in = Imlog fu — log Bu, respectively
contexts); the interpretation of the transformation rules of W (section of Heisenberg bun-
dle, or even a balancing argument as in (J.17); W monodromy from the C' field shifts);
also to see directly, before evaluation, the connection X7 — A(z) (and that a G flux (?)
evaluates W on X7 to the (complexified, cf. below) invariant vol(A)).

The second type of questions concerns an interpretation of the results obtained so
far (section B.1)). Finally their posssible extension to more generic (compact) cases and
placement in a greater conceptual context (sketched in the more speculative section
described in more dateil elsewhere [[I]]). (For relations to type-I1IA string theory cf. [B5].)

6.1 Local interpretation

The universal object over the quantum moduli space. We now want to compare
the structures found with corresponding constructions in the description of pure N = 2
SU(2) gauge theory as given in the Seiberg/Witten (S/W) set-up [R§]. There one was

) . . duap _ (f50un\ _ (Joz @ .
interested in the section ( bua ) = ( [ 8u)\> = ( fcf 0 of the flat bundle given by the first

cohomology of the universal elliptic curve & — Pl over the quantum moduli space P} =
I'(2)\Hy; the fibre over u is H'(FE,, C) with the elliptic curve E, given as two-fold covering
of P! branched at o0,0,1,u (degenerating for u being one of the three points oo, 0, 1;
encircling the corresponding singularities gives monodromy elements generating I'(2)).
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Recall the relation® of the (meromorphic) periods of the S/W curve C (describing a
gauge theory engineered on a K 3-fibered Calabi-Yau X in type ITA) and the (holomorphic)
periods of the mirror Calabi-Yau W; one has with cycles Cs C W, Cy C C

/QN A (6.1)
Cs3 1

Now replace this universal family of elliptic curves by a family of three-manifolds, or
rather (in our local case) three-simplices: we associate to z € P! the hyperbolic geodesic
three-simplex given by the ideal tetrahedron A(z) in®® Hz with vertices 0,0, 1, z; again
the construction degenerates for z being one of the three points 0o, 0, 1.

So the quantum regime of the universal local structure provided by the non-compact
M-theory conifold X7 (of quantum moduli space PL) corresponds to the variation of A(z)
over z € PL = 0Hj (cf. vol A(z) = L(z) in (4F)).

We will compare to corresponding expressions in our set-up the pair a, ap and the
Kéhler potential (in the S/W set-up) as relations of dual torus periods (F prepotential)

ap = 347: K = —Imaap (6.2)

da’
a:f)\, aD:}{)\. (6.3)
a B

The quantum coordinate is not a? but rather the corrected (cf. remark 3 below) quantity

1 1 1
%u = g <f— 5&8@]"—) (64)

and in the stringy realization the quantum coordinate u becomes purely geometrical@’53

u=722= / Q (6.5)
C3

which is made possible by going to the mirror description in type IIB.
With the modification R of Li (cf. (B.15))), whose relevance will emerge below repeat-
edly, we can compare to (p.4) as one has (so a,F,u are related to®® i® = log z, Li, R)

1
R=1Li ~3 log 2 Qg - L (6.6)

*1Where C is built up as a covering over P' ‘the same way’ (replacing the intersection lattice H?(K3,Z)
by a zero-dimensional spectral set) that W is built up as K3 fibration over P*.

®2Think of a different copy of Hs over each point z € P as ambient space for A(z) just as one thinks
of a different copy of the Weierstrass embedding plane Pi’y, , over each u € P} as ambient space for F, so
that in both cases one really ends up with a fibration (where the fibres are disjoint).

®3The prepotential F(X°, X' ..., X") of the periods X* is related to the prepotential F(t*,...,t") of
the Kéhler coordinates t* = X*/X° via F = (X°)>F, giving the relation 3(X°) '9xoF = F — 3t°0,F.
The period ap is related to the conifold via Z¢ ~ ap ~ r4+ ~ @ — 1 with Zg the period related to the
6-cycle in type IIA, respectively the vanishing S® of the conifold in type IIB. The type-IIA perspective on
the conifold, the period ap and its relation to the dilogarithm are discussed further in [@}

5 We call here the u modulus of (R.14) z to avoid mix-up with the S/W w.
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So the distinctive feature of the S/W solution, that a quantity in the bulk of the
quantum moduli space has a purely geometric expression like the mentioned periods (typical
for string dualities), resembles the way how in our N = 1 set-up the quantum corrected
quantity W (u) becomes an integral of classical geometry on a ‘dual object’ (lying over a
respective point in the quantum moduli space), i.e. £L = [ A vol (respectively its complexified
extensions described below which suggest the whole point of view).

Remarks.

1. The membrane anomaly becomes manifest in the described global quantum model

Z . C=m— Ztors(’yi) = (6.7)
Z3 " 7D,

Z3

(using S% for the S% (phases)B). This points to a connection® between the di-
rect manifestation (C.10) of the anomaly in the dual hyperbolic model and the

proof (.19).

2. The different three-dimensional structures we encounter (membrane instantons and
the modulus ® = fQ C +iY; the Heisenberg bundle H as built up from Li, log and 1;
the (solid) tetrahedron A(z) and its volume®®) have corresponding two-dimensional
structures in the S/W set-up (world-sheet instantons; H'(E,) as built up by (ap,a);

3. In the S/W set-up there is also the relation with a flux superpotential which we
contemplated for our case in subsection For this recall the stringy realization of
the N =2 — N = 1 mass breaking. According to [[] the quantum corrected version
W = mu = m(tr ®2) of the classical (u ~ a?/2) mass deformation in the field theory®”
is realised as a flux induced superpotential W = fW Q A Hs in the type-1IB string,
essentially because u occurs among the Calabi-Yau periods (cf. below). The stringy
realization proposed in [f] of this scenario started from the type-ITA superpotential

Wik ~ / HyANtAt ~ </ Hg) - vol(K'3) = ngux 0sF (6.8)
X P}

where®® the entries S, F/0S of the type-IIA period vector correspond to vol(P é),
vol(K3).

4. Having emphasized analogies between X7 and the S/W set-up let us point also to
a difference. In the S/W set-up at the three special points u = oo,+1,—1 BPS

®One may look at an anlogue of P% — A, a T? = U(1)%/U(1)p fibration PE — A (cf. [@])

%60r some hyperbolic 3-manifold Ms with its volume and Chern-Simons form C¢?, cf. below.

57Giving mass to the chiral multiplet ® of the vector multiplet, and so the breaking N = 2 — N = 1.
As near & = +1 a monopole and a dyon become massless one gets by including the light states W =
mu+ (ap — ao)¢d~> which leads to monopole condensation and locking on 4 = +1 «— ap = ao.

%8 Actually analytic continuation shows that this expectation has to be refined [@] W = mu is then
given by W = mu ~ 2i22 + B = 2it + 0, F.
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states become massless, the W-boson, a monopole and a dyon, respectively. Being
BPS states, in the string theory embedding the relation between mass and volume is
saturated, the respective cycles of homology classes N, N7, N~ shrink at the special
points and fulfill

N=N"+N". (6.9)

Note that not all of the three special points are on the same footing but some of them
(u = +1) are more equal (in the stringy representation in type II these correspond to
S%’s in the mirror Calabi-Yau whereas u = oo corresponds to S2 x S!, indicating hy-
permultiplets and a vector multiplet, respectively. In the type-II conifold transition
the two small resolutions are also more equal, i.e. the type-II reduction breaks 33
to Zsa). These two points u = £1 lie on the curve of marginal stability. The poten-
tial decay of BPS states when crossing such a curve were considered in investigations
about singularities of special lagrangian three-cycles [B7] from the perspective of tran-
sitions that occur for corresponding supersymmetric three-cycles in the Calabi-Yau
manifold. In [B7 two different types of such singularities are considered, modelled (in
C3) respectively on a T?-cone and two real 3-planes. The latter case was exemplified
above in (B.9) and considered also in [Bg, (and [P when considering the cone over
P3) whereas the former is related to the case considered in [[[4, P] (the case of the
cone over S? x S3) and the present paper. Here the corresponding relation between
the homology classes of the three respective cycles which become nullhomologous at
the three special points is

Dy 4+ Dy + D3 =0. (6.10)

6.2 Global interpretation

Compact G2 holonomy manifolds. Now consider compact Go holonomy manifolds X7,
K3 fibered over S? (replacing the previous local fibre K34°°mP = R%) with singularities
not just of codimension 7 (and potentially 4) but also codimension 6. The latter case
where the discriminant in the base S3 of X7 is of codimension two, the ‘discriminant link’
l = U?'yj (a union of h circles), will be especially relevant to make the connection to the
hyperbolic 3-manifold Ms.

More precisely, we will be concerned on the one hand with the case of a codimension
7 singularity of the classical geometry locally modelled after the cone over Y = S3 x 83,
or even a situation with many, say hx, local ‘ends’ modelled that way (having one S® as
base of the K3 fibration brings a certain asymmetry into the description). On the other
hand codimension 7 singularities arise as the cone over P2, the S%-twistor space over S%.
Consider here a component in the discriminant link given by just an unknot v and let
S C S3 be a spanning Seifert surface, not touching, say, the other link components. The
total cycle traced out® by following the cycle st,y,z in the K3 fibre, which vanishes over
v = 88, through the whole S = D2 leads to an 8* = {2 +y? + 2* + v? + w® = 1}
contributing to by(X) = b3(X).

59Fibre singularities relate to the cohomology of a total space: for an elliptic K3 for example one gets
S$%s building up H?(K3) (besides base and fibre) from paths P connecting points p,p, (of codimension 2
in the base as is our link I C S®) in the base P' (so 9P = p — p) over which an S! in the fibre shrinks.
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Hyperbolic 3-manifolds. Above we considered the 3-dimensional structure given by the
ideal tetrahedron A in H3 and studied its volume. Actually one will consider a two-fold
generalisation. One refines the volume invariant and generalises the tetrahedron to smooth
manifolds. We recall an universal cohomological interpretation of the dilogarithm superpo-
tential starting from the hyperbolic simplex volume computation related to its single-valued
cousin £ which points to the consideration of the complexified Chern-Simons invariant of
hyperbolic 3-manifolds (the volume combined with the Chern-Simons invariant).

Concerning the first issue one pairs the volume with the Chern-Simons invariant as sug-
gested by the cohomological interpretation of the occurrence of Li (or R) in the hyperbolic
volume computations (cf. appendix [ and below) together with the Chern-Simons refor-
mulation of three-dimensional gravity [i(J. Concerning the second issue one will consider
general hyperbolic 3-manifolds M and the way the refined (complexified) Chern-Simons
invariant varies over the hyperbolic deformation moduli space of M; this shows [{t1] (from
a triangulation by simplices) how the dilogarithm occurs in this variation.

Concerning the generalisation to smooth manifolds note that just as in the case of
the upper half-plane one can study now discrete torsion-free subgroups I' of the full group
PSI1(2,C) of orientation-preserving isometries of Hs and look for the corresponding (ori-
entable) hyperbolic three-manifold M (complete riemannian manifold of constant curva-
ture —1 of finite volume) given by the non-compact quotient I'\Hg3 (any such M arises this
way).%0 The geodesic simplices we studied occur, just as in the well known upper half-plane
case, as (parts of) fundamental domains for suitable group actions and the sum of their
volumes gives the volume of the quotient manifold.

Cohomological interpretation. For £ — M a differentiable Gl(n,C) bundle with flat
connection 6 one finds from the Bockstein exact sequence that co(E) lies in the image of
the Bockstein homomorphism

H3(M,C/Z) L5 HY (M, 7) — H*(M,C). (6.11)

The second Cheeger Chern-Simons class (appendix P]) gives a canonical choice of a preim-
age

Cy(0) € H3(M,C/Z). (6.12)
With w a C-valued S1(2,C) invariant three-form on S1(2,C)/SU(2) = H3 one finds a C/Z
valued Eilenberg-MacLane cochain Z(w) with

Cr =T gmg0) = [ w. (6.13)
A(z)
One finds then®! (with L(z) = R(z) — %2, cf. (B.19))
A 1 - 1
2ReCy = ﬁL(z) (mod 1/24), 2Im Cy = ﬁﬁ(z) (6.14)

S0Cf. that a closed surface of genus g > 1 admits a metric of constant curvature —1 and is isometric to
I'\H>. Note that by the Mostow/Prasad rigidity theorem two hyperbolic threefolds of finite volume with
isomorphic fundamental groups are actually isometric, the volume is a topological invariant.

S1With Re C evaluated on Hz(S1(2,R)?) for z € R. One can give a similar interpration for Relog and
its relation to Ci € H'(GI(C),R) just as £ represents part of Co € H*(GI(C),R).
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Transition to hyperbolic 3-manifolds. Let M now be a closed 3-manifold of hyper-
bolic structure given by M = T'y,\Hgs or equivalently by the holonomy representation
h:m (M) — (P)S1(2,C), respectively by a flat (P)S1(2,C) bundle over M; this is pulled
back from the universal bundle U over the classifying space BSI(2,C)° by a base map
m : M — BSI(2,C)® so one can evaluate®? Cy € H3(BSI(2,C)%) (cf. appendix D)) on the
class in H3(BSI(2,C)%) given by M

ReCy(M) ~ CS(M),  ImCy(M) ~ vol(M). (6.15)

So the proper cohomological interpretation of vol A(z) = £(z) leads to the considera-
tion of hyperbolic 3-manifolds M for which the second Cheeger Chern-Simons class is given
by (6.15) with universal evaluation (p.14). For a hyperbolic 3-manifold M the invariant
f Ms CY +ivol is studied (in this complex Chern-Simons theory (as in 3D gravity) one has
naturally the complex pairing of volume and the C'S 3-form field, cf. [[I]).

The hyperbolic deformation moduli space is defined via periods of the generator loops
m;,l; (for h a suitable one-form) for the (assumed) toroidal ends

vi(u) = gg ) K(u) := QWZIength(’yi) = — Zlmuiﬁi (6.16)

u; = i/ 20", vi:i/Qh*. (6.17)
myg li

In other words there exists again a prepotential G and again the expression

f= 3(2 —udy)g (6.18)

has a purely geometrical description (Dehn filling the ends via solid tori will be involved)
f:mwm+w“m@:/w. (6.19)
M
Egs. (b-16)-(p.19) compare to (p.2)—(p.5) (a, F,u relate to u, G, f). One defines invariants
2 ~CS
I(M) = exp —vol 4 iC = exp w
MT M

A(y) = exp{length(vy) + i tors(y)} = exp {/ 2h*} (6.20)

v

generalising the occurrence of Li and log, or their real cousins £ and Relog as three- resp.
one-dimensional volumes ([L4F), (C.q) in A(z). So one has corresponding triples

Li(y) Cy I(Ms3) L vol(A)
logy |, ¢, A7) |, and | Relog |, length(~) . (6.21)
1 1 1 1 1

52For M closed C'S(M) is essentially the n invariant, this is suitably extended for M non-compact.
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Interpretation. Now having generalised our local G5 holonomy manifold X7 to a global
manifold (compact and K3 fibered over S3) and furthermore having generalised the hy-
perbolic geometry of the simplex A(z) to smooth hyperbolic 3-manifolds let us indicate
a potential connection. The quantum expression comprising all the corrections may have
again a purely geometric description (when going to the dual description provided by the
hyperbolic 3-manifold M, a ‘thinned out’ (spectral) version of the dual 7-fold just as the
S/W curve is the K 3-integrated-out version of the mirror CY). In the dual evaluation the
membrane instanton superpotential W = Li(z), generalising £, occurs as a complexified
volume of a simplex in hyperbolic 3-space (respectively of a 3-manifold). So just as the
periods of the S/W curve were periods of the type-IIB Calabi-Yau (mirror to the original
theory in type ITA) now the dual 3-manifold M (analogue of the S/W curve E,) and its
‘period’ f(u) = [,;5 vol+iC (evaluated in the local case by R(e"), i.e. essentially by
Li(e")) reflects a (V[}lg?) ‘period’ (evaluated locally by W ~ Li(e®)).

Supersymmetric (associative) S3’s, which sit in X locally like in S* x R*, contribute
to H3(X); in the dual 3-manifold M3 the hyperbolic moduli space has dimension A, the
number of ends, i.e. the number of link components in the description of the discriminant
of a K3 fibration X — S3 (responsible for the codimension 6 singularities); first these
numbers and then the moduli of X7 and M3 have to be brought into relation for the dual
description. Relating the moduli spaces@ (cf. (6-1])) might include relations

logu = / YT 4+iC «—— log\; = / length + itors.
SS

Q; Yi
ow 0g
=1 = ; 22
Odlogu 08Uk Ou; Y (6:22)

(the coordinate u = exp{i fQ C + iY} for the non-contractible S* (and ®; = logu) are
replaced with A = exp{length () + i tors(y)} for the non-contractible S! (and u = log \)).

The base part S* — [, over which the fibre is non-degenerate, is a 3-manifold Ms3.
Concerning the moduli spaces we want to compare note that for the superpotential we are
interested in the number hx of these S? (related to codimension 7 singularities C'(S? x S3))
whereas in the description of the hyperbolic 3-manifold and the complexified Chern-Simons
invariant we are interested in the number h = hjy; of ends of M3 (or components of the
discriminant link describing codimension 6 singularities, related to S* or the deformed
C(P2)). The 3-manifold Mz having three representations (the quotient I'\Hgs, a triangu-
lation M3 = UPA(z;) and the link complement S® — [ of | = U;-Wj) one now connects its
second and third representation: the question of translating the different dimensions of
moduli spaces is then captured by the reshuffling of the different summation boundaries in
K = Z?(length+it0rs)(*yi) and f =3 R(z) (where R is essentially Li and for X7, very
naively, W ~ Z?X Li(u;)) inherent in (6.16)—(6.19) [11].

The comparison (considered in more detail elsewhere [Jt]]) will describe the actual
form which the analogy between a local description of a singularity of a G2 manifold by
X7 = R* x 8 and the Dehn filling of an end of a hyperbolic 3-manifold with the solid
torus 7 = D? x S! takes, i.e. the mapping between the moduli spaces of X7 and Ms;

,35,



(including the prepotential of hyperbolic deformation space) and the conncection between
the membrane instanton superpotential and (possibly G-flux superpotentials resp.) the
complex C'S theory on Ms.
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A. The triality symmetry group on the moduli space

Y3, the permutation group of three elements, is built up from Z, and an invariant subgroup
Z3 = {e, 3, 3%}; one has the relation af‘a = 3~ (read i mod 3).

1—>Zg—>23—>22—>1. (Al)

The non-trivial coset consists of the three order two elements o, a3, o3>
(A.2)

There are three conjugacy classes (CC) given by the elements of order one, two and three,
respectively. We denote a conjugacy class by ¢, and the number of its elements by n.. We
index the classes by the common order of its elements, so n¢, = 1, n¢, = 3, ney = 2.

Some representations are: the trivial representation 1 = triv; the sign character

sign : 23 — Eg/Zg = ZQ = {il} (A3)

and the fundamental representation 3 = fund induced by permutation of {1,2,3}. In
general, for a representation R, one has the following projection operators: first the ‘in-
variant projector’ Pt (v) = > e, v (v in the representation space of R) which gives an
Y3 invariant element; and analogously the ‘anti-invariant projection’

P~ (v) = ) sign(y)yv (A4)

YEX3

which transforms with the sign character (both may be normalized by 1/6).

Note that the representation 3 is not irreducible. Think of it in real three-space to
see the invariant (Euler) axis ), e; and the 27 /3 rotation in the orthogonal (‘barycentric’)
plane. So it decomposes into a sum of the trivial representation and a two-dimensional
irreducible representation, called 2 (we will also denote —1 = sign and —k = —1 ® k)

3=201. (A.5)

Let us denote the degree and character of a representation d by degq and x4, respectively.
The representations 1, —1,2 exhaust the irreducible representations as 3 = f CC or

3] = deg] + deg? ; + deg3 - (A.6)
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At this point it might be appropriate to give the character table

x(e1) x(e2) x(es)
1 1 1 1
-1 1 -1 1
2 2 0 -1

Let us furthermore point to the following facts which we will use later

2222014 -1 (A.7)
A3 =24 -1 (A.8)
Sym?’3 2 20201®1. (A.9)

For (A.7) note® that the multiplicities mq = 1 of each of our three building blocks 1, —1,2
occuring as isotypic components d in 2 ® 2 follow from the character relations

1 1
ma =7 Y, X202()Xa(?) = 7 D Nexzsa(c)Xalc) (A.10)
s ~ES; 23] ceCC

Eq. (A§) follows by inspection® and (A.9) from® Sym? 3 = (3 ® 3)/A%3.

Note also that if a system (z;)icz, spans a —3, i.e. az; = —zq;, then the system of
w; = 241 — 2i—1 = (3*2; — Bz; spans a 2 (by Y, w; = 0 and aw; = we; from aF? = Ba)

Puc=-3=> wC=2 (A.11)

(2

The f; and «; transform essentially (shifted by o — %) under 3 and — 3; then (A11)
leads to the introduction of the (log)y; (similar the relation of the (log) n; to the (log) y;).

Some representation theory for Y3 acting on P!. For a X3 action on P<1C consider
the induced operation on functions®® AP on P!. Consider now a Zs-orbit of an Zs-

anti-invariant function f, i.e. of a function with f(az) = —f(2), like the logarithm (here

az = 1/z like for the Sly action). One has @;ez, f(5;-)C € A°P(-3), so
PlogszC=-3. (A.12)

Now (B.2) implies for some z :=n;
ng logz = Z log 'z = +mi (A.13)
1€Z3
P logz = Z sign(y) log vz = +2mi (A.14)
YEX3

%30r: 2 ® 2 is represented by the span of e; ® e; with i = 1,2;5 = 1,2 ; clearly the diagonal provides a
2; the +1 and —1 are spaned by e; ® e1 + % +e2®e2 and e1 ® e2 — e2 ® e, respectively.

64For A28 = @iczzei A ei+1C the split (@) leads now to the anti-invariant line (ZiEZS ei Aeiy1)C.

%0r: among the e; - ¢; (i < j) of Sym? 3 the diagonal and the i < j part span each a 3.

56 Functions are considered for now just formally, regardless of poles or the question of single-valuedness.
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> log(—=1)%82 =0 (j €Zs) (A.15)

1€Z3
> dlog 'z =0 (A.16)
1€Z3
Z Relog f'z = 0. (A.17)
1€Z3

One has the exact sequence (by (A.13) the left term are the constants (= ker d) in the
middle term)

0 — (3, log Bi2)C — @;log BizC -5 3. (dlog fizC) —> 0
| | | (A.18)

0— -1 — -3 — -2 — 0
Similarly one has an interpretation of the real vector spaces with ¥3 action (note (A.17))

@Im log f'zR = —3 (A.19)

> (Relog 3'2R) = —2. (A.20)

7

A.1 Anti-invariance of £: first argumen

We show how dLi = log fzdlog z and Imlog 5z Relog z behave under e — sign(vy)y. The
complete parallelism shows (cf. footn. f§) that (Im [ d Li) — Imlog 3z Relog 2 vanishes for
all e — sign(~y)y transformations, i.e. the anti-invariant transformation behaviour.

~ (logz logBz logB2z)\. s
B <log 52 log B2 loge > (the last equalities from ([A.13)))

(e — B)dLi = log Bzdlog z — log f*zdlog (=
= d(log fz - log z) — log zdlog Bz — log 3%zdlog 3z
= d(log Bz -log z) + %dlog2 Bz F midlog Bz
(e — B)Imlog Bz Relog z = Imlog 3z Relog z — Imlog 3%z Relog Bz
= Im(log 3z - log z) — Imlog z Relog fz — Im log 3%z Relog Bz
= Im(log Bz - log 2) + % Imlog? Bz F wImlog Bz .

2 ~( logz logpBz log 322 . o
B —<log 52 loge  log B2 > (the last equalities from (|A.16)))

(e — %)dLi = log Bzdlog z — log zdlog 3%z
= d(log Bz - log z) — log zdlog Bz — log zd log %=
= d(log Bz - log z) + %dlogQ z
(e — %) Imlog Bz Relog z = Imlog 3z Relog z — Imlog z Relog 3%~
= Im(log Bz - log z) — Imlog z Relog Bz — Imlog z Relog 32
= Im(log Bz - log z) + % Imlog? z .
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~( logz log Bz log B2z . oy 5
o' _<7logz log 32 7logﬁz>. (the last equalities from ([A.13))

(e +a)dLi = log Bzdlog z + log 3*zd log =
1
= —§c1llog2 z + midlog z
(e + a)Imlog 3z Relog z = Imlog 3z Relog z 4+ Imlog 3%z Relog =

1
= —§Imlog22:|:7TRelogz.

(Xﬁ ~ log z logBz logB2z \.
"\ —logBz —logz —logB3z)"

(e + af)dLi = log fzdlog z + log zd log 3z
= d(log Bz - log z)
(e + af) Imlog 5z Relog z = Imlog 3z Relog z + Im log z Relog 3z
= Im((log Bz - log 2) .

2~ 1 logBz  log %z, . it
af :(71;)5;% ff}g;z fglog,j>' (the last equalities from (A.16) and (A.17))

(e + af?)dLi = log Bzdlog z + log Bzdlog >~
= —3d(log? 52)
(e + af?) Imlog Bz Relog z = Imlog Bz Relog z + Imlog 3z Relog %2
= —% Im(log? z) .

A.2 Anti-invariance of £: second argument

To investigate the potential anti-invariant transformation behaviour of £(z) let us take up
now our representation-theoretic considerations from section .

The proper reason for the anti-invariance of £ = ImLi(z) — Imlog Sz Relog z is the
following fact: when one operates on bilinear product expressions like log 3z log 3/ z with
either d or Im one finds as image elements in their respective target spaces (of expressions
log 3'zdlog 37z and Imlog 'z Relog 372) just the symmetric combinations by reason of
the (pseudo-)derivative nature of these operations

a(f-g)=df -g+ f-dg
Im(fg) = Im fReg+ Re fImg. (A.21)

This is for Li = [ log fzdlog z an indication that the integral can not be done elementary
(the integrand is not symmetric, thereby not naturally a derivative of the presumptive
candidate functions, cf. footn. [1]). Now both terms, whose imaginary parts add up to
L(z), i.e. [logBzdlog z and ¢ = log 8z Relog z (or equally well i Im log 3z log z), constitute
the one missing piece which, when linearly combined with the elementary expressions
log Bz log 37z, gives after application of d and Im respectively not just the symmetric
elements (imd and imIm in (A.23)) and ([A.26), respectively) of their natural target space
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but all elements; furthermore both of these missing ‘non-symmetric’ elements are built
from the same underlying element%” log 5z ® log 2

dLi = log Bzdlog z
Im = Imlog Gz Relog = (A.22)

We will see in a moment that the non-vanishing elements in the respective one-dimensional
quotient space (target space modulo image) they generate transform with the sign charac-
ter (1A.24), (A.27). The common origin of the non-trivial terms and the complete parallelism
of the (pseudo-)derivative operations mentioned above shows then that the classes, when
lifted back to the proper elements, acquire exactly the same correction terms which gives

finally the anti-invariance of their difference.%®

Now consider the following exact diagram

0
!
C
!
0 — Sym?fund — Sym?fund @ LiC — LiC — 0 (A.23)
Ld Ld ld
0 — imd — ®;;logB2dlog72C — [dLi]C — 0
!
0

From consideration of the lower horizontal exact sequence one finds
[dLi]C = —1. (A.24)

For, by (A1§), the space of elementary bilinear expressions log3zlog 3’z gives a
Sym?(—3) = Sym?3; concerning imd note that the kernel of constants in the vertical

short exact sequence is, by (A.13)), (3=, log 372)2C = Sym?(—1) = 1; so by (A.9)
imd=20102. (A.25)

The middle term in the lower sequence, is given by% —3® -2 = 3@2 = 2®2®2. Thereby
[dLi]C = (-3 ® —2)/imd = (20 2® 2)/(2® 1 ® 2); (A7) now implies (A.24).

570f the tensor product which one has to take, instead of the symmetric product used above in the
elementary expressions, to be able to apply d or Im to individual factors.

58When going back and forth in Im od~! the interrelations are kept, i.e. the integration constants are real
(actually rational multiples of (7i)?) (note that kerd = C, kerIm = R on holomorphic functions).

59The tensor (instead of the symmetric) product applies as the symmetry between the factors is broken.
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Now consider the following companion exact diagram

0
!
C
!
0 — Sym? fund — Sym? fund @ ¢ C — YC —0 (A.26)
| Im | Im | Im
0 — imIm — @;;Imlog Bz Relog 37 2R — [Im¢]R — 0
!
0

By completely parallel arguments, where now the second embodiment of —2 in (A.20)
replaces the first one (JA.1§) used before, here too one finds (as representations over R)

Tm ¢]R = — (A.27)

A.3 Formal anti-invariance of a modified superpotential

To understand the anti-invariance property of W in ([.19) one would like to see the corre-
sponding symmetry becoming manifest. This can be done on the derivative level: dW/dz
becomes an elementary logarithmic function just as the correction terms dC'/dz, with the
only difference that C' (in contrast to W) is already itself an elementary function. To avoid
an additional transformation factor d(vyz)/dz obscuring the transformation properties, we
actually consider the one-form dW which again transforms with the sign character: i.e. we
are using the Y3 equivariant map™ d : A°C, — A'C,.
One finds (cf. (A-39)) for dW the manifestly anti-invariant expression

6dW = Zlog dlog Bz => dlog T “ log Bz | . (A.28)
1€ZL3 1€73

The first of the six terms is just the original term we started with
dW =log fu dlogu . (A.29)

From ([A.29) one can read off directly that W is not anti-invariant (compare to (A.2§).
Note that our solution (JA.2§) is actually indeed of the form ({£.20) (by integration), i.e.

6dIW(-) = > sign(y)(dW)(y-) = D _ sign(y)d(W(y-)). (A.30)

vEX3 vEX3

Matching to ([A.2§) is obvious for vy € Z3 by (A.29) which also gives (dW)(az) = log 3%z x
dlog z. (A non-zero integration constant would violate W (~y-) = sign(y)W (-).)

Meaning (df)(v-) = (£dz)(v) = £ (v)d(y:) = d(f (7))
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Now, to prove (|A.2§), one finds from ({.21))

6dC = —logzdlogz —2logfBzdlogz
—2log z dlog Bz + 3log Bz dlog Bz + 2log %2z dlog =
+21log B3z dlog 3%z + log 3*z dlog 3*=. (A.31)

Combining with ([A:29) one gets”" ([A.28) after a regrouping in the ‘verticals’ via ([A.16))

6dW = +log Bz dlogz —log %z dlogz —
—log z dlog = + log %z dlog Bz +
+log z dlog 3%z — log Bz dlog 3%z . (A.32)

B. The monodromy representation

The polylogarithms are (with Li(z) := Lia(z), Lij(x) = log Sz, Lip(z) = z - Bx)

n

. x d _. . o
Lig(z) = Z E T Ligy1(e®) = Lig(e"). (B.1)
k>1

To express the multi-valuedness of W = Lis define the matrix differential form [[§]

0 dlogpz 0
Q=10 0 dlogz | . (B.2)
0 0 0

The one-forms w; = dlog 'z are related with the loops I; by ﬁ fl wy, = d;;. Now consider
J
for a (multi-valued) function F : P'\{0, 1,00} — g¢{(3,C) the matrix differential equation

dF =F-Q. (B.3)

A fundamental solution is provided by the principal branch (on |z — 1/2| < 1/2) of

1 logpBz Li(z)
Liz)y=1|0 1 logz | . (B.4)
0 0 1

Analytic continuation of the principal branch of L(z) about a loop [ in P*\{0,1, 00} (based
at 1/2, say) leads to another fundamental solution M (I)L(z) where

M : 7 (PN\{0,1,00}) — GI(3,C) (B.5)

defines the monodromy representation. One finds for the images of the generator loops

1;(t) (i = 0,1) the representing matrices™ M (I;) in ([£.33).

"'Note the anti-symmetry of the coefficient matrix which guarantees the non-triviality of the ex-
pression (of course, being non-symmetric is enough; if one starts form an elementary expression F' =
Zi’j ai,jlog 3'zlog 7 z one ends up with a symmetric quantity dF = Z” (ai,j + aj;)log Bzdlog 37 z. The
missing symmetry did account already for the non-triviality of the original term (; cf. (;A.23)).

"2Multiplying the rows ) by (27i)? ! the factor 27i can be put in @) The %) are multi-valued but
the Q-linear span of the (27i)? 17 is well-defined (the monodromy representation is then rational.).
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In a column wector picture the three columns ci, k = 1,2,3, of L fulfill d ¢, = ¢ - 2
and one gets from (4.33) the monodromies (§.31]) for ¢3. Similarly in the row picture the
rows ) (j =1,2,3) in (BA4) are flat sectionsfd of a meromorphic connection V (on the
trivial C3 bundle over P!) given for a section s = (s1, s2,53) : P1\{0,1,00} — C3 by

Vs =ds — sQ = (ds1,ds2 — s1dlog fz,ds3 — sadlog z) . (B.6)
The Heisenberg picture involves the complexified Heisenberg group. Consider first the
situation over the reals with the following central extension of the group (R?,+) by (S?,-)

1—S'—H —R*—0. (B.7)
So the normal subgroup S! of H constitutes the centre and one has the group law
(XN - (Vo) = (X + Y, e(X,Y)An) (B.8)

with a skew-multiplicative™ pairing™ e : R? x R? — S! given by e(X,Y) = e2mAX,Y)
for A : R?> x R2 — R a non-degenerate, bilinear, skew-symmetric pairing. With the

i
(1,22 |¢) - (y1,92]d) = (21 + y1, 22 +y2 | A(X,Y) +c+d) (B.9)

parameterisation A = e2™¢, iy = ¢>™@ one finds as multiplication law on R x R?

Choosing for A the pairing A(X,Y) = x1y2 — zoy1 (for X = (x1,22),Y = (y1,¥2)) one
sees that the group law (B.9) on triples (1,22 |c) € R? x R := H’ is induced from matrix
multiplication under the following association of H’ with the upper triangular matrices

1 a %“b
(a,bley= |0 1 b = (a,blc) - (w,v|w) =(a+u,b+v|av—bu+ c+ w)
00 1
Note that one has a slightly different induced group law by the following association
1 a c
(a,bley= {0 1 b | = (a,ble)- (u,vjw) = (a+u,b+v|av+c+w). (B.10)
0 0 1

Define the complezified Heisenberg group Hc (with the S! from e2mi() replaced by C*)
where Hc is C3 with this composition (and so with inverse (a,b|c) ™! = (—a,—b|ab — ¢))
which makes H¢ a non-commutative group with normal subgroups (x,0]«") and (0, * | *),
both isomorphic to (C2,+), whose intersection (0,0 *) is the centre of Hc.

The adjusted imaginary part £ of W Consider the Heisenberg bundle ({.39) with
section s (where e(Hz(a,b|c)) = (e?,e?))

(271)2Z\Ce
!
H —  Hz\Hc (B.11)
sTl pr le
P\{0,1,00} ") C*x
s(z) = Hz(—log Bz,log z|c). (B.12)

™80 one has e(X + X', Y) = e(X,Y)e(X',Y), similarly in ¥ and e(Y, X) = e(X,Y) !, e(X, X) = 1.
"X — e(X,-) will then provide an isomorphism of R? with its character group.
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The Hz coset expresses the fact that z — ¢ is not given as a function (the monodromy
increments of Li). This comes as the right vertical sequence in (B.11]) does not split, i.e.
there is no map « with (0,0]¢) — Hz(0,0|c) = (0,0|c). For the imaginary part of the
fibre (271)2Z\C,¢ = ((QW)ZZ\RRGC) @ iRy there is such a map. The function f on Hc

flu,v,w) =Imw — Reulmwv (B.13)

is invariant under action of Hgr from the left, so a fortiori under Hz which according to
the remark after ([.3H) represents the monodromy increments. So [[J] the combination
logBz logz  Li(z) (2mi)2f

s ,—(27m.)2> € Hz\Hc — "R (B.14)

211

E:Pl\{O,l,oo}Bngz<

(making factors 27w manifest) gives a mi-invariant, i.e. single-valued function (J.40).

Some expressions related to Li and the Rogers CFT relation. The Z, anti-
projector P, f = %ZiEZQ sign(Y)y'f = (f — ~vf)/2 does not reproduce Li (not anti-
invariant; v € ¥3\Z3), so we introduce the Rogers function R (for v = af)

2

R(z) = % (Li(z) — Li(1 — 2)) + 71r_2 = Li(z) — %log Bzlog = (B.15)
Li(z) = /OZ log fwdlog w, dLi(z) = log fzdlog z

1
L(z) = ImLi(z) — Imlog Bz Relogz, dil(z) = i(Re log Bzdlog z — Relog zdlog [3z)
1 1
R(z) = Li(z) — 3 log Bz log =, dR(z) = §(log Bzdlog z — log zdlog Bz) . (B.16)

For background on (f.11)) recall that Calabi-Yau hypersurfaces in weighted projective
space have a Gepner point in their moduli space with the underlying exactly solvable

RCFT a tensor product of N = 2 superconformal minimal models of central charge™
c = k?’—f2 (the central charge of an integrable level k representation of the affine Kac-

Moody Lie algebra of S1(2)). Recall the character x, () = sin(nn#)/sin(wf) of the n-
dimensional representation of SU(2). The characters x;(7,z) = try, qLO_ti”“J0 trans-
form like Xi(_Tl7 Z) = emikz? /2 > y Siix;(T,2) (Qi; generalized quantum dimensions)

2 T Sy sin(i+1)(j + 1)

S = in(i + 1)+ ). Q= gt =
j k+251n(2+ )(]+ )]{?+2 Q‘] SO] Sln(j—i_l)kiﬂ

giving (7 fixed)

f:Ru/Q?) LN G LIPYNCINPY
£ i) =6 \k+2 AR

j =0, N=k+?2 give (5.11) .7

For .1 2% =0 in P?wi)(d) with a; = -+ the CFT is a suitably interpreted tensor product of five

i=0 %i
SU(2) theories of level a; — 2 and chiral primary operators with integral anomalous dimensions come from
operators in the SU(2)x=q,—2 factors with anomalous dimensions A;k) = igifé)) (j=0,...,k).
in N -2+
"SConcerning Qio recall that Z(S? x Sl) =1, Z(SS) = So,0 give for the vev (C) = Ssin R of the unknot
. N+Fk
as Wilson line in 8* (for G = SU(N)) that (C) = ﬂZS(SS’—é“tB22 - gg; for G = SU(2).

— 44 —



C. Volume of a hyperbolic ideal tetrahedron
Hyperbolic three-space. As model for the hyperbolic space H3 we take the half-space
model constructed in analogy to the upper half-plane H = {x = x1 + z2i| x1, 22 € R,z >
0}; we consider C embedded at x3 = 0 so that H3 is {(w := x1 +ixe,t := x3) € C x R0},
Now, H is also a homogeneous space PS1(2,R)/SO(2) from the operation of SI(2, R) on i by
fractional linear transformations. Consider here the following subspace of the quaternions
H3:{XZCL‘1—|—£L‘2’L'—|—CL'3j|.’E1,$2,$3ER,1‘3>0} (Cl)
g :<Z Z)G S1(2,C) operates on Hs by

g-x=(ax+b)(ex+d)". (C.2)

With the norm ||e(w + tj) + d||? = |cw + d|* + |c[*#? in the quaternions this is given by

a b 1 =
<c d> () = llc(w + t5) + d]|? ((aw+B)(ed + )+ ') ()

So for z € C* < S1(2,C) (via z = a%,b = ¢ = 0) one has z - (w,t) = (2w, |2|t).
Now just as for H = Hj one has here that the map ¢ : SI(2,C) — Hg given by ¢ Lgj
induces an equivariant diffeomorphism ¢ : S1(2,C)/SU(2) — Hj

1 — SU(2) = 81(2,C) L Hy — 1. (C.4)

This may be equally well expressed by considering the quotient PS1(2,C)/SO(3).

Prolonging the analogy to the real case note that the boundary of the upper half plane
is identified with P4 = R U {oo} with R the locus x5 = 0 whereas here the boundary is
Pl = CU{oc} with C the locus z3 = 0. The group of (orientation preserving) isometries
of H is isomorphic to PS1(2,R) and for H3 to”” PSI(2,C).

The standard hyperbolic metric ds? and the volume form vol are given by

2 2 2
gs? — dxi + dzs + dxg ’ vol — dxidzradrs . (C.5)
3 3

For example, using the mentioned embedding z € C* < S1(2,C), one finds for the length
of the geodesic line-segment 7, from ¢(e) to ¢(z) (with e = 15 € S1(2,C))

|2l
length(~,) = distance(y, |z]j) = / % = Relog 2. (C.6)
1 3

"The latter acts on the boundary P& fractionally linear, so acts three-fold transitively and maps
(uniquely) two quadruples of points onto another exactly if they have the same cross ratio.
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Volume of a hyperbolic ideal tetrahedron. Now an ideal tetrahedron is determined
(up to congruence) by the dihedral angles 71, 72,73 of the edges incident to any vertex.
Then choosen any vertex’® one has

Z%‘ =T. (C.7)

We will choose the vertex at oo so that the angles become angles of an euclidean triangle
in™ C given by the remaining three vertices u, v, w.%°
Now concerning the parametrization of an euclidean triangle A(u,v,w) C C (the
vertices labeled in the mathematical positive sense) note that if one associates to each
vertex the ratio of the adjacent sides
w—1u uU—7v v—w

2(u) = o 2(v) = =fz(u),  z(w) = = (2 (u) (C.8)

Vv—Uu w—v u—w

then these vertex invariants depend only on the orientation preserving similarity class of
A(u,v,w) which in turn is determined by z(u) (argz(u) is the angle of A(u,v,w) at u;
Im z(u) > 0). So after the usual normalization in our tetrahedron set-up we are considering
the angles of the euclidean triangle with vertices 0,1, z in C, the angle aq at 0 is arg z and
the angles a1 at 1 and «, at z are given by (cf. footn. B7)

oo = arg z , o1 = arg Bz, o, = arg 3*z. (C.9)
In other words this gives a geometric manifestation of the membrane anomaly (B.2)

Z Imlog 3z =7 (C.10)

1€73

(cf. (I.9), (B19)). As z, 8z, 3%z give the same tetrahedron one must pick an edge of A (the
dihedral angle of the faces adjacent at this edge is then arg z) to specify z uniquely.
Furthermore one has with (f.25)) that (where v123 = a9 1..)

vol A(z) = ZH(%). (C.11)

For convenience let us choose a slightly different ‘circle gauge’ of the points z;: the one
actual complex degree of freedom (which is left after the S1(2,C) operation) will not be
encoded in the complex number z with the other three points fixed (leaving two real
degrees of freedom); rather we gauge to a situation where one of the points again becomes
oo and the other three points a,b,c liec on the unit circle |z| = 1 (these are three real
degrees of freedom) with the one further condition that Reb = Rec (leaving two real
degrees of freedom). In this situation, where we assume that the face opposite to oo lies

"8 As opposite dihedral angles are equal the ~; are independent of the vertex chosen.

™The corresponding face of A is a hemisphere over C through u,v,w bounded by semi-circles over C.

80The link L (parametrizing the rays in A through v) of a vertex v of an ideal tetrahedron A is an
euclidean triangle (well-defined up to orientation preserving similarity) given by the intersection of the
boundary of A with a horizontal euclidean plane (a “horosphere”); L determines A up to congruence.
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in the hemisphere 2 4+ 23 + 23 = 1 (23 > 0) and has vertices a,b,c (of z3 = 0), project
A orthogonally down to the unit disk D, ;, where you get the picture of an euclidean
triangle (of vertices a, b, ¢) whose angles sum up to 7. Subdividing this triangle by drawing
the heights from the origin on the sides one gets six smaller right triangles. Then one
computes with ([C.§) for the volume vol; of the region lying over one of these triangles

(with angle v, A% :=1— 2%, cosf = z; and ({£:26)) ([B1])

cos Y z1 tan vy %) drs 1 [cosy 1 tany dzs
vol; = dxy dxo — =7 dxy ——s
0 0 Vi—z—z2 T3 2 Jo 0 11—y — a3

1 [eos7 1 A t 1 [7 2sin(6
_ _/ dml_long__/ 9 log 25O +7)
0 T

4 A A — x1tany 4 Jrso 2sin(0 — )
= Lo+ (Z-5) -n (2 -5) 1) = ). (€12

By summing over the six partial triangles one gets thereby ([C.11]). This gives the connection
of (.49) with (f.45)) in view of the remark following ([C.7).

Cross ratios. The X3 transformation properties of a cross ratio can be understood as
follows. For four points 21, 22, 23, 24 of P1(C) one defines their cross ratio

21 — 23 ;22 — 23

cri{z1, 29,23, 24} = C.13
{21, 22,23, 24} 1 —2d 20— ( )
For example ¢r{0,1,00,z} = z. Clearly a ¥4 is operating. One has the equalities

cr{z1, 22, 23,24} = cr{za, 21, 24, 23} = cr{z3, 24,21, 22} = cr{z4,23,22,21} (C.14)

but the index four subgroup X3 operates effectively which gives the following realisation

1 —1
r = CT{ZI,Z25Z35Z4} 1 = CT{21’Z35Z45Z2} z = CT{215Z4,22,Z3}
— X X
1
- = CT{ZI,Z25Z45Z3} l—2z= CT{Z15Z35Z25Z4} ° 1 = CT{21’Z4,Z3,Z2}
x Tr —
(C.15)
of the isomorphism X3 2 S1(2,7Z)/T'(2) in
1—V =3y — ¥32S81(2,2)/T(2) — 1. (C.16)

D. Cohomological interpretation
Eq. (6-12) gives for the classifying space BGl(n,C)°® of flat bundles an universal class
Cy € H¥BGI(n,C)°,C/Z) = Hi,(Gl(n,C)H¢ C/7) (D.1)

where we also indicated the isomorphism of the topological homology with the Eilenberg-
MacLane group cohomology®! of the underlying discrete group of Gl(n,C).

81'Homology is of chain complex of elements of G™ with boundary 8(gi,...,gn) = (g2,...,9n) +
2?2—11(,1)1(917 <5 9iGit1, - 7gn) + (71)n(g17 e 7g7l*1); S0 HO(G) = Z7H1(G) = Gab = G/Gcomm.
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One defines a geodesic simplex for three elements g; of G by A(z) with (cf. (C.13))

a((91,92,93)) = z = cr{oo, g100, 919200, g1929300} . (D.2)

With w a C-valued SI(2,C) invariant three-form on S1(2,C)/SU(2) = H3 one finds a C/Z
valued Eilenberg-MacLane cochain Z(w) with Cy = Z(w)(g1,92,93) = fA(Z)w. This is

evaluated [ as 2Cy = ¢ via the exterior square version (D.5) of the Heisenberg bundle
Q\C — Q\C

atl L1Aid
7 CAzC —  CAgC (D.3)
p Tl le

HY(SI(2,C))/(@/2) < PI\{0.1,00) 57 ozt
(for the proper target of o cf. (D.4)) The arrows in the lower row compose to zero.®? This
is the commutative diagram with exact rows® [p3, BJ]

HY(SI(2,C),2)/(Q/Z) % Pc == A3(C)
Le Y H (D.4)

c/Q S50 5 a3
with® Pc = F (P<1C) /25, i.e. free generators from P(lC modulo the equivalence relation given
by the non-linear X3 action with order two elements operating together with a minus sign
(X is then still welldefined).®> Therefore p o o comes from an element in Q\C, i.e. one
defines ¢ = a0 po o (a natural continuous option for the splitting « is given only for the
imaginary part); so ¢ is essentially given by p, i.e. the Rogers ‘function’ (in the end the

dilogarithm). One finds then that 2C5 = ¢, more precisely®® (6.14).

Representation via exterior squares. We are interested in the diagram analogous
to (B.11) (again e(z,w) = (e2™* e2™); the tilde indicates a pullback of the e projection
map along the indicated base map)

Q\C
L1Aid
CAzC  —  CAzC (D.5)
Ip le
PI\{0, 1,00} 057 ¢ pp

$2The target space of e has to be (‘log™)interpreted so that (ab) Ac = aAc+bAc, + Ac = —(bAc),0 = £1Ac
hold; in particular A(z) =0 for z € uc (the complex roots of unity) as z A (1 —z) = (1/n)(z" A (1 — 2)).

83The upper row is well-defined as the part Q/Z modded out comes from H?> (u@ Z) embedded diagonally
and this goes to zero under o; note also that A(z) = 0 for z € uc by footn. @

84In [@, E] actually a group Pc = P¢/~ for a certain 5-term equivalence relation ~ is considered.

85Note that the mapping A : C 3 z — 2A(1—2) € C* AzC* transforms anti-invariantly (as —\(z) = zA Bz
and z- Bz - 3%z = —1),ie. zA (1 — 2) € —1 (cf. section .

81t suffices to evaluate 2ReC2 on the cohomology H3(S1(2,R)%) of the real subgroup (actually the

universal cover PASJI(Z, R)? is concerned) where one finds that in H3(S1(2,R), R/Z) it is congruent to = R(2)

2 N
modulo 55 (= 127 - &); ImC5 is a continuous cochain and so uniquely determined (up to a factor) as

H2,..(S1(2,C),R) ~ R ]
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Note that one has the expression which is not welldefined as a function (cf. (B.1H))
1 1 1 -2

— Li(z) = —1 —log(1 — D.

oz ) = g log 25 log(1 = 2) + 5o R(2) (D-6)
and can define a map p: C 3 z — p(z) € AZ(C) which is indeed welldefined [R0]

() = —log 2 A ——log(1 — 2) + 1 A —2— R(2) (D.7)

P = o OB g BV T F (2mip2 '

This is a section of p in (D.5) just as ([.35) was a section of pr in (B.11]). Note that if one
wants to go back from a value in AZ(C) to a complex number (to have a function instead of
a section of a non-trivial projection), i.e. if one wants to define a splitting « : CAzC — Q\C

1nid
to Q\C ol CAzC one has natural option just for the imaginary part (this replaces (B.13);
cf. also the alternative identification before (B.10)) [R2,

Ima(z Aw) =RezImw — RewIm z. (D.8)

The relative minus sign escapes the symmetry in (A.21); for by (A.26) ¢, and so L, is not
an imaginary part of ordinary (rather than wedge) products. One has® (cf. (B.14)))

Imap = (D.9)

—L
272
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