Journal of High Energy Physics

You may also like

- The guadrupole moment of compact

Dipole formalism with heavy fermions binaties to the fourth post-Newtonian

order: 1l. Dimensional reqularization and
renormalization

To cite this article: Lukas Phaf and Stefan Weinzierl JHEP04(2001)006 Francois Larrouturou, Luc Blanchet,
Quentin Henry et al.

- Asymptotic freedom and the thermal Lee
model
Leonard M Scarfone

View the article online for updates and enhancements.

- A nonlinear scalar model of extreme mass
ratio inspirals in effective field theory: Il.
Scalar perturbations and a master source
Chad R Galley

This content was downloaded from IP address 52.14.8.34 on 11/05/2024 at 04:19


https://doi.org/10.1088/1126-6708/2001/04/006
https://iopscience.iop.org/article/10.1088/1361-6382/ac5ba0
https://iopscience.iop.org/article/10.1088/1361-6382/ac5ba0
https://iopscience.iop.org/article/10.1088/1361-6382/ac5ba0
https://iopscience.iop.org/article/10.1088/1361-6382/ac5ba0
https://iopscience.iop.org/article/10.1088/2399-6528/aa9df5
https://iopscience.iop.org/article/10.1088/2399-6528/aa9df5
https://iopscience.iop.org/article/10.1088/0264-9381/29/1/015011
https://iopscience.iop.org/article/10.1088/0264-9381/29/1/015011
https://iopscience.iop.org/article/10.1088/0264-9381/29/1/015011

EHEP RECEIVED: February 19, 2001, ACCEPTED: April 4, 2001
i

HYPER VERSION REVISED: April 4, 2001

Dipole formalism with heavy fermions

Lukas Phaf

NIKHEF Theory Group
Kruislaan 409, 1098 SJ Amsterdam, The Netherlands

Stefan Weinzierl

Dipartimento di Fisica, Universita di Parma
INFN Gruppo Collegato di Parma, 43100 Parma, Italy

ABSTRACT: We extend the dipole formalism of Catani and Seymour to QCD pro-
cesses involving heavy fermions. We give the appropriate subtraction terms together
with their integrated counterpart. All calculations are done within dimensional reg-
ularization. Our formulae can be used with three variants of dimensional regulariza-
tion (conventional dimensional regularization, the 't Hooft-Veltman scheme or the
four-dimensional scheme).
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1. Introduction

Studies of hard-scattering processes in QCD with heavy particles are important at
present or future colliders. Reliable theoretical prediction require at least the eval-
uation of next-to-leading order (NLO) QCD corrections. Next-to-leading order cal-
culations have to combine virtual one-loop corrections with the real emission con-
tributions from unresolved partons. Treated separately, each of the two parts gives
an infrared divergent contribution. Only the sum of the virtual corrections and the
real emission contributions is infrared finite. Setting up a numerical general-purpose
NLO Monte-Carlo program requires therefore the analytical cancellation of infrared
singularities before any numerical integration can be done. The two main methods
to handle this task are phase space slicing [1]-[3] and the subtraction method [4, §].
For massless partons both methods are available and have been applied to a variety



of specific processes, see for example ref. [6]-[LU] and the references therein. For
electron-positron annihilation a general formulation of phase space slicing has been
given by Giele and Glover [11]. It has been extended to initial-state partons by these
authors and Kosower [12]. The extension of phase space slicing to massive partons
and identified hadrons has been given by Laenen and Keller [13].

There are two general formulations of the subtraction method. One is the residue
approach by Frixione, Kunzst and Signer [14] and the other the dipole formalism by
Catani and Seymour [15], both variants can handle massless partons in the final
and/or initial state. The subtraction method has already been applied to some
specific processes with massive partons [16]-[19]. Up to now there is no extension
of the dipole formalism to massive partons. Dittmaier has considered the dipole
formalism for photon radiation from fermions [20]. In that work infrared divergences
are regularized with small masses (as it is popular in electroweak physics). However
this does not allow a simple application to QCD, where divergences are usually
regularized by dimensional regularization.

In this paper we extend the dipole formalism to heavy fermions. The formulae
we provide are relevant to top, bottom and charm production. With a simple change
of the colour factors they can be used as well for gluino production in SUSY QCD.
Our results are not applicable for processes with identified hadrons in the final state,
massive initial-state partons and processes with different species of massive fermions
of unequal masses.

One-loop amplitudes may be calculated in different variants of dimensional reg-
ularization, such as conventional dimensional regularization (CDR), the 't Hooft —
Veltman scheme (HV) or the four-dimensional scheme (FD), whereas the Born am-
plitudes entering the real emission part and/or parton densities are given in another
variant. Of course, the final result has to be scheme-independent. The obvious way to
ensure this is to calculate everything in the same scheme. Often this is not the most
economical solution. Loop amplitudes are most easily computed in the FD scheme,
whereas parton densities are given in the conventional scheme. Within the dipole
formalism it is possible to perform different parts of the calculation with different
variants of dimensional regularization and to correct for the mismatch by some uni-
versal terms [21]. We would like to keep this freedom also in the extension to massive
partons. We therefore keep track of all scheme-dependent terms and our final results
can be used with any variant of dimensional regularization (CDR, HV or FD).

Recently, Catani, Dittmaier and Trocsanyi considered the singular behaviour of
one-loop QCD and supersymmetric QCD amplitudes with massive partons in the
dipole framework [22]. As a byproduct, we confirm their results for the singular
terms.

This paper is organized as follows. In the next section we review the dipole
formalism and the factorization of QCD amplitudes in the soft and collinear limit.
In section B we outline our calculational technique. In section 4 we derive the D-



dimensional dipole phase space measure. Section § gives the dipole terms together
with the integrated counterpart if all particles are in the final state. In section §
we consider the case if there are QCD partons in the initial state. Finally, section 7,
contains our conclusions.

2. The dipole formalism and factorization in singular limits

In this section we briefly review the dipole formalism and the factorization properties
of QCD amplitudes in the soft and collinear limit. We use the notation of Catani
and Seymour [15].

The dipole formalism is based on the subtraction method. We explain it for
electron-positron annihilation, where all QCD partons are in the final state. The
NLO cross section is rewritten as

oo :/ daR—i-/daV
n+1 n
= / (do® — do?) +/ <dav + /daA> . (2.1)
n+1 n 1

In the second line an approximation term do“ has been added and subtracted. The
approximation do* has to fulfill the following requirements:

e do* must be a proper approximation of do”® such as to have the same pointwise
singular behaviour (in D dimensions) as do® itself. Thus, do? acts as a local
counterterm for do® and one can safely perform the limit ¢ — 0. This defines
a cross-section contribution

A= [ (a0t o2
n+

e Analytic integrability (in D dimensions) over the one-parton subspace leading
to soft and collinear divergences. This gives the contribution

ol = / <daV+ / daA> : (2.3)
n 1 e=0

The final structure of an NLO calculation is then

PO — GNLO 4 oNLO. (2.4)

Since both contributions on the r.h.s. of eq. (2.4) are now finite, they can be evaluated
with numerical methods. The (n + 1) matrix element is approximated by a sum of
dipole terms

D 2. Dyx= (2.5)

pairs 4,5 k#1,j

1 - - Ty - Ty - -
= Z 2—2 — A<1,...,(Z]),...,k’,... T.JV;MH’""(l‘?)"”’k"”>’
pairs 4,§ k#i,j Pi " Pj ij




where the emitter parton is denoted by 7j and the spectator by k. Here T; denotes
the colour charge operator [15] for parton ¢ and V;;x is a matrix in the helicity space
of the emitter with the correct soft and collinear behaviour. |1,..., (z}), k. )
is a vector in colour- and helicity space. By subtracting from the real emission part
the fake contribution we obtain

do™ = do = der, [|M<p1, e D) PO (D pn) — (2.6)

- Z ZDz’j,k(pla s P )05 (1 Pigy - Phy -+ Dol |-
pairs i,j k#i,j
Both do® and do# are integrated over the same (n + 1) parton phase space, but it
should be noted that dof is proportional to ct,, whereas do? is proportional to
gct. Here 6™ denotes the jet-defining function for n-partons.

The subtraction term can be integrated over the one-parton phase space to yield

I®d0’B:/ Z Z/dcbdlpole ij ke - (2.7)

pairs ¢,j k#1,j
The universal factor I still contains colour correlations, but does not depend on the

the term

unresolved parton j. The term I ® do® lives on the phase space of the n-parton
configuration and has the appropriate singularity structure to cancel the infrared
divergences coming from the one-loop amplitude. Therefore

do” +1® do®P (2.8)

is infrared finite and can easily be integrated by Monte Carlo methods.

In order to extend the dipole formalism to massive fermions, we have to provide
three ingredients. First, we need the correct subtraction terms for the real emis-
sion contribution. Second, we have to integrate these subtraction terms over the
dipole phase space. The integrated terms are combined with the virtual corrections.
Third, we have to specify a mapping of the momenta, which relates the (n + 1)-
parton configuration pq,...,p;,... 3Djse «+ Phkye - - Pny1 tO the n-parton configuration p;,

e vy Dijye - 3Dkse - Pl

In order to find appropriate dipole terms, one considers the soft and collinear
limits of the matrix element. In the soft limit where the momentum of parton j
becomes soft, the m + 1-parton matrix element behaves as

(1,...,m+11,...,m+1) = ~drp®a,(1,...,mIT 1, ... om), (2.9)
with
2p1pk

JHI N, .o omy=(2) —— _T,- T, + T L, m

2 / ( Z (2pip;)(2p;px) Z 2pzp] )' /
2pipx, m2 >

=4 T; - Ty|1,. (2.10

;((2pzp])(2png+2pgpk) (2pip;)? I, m-(2.10)



We used

DiPk _ DiPk 1 DiDk (2.11)

(2pip;)2pjpe)  (2pipj)(2pip; + 2p0k)  (2piPk) (2Pip; + 2DjPk)

and colour conservation

> Till,...,m)=0. (2.12)

The colour charge operators T; for a quark, gluon and antiquark in the final state
are

quark : (...q.. . |T5]...q5-. ),
gluon : (...g% . |if*®|...¢"..),
antiquark : (...q;...| (—TJ"Z) | g (2.13)

If the particles are massless, there is also a singularity in the collinear limit. For
final-state partons the momenta are parameterized as

. k2 n
pi=2p+kl——s—,
zZ 2pn
K2 n
=1-3)p—k, — ——— 2.14
b= (=2 kg (2.14)

Here n is a massless four-vector and the transverse component k, satisfies 2pk; =
2nk, = 0. The collinear limits occurs for k2 — 0. In this limit the matrix element

behaves as
2 .
(1,....,m+11,... . m+1) =drp*a,(l,... ,m|=——Puj.i(2, ki, e)|l,...,m).
2pip;
(2.15)
The splitting function are given by
. , 2z
<8|qu(z, kia€)|s> = 6SSICF 1— 2 + (1 - 105)(1 - Z) )
2(1
(51Pag(z, k1 £)[8') = Guw [ 1=5 —pa)z] ,
: v i
(Pl ki, 2)) = T | g + 421 — )L (2.16)
1
~ 1— k#ku
(Pl ki )lv) = 204 | =" (—— + =) = 2(1 = pe)z(1 — 2) 45>
1—2 z k7

We introduced the parameter p, which specifies the variant of dimensional regular-
ization: p = 1 for the CDR/HV schemes and p = 0 for the FD scheme. Later on
we will chose the dipole terms to have the same soft and collinear behaviour as the
appropriate limit of the (n + 1)-parton matrix element.



If the emitting particle is in the initial state the collinear limit is defined as

DPa =D,
k2 n
= (1 — ky — —t— |
po=(l-zpth 1—x2pn
k2 n
wi = zp — k L 2.17
Poi = ap = kit =5 (2.17)

The colour charge operators for a quark, gluon and antiquark in the initial state are

quark : <cjz|(—TJ‘1)|q’J>,
gluon : (...g%. . |if*®|...¢"...),
antiquark : (...q;...|T5|...q;...). (2.18)

We denoted in the amplitude an incoming quark as an outgoing antiquark and vice
versa.

3. Calculational technique for the integration

The integration of the dipole terms over the dipole phase space is highly non-trivial.
We first find a suitable parameterization of the phase space such that all integrals
are of one of the following types:

! I['(a)T(c—
/ dxm“_l(l _ m)c—a—l — (CL) a
0

(

()
[(a)I'(c —
(

(
(

p1
o

)

H
o

D Fyla,bie,a0), (3.1)

H
Q

|1

@)

1
T _
/ dex® (1 —2) (1 —zyz) " (1 —2pz) ™™ = (a) 2 Fi(a,by,be;c; 21, 22) .
0

=

c)

These integrals yield the Euler-Beta function, the hypergeometric function and the
first Appell function, respectively. The last two are then rewritten as a Taylor series
in xg or x; and xs, respectively.

2F1 (CE, ba c, 330) = Z (C) m 9

n=0

m mg b mi b ma 2
Fi(a, b1, o5 ¢; 21, 32) = Z Z 1+ Uy (b2)m, 21 3 . (3.2)

m1+m2 ml! m2!

m1=0mo=0

Here (a), = I'(a + n)/T'(a) denotes the Pochhammer symbol. Taylor expansion
allows us to perform the next integral, which is of the same type as above. After all



integrals have been performed, we end up with multiple sums involving I'-functions
depending on € = (4 — D)/2. These I'-functions are then expanded according to
I'(n+e¢) 5 3
———— =c(l+ecZ(n—-1 A -1 A -1+
F(n)F(a) 5( +e 1(7’L )+8 11(7’L )—f‘?f 111(71 )+

e 2 (- 1)), (3.3)
where Z1;._1(n) are Euler-Zagier sums defined by

1 1 1
Zmymie () = Z Smy omz Ty, (3.4)

g 1
i1>ig>>ip>0 1 2 k

n

Rearranging summation indices we recognize that all sums fall in the class of Gon-
charov’s multiple polylogarithms [23, 24]

o i1 .02 i
e e xXr
. - Z ) k
lek,...,mg,ml (xka <oy X, IL'1) = m1 smo Mg (35)
it iy iy

11 >12> >0 >0 1
In the case with only one massive parton it is actually sufficient to restrict oneself to
harmonic polylogarithms [25, 28], defined by

o .
1 1
Hm17m2---7mk ("I/') = E : M1 M2 e my ° (36)
.y ol 2 Uk
11 >12> >0, >0

The additional dipole corresponding to gluon emission from a massive quark-anti-
quark system can be expressed in terms of two-dimensional harmonic polyloga-

rithms [277].

4. The dipole phase space measure in D dimensions

In this section we derive the appropriate phase space measure for the dipoles with
massive particles. Since singularities are regulated by dimensional regularization,
this has to be done in D dimensions. The phase space measure for n particles in D
dimensions is given by [2§]

dpn(P = p1,...,pa) = (2m)P6" (P — i]%) ﬁ %9@?)5@? —mj)

=1 =1
= (2m)PsP (P - ipZ) ﬁ i U (4.1)
o | L (2m)P12E;
with
Ei = /(7)) +m2. (4.2)

The phase space measure factorizes according to

1
dpn(P — p1,...,pn) = %dgbn—j-i-l(P — Q,Djt1,- - 7Pn)dQ2d¢j(Q — D1y ,pj) .
(4.3)



4.1 Phase space measure with no initial-state particles

We first evaluate the two particle phase space

R ~ dD—lp-ij dD—lp-k DD _ _
dpa(P — pPij, D) = (2m)D 12, (2r)D 12, (2m)767 (P —Dij —pe)  (4.4)

—,

in the rest frame of P, e.g. P = (v P2,0). We obtain
o I\ B
[ doutp = i) = e (3) ()
D-3
X (\/(p2 —mg; — mi)Z _ 4m?jmi> /dQDl . (4.5)

where Qp_; parameterizes the solid angle of the (D — 1) spatial components of pj, in

(D — 1) (spatial) dimensions. With this convention we have
27TD/2
dQp = ——. 4.6
f 490 = 557 o)
We then evaluate the three particle phase space
dD*lp‘ delp, delpk
d P — iy Di, = ! J
/ 93(F = pi b r) / (2n)D-12E, (27)P-12E, (21)P-12E,
x (2m)P§P(P — pi — p; — pr) (4.7)
in the rest frame of P, e.g. P = (v/P2,0). We shall orient our frame such that
the solid angle of the spatial components of p; coincides with the solid angle of the

spatial components of py in (4.4). It will be convenient to parameterize the spatial
components of p; with spherical coordinates, using p; as polar axis, e.g.
AP 'p; = 5| P 72 d || d6y sinP % 6,d0) . (4.8)
We therefore have
2pipkx = 2 |Pi| |Pk| cos 61 . (4.9)
Finally we obtain the three-particle phase space as the product of a two-particle
phase space and a dipole phase space:

/d¢3(P — Dis Pjs Pk) = /dcbz(P — Bijs D) dbetipote (2055, 203Dk, 20k, )
(4.10)
where
o7zl 1 2 350
) X

daipote (2PiDj, 2DjPk: 2pipk) = (2T )1_D1m 1 ((P t— = mi)” = dmimy
2

X / d(2pip;)d(2p;px)d(2pipk) X
X0 (PZ— m3;— m?— mz—Qpl-pj —2p;ipk —2pipk) X
D-4
X (=PX(Igil%, 17512 19k]?)) = x
X@(—)\ (|ﬁl‘2?|ﬁj‘2?|ﬁk‘2)) : (4‘11)



Note that we already performed the angular integration over dQ%lZ. The triangle
function A is defined by

MNz,y, 2) = 2* +y* + 22 — 22y — 2yz — 222 (4.12)
We further have
B = g (P2 — i = — 2pypi)” — 2,
1pe? = ﬁ (P2 —m? +mi — m? — 2p2~pj)2 —m3,
|ﬁj|2 = é (P2—mf—mi+m? —2pipk)2—m§ (4.13)

so that

—P°X (|53, 19517, |Pkl?) = 2pipi2pip;2pipr — m; (2p;pr)? — mi (2pip;)° —
—m; (2pipx)” + 4m;mim; . (4.14)

To find a suitable parametrization of the dipole phase space, we treat the various cases
separately. We consider first the case where two particles are massless m; = m; = 0.
With D = 4 — 2¢ the dipole phase space becomes

47)e—2 1— _
d¢dipole == % (P2) } (U0)2 2 X
1 1
X / duu* (1 —u)' 7% (1 — uou)_1+€/ dov (1 —v)"°, (4.15)
0 0
where
P? — mi
i
Yy — 2pip; + 2pipr _ 2pipj + 2pipy

2pipi + 2pip; + 2p;pr P2—m?

2pip; 2pipk +m3)  2pip; (2pipk +m})

_ _ . 4.16
2pipk (2pipj + 2pipr)  2pipk (P2 — mi — 2p;py) (4.16)

In the case where one mass vanishes (m; = 0) and the other two are equal (m; =
my = m) we obtain

(4m)=2

dPdipole = T_o =2 (PZ)PE (7’0)2725 921

1

1
></ drr' =2 (1 —r) =2 (1 - 7’07”)_1/2/ ds(1-5%) ", (417)
0

-1



with

m
ro = 1-— 4@ s
1 ro(1— 1)
2p;p; = — P2 1-— _—
Pipy = 5t Tor 1o roT
1 ro(1— 1)
2p;pr, = = P? 1 — 4.18
pime = 3Phror | 15[ (418)
4.2 Phase space involving initial state particles
If initial state particles are involved, we obtain the following convolution:
1
dp(pa +po — K +pr +pi) = / dxd(pa + po — K + Pr)dPaipole , (4.19)
0
with
Pa = TPg - (4.20)

In the case m, = m; = 0 we obtain

4 e—2 _ 1
dgbdipole = L (—P2)1 €$6_1$_1+€(1 - $)1_26(1 - $0$)_1+6/ dww_€(1 — w)_e
I'l—e¢) 0
(4.21)
with P = p, + p; — p, and
—_p2
T = mi — P?’
o — 2PaPi % 2PaPr — 2Pipk
2papi + 2papr

2papi (2p; 2

Papi (2pipx +mi) (4.22)

 2pipk (2papi + 2Papi)
Eq. (4.19) and eq. (4.21) are derived as follows: From the factorization of phase
space we have
1
do(pa+pp = K+ pr +pi) = %dgb(pa +pp, — K+ Q)dszdgb(Q — pi +pr) . (4.23)
We then derive

dp(pa +pp — K + Q) = xdd(pa + po — K + Py) - (4.24)

This equation can be obtained by writing out the explicit expressions for the phase
space measures in the rest frame of p, + p, and p, + pp, respectively. These two
frames are related by a boost. Further, since p, = xp,, the boost does not affect
the transverse components. Next, one writes out the parameterization for dp(Q —
pi + pr) in terms of solid angles of particle py, singles out one angle 6; = Z(pg, pa)
and replaces the integrations over dmZQd cos #; by integrations over dxdw.

10



5. The dipole terms for final-state singularities with no initial-
state partons

In this section we give the dipole factors corresponding to the case where all relevant
partons are in the final state. Initial-state partons are considered in the next section.
We distinguish the cases of (i) a massless emitter and massive spectator, (ii) a massive
emitter and a massless spectator and (iii) a massive emitter and a massive spectator
of equal mass. We follow closely the notation of Catani and Seymour [15].

The generic form of the dipole terms is given by

1 ~ -
- L. (if), . k...
Qpi,p]( (i) | ?

ijk =
The explicit forms of the functions V;;; are given below.

5.1 Massless final emitter, massive final spectator

We consider first the case of massless emitter (particle i) and a massive spectator
(particle k), both in the final state. The variables y and z of Catani and Seymour
are given by

o 2pipj B 2pipr
Y= , == (5.2)
2pip; + 2pipk + 2pipr 2pipr + 2p;pr
and related to the variables u and v as follows:
1 — 2
Yy = uoviu( w , ug=1-— il 5
1 — ugu (pi + pj + pr)
z(1—y)=1-—u. (5.3)
In the collinear limit eq. (2.14) we have
y — 0, z—Z (5.4)
and in the soft limit p; — 0
y—0, z— 1. (5.5)

The subtraction term for the splitting ¢ — gg has in addition to match the soft limit
p; — 0, corresponding to y — 0, z — 0.
As subtraction terms we use

22(1—y)
1-2(1-y)

i)
2pip;

<S|ti9j7k|sl> = 8WM2€QSCF5SS’ l + (1 - pf;‘)(l - Z(l - y)):| ’

</’I’|‘/;1i(jjak|y> = 8WM2€QSTR [_guy -

2 w21 —y) (1-2)(1-y)
Vi) = 6 [ (2 2+ L 2 )+
- p€)2pfpj S“”} | (5.6)

11



where the spin correlation tensor is given by

S =((1-ypi — (1 =21 —y)pi) 1 —y)p; — (1 —2(1-y)p). (5.7

The momenta are mapped as follows:

Di = ap; +bp; + cpy

ﬁk:(1—a)pi+(1—b)pj+(1—c)pk, (58)
with
= Yto u(l —u) — N
C_(2u—1—y(1—u))2u0+4u(1—u)y(2 (1—u) \/1—1))’
b:%{ujLﬁ[—2yu—u0((1—2u—u2)y+1—3u+2u2}},
a:%{1—u—ﬁ[Zy(l—u)—uo((1—u)y2+(1—u+u2)y+u—2u2)}},
N=v+1—-u+(1—-u)y. (5.9)

This mapping satisfies momentum conservation

Di +Dr = Dpi +Dj + D (5.10)
and the on-shell conditions
pi=0,  pp=mj. (5.11)
In the limit y — 0 we have
lim p; = p; + pj, lim py, = py . (5.12)
y—0 y—0
In addition we have
Suwp; =0, (5.13)

e.g. p; is orthogonal to the spin correlation tensor. The integral over the spin corre-
lation can be written as

—2 v ~l ~y ~l ~y ~[i ~v ~ll ~v v
/d¢dipolemsu = Coupi'D; + CooplyDy + Cos (P5'Dy + DiDy ) + Coag"” . (5.14)

Using S,.,p¢ = 0 and p7 = 0 this reduces to

Sl | sy
o~y v D; P, + PD;
Conpi'p; — Cos (—g“ + QM) .

—— 5.15
2piPr, ( )

Due to gauge invariance only the term —Coy(—g*”) will give a non-vanishing contri-
bution. Cy4 is obtained by contracting with g, :

1 2
Coy = — | ddaipole =95 . 5.16
24 2(1 _ pf‘:) / d)dp 1 (2p1p])29“ ( )

12



Integration of the subtraction terms yields:

1 Qs 1 A P? O\ °©
) = d ipole —V - ) )
V‘Zzgj / ¢d pol 2p D, 495,k — 2T 1‘1(1 o f‘:) <(P2 - mi)Q) ng(UO 8)

2

Vyg(to,€) = Crposy /1 du/ dou™ (1 — u) % (1 — wou)*v ™ 17¢ x
% (1—v)° [21 —ia —pg)u}
(—e)'(1—¢ ['(—2¢)

I'(1—2¢) I'(2 —4¢)

I'(1 - 2¢)
1 peyil —2¢)
o pg)r(3—48)
1 3 17 1 3 1
—CF5SS,|:§+2_€+ 4 +2p_677' +2—u0+
1(1—up)(1-3 i
+§( UO)U(Q to) ln(l—uo)+2L12(U0)} +0(e),
0

1 Qs 1 4rpPP? \°©
; - d ipole —V o q 9 )
V‘]zQ] / ('bd pol 2p D, qiq;, k= ’>r 1‘1(1 o 5) <(P2 . m%)Q) V‘]‘](U’O 8)

uy
Vaalto:€ / du/ dou™?* (1 — u) 7> (1 — wou) v~ ~° X
4
X (]_ - U) ETR |: 124

]
W)I‘(—€)F(1 —€) [F(l — 2¢)° oF1(—€,1 — 2,2 — 4e, ug)

2Fi(—e, 2632 — de;u0)+

— Cplyy )F(2—25) {2

oF1(—€,2 — 2¢;3 — 4e; uo)]

2pip;
= Tr(=g T(1—2¢) |T(2-4e)
— Tp(—g") {_3_28 B %3 n %;0-1— g(l ;%UO)+

1(1—wu
+_( i 0) (2u§ — uo +2) In(1 —uo)] +
3 up

+gauge terms + O(¢) ,

1 a1 drpPP? \°©
- d ipole —V, ) )
nggg / (,bd pol 2 DiD; 9igj.k = 271' 1‘1(1 o 5) <(P2 . mi)Q) Vgg(uo 8)

Vyg(uo, ) = ZOA/ du/ dou™ (1 — u) % (1 — uou)v 1 75(1 —v) ¢ x
o | gt 1—-u n U UV .
g u l-u  (1—u) (1—upu(l—v))

5]

+ (1 — p€)2p‘p'
iDj
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[(—e)I(1—¢) [T(—2e)T'(2 — 2¢)

= 9O (— g (F— —9e.2-4
L s v To_1  ehle =2 2-dsu)+
+oF(—£,2 — 2,2 — 45,u0)) +
['(2—2¢)?

oF1(—¢,2 — 2,4 — 4e, uo)] +

T(4—4e)
I'l—¢)I'(—2
20 (—g") (— o) ( F() g e)
S p oL ELLIUEUES S LUTE RN
= 204(—g"") L—i %é — g ‘+ ?—; — %(1;7;0) + 2 Lip(uo)+
+gauge terms + O(e) . (5.17)

5.2 Massive final emitter, massless final spectator

We now consider the case of a massive emitter (particle k) and a massless spectator
(particle ¢). It is sufficient to consider the case where a heavy quark (or antiquark)

emits a gluon. We now have

2p; 2p;
y = Dib . - (5.18)
2pip; + 2p;pk + 2pipk 2pipr + 2pip;
and
1— 2
yzu(l—wv>, Uy =1-— i 5
L —uou (pi +pj + Pr)
2l—y)=1—u. (5.19)

The momenta are mapped as follows:

emitter : pp =pi +p; —

- 1
spectator : p; = Hpi' (5.20)

1_y (28]

Since there is no collinear singularity, we just have to match the part of the soft

singularity which corresponds to this dipole factor:

22(1 — 7)) 1 —up 1
) — 2 P et S VA —1. 21
(81Vaugils') = 8mp~asCpdsy | T— z(1—vy) < Uo > y] 21
Upll — U
_ Yol —u) 5.22
Yo 1 —uou ( )

14



we obtain for the integral over the dipole phase space

1 Qg 1 4rpPP? N\ °©
= dPgipole 5——V, '),
qug / Pdipol 2p,pr qrg;t 27TF(1 — 8) <(P2 — mk)2> VQQ(UO 5)

Vog(uo, €) = Cpésy - / du/ dou 2711 — )2 (1 — wou)* o (1 — v) ¢ x
x (1 —vov)~! [uo(l —u)— (1 —up)(l— vov)_l]

I'm—2e)I'(n+m+1—¢)
= Crdes - 2F1_€ZZ C(n+m+2—4e) %

n=0 m=0
n+m

o= (et (1 - ) )

n-+2—2e
X U
n+m+2—4e

— Cube E (1+In(1 = up)) + 4 + In(1 — ug) —

1
— 4Liy(ug) — 3 In*(1 — uo)} +0(e). (5.23)
Here we used
oo 11—1 11 1 1
Z - T = L11 1(1 Uo) Hll(uO) = - 1112(1 - Uo) y
21 ’ZQ 2

11=212=1
oo 11—1 o
Z Z ug — = Lij o(1,u9) = In(1 — wup) . (5.24)
11=219=1 1 — Yo

5.3 Massive final emitter and massive final spectator of equal mass

We now consider the case of a massive emitter (particle i) and a massive spectator
(particle k) of equal mass (m; = my = m). It is sufficient to consider the case where
a heavy quark (or antiquark) emits a gluon. Since there is no collinear singularity, we
just have to match the part of the soft singularity which corresponds to this dipole

factor:
(Vaig; l ") = (5.25)
20D + 2p; Wipr)? — (2m2)2 W 2
= 8y, Cpbey | PRI T 2PiPe 1 2pipi)” — (2mr7) {2 PP, T }
(2pipr)? — (2m?) 2pip; + 2pipr 2pip;
1 1-— To
= 8r 250430 533’ |:21—T'7’—1—7” — :|,
a " ror/ (1 —7)(1 —ror) ( or) = { 0 1 = sos
where
. — 2pip; + 2p;pi
2pip;j + 2Pk + 2pipk — 2m?’
s _ _ L 2pip; — 2p;ipk

S0 2pip; + 2pjpr

15



ro(1—1) 4m?

ro=1- :
(pi +pj + pr)?

(5.26)

Snp =
0 1—ror ’
The singularity occurs for r — 0. In this limit, the expression in the square root
tends to 1. The inclusion of the square root term facilitates the analytic integration
of the dipole term. The momenta are mapped as follows:

.1 70 Yo
fomlpo (W,
2 w—(1—ro) \'* 2
. 1 To Yo
b= -P+ —(p _—P), 5.27
fT 2 - (1—r) V" 2 (527

with P = p; + p; + pr and

2pipk + 2p;px + 2m?
Yo = P2 .

(5.28)

2. In the soft limit g,

This mapping satisfies the on-shell conditions p? = p; = m
tends to 1 and the correct asymptotic behaviour of the mapping is easily verified.

Integration yields:

1 Qs 1 4\ ©
Vigik = [ A@dipole=——Va,g:k = = V E) s
qig;.k / gbdp 1 2p D, qig;.k 2T F(l o f‘:) < P2 > QQ(TO 6)

(4]
1

1
Voo(ro,€) = 7“025225/ drr 211 —7r)"5(1 - 7’07’)1/ ds(1 —s*)7¢ x
0

-1

X Créss [(2(1 = 1or) — (1 —19)) (1 — 508) ™" — (1 — 19)(1 — s05) ]
— 0F538,1—1622€7~02€ i i i(—l)i (1+ (=1)7) rg 72 x
I(1+i+ )2 —j; 11?(: i:;)) T(k+j/2)T(k —2e)0(1+7/2 —¢)
T2+i+j—e) D(e)i! T(/2)T(k+7/2+1—3¢)k!
X {2 — (1 —mp)(2 +j)j +j2k}

1 11 1+ 4/
:CF(SSSI{— (1—— o il TO) —2Inrg+1In(1 —ry) —
5

2 Jro  1—rg
() (1)
_ ;:;:_2 (Liz(m)—Liz(—\/T_o)*Li? (1+2\/ﬁ> -

() ()

(4 e )-
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1 (A8 st (4T

V7o 2 1+4/ro
—i—anln1 N 51 2+In(1 \/E)ln( o )+

+In*(1 + /o) — In*(1 — \/FO)> } +O(e). (5.29)

Here we used

0011111

ZZ L -77_2 = L11 1($2,$1)

11=219=1 g 22
. T . To(l —x
=1In(1 —z;)In(1 — z5) + Liy (—1 —2m2> — Li, (—25_71‘21)>
1
=3 In? (1 — zy29) + In (22(1 — 21)) In(1 — 2125) —
1-— )
—Liy | ———— Li, (1 —
12<1—{L'1I2>+ 12( x2)7
oo 11—1 o
Z Z i 2 = L11 O(IQ, IIJl) ! ln(l — $1III2) s
11=212=1 1 -

oozllll

1 T
Z Z —:1:2 = Lig (22, 21) = In(1 — zy29) — 1 2 In(1 —=x1). (5.30)

1—%2 — X9

11=219=1

6. The dipole terms with initial-state partons

In this section we consider initial-state partons. We distinguish the cases of (i) a
massless emitter in the initial state and massive spectator in the final state, (ii) a
massive emitter in the final state and a massless spectator in the initial state. The
generic form of the dipole terms for case (i) is given by

ai 1 1 -, 7 Tk'Tai ai ~. =
DY = gl (@B ISV (@), R (6)
In the case (ii) we have
1 1 ~ T, Ty - ~
Dy = — 1,. ki),...,a,... Vi, . ki), ... 6.2
ki 2pz Dk $< ’ ’ ( 2)7 ) @, | Tiz k:7,| ( 2)7 ) @, > ( )

The explicit forms of the functions V;* and V& are given below.

6.1 Massless initial emitter, massive final spectator

We now consider the case of a massless emitter (particle a) in the initial state and
a massive spectator (particle k) in the final state. The variables u and z of Catani

17



and Seymour are given by

__ 2piPa » — 2PiPa + 2PkPa — 2Pipi (6.3)
2piPa + 2pkpa’ 2piPa + 2PrPa
The variables u and w are related by
11—z m?
U= w, ro=1— k . 6.4
1 — zoz ’ mj — (pk + pi — pa)? (64
As subtraction terms we use
(s|Vil*9'|s') = 8mp* o, Cpdsy [m - (1+z)—pe(l - 95)} )
(s|VI*%|s"y = 8mpu* s Trésw [1 — pe — 22(1 — z)],
. 1-— 1-—
<H|Vk‘I¢z(h V> — 87T/L2EOZSCF [_guux +4( -T) ’f'( T) S‘uy:| ’
T 2piq
VI9i) = 16nu*a,Cy |—g" | ———— — 1 1—
(V2% |v) T o A{ g (1_$+u + z( x)>+
(I—z)r(1—r)
2(1 — SH 6.5
21— pe) S| (65)

with

1 1 1 1
SH = | —pt' — B —pf — . 6.6
(sz 4 ) (sz 1_7,61) (6.6)

Here ¢ is an arbitrary null vector not equal to p; and

2pipa
 2pipa + 2P0 (6:7)
The momenta are mapped as follows:
Pa = TPa
Pr=pe+tpi—(1—2)p,. (6.8)
This mapping satisfies momentum conservation
Pk — Pa = Pk + i — Da (6.9)
and the on-shell conditions
pe=0, pr=m. (6.10)
The desired asymptotic behaviour
lim p, = 2p, lim py, = pi (6.11)

18



is fulfilled. In addition we have
Suwpy, =0, (6.12)

e.g. Do is orthogonal to the spin correlation tensor. We start with the integration of
Vle9 . We obtain

, 1 .« 1 drp? \°©
Yiadi — d ; Vda9i — id Ve .20, E),
4 / de pole 2pipa k o F(]_ — 8) <mi — P2> (.I ) 8)

1
VU (x,20,6) = 2°(1 — ) >(1 — xox)s/ dww 1 —w) ¢ x
0

XCplgg [m —(1+x)— pe(l — x)}
= Cpé,pzt(1—2) %(1 - xox)sr(;(al)r_(zg—) 2 (6.13)

2
Fi(1,—e1-25——— ) —(14+2)—pe(1—2) ).
><<1_m2 1<, £; 6’1—x0x) (14 z) — pe( x))

V% is a distribution in x. In order to obtain expressions which are integrable at

r = 1 we rewrite

1
(1—z)* 1= (1~ :zc)’QE’ILr + (1 — x)/o dy(1 —y)~ %1, (6.14)
where . In(1 )
o2l _ nil—x 2
(1—a)~>7, T, S ++O(s ). (6.15)

In order to expand the hypergeometric function we use the analytical continuation
formula [29]

o ()T (b —a) 1
Filab:c—z) = 0T i (alta—clia—b——
o Fi(a,b;c;—x) = (x) F(b)F(c—a)2 la,1+a—c1+a—b; "
 L(c)l'(a —b) . 1
+ (z) F(a)F(c—b)2F1 b,1+b—c;1+b—a; —
largz| < 7. (6.16)
We obtain
1 2
VU (x,x0,) = Crosy [—— ( —(1+ x)) +p(l—2)+
e\1—=x n

2

1 1
+6(1—x) <§ + . In(2—z0) + % +2In(1—z0) In(2—x0) +

1
+ 2Liy(zg — 1) — = In*(2 — .7:0)) —

2

1
—x l1—z

—2(Inz+1n(2 — zpx)) (1

+(1+2)(Inz—2In(1 —z)+In(1 - mox))] +0(e). (6.17)
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For the integration of the other dipole terms we proceed in a similar way and we

obtain
4i 1 ns(q) i Qs 1 drp® \°©
v = | ddgipoles—— Vigedi = = 99( . 20, €),
V. / Pdipol 2pipa ns(9) k 2r (1 —¢) (m% _ p2 VI (z, xg, €)
1
1— pe —2x(1—
V(e a0,) = (1= ) (1= )" [ w1 )T T
0 — pe

I(—e)I'(1—¢)1— pe —2z(1 —x)
I'(1—2¢) 1 —pe

= TrOsex*(1 — 2) % (1 — 292)°
1
= Trbsy {_g (2 + (1 —2)*) + 2pz(1 — z) —

— (z®+ (1 —2)?) (lnm —2In(l —z) +In(1 — xom))] + O(¢),

_ 1 ns(9) 000 s 1 drp? \°
V‘Ia(h — d ivole V‘Za‘h _ 5 ng , , ,

1
VU (2, 20,6) = 2°(1 — ) % (1 — xox)s/ dww =1 —w) ¢ x
0

xCp {—g“"m + 4%%5“"] (1 — pe)
= Cr(—g") F(;(gl)i(;;) 8)x‘€(1 — )% (1 — zoz)° ¥

2 1—=x
X |z + (1 — pe) + gauge terms
1—pe =z

1 1-—

- <x—|—21 _$> (1n:c—21n(1—a:) +In(1 —xom)>] +

T
+ gauge terms + O(e) ,

_ 1 o 1 drp® \°©
Gagi __ d ivole ‘fgagz _ gg , , ,
Vi / Papol 2pipa " 2rI'(1 —¢) (m% — P2) V(e zoe)

1
V99 (2, 39,€) = 2°(1 — 2) "% (1 — xox)s/ dww 1 —w) ¢ x
0

1
xCg {—g“'j(l_iju —1+z —x2> +2(1 — pe)

T 2pg
_ [(—e)'(1—¢)
= 204 (=" (1 — 2e 1 — €
1 -1 1-—
X oF1 | 1,—¢;1 —2¢; —1l4+z—2*+ z +
1—2z 1—zox T

+ gauge terms
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1 1
:2 MV — —1 1 2—
Ca(—g )l 1), (Inz + In( mox))<1_m+>+
+9 In(1-2) + <1 +Inz—2In(l1—x) —l—ln(l—ﬂcol’)) X
-z |, €
( ) 1—x)
X(l—z4+2"—— )+
x
1 2 1
1— 2D T — 1
o ) (252+12+25 n( o)+ (6.18)

+1In(1 — zo) In(2 — z¢) + Lia(xg — 1) —

1
~2 In*(2 — xo))] + gauge terms + O(e) .

Here ns(q) = 2 denotes the polarizations of a fermion and ns(g) = 2(1 — pe) denotes
the polariztions of a gluon. Note that the dependece on the momentum ¢ in V*%
and V{*% dropped out after integration.

6.2 Massive final emitter, massless initial spectator

We now consider the case of a massive emitter (particle k) in the final state and a
massless spectator (particle a) in the initial state. It is sufficient to consider the case
where a heavy quark (or antiquark) emits a gluon. The variables z and x of Catani
and Seymour are given by

_ 2pkpa _ 2pipa + 2pkPa — 2pipk;
= x = . (6.19)
2piPa + 2PkPa 2pipa + 2pkPa
The variables z and w are related by
11—z m2
1 -z ’ mj — (pk + pi — Pa)? (6.20)

Since there is no collinear singularity, we just have to match the part of the soft
singularity which corresponds to this dipole factor:

2 z?
Ve |8y = 8ru*asCrisy —2(1— 6.21
(V) = B0 Crbun | ==y = 20— ) (6:21)
We use the same mapping for the momenta as in the previous section:
ﬁa = ZPa
Pr=pk+pi—(1—2)p,. (6.22)
This mapping fulfills the asymptotic behaviour
pim z=1,  hm g =pe+p,  lm p.=p,. (6.23)
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Integration yields

o 1 a g 1 471',u2 €
V‘Ikgi = /dqbdip‘)le%v:lkgi = %1‘1(1 _ 5) (mi — P2> VQ9($,$0,€),

1
Voo (T, 39, €) = 2°(1 — )7 (1 — xox)sl/ dww (1 —w)™° x
0

2 z?
xCr {1—24—(1—1:) _2(1_1.0)1—.73}
_ Tl —¢)?
o 7€ . 2e - e—1
= Cplsgx®(1 — ) (1 — zox) T2 =2 X
2 — z?
X <1—;1;2F1 <1,1—5,2—2€,m> —2(1—.'1,'0)1_];)
1 w2
= Cpdssy |0(1 — ) B I1+In(l —zp) —In(2 — ) | +2 — E—I—

1 1
+1In(1 — zo) + 3 In*(1 — xo) + 5 In*(2 — x¢) —

—2In(1 — z0) In(2 — xy) — 2Lig(xg — 1)) + (6.24)

+2 (ln(2 ~ 2o1) — In(1 — mpz) — L= x(’)x2> (1 = . +)} +0(e).

1—xoz

7. Conclusions

In this paper we have extended the dipole formalism to processes involving heavy
fermions. We gave the explicit subtraction terms, together with a mapping of the
momenta from the (n + 1)-parton configuration to the n-parton configuration. We
evaluated the integrals of the subtraction terms over the dipole phase space to order
O(e°). These ingredients are sufficient to set up numerical NLO programs based on
the dipole formalism for processes involving heavy fermions. An application to single-
top production is in preparation [B0]. Furthermore we used a systematic approach for
the integration and subsequent expansion in €. This method allows us in principle to
obtain higher orders in €. Our results are naturally expressed in terms of harmonic
polylogarithms. We are therefore confident that the techniques developed in this
paper will prove useful also in the cancellation of infrared singularities at next-to-
next-to-leading order (NNLO).
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Erratum

Equation (5.29) in section 5.3 is not correct. It should read:

1 Qs 1 4\ ©
o = d i oe—V~ . - ) )
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