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ABSTRACT: The product of two N = 8 supersingletons yields an infinite tower of
massless states of higher spin in four dimensional anti de Sitter space. All the states
with spin s > 1 correspond to generators of Vasiliev’s super higher spin algebra
shs®(8|4) which contains the D = 4, N = 8 anti de Sitter superalgebra OSp(8|4).
Gauging the higher spin algebra and introducing a matter multiplet in a quasi-adjoint
representation leads to a consistent and fully nonlinear equations of motion as shown
sometime ago by Vasiliev. We show the embedding of the N = 8 AdS supergravity
equations of motion in the full system at the linearized level and discuss the impli-
cations for the embedding of the interacting theory. We furthermore speculate that
the boundary N = 8 singleton field theory yields the dynamics of the N = 8 AdS
supergravity in the bulk, including all higher spin massless fields, in an unbroken
phase of M-theory.
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1. Introduction

Sometime ago, the singleton representation of the super AdS group OSp(4|8) was
encountered in the spectrum analysis of D = 11 supergravity compactified on AdSy x
ST []. This is the ultra short representation of the AdS supergroup OSp(4/8) in four
dimensions, consisting of 8 bosonic and 8 fermionic states [2, 8], which cannot be
described in terms of local fields in the bulk of AdS, as was discovered long ago by
Dirac [4] in the context of the singleton representation of the AdS group SO(3,2).
Indeed, it has been shown [5] that the OSp(4|8) singleton multiplet occurring in the
Kaluza-Klein spectrum is pure gauge. It has also been shown that, though gauge
modes, the singletons are needed to fill the representations of the spectrum generating
algebra SO(8,1) [6].

After the eleven dimensional supermembrane was discovered [7], it was specu-
lated in [§] that singletons may play a role in its description. Soon after, it was
conjectured in [9] and [10] that a whole class of AdS compactifications of super-
gravity theories may be closely related to various singleton/doubleton field theories.
The field theories for them were constructed on the boundary of AdS as free su-
perconformal field theories, but the main thrust of the conjecture remained to be
tested.

Notwithstanding this state of affairs, in [iI1, 12, 13] the N = 8 supersingleton
field theory was assumed to be a quantum consistent theory of the supermembrane,
and its quantization was studied. In particular, the spectrum of massless states was
considered. In that context, a well known and a remarkable property of the singletons
was used, namely the fact that the symmetric product of two supersingletons yields
an infinite tower of massless higher spin states [14]. The detailed form of this result
for OSp(8]4) will be spelled out in section 8. It was argued in [11, 12, 13] that all
of these states should arise in the quantum supermembrane theory! Furthermore,
the occurrence of the infinitely many massless higher spin fields implies the existence
of infinitely many (local) gauge symmetries analogous to the Yang-Mills, general
coordinate and local supersymmetries associated with spin 1, 2 and 3/2, respectively.

In a later development, in the course studying the D = 11 supermembranes in
AdSyx ST, an attempt was made to obtain the singleton field theory from the D = 11
supermembrane action by expanding around AdS, x S7 [15, 16, 17]. However, for
reasons explained in [16] the N = 8 singleton field theory on S? x S! boundary of
AdS, did not emerge fully as the critical mass term for the boson was lacking. This
problem has been recently circumvented by embedding the membrane worldvolume in
target space in such a way that the resulting worldvolume field theory is a conformal
field theory on a three dimensional Minkowski space that serves as the boundary of
AdS; [1§].

Interestingly enough, in a related development Fradkin and Vasiliev [19, 20]



were in the course of developing a higher spin gauge theory in its own right (see [19]
for references to earlier work). These authors succeeded in constructing interacting
field theories for higher spin fields. It was observed that the previous difficulties in
constructing higher spin theories can be bypassed by formulating the theory in AdS
space and to consider an infinite tower of gauge fields controlled by various higher
spin algebras based on certain infinite dimensional extensions of super AdS algebras.
In particular, the AdS radius could not be taken to infinity since its positive powers
occurred in the higher spin interactions and therefore one could not take a naive
Poincaré limit.

In a series of papers Vasiliev [22]-[29] pursued the program of constructing the
AdS higher spin gauge theory and simplified the construction considerably. In [23, 24]
the spin 0 and 1/2 fields were introduced to the system within the framework of free
differential algebras. The theory was furthermore cast into an elegant geometrical
form in [25, 28, 27, 28] by extending the higher spin algebra to include new auxiliary
spinorial variables.

Remarkably, applying the formalism of Vasiliev to a suitable higher spin algebra
that contains the maximally extended super AdS algebra OSp(8]4), the resulting
spectrum of gauge fields and spin s < % fields coincide with the massless states
resulting from the symmetric product of two OSp(8]4 supersingletons! [11]

With recent observation of Maldacena [31] that there is a correspondence between
the physics in AdS space and at its boundary, which has been successfully tested
affirmatively in a number of examples with very interesting results, the issue of
whether the singletons of AdS; could indeed play a role in the description of bulk
physics has again arisen. As far as the singleton field theory is concerned, as in
the past, we still expect all the massless higher spin states to arise as two singleton
states and the massive states to arise in the product of three and more singletons.
An interesting question to which we have no answer at this time is how such states
might arise in M-theory. However, reviving the conjecture of [11; 12, 13] we expect
that they will arise as a new phase of M-theory that is yet to be uncovered.

The purpose of this paper is to address a more modest aspect of this problem
by examining the Vasiliev theory of higher spin fields (which is applicable to a wide
class of higher spin superalgebras) and determine the precise manner in which the
N = 8 de Wit-Nicolai gauged supergravity [32, 83], which is the gauged version
of the Cremmer-Julia N = 8 supergravity in four dimensions [34, B85, can be de-
scribed within this framework. We will indeed show how this embedding works in
the higher spin AdS supergravity based on the higher spin superalgebra known as
shs®(8|4)algebra [B6, B7]. (The details of this algebra will be discussed in the next
section). In our opinion, this constitutes a positive step towards the understanding of
the M-theoretic origin of the massless higher spin gauge theory. After presenting our
results, we will comment on further aspects of this issue in the concluding section.



Since the techniques for constructing higher spin theories that we shall employ
in this paper are not all too well-known we have chosen to make this paper as self-
contained as possible by including some basic features of the construction of higher
spin theories. However, we would like to stress that the main purpose of the paper
is to argue that higher spin supergravity plays a physical role within the context of
M-theory and in particular that AdS bulk/boundary could be instrumental for bring-
ing the subject of higher spin theories to a point where more nontrivial issues are
addressed than previously. Therefore, while the formulation of higher spin theories
allows for quite general extended algebras without any obvious truncation to super-
gravity, we believe that the extended higher spin theories that allow truncation to
supergravity - which we shall refer to as higher spin supergravities - are of particular
interest.

The organization of the paper is as follows: In section 2 we define the gauge
algebra shs”(8|4) and discuss its infinite dimensional UIR’s based on the N = 8
supersingleton. In section 8 and 4 we give the field content of the theory and the
form of the nonlinear higher spin field equations. The perturbative treatment of the
theory around the anti de Sitter vacuum with N = 8 supersymmetry is explained in
section 5, where we also derive the linearized equations of motion. In section 6 we
analyze the linear dynamics in more detail and in section w we treat the particular
case of the N = 8 AdS supergravity. Section B is devoted to a further discussion
of our results and some speculations. Our conventions and notation are collected in
Appendices Aiand B. Some details of the shs”(8|4)algebra are given in Appendices 0
and some useful lemmas are collected in Appendix ‘D.

2. The higher spin superalgebra shs”(8|4)

The higher spin gauge algebra shs”(8]4) is a Lie superalgebra which we shall define
as a subspace of an associative algebra A with Lie bracket given by the ordinary
commutator based on the associative product of A. A is the space of fully sym-
metrized functions of the two-component, complex, Grassmann even spinor elements
y“, its complex conjugate §* (which together form a four-component Majorana spinor
Ye = (Yo, §*) of the AdS group SO(3,2); our spinor conventions are given in Ap-
pendix A) and 8 real, Grassmann odd elements ¢° forming an SO(8) vector.! These
generating elements therefore obey the “classical” commutation relations

[yomyﬁ] = [go'uyﬁ] = [gd?gﬁ'] = O; Oé,d = 172

[yonei] = [go'uei] = 07
{67,607} =0, i=1,...,8, (2.1)

In an equivalent formulation, the Grassmann odd #® can be replaced by Grassmann even -
matrices I'* of the SO(8) Clifford algebra.



and the reality conditions

(W) =5a, () =0". (2.2)
A general element of A can thus be written as a formal power series
F(y>y70) = Z E Fnzk(man)gl * ) (23)
m,n >0
k=0,...,8
where we have used the notation
1 arom =B1Pn
Foein(myn) = —— Fppoo iy, 97 5070
yal...am = yal . yam , g,@lﬁn = gﬁl e gﬁn ,
g =g (2.4)

where the coefficients F .. Bro iy, AT€ Grassmann numbers carrying fully sym-
metrized spinor indices and antisymmetrized SO(8) vector indices. It is important
to note that the y and § dependence of (2.3) is not restricted by SO(3,2) invariance.?

For convenience we shall use the shorter notation
F(Y,0) = F(y,5.0) (2.5)

for arbitrary elements in A. The argument of F' will be suppressed when there is no
ambiguity in notation.

The associative algebra product x of A is defined by the following SO(3,2) x
SO(8) invariant ”contraction rules”:3

(Yoo Trin) * (Us1-5,03,5,) = (Yoo * Us5,) (Toin * Uy 3,) » (2.6)
Yor-am * YB1-Bn = Yar--ampBi-Bn T LTV Yoram_181-Bn1 EmBn

sm(m—1)n(n—1)
T i 21 Yar--m—2B1--Bn—2 €Cam-18n-1 €CamBn T

. m n
+ i* k! (k‘) (k) Yar--cm—1B1Brt Cam_ri1Bnnir " Cambn T (27)

100 i1 91 b1 7
0 m *9j1"'jn =40 mjl"'jn +mmn 6 T Goedn 5J:"

+m(m— n(n—1)

5 (9“-"“"_2]'3"-]'71 5;’2”],;1“” 4+ ...
m n 51+ Ty — T — “im
o <k> <k>9 T e Oyt (2:8)

250(3,2) invariance requires a reality condition, such as (F(y,7,0))! = F(y,,6), in which case
F(y,y,0) can be expanded in terms of SO(3,2) invariant monomials Fy ..o (0)Y %1% where
Fy ..o (0) are real functions of 6.

3The * product of functions F(y) is isomorphic to the algebra of fully symmetrized functions
F(9) of the Heisenberg algebra [§a,%g] = 2ieqag, obtained from F(y) by replacing y — §; see
Appendix C.



where we use the following (anti-)symmetrization convention: all SO(3,1) spinor
indices of the same type are automatically subject to unit strength symmetriza-
tion, and all SO(8) vector indices are automatically subject to unit strength anti-
symmetrization. The x product rules (2.7%)—(2.6) for commuting spinor elements can
be summarized more concisely by the following manifestly SO(3,2) invariant formula

FY)«G(Y /d4Ud4VF(Y+U)G(Y+V) expi (uqv® +a,0%) ,  (2.9)

where the normalization of the integration measure is such that 1 x F' = F.

The % product rule (2:8) for the anti-commuting elements ¢° is equivalent to the
decomposition rule for generalized Dirac matrices of the (associative) SO(8) Clifford
algebra

0 %07 = 59+ 007 . (2.10)
It is also straightforward to verify the associativity of (2.9). We also notice that as

special cases of (2.7) we have
Yo % Ys = NaYs + 1 €ap GO x g = gyt + i P (2.11)
which can be written in a manifestly SO(3,2) covariant form
Yox Y5 =Y,Y5+iCus. (2.12)
The hermitian conjugation acts as an anti-linear, anti-involution of the x algebra
(FxG)' = (G« (F)T, (2.13)
provided that we define (£n)T = nf¢l for Grassmann odd quantities ¢ and 7. In

particular
k(k—1)

(eil"'ik)T = (-1) giie (2.14)

We next introduce the map
TWa) =1 Yas  T(Ha) =18s, T(0)=1i0". (2.15)

The action of 7 on a general element in A is then defined by declaring 7 to be an
involution of the classical product (2:1). From the definition of the x algebra in (2.8)
and (2.9) it follows that 7 is a graded anti-involution of A:

T(FxG) = (-D)"r(G)x7(F), F, G cA, (2.16)

where the indices in the exponent indicate Grassmann parities.
We are now ready to define shs”(8]|4) as the Lie superalgebra given by the sub-
space of A spanned by Grassmann even elements P in A obeying the conditions [37]

7(P)=-P, P'=-P, (2.17)



and with Lie bracket defined by
[P,Ql,=PxQ—-QxP. (2.18)

1:6) it follows that shs®(8|4) is closed under the bracket. The

+ Y (Bimn)f + 4Py, (m,n)07 ) +

P(m,n) + 1 P,yecsy(m, )05 4 1P, (m,n) )

_l’_
L[]

m+n=4k+2
EY (GPalmnt AP lm ) ) (210)
m+n—=4k+3 '
i k (k—1)
(Pm-..amsl---gnil...ik) =(=1) 2 Pagudacmirip (2.20)
where we have used the notation defined in (2.4). The Grassmann parity of

P T
a1-amPB1-Bnit i
even (odd) number of spinor indices and even-rank (odd-rank) antisymmetric tensor
representations of SO(8), that is, the 1, 28 and 70 = 35, + 35_ representations (the

8 and 56 representations).*

is (m + n) mod 2. Hence the bosonic (fermionic) fields carry an

The expansion (2:19) is a sum of homogeneous polynomials Py 2(Y, 0) of degree
4k + 2, that is

Pura(AY, A0) = X 2P, (Y, 0) k=0,1,2,..., (2.21)

where )\ is a complex number. Hence
shs®(8|4) = @ Ly, (2.22)

where the k'th “level” Ly is the vector space spanned by the polynomials Py,o. The
* commutator has the following schematical structure:

k+1
Ly, Lil= @ Ln (2.23)
m=|k—|
Notice that since P is Grassmann even, the x commutator of two elements in
shs®(8|4) receives contributions only from odd numbers of contractions between the
generators.

4The reality condition in (2.17) implies that the expansion (2.19) can be expressed in terms of

Y, (see footnote on p. ). For example Y maneahie P(m,n) — > P(4k + 2) where P(4k + 2) is

a (4k + 2)’th order homogeneous polynomial in Y,. Also note the SO(3,2) invariance of the map
7, which multiplies Y, by a factor of i.



Equation (2:23) shows that Ly form a closed subalgebra of shs?(8]|4). In fact
Lo ~ OSp(8|4) is the maximal finite dimensional subalgebra of shs”(8|4) containing
S0O(3,2) ~ Sp(4,R) (see Appendix B for conventions and normalizations). The
SO(8) subalgebra of Ly is the diagonal subalgebra of the SO(8), x.SO(8)_ subalgebra
of shs”(8|4) with generators 67 x £(1+T'), where I is the hermitian and 7-invariant
SO(8) chirality operator

r=6..-6%, {I,0'}, =0, T*=1, (M) =7(T)=T. (2.24)

Thus the higher spin gauge theory based on shs”(8|4) contains the gauge fields
of SO(8)4 x SO(8)_ while the truncation of the theory to the gauged N = 8 super-
gravity theory contains the gauge fields of the diagonal SO(8).

For | = 0 and arbitrary k, (2.23) shows that Ly forms an OSp(8|4) irreducible
representation spanned schematically by the polynomials

ykt2 ydktlg oy k68 (2.25)

where Y™0" denotes a hermitian monomial of (y, ) and 6" of homogeneous degree m
and n respectively. The space spanned by Y™™ forms an irreducible representations
of SO(3,2) x SO(8) with SO(3,2) spin s = 2 and real dimension (m+3) (2) (The

2 3
spin is the eigenvalue of the SO(3,2) generator Mjs). Hence, for £ > 1 the real

dimension of the subspace of Ly spanned by bosonic generators is given by

N£:i<4k—§+2n><2i>’ (2.26)

n=0

and the real dimension of the subspace of L, spanned by fermionic generators is

N =% <4k N 12), * 2”) <2ni 1) . (2.27)

n=0

given by

As expected
ldimg (L) = Np = N} = Bk(5 + 16k%),  k=1,2,.... (2.28)

The dimension grows rapidly; for example N? = le = 1,792 and N} = NZf =11, 776.

In gauging shs®(8|4) the physical states coming from the gauge fields (see sec-
tion G for a detailed spectral analysis) are given [11, 12, 86, 87] in the s > 1 entries of
table 1. At any level k& > 2, the 512 physical states described by the gauge fields form
N = 8 supermultiplets (consisting of two irreducible 128 + 128 sub-multiplets related
by CPT conjugation such that the full multiplet is CPT invariant). At level k£ =0, 1,
however, spin s < 1/2 states are needed to form supermultiplets. The k = 1 super-
multiplet also has a total of 516 physical states, while the £k = 0 multiplet, which is
CPT-conjugate, contains a total of 256 physical states.



1 3 5 7 1 3
k\S 0 5 1 5 2 ) 3 ) 4 2s 2s+§ 2s+1 2s+§ 25+ 2

0 [35,+35_ 56|28 8 1
1 1+1  8[28 56 35,.+35_ 56 28 8 1

2 1 8 28 56 35, +35_ .-

s—1 1

s . 35,+35_ 56 28 8 1
s+1 1 8 28 56 35,435 .-

Table 1: The SO(3,2) x SO(8) content of the symmetric tensor product of two N = 8
singletons. This product is a unitary irreducible representation (UIR) of shs®(8|4) which
decomposes into infinitely many OSp(8|4) supermultiplets labeled by the level number &
defined in (2.22). The states with s > 1 span the spectrum of the shs”(8|4) gauge fields.

Physical consistency of a gauge theory built on shs®(8|4) actually requires that
the complete particle spectrum forms a unitary representation of the full, infinite
dimensional algebra shs”(8|4) [38]; see end of subsection 5.I. Not all higher spin
algebras are admissible in this sense. The admissibility of shs”(8|4) is based on the
fact that the particle spectrum of the shs®(8|4) gauge field (that will be analyzed in
detail in section @) fits into the symmetric tensor product of two OSp(8|4) singleton
supermultiplets [11, 86, 87]. Each singleton supermultiplet consists of a singleton
Rac in the 8, representation of SO(8) and a singleton Di in the 8. representation:

Rac® Di = [D(},0)®8,] @ [D(1,}) ®8,] , (2.29)

where D(Ejy,s) denotes an UIR of SO(3,2) for which E, is the minimal energy
eigenvalue of the energy operator My, and s is the maximum eigenvalue of the
spin operator M, in the lowest energy sector. From the oscillator representation
of shs¥(8|4) given in Appendix [ it follows that the space (2:29) actually forms
a UIR of shs?(8|4). Therefore also the symmetric and the anti-symmetric tensor
products of two copies of the space (2.29) form UIR’s of shs”(8]4). In particular,
the decomposition of the symmetric tensor product

(G0 88) @ (D0 @8] =
= [D(s+1,s)®@1+D(s+1,5)®35.]+ > D(s+1,5)®28,

$=0,2/4,... s=1,35,...
(D13 @8) @ (D(1,3) ®8.)|, =
= Y [D(s+1,5)®1+D(s+1,5)®35_]+ D(s+1,5)®28,
s=0,2,4,... s=1,3,5,...



= > (D(s+1,5)®8,+ D(s+1,5) ®56,) (2.30)

_135
=222

goos

under the OSp(8]4) subalgebra of shs(8|4) leads to the UIR’s of OSp(8]4) given in
table 1. There are a number of ways to derive this result. See, for example, [iL1].
Another derivation is given in Appendix 0 (see (C.9) and (C.10)).

We thus expect shs®(8|4) to be a suitable algebra for a supergauge theory of
higher spin AdS supergravity. However, the determination of the particle content of
the shs®(8|4) gauge theory requires a lot more analysis; there are auxiliary gauge
fields which must be eliminated algebraically in favor of the true dynamical gauge
fields and table iI; makes it clear that one has to couple the gauge fields to a finite
set of fields with spin s < %

3. The field content

3.1 The shs”(8|4) connection

The one-form master gauge connection
w(Y,0) = datw,(Y,0) (3.1)
is by definition Grassmann even and takes its values in the algebra shs”(8|4):
T(w) = —w, (W) =—w. (3.2)
The curvature of w is the shs®(8|4)-valued 2-form is defined by °

R=dw—-—wxuw, R = %dx”/\d:c”Rw,,
dR=wrxR— R*w, (3.3)

where d = dz*0, is the exterior derivative and the wedge products are suppressed.
The curvature transforms covariantly under shs”(8]4)valued gauge transformations

dew=de—|w, ey, d:R=|e, R]s, (3.4)

where the gauge parameter ¢ is an arbitrary shs®(8|4)-valued function.

5We shall temporarily set the gauge coupling equal to one. We shall discuss the gauge coupling
and the gravitational coupling in section ﬁ Also note that in the spin s = 2 sector one must
not confuse the SO(3,1) valued curvature R, .3 with the Riemann tensor r,, .g. The latter is
by definition the curvature of the SO(3,1) gauge field w, g, while R, o3 contains contributions
from w*w that are bilinear in gauge fields corresponding to generators whose commutators contain
SO(3,1) generators.

10



1 & iy .
w(Y,0) = % > ( > (%wij(m,n)ew + FWipip (M, n)@“""6) +

k=0 \ m+n=4k
S (s o)

> (w(m’ 1) 4 1@Wisig (M, )0+ iy (m, n)«9“'"i8) +

+ Z (%Wijk(ma n)ez]k + %wir“h (ma n)eh”)) ) (35)

* 0 & X X X X X X
O & O & X X X X X
X <> 0 @ 0B X X X
X X <> 0 @ 0B X X
X X X X<>0 & 0B
X X X X X< 0 e 0
X X X X X X<> 0 e

X X X<>0 & 08 X

eeeeoeoe

m

<> 0 @ 0B X X X X

Figure 1: Each entry of the integer grid, m,n = 0,1,2,..., represents a component
w(m,n;0) of the shs”(8|4) valued connection one form w according to the following rule:
the * denote the spin s = 1 component; a ® denotes a generalized vierbein; a O denotes
a generalized gravitino; a {6 denotes an auxiliary generalized Lorentz connection and the
x’s denote the remaining auxiliary connections.

Note that the bosonic gauge fields are always in the 1, 28 and 35, + 35_
representations of SO(8), while the fermionic fields are always in 8 and 56 rep-
resentations. By defining 0%(1,1) := (0%)aay*¥*, 0°°(2,0) = 3(0®)apy® and
5%(0,2) = %(6ab)dﬁ~gjdﬁ, we can decompose the gauge field wy, .., (m,n) and its
curvature Ry, ..., (m,n) into irreducible Lorentz tensors n;,..;, (p, ¢) of spin s = 254
by expanding the following x products:

0%(1,1) x W, iyip (Mmym) == Gyiy (M +1,n+1) 4+ Gy (m+1,n — 1) +
0%(2,0) % Rap,iywiy, (M, ) i= &y (M 4+ 2,0) + &3y (my ) + &y (M — 2,m)

5°(0,2) * Rap, iy.iy (M, 1) = Miyiy (mym 4 2) 4 14y i (M 1) + 13y, (M — 2),(3.6)

11



where the curved index p has been converted into a flat index a by means of the
vierbein w, , (which is given in terms of the gauge field wy, o4 by (B.7)). If m # n then
these irreps are complex. If m = n then ¢, ..., (m+1,m+1) and ¢;,..;,, (m—1, m—1) are
real or purely imaginary (depending on k), while (;,..;, (m—1,m+1) and {;,..;, (m+
1,m —1) and &,..;, (p,m) and n;,...,(m,p) (p = m, m £ 2) are related by hermitian
conjugation. The chiral components &;..;, (2s,0) and 7;,..;,(0,2s) (s = 1,3,2,...)
are called the generalized Weyl tensors.

Auxiliary and dynamical gauge fields and gauge symmetries. It is impor-
tant to notice that the number of algebraically independent components of the level
Ly, gauge fields, as given by (2:28) for k£ > 1, grows rapidly with k, while the cor-
responding supermultiplets in table i} each contain 256 4+ 256 states. In fact, gauge
symmetry alone cannot remove all the unphysical states. One also has to impose
some (curvature) constraints that serve to determine algebraically a certain subset
of the gauge fields, known as auxiliary gauge fields, in terms of the remaining, dy-
namical gauge fields, as well as to yield dynamical field equations for the latter. (The
curvature constraints also incorporate the spacetime diffeomorphisms into the gauge
group). The constraints actually involve all curvature components except the gen-
eralized Weyl tensors & ..., (2s,0) and 7;,..4,(0,2s) (s =1,3,2,...) defined in (316).
As a result only the gauge fields w(m,n, ) with |m —n| < 1 are dynamical, as will
be shown in subsection 6.1 see also figure 1.

The auxiliary gauge fields (denoted by x’s and {)’s in figure i) are
wa(m,m,0), lm —n| > 2, (3.7)

and their hermitian conjugates. Notice that there are no auxiliary gauge fields with
spin s < % In particular we shall refer to the auxiliary gauge fields w,(s — 2,s,6)
(s = 2,3,...) and their hermitian conjugates as the generalized Lorentz connections
(and these are denoted by <{’s in figure 1}).

As for the dynamical gauge fields, we categorize them as follows:
i) the generalized vierbeins (denoted by @’s in figure i.):
we(s—1,s—1,60), $s=2,3,4,..., (3.8)
which are real,
i1) the generalized gravitini (denoted by O’s in figure 1))
;

Wa(s — ,s—%,@), s =

and their hermitian conjugates, and
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i17) the two spin s =1 SO(8) gauge fields (denoted by x in figure 1; ):
wij(O, O) and Wiq-ig (0, 0) i (310)
We also differentiate between dynamical and auxiliary gauge symmetries. A
dynamical gauge symmetry by definition has a nontrivial action on a dynamical gauge

field while an auziliary gauge symmetry does not act on any of the dynamical gauge

fields. The dynamical gauge symmetries therefore constitute the local symmetry

6

algebra of the dynamical equations of motion.” The auxiliary gauge symmetries

generate algebraic shifts in the Lorentz irreps of the auxiliary gauge fields that are
not determined in terms of the dynamical gauge fields by solving the constraints.
The auxiliary gauge symmetries can therefore be fixed uniquely by fixing a gauge
where the undetermined irreps are set equal to zero such that the auxiliary gauge
fields are given uniquely in terms of the dynamical gauge fields.

The auxiliary gauge symmetries have parameters

e(m,n, ), |lm —mn| >4 (3.11)

and hermitian conjugates. As for the dynamical gauge symmetries, in analogy with
(8.8)—(B.10), we separate them into

i) the generalized Lorentz transformations with parameters
e(s—2,s5,0), $s=2,3,..., (3.12)
and their hermitian conjugates
i1) the generalized reparametrizations with parameters
e(s—1,s—1,0), s=1,2,..., (3.13)
which are real
i11) the local fermionic transformations with parameters
5(s—g,s+%,0), s:g,%,..., (3.14)
and their hermitian conjugates,
iv) the generalized local supersymmetries with parameters

e(s—32,s—3,0), s=3

N Ot

. (3.15)

and their hermitian conjugates, and

6By definition the commutator algebra of dynamical gauge transformations closes on the dy-
namical gauge fields.
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v) the two SO(8) gauge symmetries with parameters €;;(0,0) and &;,...;, (0, 0).

The local fermionic transformations (8.14) are the fermionic analogs of the
generalized Lorentz transformations (8.12). The role of all these symmetries in
arriving at the correct number of degrees of freedom will be analyzed in detail
in section 9.

3.2 The quasi-adjoint representation

As explained at the end of section 2, the construction of a unitary gauge theory based
on shs”(8|4) requires the inclusion of the spin s < 1 sector shown in Table I. To
this end, one introduces a Grassmann even, zero-form master field ¢(Y,6) [28, 27,
28, 25, 24] in the following infinite dimensional representation of shs®(8|4):

T(Qb):ﬁ-((ﬁ)a (¢)T:7T(¢)*F? (3'16)

where I' is the SO(8) chirality operator given in (2.24) and 7w and 7 are involutions
of the classical algebra product (2.1) defined by

™ (Ya) = Yo, T (Ya) = Ya » 7 (6") = 6",
T (Ya) = Ya, 7(0e) = —Ta,  T(0) =0 (3.17)

In addition, it is useful to define the classical algebra involution
70(Ya) = Ya » T6(Ja) = Ua m(0") = —0' . (3.18)
The maps in (3.17%)—(8.18) are also involutions of the x algebra:

T(FxG)=n(F)*n(G), idem 7, 7y, (3.19)

where F' and G are arbitrary elements of A.

The representation of shs®(8|4) on the master field ¢ is given by the gauge

transformation
dep=cxp—p*x7(e), (3.20)
where ¢ is an shs®(8|4)-valued function. The covariant derivative
D,p=dp—wrdp+ox7(w). (3.21)
transforms as
d0: D, =ex D, — D,p*7(g). (3.22)

Notice that ¢ does not quite transform in the adjoint representation due to the
presence of the T-operation in (3:20). For this reason we shall refer to the shs®(8|4)

14



7

representation carried by ¢ as the quasi-adjoint representation.” The closure of

shs?(8]4) on ¢ follows from (B.19):
[561 ) 552]¢:5[52,51]*¢- (323)

Let us emphasize that the main reason for the introduction of I', 7 and 7 in the
definition (B:16) of the quasi-adjoint representation is to ensure that its spin s < 3
sector correctly produces the spin s < % states that arise from the two-singleton states
tabulated in table 1} and that must be included in the theory in order to satisfy the
unitarity requirement discussed at the end of section 2. The reality condition in
(8:16), which involves I' in a crucial way, is engineered to be consistent with the 77
invariance condition imposed on ¢. This reality condition is necessary to obtain the
correct field content.®

The general solution to the condition (3.16) is
¢=C+m(CH«T, (3.24)

where the field C' has the expansion

= b (C(m’ 1) + Gy (M, )07+ GG i (m, n)eil"'iS)
e T
m,n >0
" 2 (écﬁjk(m n)07* + 5Ciin (m, n)Q“"'h)
m—n =4k +1
m,n >0
i 2 (%Cij(m? n)0" + 3Gl i (M, n)eil"'%)
m—mn =4k +2
m,n >0
m—mn =4k +3
m,n >0

"The involutions 7 and 7 are not SO(3,2) invariant as opposed to the anti-involution 7. Hence,
unlike w, we cannot express ¢ in terms of a Majorana spinor of SO(3,2). As a consequence, the
full theory does not possess the external SO(3,2) symmetry of shs”(8]4); see the discussion at the

end of subsection '(_l-_g:
8We note that the reality condition stated in (8.1€) differs from the reality condition used in [28).
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where the bosonic fields are in the 1, 28 and 35, + 35_ representations of SO(8) and

the fermions are in the 8 and 56 representations and the spin of ¢;,..;, (m,n) is given
+

7TL2 n .

We do not impose any reality condition on C'. By construction C' contains all

by s =

solutions to 7(C) = 7(C) that have number of y spinor variables greater than or
equal to the number of § spinor variables. Using 7(C') = 7(C) and n7me(C) = C
(which follows from 72(C) = C) we find that the hermitian conjugate of C' obeys

T(CTxT)=7(T)*x7(CH =Tx7(CT) = mmg(CHY*T =7 (CT*T'),  (3.26)

Hence, if f and g are two A involutions that preserve numbers of y and § and
that commute with 7 and 7, then ¢ = f(C)+g(CT%T") obeys 7(¢) = #(¢ ). In order
to solve the hermicity condition in (8.25) we can then take f to be the identity map
and g = m:

(C+m(CNxT) =Tx7(C)+Cf = (7me(C) + CT4T) #T
=71 (C+7n(C)*I")xT. (3.27)

Upon substituting the expansion (8.25) into (8.24) and equating 6 components
we find that
Clek (m, n) m>n

k ES_—%)!61’1---11@]1-"]'871@C*]lmjg_k (m> n) m<n,

¢(n,n) = C(n,n) + g (=1)" €C;,_, (n,n),
Gijri(n,n) = Cijr(n,n) + 3(—1)" €ijripgrsC* P (n,n)

qbil---is (n’ n)

where the allowed values of m, n and k in (8:28) are given by (8:25). Thus there is
an overcounting of degrees of freedom in the m = n sector of C' which is eliminated

Cz'1~~~ig (n, n) + (—1)"62'1...2'80*(71, n) s (329)

when C' and its hermitian conjugate are added to give ¢.

As we shall see in subsection 6.3, the field ¢(0,0) is the 1 + 1 real scalar of the
level L; multiplet given in Table 1, and ¢;;1:(0,0) are the 35, +35_ real scalars of
the level Ly, N = 8 supergravity multiplet [B4]. Notice that these scalars obey the
reality conditions

gb*(n’ n) = é(_l)n eilmiggbil“-is (n’ n) )
¢:jkl(nan) = i(_l)n €ijkimnpg® (N, M) (3.30)

It is gratifying to see that for n = 0 the second equation yields the SU(8)
invariant reality condition on the 70 scalars of the N = 8 supergravity [B84, 85, B2, 33].
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The left-handed fermions C"*7 and their right-handed hermitian conjugates
constitute the spin s = % content of the N = 8 supergravity multiplet, while the left-
handed fermions C%* and their right-handed hermitian conjugates precisely match
the spin s = + content of the level k = 1 multiplet in table 1.

The conditions (3.1G) imply that the quasi-adjoint representation must contain
an infinite dimensional spin s > 1 sector. Thus, the inclusion of a finite number of
fields with spin s < % in the theory requires the inclusion of an infinite number of aux-
iliary higher spin fields. As will be shown in subsection 61, the fields ¢;,...;, (2s+mn,n)
(s =0, %, 1,...,n=1,2,...) are related to the chiral components ¢;,..;, (2s,0). For
s = 0,% the chiral components are the physical fields of spin s = 0, % For s > 1,
the SO(8) content of the chiral component ¢;,..;, (2s,0) matches precisely the gener-
alized Weyl tensor &;,..;, (2s,0) defined in (3.6). As will be shown in subsection 5.3

the linearized field equations actually give

thzk (28, 0) = &1% (28, 0) s

Giy iy (0,28) = iy, (0, 25) s=1,3,23 .. (3.31)

We shall thus refer to ¢ as the Weyl zero-form.

4. The higher spin field equations

4.1 General discussion

Nonlinear higher spin interactions were first constructed in [23, 24] using the for-
malism of free differential algebras (FDA) which aims at obtaining gauge invariant
curvature constraints

dw:fw(w7¢)7 d¢:f¢(wa¢)7 (41)

where the functions f* and f? are to be determined, order by order in ¢, from the
integrability condition d* = 0 and the boundary condition that (4.1) should reduce
to the trivial constraints R(w) = 0 and D,¢ = 0 in the lowest order. The structure
of the gauge transformations is determined by the functions f* and f¢ and thus
reduce to (8.4) and (8.20) in the lowest order. The diffeomorphism invariance of
these equations is realized as gauge transformations with parameter € = ¢,w, where
oxt = pmu.

Once the explicit form of the constraints (4.1) has been found, the integrability
guarantees that the first equation yields the one-form w in terms of ¢ up to gauge
transformations. From the second equation, one then obtains the zero-form ¢ in
terms of an initial condition ¢|, := ¢, where p is a fixed spacetime point. This type
of initial value problem, however, is rather untractable. Instead it is more convenient
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to first eliminate all the auxiliary fields through the algebraic equations contained in
(4.1), thereby obtaining a closed set of field equations involving only the spin s < 1
fields and the dynamical gauge fields, and then specify the initial data and boundary
conditions for these dynamical fields.

Extended free differential algebra. As already mentioned, prior to deriving the
dynamical field equations from (%.1)), one first has to find the functions f* and f4.
This deformation problem turns out to be rather cumbersome in practice. How-
ever, there exists an elegant formalism, developed by Vasiliev [25, 26, 27, 28, 29], to
facilitate the deformation procedure.

The basic idea is to generate an order by order expansion in ¢ of f* and f¢
by solving an auxiliary constraint. This constraint is formulated by means of an
extended FDA with base manifold taken to be the product of ordinary spacetime
with a complex space of an auxiliary spinor variable Z, = (z,, —2%).

The extended FDA is of the form

dA = fAA,®), dd= (A, D), (4.2)

where ®(z, Z;Y, 0) is an extended Weyl zero-form, A(x, Z;Y, ) is an extended con-
nection one-form

A=W +V =da"W, + dz*V, — dz*V;, (4.3)

and d is the (z, Z) space exterior derivative
d = dz"d, +dz"8y +dz%8; = d+0+09d = d+dy. (4.4)
f4 and f ® are given functions of A and ® defined such that the integrability condition
?=0 (4.5)

is obeyed. In fact, the extended FDA desgribes a constraint on a Yang-Mills curvature
based on an enlarged gauge algebra shs (8]4) that is a Z dependent deformation of
shs®(8|4) that reduces to shs”(8]4) when Z = 0. One also has

W(.’I?,Z;Y, 9)‘2:0 = w(Y; 9)? (I)(.T, Z; Y? H)IZ:O = ¢(Y? 0) : (46)

Before we give the details of the extended gauge theory let us first comment
on the crucial features of the extension.(4.5) implies that (4.2) can be solved for A
and ® in terms of the initial condition ®| z)=po) = ¢p(Y;0) up to an extended
gauge transformation. This shows that (4.3) is equivalent to a FDA of the form
(4.1). The corresponding functions f“ and f¢ are obtained by first solving for the
Z dependence of W, V and ® from the components of (4.2) that carries at least
one Z space index. Since W and & are Z space zero-forms and V is a Z space
one-form, this requires the initial data (4.6). (More precisely, the extended gauge
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invariance can be used to fix the gauge V,|,_, = Vs ‘Z—O = 0 with unbroken shs”(8|4)
gauge symmetry). Denoting the solutions for W and ¢ by Ww, ¢| and ®[¢] and the
spacetime components of fA and fq’ by f% and f?®, respectively, we have

fo(w,0) = Y (Wlw, ¢, @[¢))|
fo(w,0) = FH(Ww, ¢, ®[g])

The fact that (4.7) leads to a FDA of the form (4.T)) with a nontrivial ¢-expansion
relies on the fact that the Z space is symplectic which implies the existence of a x

zZ=0"

(4.7)

zZ=0 "

product of the auxiliary spinor variables. Using this * product in the definition of

f4 and f® one finds
fow o) =Yw o) +...,  fwed)=fwe)+..., (4.8)

where fV(w, ¢) and f®(w, ¢) result from the leading, classical terms in the x product
of the auxiliary spinor variables, while the ... represent an expansion in ¢ coming
from the higher order contractions of the auxiliary spinor variables. The latter involve
derivatives of Ww, ¢] and ®[¢| with respect to z, and Z; which when evaluated at
Z = 0 yield nonlinear expressions in ¢. Hence the obtained FDA of the form (4.1)
represents a nontrivial deformation of R(w) = 0 and D, ¢ = 0 provided we set

@) =wew,  [Uwd)=wrd—xr(w). (4.9)
This corresponds to

fA= Ax A+id2V(®) +id2 V(D))"
fE=Ax®—dx7(A), (4.10)

where V is some function consistent with the extended integrability condition (4.5).
Secondly, the fact that Z space is isomorphic to the space of the commuting spinors
Yo and g, allows one to define nontrivial * product contractions between the aux-
iliary spinor variables z* and 2%, and the internal spinor variables y, and 7,. This
allows one to construct a special function k(z,y) that projects onto anti-chiral (i.e.
y independent) components, i.e. ® xk|,_ o = ¢|y—o + .... Using x in the definition
of V then leads to spacetime constraints of the form (3.31).

4.2 Extension of the higher spin superalgebra

The extended associative algebra A is by definition obtained from A by first extend-
ing the set of generators (y, 7, 6) of A with the auxiliary, commuting spinors z, and
Zs := (24)" and defining the associative, manifestly SO(3,2) invariant x product on

A 27, 28]
F(ZY) « G(Z,Y) = /F(Z+U,Y+U) G(Z~V,Y +V) exp i (uqv® +ua0%)
(26, 0] = [24, 0], =0, (4.11)
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where Z, := (2, —2%) is a purely imaginary Majorana spinor of SO(3,2)? and the
normalization is such that 1 F' = F'. Notice that the hermitian conjugation acts as
an anti-involution of A. As a particular case of (4.1F) we find (2.12) and

2o *x 28 = ZaZB — L€a3, zd*zgzzdzg—z'edg,
Ya * 28 = YaZp — L €03 , Yo * 25 = YaZp + €45,
Zo % Yg = ZaYp + L €0, Zox Yy = Zas — 1€44 (4.12)

which can be written on the manifestly SO(3,2) covariant form
ZQ*ZE = ZQZQ—Z'C% s Zﬂ*yﬁ = ZQYQ—FZ'C%, YQ*ZQ = YQZE—Z'C%. (413)

This leads to contraction rules analogous to (2.7) with the only difference that
there is an additional factor (—1) for each contraction of type z x z, Z x Z, y x z and
Zxy. See Appendix D for further details.

By definition the basis elements dz® and dz® of one-forms in Z-space, which
form a purely imaginary, Majorana spinor dZ¢ = (dz®,dzs) of SO(3,2), obey

dZ%x F = FxdZ% = dZ%F,  (dz*)' = dz*, (4.14)
where F is an arbitrary element of A. Therefore, if we set
So = dZ%Z, = dz"z, + dz%*Z; = (So)T, (4.15)

then from the contraction rules (D.1) it follows that the exterior derivative dz
in Z space can be generate by the inner, adjoint action of Sy:

S()*Fp — (_1)pr*S0 = —2iszp, dZ = dz%— +d§d77 (416)
! Za

—FE
where F), is an shs (8|4) valued (x, Z) space form of total degree p and we have
defined dz* Adz# = —dz* Adz®. Note that (4.16) has the correct hermicity properties
and that the associativity of the x product imply the Leibniz’ rule

dz(Ap*Bq) :dzAp*Bq+ (—1)pAp*dqu. (417)
The maps 7, 7 and 7 defined in (2.15) and (8.17) are extended to A by setting

T (2a)

T (24)

—Za, T (2a) = Za T(20) = =i 24,
25 T (Zd) = —1 ZO'“ (418)

~
I
|
N
Q

Za 7 (Za

and declaring these maps to be involutions of the extended classical algebra. We also
define the action of these maps on the basis elements dz® and dz® of one-forms in
Z-space by

dz(n(F(Z,Y,0)) = n(dz(F(Z,Y,0)), idem 7 and 7. (4.19)

20ur conventions differ from [28] where the reality condition z, = —z§ is used.
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We next define the special A element x(z,y) as

2

z,y) = exp(izay®) = 7 (k(2,9)) ,

R(2.9) = (5(z.0)! = exp(—i245%) = 7 (R(2,3)). (4.20)
Using (4.11) we find
kxF(z,2,y,5,0) = k F(y, 22,53 0)
RxF(2,2,9,9;0) = RF (2, —9;y,—20),
F(Z,Z;y,g,e)*li = HF(—y,57—27539)7
F(2,29,5;0) xF = EF(2,4;9, % 0), (4.21)

7(F)=krk*xFx*k, W(F)ZT*F*E, (4.22)

Kxk =1, R*xk =

where F' is an arbitrary eliril%nt in A.

Now the enlargement shs (8|4) of shs”(8|4) is defined by the extensions of (2.17)
and (2:18). Thus an element P in shs (8]4) is Grassmann even and it furthermore
obeys

r(P)=-P, (P)f=-P. (4.23)

The extension of the finite dimensional subalgebra OSp(8]4) of shs”(8|4) gener-
ated by quadratic elements is given by OSp(8|4) x Sp(4, R) where the extra Sp(4, R)
factor is generated by the elements z,25, 2425 and z5z;. This Sp(4, R) factor com-
mutes with OSp(8]4) and generates a fictitious Sp(4, R) gauge symmetry which does
not arise in the spacetime FDA (4.T)) where Z is set equal to zero.

4.3 The extended field content
The extended S/ESE(8|4)—Valued spacetime connection one-form W(Z,Y,0) = dz#* W,
and Weyl zero-form ®(Z,Y, 0) are defined by

r(W)=-Ww, Wi=-W, (4.24)
(@) =7(®), O =n(®)xT, (4.25)

such that the initial conditions defined in (4.6) indeed obey (8.2) and (38.1G). Note
that W and ® are Grassmann even. The extended curvature 2-form and covariant
exterior derivative

R=dW —W W,
DO =dd—Wxd+dx7 (W), (4.26)
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transform covariantly under the extended gauge transformation

5:W = dé—[W, €],
5D =Exd—Dx7(E), (4.27)

where the transformation parameter € is an gz\sE(S\él) valued function and the vari-
ations obey the algebra [0¢,0s,] = djz, 2,1, -

It is important to notice that when evaluating (4.26)—(4.2%) at Z = 0 there are
contributions from the quadratic terms that involve * contractions of terms in W and
® which are higher order in z and Z (in particular there are nontrivial cross terms
coming from z-y and Z-y contractions):

Rlyjeog=Rw)+..., D®|,_=D,op+...,
OW |, g=0w+ ..., 0@y =060+ ..., (4.28)
where € = £|z—g is an shs®(8|4)-valued gauge parameter and the ... represent the

contributions from the higher order Taylor coefficients in the (z, Z) expansions of W
and ®. Thus, if W and ® were given in terms of the initial data (4.6), then setting

{ B

R and D® equal to zero would yield a nonlinear FDA of the form (4.1).
We proceed by defining the Z space the Grassmann even connection one-form

V with components V, = (V,, V%) introduced in (4.3) by
T(V)y=-vV, Vi=-V. (4.29)
We also define a Z space “covariant derivative”
S=58+2V, 71(8)=-S, S=5, (4.30)

where Sy is the Z space one-form defined in (4.15%). We take S to transform in the

—F
adjoint representation shs (8|4), that is

05 =ExS —S*E€. (4.31)

From (4.16) it then follows that V indeed transforms as a Z space connection

one-form

5V =dgé — [V, él,. (4.32)

whose curvature is related to S % .S as follows:
dzV—VxV =15x5. (4.33)

From 7(S,) = —i S, it follows that 72(S,) = 77me(Ss) = —S,. Combining with
(4.22), we find

K% Sxkl'= —KExS*E, KL%V xkl = —F*V *E. (4.34)
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4.4 The equations of motion in (z,Z) space

The integrable equations of motion in (z,Z) space of the higher spin field theory
are [28]'0

dW =W W, (4.35)
ddb =W ® - %7 (W), (4.36)
dS =W xS —S*xW, (4.37)
Sxd=dx7(9), (4.38)
SxS =id?(1+®+xT)+id? (1 +Pxk), (4.39)

where dz? = dz* Ndz, and dz? = dz® Adzs = (d2?)!. We shall show the integrability
in section 4.4. Apart from the integrability the crucial properties of these equations
are that they preserve the representation properties (4.24)—(4.25) and (4.30) and that
they are invariant under the internal gauge transformations

SW = dé — [W, &],,
0P =EéxP—Dx7(€),
38 =[¢&, Sk, (4.40)

where € is an arbitrary %E(8\4)—Valued gauge parameter. The equations are also
manifestly invariant under spacetime diffeomorphisms, since they are formulated us-
ing only spacetime differential forms. In fact, the general coordinate transformation
dxt = p* is incorporated into the é-transformations by

&lp) =i, W . (4.41)

The full set of field equations (4.35)—(4.39) can be derived from (4.39) and either
(4736) or (4:37). To begin with (4:35) is the integrability condition for (4:36) and

for (4.37). Next (4.38) follows from (4:39) by exploiting the associativity property
(S*S)*S =5x(S*S) and by making use of (4.22) and

d2*7 (S) x kI = d2*k[ x S,
dZ*7 (S)*x & = dZ*F + S, (4.42)

which in turn follow from dz® Adz”’ Adz" = 0 and (4.34). Finally, (4.37) follows from
(4.36) (or vice versa) by combining (4.36) with the covariant spacetime derivative of

(1239).

{ SR

10Tn the original formalism [27, 28] the analog of (4.39) is written by using xk and &k, where
k, k are Kleinian operator [}_2-]_4'], instead of our <kI' and &, respectively. The addition of k and its
hermitian conjugate k to the set of generators of the associative algebra, however, would give rise
to new dynamical gauge fields which are unwanted in attempting to reproduce table :_1: The use of
an SO(2N) chirality operators in higher spin algebras have been discussed in [:_:’;’_ﬂ]

23



An interaction ambiguity. The extra factors of kI' and & have been inserted
on the right hand side of (4.39) to ensure 7-invariance and gauge invariance. As
already mentioned, these factors also play a crucial role in obtaining the appropriate
set of constraints on the shs®(8[4) curvature R(w). For example, the linearized
contribution to R(w) involves ® x |,_, = ¢(0,y) which leads to a constraint of the
form (3.31).

These requirements do not, however, fix the right side of (4.39) uniquely. In
order to describe the interaction ambiguity we start from the identity

Sx8=idZ (1+¢+il"ps)dZ, (4.43)

where 'y (A = 0,1,2,3,5) are the SO(3, 2) ['-matrices, p' = 7(¢) = ¢ is an SO(3,2)
scalar and (pa)l = 7(pa) = pa is an SO(3,2) vector. eq. (4.43) is manifestly
invariant under both “internal” gauge transformations

5gS:[é,S]*, 5gg0:[é,g0]*, 5g30A:[8A,30A]* (444)

and “external” SO(3,2) transformations that rotate SO(3,2) spinors and vectors
and they cannot be incorporated into the group of internal gauge transformations
since the external transformations rotate dZ< while the internal transformations leave
dZ% invariant (as can be seen from (4.14)).

The interaction ambiguity amounts to the degrees of freedom associated with
the choice of an SO(3,1) invariant constraint expressing ¢ and ¢# as functions of
the SO(3,1) invariant, quasi-adjoint master field ®.

For example, (4:39) is the result of the SO(3,1) invariant constraint

¢ = Red’,
@’ =Im®,
SOazo’ a:0’172’3’ (445)
where @ obeys
(@)=, T=Kx®, 5= ], (4.46)

and K := k&I, obeying K> = 1 and 7(K) = K" = K. The reality condition on
@’ implies that Re®’ = P, x ® and Im®' = —i P_ x ®', where Py = 1(1 + K)) are
projectors onto the eigenvalues +1 of K. This shows that the real and imaginary
parts of ® each contain half the number of degrees of freedom of ®'. Also notice
that K commutes with W, ¢ and & and anticommutes with S. Thus the result of
the SO(3,1) invariant constraint (4.45), the associativity and (4.3%) is the following

24



set of manifestly SO(3, 1) invariant equations

dd = W@ — & « W,
Sx® =@« 9,
S+ 8 =idZ (1+ Re® +iT°Im®’) dZ. (4.47)

All quantities in this equation are manifestly SO(3,2) invariant except the I'®
term. As a consequence of breaking the manifest external invariance from SO(3,2)
down to SO(3,1), the representation of the internal OSp(8|4) on the fields will
only be manifestly SO(3,1) invariant. The situation is analogous to the one in
N = 8 AdS supergravity theory [30]; both equations of motion and supersymmetry
transformation rules contain explicit I'> matrices but in such combinations that the
closure of the internal OSp(8|4) algebra is not violated.

Now, egs. (4.47) coincide with (4:36), (4.38) and (4.39) provided that we set

[ [

N S o (4.48)

The interaction ambiguity amounts to the fact this relation can be replaced by
the more general one

& = V(0 *kT), (4.49)

where V is a regular, complex x function.

4.5 Integrability of the higher spin field equations

The integrability of the higher spin field equations (4.35)-(4.39) in (z, Z) space can be
made manifest by writing them in terms of the (z, Z) connection one-form A = W+V
(see (223)) and using the total exterior derivative d = d + dy (see (4:4)). One then
finds that (4.35)—(4.39) can be cast into the form

F =13 (dz?®xnl +d* @ xF) (4.50)
dd = Ax® — d*7(A), (4.51)
where the total curvature two-form in (z,7) space and its Bianchi identity are
given by
F=dA—AxA,
dF =[A, F],. (4.52)

gauge symmetry of (4.50)—(4.5L) is given by

SA=dé —[A¢],, 0D=¢xd—Dxm(d). (4.53)
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The curvature constraint (4.50) can be written in components as

FMV:Fau:qu:Fadzov
Fag = —%eaﬁfﬁ*/ﬁf,

Fop=—4e3P+F, (4.54)

In order to discuss the equivalence of (4.50)—(4.51) and (4.35)—(4.39), we intro-
duce the tri-grading (g, 7, s) of (¢ +r + s)-forms in (z, Z) space where ¢ refers to the
form degree in z-space and the bi-grading (r, s) refers to the form degree in (z, z)-
space regarded as a complex space. Thus the (2,0,0) components of (4.50) yield
(4335). Using (4.16) and (4.30) we find that the (1,1,0) and (1,0, 1)-components

yield

AW +dV =W V4V« W, (4.55)
which is equivalent to (4.37). The (0,2,0), (0,1,1) and (0,0, 2) components yield
dzV =V *V =1(dz* @ x k[ +dz° @ xR), (4.56)

which is equivalent (4.39) using (4.33). From the (1,2, 0)-components of the Bianchi
identity (4.52) we read off (4.36). Finally, the (0,2,1) and (0, 1,2)-components of
(4.52) are equivalent to the equation

dz® =V +d—dx7(V), (4.57)

which yields (4.38).

As already discussed in subsection 4.1, the integrability of the higher spin field
equations can be used to solve for the Z dependence thus obtaining an FDA of the
form (4.1) from which the dynamical spacetime equations follow upon the eliminating
auxiliary fields. Another possibility is to begin by solving for the x dependence of
W, ® and S from (4.35)—(4.37) in terms of ®|, and S|, (where p is a fixed point in
spacetime). In fact, the solution obtained is pure gauge such that the z dependence
away from p is determined by an QZS’E(8|4) gauge transformation. Thus the space
of gauge inequivalent solutions to the full set of equations (4.35)—(4.39) is equivalent
to the space of gauge inequivalent solutions of the “Z space equations” obtained
by inserting the pure gauge solution for W, ® and S into the two remaining field
equations (4.38)-(4.39):

S, xS, =id2* (1+®,xkT)+idz>(1+®,%%),
Sp* @, = O, x7(S,) . (4.58)

These equations are invariant under spacetime independent S/ESE(8|4) gauge
transformations which are local in Z space and could be a promising starting point for
obtaining other classical solutions of the theory than the AdS vacuum solution, such

as solutions with nontrivial higher spin background fields or solutions that partially
break the global shs®(8|4) symmetry of the AdS vacuum.
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5. Expansion around the anti de Sitter vacuum

5.1 The anti de Sitter vacuum solution

The field equations (4.35)-(4.39) constitute an internally consistent set of equations,
but it remains to establish the physical relevance of the equations and to make
contact with N = 8 supergravity theory. As already discussed in subsection 4.1 this
requires the solving of the Z space equations (4.37)—(4.39) and the elimination of
the auxiliary fields from the algebraic equations contained in (4.35)—(4.36). In the
following two sections we shall verify that this yields the correct free field higher
spin dynamics in the AdS vacuum, and in section % we shall make contact with the
linearized N = 8 supergravity model. Having established the physical consistency
at the linearized level, one then has an interacting higher spin field theory based on
the equations (4.35)—(4.39) which is tractable in classical perturbation theory.

The AdS, geometry can be identified as the vacuum solution given by [2§]

®0(Z,Y,0) =0,
So(Z,Y,0) = dz"zq + dz°%%,
1 B &g .
Wo(Z,Y,60) = - |woasy™s’ + Goasi s’ + 20059°5°] = Q(Y),  (5.1)

where the one-forms wy, @y and ey are the vacuum Lorentz connection and vierbein
of anti-de Sitter spacetime:

dwoas = Woay N wog” + €gus /\6055
d‘DOo'zB = Woay N (DOB;Y + egsa N 6066

—, 0
deOa,@ = Woay A 6075' + Wogg Nega - (52)

To prove that (5.1) is a solution of the higher spin equations (4.35)—(4:39) one
first observes that (4.36) and (4:38) are trivially satisfied while (4:35) reduces to
(533). Using (16) one casily verifios (357 and (1:39).

The flat, SO(3, 2)-valued connection one-form €2 defines a AdS-covariant deriva-
tive which mixes irreducible tensors of the Lorentz SO(3,1) subgroup of SO(3,2) of

the same spin. It splits into the curved, SO(3,1)-valued connection one-form

1 « —af -
wo = < Wi yays +woﬁyayg> ; (5.3)

which defines a Lorentz-covariant derivative D, which acts irreducibly on Lorentz
tensors, and the vierbein
€0.06 = —%)\ (Ca)ad €5, eq = dzt e, ", (5.4)

where the mass parameter ) is given in terms of the AdS radius a by
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A= (5.5)

a
In the following we shall need D, Dy acting on a Lorentz tensor T, .. q..:

D[an}Tc,,,’y,,,"y,,, = %rab,chd...'y...f'y... + o+ %Tab,’yéTc...J,,,"y.., + -

+57ab i T,y 5 T (5.6)

where the SO(3,1)-valued Riemann curvature

2
Tab,ed = —-A (nacnbd - nadnbc) 5
1 cd
Tabys = erab,cd(o- )aﬁ7

Fans = Sranca(@) 55 (5.7)

We shall temporarily set A = 1 and return to the relation between A and the
dimensionful coupling of the theory in section 7.

Generalized Killing symmetries and admissibility criterion for shs”(8|4).
Let us emphasize that the AdS vacuum solution (5.1) exhibits the full shs¥(8]4) sym-
metry and not just OSp(8|4) symmetry. More explicitly, the solution (5.1) is invariant
under gauge transformations with parameters £, obeying the following generalized
Killing equations

déO - [QOa éO]* - 07
dyéo =0 (5.8)

whose solution space forms a superalgebra isomorphic to shs”(8|4). The last fact
follows from the flatness of the SO(3,2) connection €.

To construct the Killing parameters explicitly we first introduce the four com-
muting AdS Killing spinors 77 (z) (r = 1,...,4) and their hermitian conjugates 7}
obeying the AdS covariant Killing spinor equations

D, = eqop™”s D= eopan” . (5.9)
We then define the hermitian, Grassmann even, commuting elements
n=nyt iyt ) =T, r=104 (5.10)

From (5.9) it follows that the " obey (5.8). By making use of Leibniz rule it is
easy to verify that

prreTmitin = (M prm)giain m=1,2,..., k=1,...,8, (511
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also obey (5.8). Moreover, by construction

T(nrl---rmil---in) — Z-m-‘,—n nrl---rmil---in ’
NS n(n—1) o
(nrl---rmn---zn> _ (_1) 2 g Tmis (5.12)

Thus, if Arj.rpigein 7= A@rporm)fin-in) ar€ constant Grassmann even constant co-

efficients obeying
n(n—1)

Crreermirein) = (17 Arpeonigeis (5.13)

then
£0(A) = @ Ay iy i 17T (5.14)
is a Killing parameter if m +n = 2 mod 4. For given m and n, the real dimension of

m+n=4k+2 (k=0,1,...) the space of elements of the form (5.14) is isomorphic
to the k’th level Ly of shs”(8|4) defined in (2:23).

Thus the construction exhausts V4. In particular the finite dimensional subal-
gebra of V;, spanned by the 28 global SO(8) parameters e¢()\;;), the 32 unbroken
AdS supersymmetries £¢(\;:) and the 10 Killing vectors e¢(\,s) is isomorphic to the

superalgebra OSp(8|4).

5.2 Perturbative expansion

We then proceed by an order by order analysis of (4.35)—(4.39) by expanding them in
powers of ® which is considered to be a perturbation around the vacuum solution [28]:

©:¢1+@2+...’
S =S8+ S+ 8,
W:WO+W1+W2"', (515)

We saw that the constraint equations (4.38) and (4.39) yield (4.5%) and (4.56),
respectively, as a consequence of the formula (4.16). Using the expansion (5.15), we
can express (4.57) and (4.56) as follows:

n—1
dz® = 5> (B %7 (Suy) = Sj % Pny), (5.16)
j=1

n—1

dzSn = —3d2" @ *x kT — 3dZ° @ K — 1Y S; xS, ;, n=1,2,...(5.17)
j=1

This system of linear differential equations in the spinor variable Z is integrable
order by order in perturbation theory. Verification of the integrability condition
d%®,, = 0 (assuming that ®; and S; obey (5.16)—(5.17) for i < n) is straightforward
while verification of d%S,, = 0 requires the use of (4.43). Thus, having integrated
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(5.16)—(5.17) up to the (n — 1)’th order one obtains the n’th order solution by first
integrating (5.16) for @, and then (5.17) for S,:

©,(2,Y,0) = ¢u(Y,0) +
+3 Z/ dt <I> *xBEx ST xR — S x @, J) (tZ,Y,0)—

<Q>j * R SR+ 57 % (I)n—j) (tZ,Y, 9)} )
0

SQ(Z,Y,O):@QL(Z,Y,Q)‘F
) [ -
+/0 dtt 4z (@ KT + 1 Zl (57, 557 )z 00+
iz
n—1 B )
+244 3 [ 82, SZ]L(tZ,Y,H)}
j=1
Sz Y@)—ig (Z,Y,0) +
Ie) ) ) _(925‘ n ) )
1 [ o
+/0 LEEALALESDY [sj,sﬁ. JL (t2,Y,0)—
J:

%i 159,827 (2, 9)} (5.18)

where we have applied the integration formulae (D.4)-(D.6) given in Appendix D.
Notice that the x products in the quadratic terms in the right hand side must be
calculated with functions depending on (Z,Y,0) before Z is replaced by tZ, as ex-
plained in Appendix D in more detail. The integration of (5.16) introduces the initial
condition

,(2,Y,0)|,_., = o.(Y,0), n=12..., (5.19)
in the quasi-adjoint representation (3:16) of shs”(8]4). The integration of (_5__ )

introduces an exact Z-space one-form dz¢,, where ¢, is an arbitrary shs~ (8]4)-
valued 0-form. The perturbative expansion of the gauge transformation (4.31), with

parameter € = €; + €2 + - - -, takes the form
n—1
68, = 2idzén + >[5, Snjls, n=12... (5.20)
j=1

Hence we may eliminate £, by fixing the gauge
&, =0, n=12 ... (5.21)

The gauge symmetries that preserve (5.21) have Z-independent parameters ¢(Y, 0)
corresponding to the expected shs?(8|4) gauge symmetry of the field equations in z
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space. Notice that in the perturbative expansion (5.21) is imposed order by order, so
that at n’th order the remaining gauge symmetries have shs”(8|4) valued parameters
g;(Y,0) (i=1,...,n) and S/ESE(SM) valued parameters £;(Z,Y,0) (i > n+1).

Having obtained the solutions for ® and S one proceeds by solving for W by
inserting the perturbative expansions for S and W into (4.37). This yields the
integrable set of equations

n—1
AW, = =2dS, + £ > (W; % Spj + Sy x W), n=12 ..., (5.22)
=0
which allows one to obtain W, in terms of ¢; (i = 1,...,n) and the initial conditions
w; (1 =1,...,n) where
W, (Z,Y,0)|,_, == wn(Y,0), n=12,... (5.23)

With help of the formula (D.4) given in Appendix D, we can integrate (5.22)
subject to the initial condition (5.23), and we thus find

1 n—1 )
Wn(ZJKO) = wn(Y7 0) - %/O dt {Za(dsg - Z[Wja S;h] ]*) (tZ, Y7 0)+

7=0
n—1 )
+2%(dS2 ~ ZO[W]., SZJ]*)(tZ,Y,O)} . on=1,2,...(524)
J:

Having solved (4.37)—(4:39) and thus obtained expressions for W and & in terms
of the initial conditions (5.19) and (5.23), one proceeds by inserting W and & into the
remaining two equations (4.35)—(4.36), that is R(Z,Y,0) = 0 and D®(Z,Y,0) = 0.
These equations only need to be evaluated at Z = 0, since if (4.37)—(4.39) hold then
[S,R], = 0 and S+ D® + DP 7 (S) = 0 are also satisfied. The latter equations,
when expanded around the AdS vacuum, yield linear Z-space differential equations

which imply that R and D® vanish for all Z, provided that
Rlz—=0, D[, =0 (5.25)

are satisfied.

The initial conditions ¢; defined in (5.19) and w; defined in (5.23) are introduced
independently. Since the structure of the perturbative solution is quite complicated,
it seems that the perturbative solution scheme would lead to proliferation of degrees
of freedom. This is misleading however, since the integrability of the exact equations
implies that ®, S and W depend only on the initial condition (4.6), that is on the
quantities

O(Y.0) = @ (2,Y,0)| 5o = 1Y, 0) + 62(Y,0) +-- -,
w(Y, 9) = W(Z, K 0)|Z:0 = QO(Y) + wl(Y, 0) + O.)Q(Y, 0) + e (526)
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5.3 The linearized curvature constraints

At the linearized level, the equations (5.16), (5:I7) and (5:22) read

dy® =0, (5.27)
dzSy = =% (d2*@1 x kT + d2°®; xF) (5.28)
dZW1 = —%dS [Qo, Sl]* . (529)

From (5.18), (5.21) and (5.24) we find

©,(2,Y,0) = ¢(Y,0),

SUZ,Y,0) = [ dtt(d="20 d(—t2,5,0) nltz,y) * T + d55, 6(y, 17, 0) 5(t2, 7))
WA(Z.Y.0) = w(Y.0) + (Z,Y.6),

0 (2,Y,0) = —%/ dt’ / dtt ztt W™ 2025 + 0™ 220 )qﬁ( tt'z,y,0) k(tt' 2z, y) * T

+ (ztt @ BzdzB — € BZBC%) oy, tt'z, 0) R(tt'z, gj)} : (5.30)
where we have made the replacements ¢; — ¢ and w; — w and 9, = %. Notice
that in verifying the 7 invariance of (5.30) one has to make use of 7(¢(2,%,0) =
77(P(2,79,0)). Next we insert ®; and W into the linearization of (5.25). Since ¢
has no background value the linearization of D®|,_, = 0 is simply Dg,¢ = 0. To
linearize R|,_, = 0 it is important to notice that {0, Q:}.|,_, # 0, even though
Qly—o = |yz_o = 0. Hence the linearized higher spin equations of motion in
spacetime are given by

Rl = {QO) Q1 }*|Z=O 5
dp —Qo*d+ p*7(2) =0, (5.31)

where the AdS covariant linearized curvature is defined by
Ry = dw—{Q, w} (5.32)
which obeys the Bianchi identity
dR; =[Qo, Ry« (5.33)

We proceed by substituting the definition of Qg given in (5.1) into the equations
(5.31)) and expanding all the x products. After some algebra and making use of (D.1)
we obtain the Lorentz covariant, linearized curvature constraints

Rl (ya ya 9) = —ieoag A 607/3 8a67¢(y7 07 0) - ieoﬁd A 60[37" gdgf'ygb(oa ga 9) *x T )
Dé(y,,0) = —ieo®” (Yally — 9ady) 6(y,4,0) - (5.34)
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Similarly, evaluating the x products in (5.32) and (5.33) gives the identities

Ri(y,7,0) = Dw(y,7,0) — 0 A (a0 + G50 w(y,7.0),  (5.35)
D Ri(y,5,0) = € A (a3 + 7500) R (4,5, 0) , (5.36)

where D is the Lorentz covariant, exterior derivative acting on a p-form X as
DX =dX —wo*x X + (—1)PX xwy . (5.37)

Substituting the expansions for w and ¢ given in (8:5), (8:24) and (8.25) into
(5:34) and expanding in y and § gives the following component form of the linearized
curvature constraints

Raﬁ Y1Y2s—2 (9) = Caﬁ’)’l"")’2s—2 (9)7 s=1 % 2 © (538)
Regon i snine 2 (0) = 0, s_gﬂj,., k=0,...,2s—3 (5.39)

Dadcﬁl---ﬁmﬁl---ﬁn 0) = icaﬁl”'ﬁmdﬁ'l"'gn () —imn €apr €afy CﬁZ"'ﬁmB?"Bn @),
m,n=0,1,2,... (5.40)

and the hermitian conjugates of (5:38)—(5:39). Similar manipulations of (5:35)—(5-36)

yield

Réﬂ@%ﬁl"ﬂmﬁl"ﬂn (0 ) =2 Dwala%Bl'"ﬁmBl”'Bn (0 ) —Meyp wazﬂy,ﬁ?"ﬁm’ml--ﬂn (0 ) -
TN Wa, 81,0081 BmBa B (0) (5‘41)

D.,'R!

1 _
Ds'R i Bt =

Yo, B1-BmBrBn

=m {Raﬁl BoBmcfrfn 0P Rd ﬂ2"'ﬁm”¥51'“,@n}
— . .. —e. . R L
n [Rdﬁhaﬁl"ﬂmﬁz---ﬁn edﬁlRa 7761"'ﬁm52"'ﬁni| . (5.42)

In writing (5.38)—(5.42) we have converted the curved indices of the forms into
flat indices using the AdS vierbein (5.4) and set

Dea = (0%)aaDa w0V 6) = (09) 5 wa(Y,6),

a a (5.43)
Réﬁ(Y; 0) = %(0- b)aﬁRclzb(Y7 0) ) Dwaﬁ(Y7 0) = %(0- b)aﬁ Dawb(Y7 0) :

The linearized curvature constraints thus assume the structure suggested by
the discussion at the end of section B; the SO(8) content of the generalized Weyl
tensor C,,...y,, () matches that of the chiral curvature R . (#), as can be seen
by comparing the expansions (8.5) and (8:25), and hence the curvature constraints

(6:38) and (5.40) have well-defined 6 expansions.

Independent constraints

Not all constraints in (5.38)-(5.40) are independent. The relationships among them
are due to the Bianchi identities (5.42) and the fact that some of the constraints are
just trivial identifications of components in R! and ¢.
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To begin with, for s > 2 | the Bianchi identity (5:43) and the k = 1 and k = 2
components of the constraint (5.39) yields

Ry aop.(0) —€apRi 55.5.0) =0,  n=23., (5.44)

Q

which implies that for s > 2, eq. (5:38) simply identifies Cl,...a,, (#) with the gener-
alized Weyl tensor of spin s. Equation (5:44) also implies that the k¥ = 0 component
of (5.39) is trivial.

For s = 2, (5.42) and the k = 1 component of (5.39) yield

(gl

Rl;.50) —€apRy 25(0) = Ry 5(0) — capRs" 15(0) . (5.45)

This implies that when Ry, ,5(0) is expressed in terms of the vierbein by solv-
ing the k = 1 component of (5.39) for w, 45(0), then R}, (ab, a3)(6) consists of 20
real components: 10 components in the Weyl tensor Rag,s)(0) = (R(dgmg)(H))T, 9
components in R, .5(6) = R.; ,5(0) and 1 component in R* ,5(6) = (R""f@@@-(Q))T.
Hence, for s = 2, (5:38) decomposes into two independent equations one of which
sets the SO(3, 1) singlet equal to zero and the other identifying Cpp,5(#) with the
that sets the 9 of SO(3,1) equal to zero. In section 7 we shall show that the 9+ 1
constraints contain the Ricci tensor, and they yield the linearized Einstein’s equation
with cosmological constant.

For s = 2, eq. (5.38) decomposes into two independent equations one of which
is RY? 5(8) = 0 and the other identifying Cyg, () with the spin s = 3 Weyl tensor
Ri,5.(0). Equation (5.39), where only k = 0 is allowed, is the independent con-
straint R}Jﬁd(g) = 0. In section 7, we shall show that the independent constraints in
this sector contain the gravitino field equation.

For s = 1 (5:38) identifies C,3(6) with the SO(8) x SO(8) field strength R/ 4(6)
and likewise, for (m,n) = (0,0) (5.40) identifies C,4(0) with the derivatives of the
scalars.

Turning to (5.40), we note that the Bianchi identity (5.43) and the identifications
in (5.38) yield

D’Chopcy(0) =0,  1=2,3,..., (5.46)
which implies that (5.40) is simply an identification of Cyg,...,.a(8) With Dy Ca,...3,.) ()
for m > 3. On the other hand, for (m,n) = (2,0), (1,0), (1,1) it is clear that (5.40)
yields independent constraints, leading to the spin s < 1 equations of motion. The
remaining components of (5.40) (that is for m +n > 3 and m,n > 1) are redundant.
To show this we assume that (5.40) holds for DosCl .., 1 rfins (f). Then it follows
that

Dﬁ%acﬁ?”ﬁmﬁ-ldgl'”ﬁ'n—l(0) =0,
Daacagl...ﬁm_ldﬂr-ﬂn—1(0) =—i(m+1)(n+ 1)051711*1[.31'"67»—1 0), (5.47)
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which in turn implies that (5.40) holds for DoeClg .5, 3.3, (0)-

To summarize, the independent constraints are

(i) the k > 1 components of (5.39) for s > 2:

R, (¢)

By VY1 Y2 —2

0,
0,

s=2,23,..., k=1,...,2s—3, (5.48)

L 0
B, Ve Th+1 Y25 —2 )

(i7) the following components of (5.38) and (5.39) for s = 2:

Rep™(0)

0,

(5.49)

(#47) the following components of (5.38) and (5.39) for s = 3:

Ras/(0) = Rip"(0)
RL..(0)=R:. (9)

=0,
OZB,’Y aﬁv’y :07

(5.50)

1 q.
;50 Lt

(iv) and the following components of (5.40) for s = 0
DaaCpy(0) = i Capyal0)
Dadcﬂ(e) = icaﬁd ’
Daatps(0) = i daa(0) — i€apesz d(0), (5.51)

together with the identities
Cap(0) = Rop(0),  baa(0) = —i Dasd(0) - (5.52)

The above analysis shows the auxiliary status of the zero-forms ¢(m,n, ) with
m~+n > 2 and the dynamical status of the spin s < % fields ¢(m,n, 0) with m+n < 1.

Symmetries of the linearized equations

Inserting the expansion (5.15), and similar expansions for the gauge parameters
where the leading term is the Killing parameter, into the expression (4.40) for the
gauge transformations, linearizing and setting Z = 0 using (4.28) we find that the
linearized field equations (5.38)—(5.40) are invariant under the Killing symmetries

Vgl

deow = [€0, Wikl py dee = o *p— d* T (g9), (5.53)

where ¢y obey (5.8), and the local gauge transformations

dew =de — [Qo, €lx, 0.0=0, (5.54)
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where € is an arbitrary shs®(8]|4)-valued parameter. These transformation in com-
ponents read

W, Byt = Dadpygimprnin T M €aPIEgy B fn T T €6 EBronBimyrrin - (5:5D)

The linearized field equations transform into each other under (5.53) but they
are separately invariant under (5.54). The local symmetries (5.54) will be used to
impose gauge conditions on the gauge field w.

6. Spectral analysis

In subsection 6.1 we shall analyze the elimination of the auxiliary gauge fields
w(m,n,#) with [m —n| > 1 by solving (5.48). In subsection 6.2 we shall analyze the
equations of motion in the s > % sector of the theory. For s = % and s = 2, these

follow from (5.49) and (5:50), respectively, and for s > 2 they follow from (5.48).

Finally, in subsection 6.3 we shall analyze the equations of motion in the s < 1 sector
following from (5.51).

5 1
2727

tions obtained from some of the Lorentz irreps of the physical fermionic curvatures

For s = ., the dynamical field equations are “Dirac like” first order equa-

Ri(s—2,s—1,0) ( the ones that are not used up in solving for the auxiliary gauge
fields w(s— %, s+ %, 0)). For s = 3,4, ... the dynamical field equations are the “Klein-
Gordon like” second order equations obtained from some of the Lorentz irreps of the
auxiliary bosonic curvatures R;(s — 2, s,0) (the ones that are not used up in solving

for w(s —3,s+1,0)). !

6.1 Elimination of auxiliary fields

The strategy for solving the generalized torsion constraints (5.48) is to first decom-
pose the gauge fields and their derivatives and the gauge transformations (5.55) into
Lorentz irreducible tensors. An auxiliary gauge field is then a gauge field that can
be eliminated completely in the sense that each irrep of the gauge field can either
be solved for algebraically using (5:48) or be set equal to zero by using the gauge
transformations that take the form of Stueckelberg type shifts.

In order to solve the constraints (5.48)—(5.50), we first solve (5.48) which can be
written as R}, (m,n) = 0, '? for [m —n| = 0,1,2 and the constraints (5.49)-(5-50).

a

1Tn the action formalism the gauge invariant quadratic action leading to the correct dynamical
equations of motion fails in producing the constraints allowing to solve for w(m,n, 0) with |m—n| >
2. These therefore have to imposed by hand, since it is crucial to solve for all auxiliary fields at the
linearized level in order for higher order interactions to make sense ['_12-2:] Thus, the description of the
interacting higher spin gauge theory seems to be more cumbersome in the action formalism than
in the free differential algebra approach where the field equations are obtained from an integrable
set of constraints.

2Tn this and the next section we will suppress the f-dependence of all the fields and parameters.
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Using these results, we then solve the constraints (5.48) for the remaining values
|m —n| > 3.

The m —n =0, s > 2 sector. For convenience let us write m =n =s — 1. From
the decomposition rules (8.6), we find that the constraint Rl,(s—1,s—1) = 0 has the
schematical structure (suppressing the exact s-dependent values of the coefficients)

Ms+1,s—1)+((s+1,5—1)
Ms—1,8—1)+(¢(s—1,s—1)+((s—1,5s—1)
AMs—3,s—1)+({(s—3,s—1)

0,
0,
0, (6.1)
where \’s are the three irreps that appear in the decomposition of the self-dual part
of Diqwy(s—1,s—1) and ¢ and ¢ are irreps that appear in the decomposition of the
generalized Lorentz connection w,s(s—2, s) and its hermitian conjugate wyg (s, s—2).
Thus we can solve for ((s —1,s+ 1) in terms of A(s+1,5s—1)', and {(s—1,5s—1) in
terms of A(s—1,s—1) and A\(s—1,s—1)7, and ((s—3,s—1) in terms of A(s—3,s—1).
The irrep ((s — 3,5+ 1) for s > 3 does not appear in (6.1) and therefore it remains
undetermined. Putting these results together, we find the following relation between
the generalized Lorentz connections and generalized vierbeins:

.. — _s8=3 . .. .. .
Waiprofosbife = s 1PYapn abrBe_sbofe T D13 abrBesiftsin T
3 .. vy .. =2, vy .
T DWa” 18y apnfe T 571 P98 oo Besfofe T
+(8 - 2)6aﬁ1<ﬁ2"'ﬁs—2d61"'65 y S = 2’ 3, 47 “ e (62)

Another way of understanding the presence of the undetermined irrep ((s—3, s+
1) in (6.2) for s > 3 is to note that the gauge symmetry with parameter e(s—3,s+1)
transforms the generalized Lorentz connection but not the generalized vierbein; from
(5.55) and (6.2) it follows that 6¢(s — 3,5+ 1) =e(s — 3,5+ 1) (s > 3). Since this
gauge symmetry acts by shifting (s — 3, s+ 1) it can be fixed uniquely by imposing
the gauge condition

((s—3,s+1)=0, s=3,4,.... (6.3)

Hence the generalized Lorentz connections and the gauge symmetry with param-
eter (s — 3,5+ 1) are auxiliary.

There are also constraints which arise from the Bianchi identities (5.42) upon the
use of the use of the vanishing curvature constraints (5.48). Using the decomposition
rules (8:6) and using the constraints R} (s — 1,s — 1) = 0 in the Bianchi identity
(6:42) for s > 2, we obtain

5(378) :ﬁ(sas)v
n(s—2,5s—2)=E&(s—2,5—2),
(s —2)(s—2,s)+n(s—2,5) =0, §s=2,3,..., (6.4)
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where (£,71) and (€,7) are the irreps that appear in the decompositions of Rl (s —
2,s) and R} (s,s — 2), respectively. The first two equations state that (s, s) and
n(s —2,s —2) are real.

The |m —n| = 2, s > 2 sector. For convenience, we set m = s — 2 and n = s.
Taking into account (6.4) in the constraint R, (s — 2, s) = 0, we find

£(s,8)=n(s—2,s—2)=0, $s=2,3,..., (6.5)
and

E(s—2,5)+n(s—2,5) =0,
E(s—4,s)=n(s—2,s+2) =0, s=3,4,... (6.6)

None of the irreps in (6.6), nor any other of the remaining vanishing curvatures
components, depend on the generalized vierbein. By examining the exact coefficients
of the last equation in (6.4) and the first equation in (6.6) one can show that these
two equations are linearly independent and that the latter one is independent of the
generalized vierbein. Moreover the generalized vierbein does not appear undifferen-
tiated in any of the remaining curvature constraints. Hence the generalized vierbeins
are dynamical and obey the equations of motion (6.5), which can be written more
explicitly as

60,a1 /\ R}

Qo186 - Gis—1

=0, s=2,3,... (6.7)

The |m—n| =1, s > 2 sector. For convenience, we set m =s—3 andn =s— 3.

The constraint R1 (s —2,s—3)=0for s > 2, together with (5:50) and the Bianchi

5(5_'_%78_%) :Oa
(s—%)n(s—3,5-3) =0,
(5= —3.s—5)+n(s—3,s—5)=0, s=53... (6-8)

and
s~ 25— 2 tnls— 351 =0
(s—35)(s—L,s—3)=mn(s—3,s+3)=0, s=21 ... (6.9)
Following steps analogous to those used in the analysis of (6.5)-(6.6) we find
that none of the irreps in (6.9), nor any other of the remaining vanishing curvatures
components, depend on the generalized gravitini. The two linear combinations of

E(s—32,s—1)and (s — 3,5 — 1) that appear in (6.8) and (6.9) have different coef-
ficients; the linear combma,tlon in (6.9) is independent of the generalized gravitino.
Hence the generalized gravitini are dynamical and obey the equations of motion (6.8),

which can be written more explicitly as

€0, /\ROQ 032881 Q512 0, o 2

N Ot

o (6.10)
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The general case. Suppose that we have solved R!,(m + 2,n — 2) = 0 for the
auxiliary gauge fields was(m+1,n —1) in terms of Dij,wy(m +2,n —2) and fixed the
auxiliary gauge symmetries with parameters e(m,n) for m+4+2N >n >m+6 > 6
in the bosonic sector or m+3+2N >n > m+5 > 5 in the fermionic sector, where
N > 1is an integer. We then turn to solving R, (m + 1,n — 1) = 0. In doing so, we
make use of the the Bianchi identity (5.42) for R!,(m + 2,n — 2) which reads

Em+3,n—-1)=&m+1L,n—1)+nm+1,n—1)=n(m+1,n-3)=0, (6.11)

where £ and 7 are the irreps that appear in the decomposition of R}, (m + 1,n — 1).
Hence the remaining independent components of R}, (m + 1,n — 1) = 0 are given by

Em+1ln—1)+nm+Ln—1)=&m—-1L,n—1)=nm+1,n+1)=0, (6.12)

where the two linear combinations of {(m + 1,n — 1) and n(m + 1,n — 1) in (b.1I)
and (b.12) are independent. Since (6.12) reduces to (6.1), (6.6) and (6.9) we may as
well define the range of m and n in (6.12) to be |m —n| > 1, and it is straightforward
to obtain

u)ad,ﬁl--.ﬁmﬁl...ﬁn - m+1Dwﬁl,@Q,aﬁl"'ﬁmdxgl"'ﬁn72 +
.2 -1 A o
+6dﬁ1 njrzl |:m7JLrn+2Dw62 ,aﬁl---ﬁmf'yﬁg...gn"i_
n+1 o' ) o
+m+n+2Dw(o‘ B1++Bm) VB2 Pn

. m v .
1) (m9) € Dw ﬂ5ﬁ2~~~ﬁmﬁz~ﬂn} +

+M €08, Ca,. b1 fon |m—mn|>1, (6.13)

where ((m — 1,n + 1) is undetermined. Notice that R.,(1,n — 1) = 0 determines
Waa(0,n) uniquely for n > 2. From (5.55) it follows that the transformation of
¢((m —1,n+ 1) under the gauge symmetry with parameter £(m — 1,n + 1) is given
by

(m—-1,n+1)=em—-1,n+1), lm —mn| > 1. (6.14)

This gauge symmetry can thus be fixed uniquely by imposing the algebraic gauge
condition

((m—1,n+1)=0, lm—n|>1. (6.15)

Hence the gauge fields in (6.13) and the gauge symmetries used to impose (6.19)
are auxiliary.

Summary of dynamical fields, gauge symmetries and equations of motion.
We thus conclude that the dynamical degrees of freedom of the higher spin theory
and the corresponding dynamical equations of motion and gauge symmetries are:
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i) the generalized vierbeins w(s — 1,s — 1,6) (s = 2,3,...) obeying the second
order equations (6.4), with invariance under the generalized reparametrizations
and generalized Lorentz transformations given by

OWo iy 1fiflo s = DeaCpip, oy T (8 = Deapi€s,8, 1apy g, T
+(S o 1)edgl€aﬁl"'ﬁs—162"'6s—1 ) (616)

i) the generalized gravitini fields w(s — 2,s — £,0)(s = 2,2,...) and their hermi-
tian conjugates obeying the first order equations (6.10) with invariance under
the generalized local supersymmetries and the local fermionic transformations
given by

. — . L _3 .
6(’0040'1#71--'ﬁ573/251"'ﬁ571/2 - Daaggl...g573/2g1...g571/2 + (8 2) eo‘ﬁl552'“3573/20'431“'&71/2
1
+(8 o §)edg180451'"&73/252'“5571/2 ’ (617)

i17) the two SO(8), spin s = 1 gauge fields w;;(0,0) and wj,...;;(0,0) transforming
as
dwij = degj OWiy ig = AEiy i (6.18)

the spin s = 3 fermions C¥*, CZ"" and their hermitian conjugates and the
scalars ¢ and ¢, defined in (3.29) and obeying the reality condition (8.30).
The fields with s < 1 obey equations of motion obtainable from (5.51) and
©59).

3

6.2 The analysis of the spin s > §

equations of motion

The bosonic sector. In the bosonic case, the linearized equations of motion for
the generalized vierbein wys(s — 1,5 — 1) (s > 2) is given by (6.7). Combining this
equation with (5.35) we find

60a1ﬁ A {Dw 1 + eﬁ/g' A wﬁGQ"'as—ldl"'ds—l_'_

Qgers—108G1 - Gs—

_'_(8 T 1)6BO'11 A wﬁa?"asflﬁ.d?“dsfj =0, §=2,3,4,... (619)

Combining (6.19) with the expression (§.2) for the generalized Lorentz connection
Waa(s — 2,2) in terms of the generalized vierbein and the gauge condition (6.3)
we find that the linearized equations are second order in derivatives and that they
are invariant under the gauge transformations (6.16). In order to determine the
spectrum we shall use the gauge invariance to fix a gauge in which the equations
reduce to a Klein-Gordon like equation (D? + M?(s))n(s, s) = 0 where n(s, s) is the
spin s irrep of the generalized vierbein and M?(s) a critical AdS-mass such that the
equation possesses a residual, on-shell gauge symmetry which leaves only two physical
modes in 7(s, s). These two modes correspond to the “massless” representations of
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AdS group SO(3,2). As for the ordinary photon representations of the Poincaré
algebra these massless representations show the characteristic feature of multiplet
shortening (where the on-shell gauge modes correspond to the null-states of the
representation modules). The requirement of multiplet shortening amounts to an s
dependent condition on the SO(3,2) Casimir C5[SO(3,2)] which when turned into
a differential operator acting on the modes of the higher spin fields generates the
critical value of the mass term M?(s).

The gauge symmetries (6.16) allow us to fix the generalized Lorentz type gauge

D™ g1y s = 0 (6.20)

s L _
Wa' By fyafrfer — 00 S =23, (6.21)

The algebraic condition (6.21) eliminates all Lorentz irreps in the generalized
vierbein except the (s,s) irrep. The gauge condition (6.20) and the (s — 2,s —
2) component of (6.21) fix the generalized reparametrizations up to residual gauge
transformations with parameters obeying

2 2 ad _
[D +1-s ]gﬁl"'ﬁs—lﬁ'l"'gs—l =0, D €aByBs_2afrfomn — 0. (6‘22)

The residual gauge transformations also involve compensating generalized local
Lorentz transformations with parameters given by

1
Car-as_g6y s — EDﬁdlgﬁar"assz'tzmds ) (623)

such that the first derivatives of the parameters of the generalized reparametrization
are only subject to the second condition in (6.22). The (s — 2,s) component of
(6:21) fixes uniquely the generalized Lorentz gauge parameter £(s — 2, s). For s = 2
and 6 = 0 the gauge condition (6.20) yields transversality condition D*w,; on the
graviton field w,, 4, the (0,0) component of (b.21) yields the tracelessness condition
n®w,y, and the (0,2) component of (6.21) implies the Lorentz gauge wi, 5 = 0.

From (6.20) and (6.21) it follows that the derivatives of the generalized vierbein
obey

B . _
Dwq BB1Ps—2B1Bs—1 0, (6‘24)

which implies that Dwag 5, ...y, _14:--4,_; 1S symmetric in all its undotted indices. The
solution (6:2) for the generalized Lorentz connection then simplifies to

2
Wayar,az-as_1dg--dsr1 — 5_1DwdlééZ7a1"'as—1d3"'ds+l . (625)

After a straightforward calculation, where one repeatedly makes use of (6:20)—
(6:21), (6:24) and the expression (5.7) for the Lorentz curvature, one finds

[D? 43 = (5 = 1)*| Wayir aasdire = 0. (6.26)
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This equation describes an irreducible, massless spin s field wa,4;.00--asa2--4, With
AdS-energy
Ey=s+1. (6.27)

To verify (6.27) we consider the harmonic expansion on the coset SO(3,2)/SO(3,1).
The positive energy representations of SO(3,2) can be characterized in the SO(3) x
SO(2) basis, where SO(3) is generated by the spatial rotations M;; (i,j = 1,2,3)
and SO(2) by the energy operator Mys. These representations are labeled by the
lowest energy FEj, and the highest eigenvalue sy of M5 when the energy is fixed to
be Ey. Following the procedure described in [l, §], we Euclideanize the AdS group
to SO(5), with irreps labeled by highest weights (ni,ns), and the Lorentz group
to SO(4), with irreps labeled by highest weights (j1,72). The quadratic Casimir
eigenvalues for these groups are

05[SO(3,2)] = Eo(Eo —3) + s(s + 1), (6.28)
Co[SO(5)] = ni(ny + 3) + na(ne + 1) (6.29)

This suggests that in continuing SO(5) back to SO(3,2) we identify n; with
—FEy and ny with so. Since the SO(4) content of the gauge fixed generalized vier-
bein Wa, a1 ag-asdsas 18 (J1,72) = (5,0) we can expand Wa,ay.a9-asds--d, 11 terms of
representation functions of SO(5) as follows:

Wanganmandpa(T) = 3. S wmmplnr) (LY, (6.30)

n1>s>n2>0 P

D(n1n2)

-1
oy ooosiyive,p( Lz ), known as

where wl(,"lm) are constant expansion coefficients,
Wigner functions, refer to the representation of the coset representative L_ ' with
rows labeled by «aj--- a4 and &y - - - & and columns by p = 1,...,dim(niny). The
eigenvalues of the d’Alembertian acting on the Wigner functions are computed from

the formula

D’L;" = =X (Co[SO(5)] — Co[SO()]) L, ", (6.31)

where D? is the d’Alembertian in the Euclidean metric (which have opposite sign to
the AdS d’Alembertian) and the quadratic Casimir of SO(4) is given by

C5[SO(4)] = j1(j1 +2) + Js - (6.32)

Thus, using that in continuing back to AdS one has to let D* — —D? and
ny — —Ep, and setting the inverse AdS radius A = 1, we find from (6.26) that the
energy eigenvalues are to be solved from the characteristic equation

Eo(Ey—3)—s+3—(s—1)?%=0, (6.33)

with the positive energy solution (6.27).
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To calculate the number of massless modes we notice that the gauge transfor-
mations generated by the residual parameters obeying (6.22) obey the gauge fixed
equations of motion (b.26). Hence the number of real on-shell degrees of freedom is
given by the number of components of the spin s irrep ((s+1)?), minus the number of
gauge conditions (5.20) linear in derivatives (s?), minus the number of residual gauge
symmetries, which is equal to the number of degrees of freedom in e(s — 1,5 —1) (s?)
minus the number of constraints (6.29) linear in derivatives ((s — 1)?). Thus there
are

(s+1)—s—[s* = (s— 1)} =2, (6.34)

on-shell degrees of freedom with spin s = 2, 3,4, ... and energy Ey = s+ 1 describing
massless higher spin bosons.

The fermionic sector. In the fermionic case, we combine the equation (6.10) with
(5:35) to obtain the following first order equation for the generalized gravitini fields
3 1

s — 3) and their hermitian conjugates w(s — 3, s — 3):

w(s — > 5 3

B . B .
€0 oy A {Dwagnus,l,@dl---ds_gm + eﬁ A wﬁa2-"asf1/2a1"-a573/2+

+(s — %)edlﬁ A w6a2~~~as—1/2/@d2---%-3/2} =0, S= 353 (6.35)

The local symmetries of this equation are given in (6.17%) and they allow us to
fix the following gauge:

ad o
D W 18,y jabroryy = 0 (6.36)
d . . JR—
Wa 1/61"'/85_3/2(5161---,@5_3/2 - 07 (637)
a . . . JR—
W1y Be_sjafaBesryp — O (6.38)

Equations (6.36) and (5.37) fix the generalized local supersymmetries up to resid-
ual symmetries generated by parameters obeying the Dirac equation

& . i . 1 i . _
DO‘ 8/31"'5s—3/2‘5¢/31"'5s—3/2 (8 + 2) 5aﬁl"'ﬁs—3/2ﬁl"'5s—3/2 =0. (639)

The residual supersymmetry transformations also involve a compensating fermionic
gauge transformation with parameter e(s — g, s+ %) given by

. — _1 pB. L
Ear-ty_gjp6-ttap1ja = s—lD 61 €001ty _g a2 Gegy1 /2 (6.40)
2

The gauge condition (§.38) fixes uniquely the gauge parameters e(s — 2,5 + 3).
Together (6:37) and (6.38) eliminate all Lorentz irreps in the generalized gravitino
except the spin s irrep.

The gauge choice allows us to rewrite the fermionic equation (6.35) as the gen-

eralized Dirac equation

Do Wg,6.py8, 1 jafreBerss — (8 = 3)%a gropyyjnbrblo sy = O (6.41)
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By combining (6.41) with its hermitian conjugate and making repeated use of
(6.36)—(6.38) we obtain the second order equation

{DZ +s+ % - (8 - %)2} Wadn,az--og_1yab2Geq1/2 — 0. (6‘42)

Applying the techniques for spectral analysis described in the bosonic xase, we
find that the Euclideanized, gauge fixed generalized gravitino belongs to the (j;72) =
(s,—3) representation of SO(4) (and its hermitian conjugate belongs to (jij2) =
(s,3)). The harmonic expansion now involves SO(5) irreps satisfying ny > s > ny >

3. The AdS energies therefore solve the characteristic equation

Eo(Ep—3)+9%—(s—3)’=0, (6.43)

which has the positive energy root Fy = s + 1.

To find the number of massless modes we verify that the gauge transformations
generated by the residual parameters obeying (6.39) also obey the Dirac equation
(6:4T). Hence the count of on-shell degrees of freedom (following rules analogous to
those given for the bosonic count and taking into account the fact that the Dirac
operator in (6.41) has half the maximum rank) shows that there are

(+DE+D - DETD [ De+D-(-Des-H]=2 649

real, on-shell degrees of freedom with spin s = %, g, %, ... and energy Fy = s+ 1

describing massless higher spin fermions.

6.3 The spin s <1 sector

In this sector the equations of motion follows from (5.511). In the spin s = 1 sector

we obtain
DQR;C(Q) = i(ab ) B(Ua)wcaﬁfyé(g) + %(5176)043( a) C(Sdﬁ"'y(g)‘ (6.45)
from the (m,n) = (2,0) component of (540), the identity C,g(f) = R}4(f) and

abed and using the “membrane”

(541). Multiplying this equation with 7% and ¢
identities _ .
(Jab)(aﬁ(o-a)’y)5 =0, eabcd(o_bc)(a,@(,yd)y)é —0, (6.46)

and expanding the 6 dependence using (8.5), one finds the spin 1 equations of motion
and the Bianchi identities:

DaRUJ :0’ abcdD RUJ 0’

Dang1 6 =0 GadeD Rldu 6 0. (647)

The gauge transformations dw(f) = de(#) allow us to impose the Lorentz gauge
D°w,(0) = 0 in which the equations of motion take the form

(D*+3)wi =0, (D*+3)wi"™=0. (6.48)
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The corresponding characteristic equation has the critical root Ey = 2 and the
residual gauge symmetries as usual cancel the longitudinal on-shell mode. Hence the
theory contains two massless SO(8) vector fields (gauging the SO(8), and SO(8)_
discussed in section 2).

In the spin s = 3 sector the equations of motion are given by the (m,n) = (1,0)
component of (5.40):

D.sCs(0) =i Capalf) . (6.49)

Expanding the 6 dependence of the (0,1) component of this equation one finds
the first order Dirac equations

D*,C9% =0,  D*Ch =0, (6.50)
giving two real, on-shell fermionic degrees freedom. Squaring these equations gives
(D*+3)CciF =0,  (D*+3)Ci =0, (6.51)

with critical energy Ey = %, as expected for massless spin % fermion fields.
Finally in the scalar sector the (m,n) = (0,0) and (1,1) components of (5.40)
read

Dad¢(0) = i¢ad(9) ) Dggﬁbad(e) = —1 eﬁa66a¢(9) +1 ¢aﬁo}6(9) ) (652)

where ¢(0) comprise the complex scalar fields introduced in (3.29). Evaluating the
D% divergence of the first equation in (6.52) using the latter equation and expanding
in 0 yields the scalar field equations

(D*+2)¢=0, (D*+2)¢"" =0, (6.53)

with critical energies Fy = 1 and Ey = 2, as expected for massless scalars.

7. The linearized N = 8 AdS supergravity

We expect the linearized field equations and supersymmetry transformations of the
level £ = 0 multiplet of table to agree with those of gauged N = 8 supergravity. Let
us derive the exact correspondence and relate the coupling constants of the higher
spin theory to the gravitational coupling constant x and the SO(8) gauge coupling
g of the N = 8 theory.

The level k = 0, spin s < $ equations are given by (6.4%), (6:50) and (6.53),
while the gauge invariant spin s = 3 equation is given by (6.35). In the spin s = 2
sector the linearized equation of motion follow from the spin s = 2 component of
(5.48) and the constraints listed in (5.49), i.e. the 9 + 1 real components

1 1 1 _ pl
R R 0, Rly.;=R

o~ apas = apap = 0 (7.1)
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From the discussion following (5.45) we recall that the torsion constraint given

by the spin s = 2 component of (5.48) together with the Bianchi identity (5.42) imply
the reality of the quantities in (7.I) as well as the vanishing of the 6 real components
in
1 1
Ralﬁ,o@,@ - Rdlﬁ,dgﬁ =Y. (72)
In order to compare the spin s = 2 equation to the N = 8 theory it is convenient
to rewrite it as the linearization of Einstein’s vacuum equation with a cosmological
constant (including higher orders to the spin s = 2 field equation will of course lead
to more complicated terms in the right side of the Einstein equation). To this end
we define the Ricci tensor ry, in the usual way as

Tap = eauecyr;w,bc) (73)

where 7,4 is the SO(3,1)-valued Riemann tensor and e,, denotes the inverse of
the vierbein e,, defined in (B.7). Linearizing (7.3) around the AdS vacuum (5.7),
we find

Tab = Anab + rib ) A= _3)‘2 ’
rib = ric,bc +2 Wa,b T Nab wc,c )
where A is the inverse AdS radius defined in (5.5), and the linearized Riemann cur-
vature
1 —
T yvab = 2D[uwu},ab ) (76)

U,

where D, now denotes the background Lorentz covariant derivative. To obtain the
Einstein equation from the constraints it is more convenient to treat the Lorentz
connection as an independent field (rather than substituting the solution for the
Lorentz connection obtained from the torsion constraint into the Riemann tensor).
The Ricci tensor (7.3) then contains 16 real components constrained by the now
AdS covariant curvature R}, ., and the linearlzed Rlemann tensor ry, .4 are related

by

1 1 N
Rala27ﬁlﬁ2 = Tojas,818: — 2 €a151wa27,ﬁ2‘y )
1 1 o . .
Ra1a276162 o Tozlazﬂﬁz 2 WarBr,a0bs 0 (7'7)

and hermitian conjugates, where

Tagns = §(0%)as(0°) 6T abed
T;B,% - %(Uab)aﬁ(56d)ﬁ57aab,cd,
b
Waa,B8 = —5(0%)aalo )paWab (7.8)
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as follows from (5.43) and (B.7). The constraints (7.1) and (7.2) then yield

Iri{a,b}c — Qw{a,b} = 0,
’r;b7ab “I'_ 6wa’a - 0 y

r;[a,b}c — 2wy =0, (7.9)

where {ab} denotes the traceless symmetric part. In deriving (7.9) one has to make
use of the self-duality properties (A.G) and notice that the pairs of indices ab and
cd of the Riemann tensor in the right side of in the two first equations in (7.8) are
projected onto (anti-)selfdual components. Egs. (7.9) then follow by adding up
selfdual and anti-selfdual components of the constraints (7.I) and (7.3). Combining

U

(775) and (729) yields 7}, = 0, that is, in the linearized approximation the equations
of motion for the spin s = 2 vierbein can be written as the Einstein’s equation with
cosmological constant.

In summary, the linearized equations of motion of the level £ = 0 multiplet are

given by
spin s = 2 : Tap = —3N? Nab
spin s = 3 : (07) & (Db wls— 3 (ab)dﬁwci”@) =0,
spin s = 1 D*Dpw,] =0,
spin s = 3 : D,AC* =0,
spins=0:  (D*+2)?) ¢ =0, (7.10)

where we have reintroduced the inverse AdS radius A also in the spin s < % equation.
The linearized, gauged N = 8 supergravity model is described by the quadratic

action [32]
e 1L, = ER — H_QF Frvld i bii 3u¢ijkl 4+ g Gii T+ 6_92+
2 2 892 pv, lJ 96 n¥ijkl 242 igkl 2
i, 7 v g v L 4
+ (5’%“’7“ "Dyhrpi + @%ﬂ“ Vi — §Xﬂk’7“ Duxrijk + h-C~> (7.11)

where 7,7,...=1,...,8 are SU(8) indices and I, J,...=1,...,8 are SO(8) indices,
¢ijr are the 35 + 35 scalars obeying (8:30) and the fermions are Weyl. The complex
conjugation changes chirality, and consequently both chiralities occur for the gravitini
as well as the spin 1/2 fields. Thus, the theory is vector like. In writing (7.11) we
have assigned (energy) dimension % to all the fermions, dimension 0 to the scalars
and dimension 1 to the vector fields. Thus the Lagrangian £, has dimension 2.

We find that (7.10) is in perfect agreement with (7.IL) provided that we make
the identifications

ac a i 1J
Wy — e, w! = A7,
i i ijk ijk
wua % /l/JL/,L 9 OO? % XL 9 (712)
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and identify the following important relation between the Newton’s constant k, the
SO(8) gauge coupling g and the inverse AdS radius:

I _ 1y, (7.13)

The free parameters of the higher spin theory are therefore the gauge coupling
g and the inverse AdS radius A. The gauge coupling is introduced into the full set
of higher spin equations (4.35)-(4.39) and (4.40) by replacing W — gW. These
equations are consistent with the assignment of dimension 0 to the master fields
W and ®. Using the dimensionful coupling A one then defines component fields
@, (m,n;0) and C(m,n;0) with canonical mass dimensions as follows [20):

[m—n|
_1+ )
Du(m,n;0) = A 2 w,(m,n;0), (m,n)#(0,0),
U.)/J«(Ogoyg) 9 (m,n) — (0’0)
~ m+n
C(m’n;e) - ATC(man;e)a m,n:O,l,... (714)

Since the mass dimension of w,(m,n,#) is equal to 1 this means that the gener-
alized vierbein @,(m,m; 0 ) has mass dimension 0, the generalized gravitino &, (m —
1,m;0) has dimension  and the generalized Lorentz connection &,(m —2,m;6 ) and

the SO(8) vector fields @,(0,0,60) has dimension 1. The generalized Weyl tensor

C(m+2,0;6) (m > 1) has dimension 42 which is the same as the dimension of the

pure curvature component Rugz(m,0;6). Finally the fermions C%* and C"*" have
1
2

yields the correct canonical dimensions of fields of the N = 8 supergravity multiplet.

dimension 1 and the scalars ¢ and ¢,z have dimension 0. Thus, in particular, (7.14)

8. Discussion

The results of this paper suggest that the D = 4, N = 8 AdS supergravity can
be embedded into a higher spin gauge theory. The fully nonlinear equations are
consistent but we have shown the embedding at the linearized level. The important
next step in this program is to study the interactions, starting with the quadratic
fields in the equations of motion. Various aspects of such interactions have been
studied before but they have not been compared to those of N = 8 AdS supergravity.
Given the facts that:

(a) the full higher spin equations of motion are consistent,
(b) they yield the correct N = 8 AdS supergravity equations at the linearized level,

(c) the interactions in the N = 8 AdS supergravity seem to be unique due to the
highest possible supersymmetry in the theory,
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one may expect that the higher spin equations at hand already contain the full
fledged N = 8 AdS supergravity, along with the sector for the spin s > % fields. If
so, then one would also expect to uncover the E;/SU(8) coset structure of Cremmer-
Julia [34, B5] which plays an important role in the description of both the N = 8
Poincaré [34, 85] as well as the AdS N = 8 supergravity [32, 83].

Relevant to the problem of finding the hidden symmetries in the theory is the
question of how unique is the higher spin AdS supergravity. This issue has already
been addressed in subsection 4.3. The full significance of an interaction ambiguity
discussed in that section is not clear to us at present. It may as well play a role
in the search for the hidden E; symmetry. Recalling the uniqueness of the N = 8
AdS supergravity, we expect that there should be no ambiguity in the interactions
provided that we insist on the consistent truncation of the theory to the pure N =8
AdS supergravity. A careful comparison of the first interaction terms in the higher
spin theory and the N = 8 AdS supergravity is required to settle this question.

The N = 8 supersingleton propagating at the boundary of AdS spacetime serves
as a spectrum generating representation for the massless higher spin theory propa-
gating in the bulk of the AdS spacetime. It is tempting to believe that the singletons
could play a more fundamental role in the derivation of the effective bulk action
from the bulk/boundary duality prescription of [31, 38, 89]. Notice that both bulk
theory and boundary theory has the same dimensionful coupling A(the inverse AdS
radius). Since the (massless) spectra of the bulk and the boundary theories agree,
the essential test of the bulk/boundary duality is therefore whether it is possible to
represent the shs”(8]4) symmetry algebra as charges of conserved currents in the
N = 8 supersingleton theory. In that case we would expect that the nonlinearities
of the bulk theory would be reproduced by the interactions between the composite
singleton states (the dimensionless gauge coupling g would the be introduced in the
boundary theory by a rescaling of the composite states describing the gauge fields).
While this program by and large remains to be realized, the construction of higher
spin currents has been recently investigated [45], at least for low lying spins, in the
context of AdSs. Higher spin supercurrents have also been constructed [4], also in
the context of AdS5.

Since the boundary theory involves massless as well as massive composite states,
bulk /boundary duality would also yield higher spin bulk interactions including both
massless and massive “matter” sectors (allowing a consistent truncation to the mass-
less sector). Inclusion of massive sectors could generate mechanisms for spontaneous
breaking [27, 11] of the shs®(8|4) symmetry in which the massive multiplets are
“eaten” by the massless gauge multiplets. This point is of great physical interest
since we do not presently know how to fit massless higher spins into an M-theoretical
framework.

A desirable formal consequence of bulk/boundary duality would be to ultimately

49



reduce the rather cumbersome calculations implied by the perturbative expansion
around the AdS vacuum outlined in subsection 5.2 to calculations entirely within
the free boundary supersingleton field theory. An interesting related issue is whether
it is possible to accommodate auxiliary spinor variables in the boundary theory and
derive the higher spin (x,Z) space field equations (4.35)—(4.39) using background
field methods.

The bulk/boundary duality of the type discussed above may also exist for the
4D doubletons (vector multiplet) propagating at the boundary of AdSs and the 6D
doubletons (tensor multiplet) propagating at the boundary of AdS-, respectively [40].
The possibility of constructing higher spin interactions in AdS spaces of dimension
larger that four has been investigated in [4I]. A more tractable example is the
3D higher spin theory described in [29]. In this case, the study of bulk/boundary
duality is expected to be simpler because the 2D boundary theory is a more tractable
conformal field theory. Another reason for the tractability of the 3D case is that it
may be possible to construct an action for a theory based on the 3D higher spin AdS
superalgebra, combining the elements of [42] that involve a Chern-Simons action and
the work described in [29).

It would, of course, be desirable to find an action which yields the consistent,
fully nonlinear equations of motion of Vasiliev that we have studied here. Indeed,
R A R type actions have been considered before [19, 20, 41, 23], but one drawback of
these actions is that the spin s < 1/2 sector of the theory does not fit in a natural
and geometrical way into the part of the action that describes the fields with spin
s > 3/2. On the other hand, the fact that there is a gauge master field W and
a matter master field ® in the Vasiliev formalism studied here is suggestive of a
D = 5 origin in which the matter master field may emerge as the fifth component
of the gauge master field upon dimensional reduction to D = 4. Furthermore, it is
encouraging that there exists the possibility of a Chern-Simons type Lagrangian of
the form ¢r(R A R A W) in five dimensions (the definition of traces of higher spin
algebras is explained in [29]).

The construction of higher spin superalgebras and free field equations of motion
for higher spin fields becomes rapidly very complicated in higher than four dimen-
sions [41] and understandably not much progress has been made in this front for
sometime. However, the recent exciting developments in M-theory provide ample
motivation for exploring the D = 11 origin of the AdS higher spin supergravity
studied here. Starting from the D = 11 supergravity theory alone, Kaluza-Klein
compactification gives rise to massless and massive fields of maximum spin two. The
corners of M-theory where it can be treated perturbatively, on the other hand, can
give rise to infinite towers of higher spin fields, but all of these fields are massive for
spin s > 2. Therefore, one is led to speculate about the existence of either a new
corner of M-theory, or supermembrane theory, which may give rise to the higher spin
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AdS supergravity in D = 4 in a certain limit, or a new kind of D = 11 limit which
modifies the well known D = 11 supergravity theory in a profound way. The first
scenario is in line with the previous studies on the supermembrane-supersingleton
connection [8 9 10, 1T, 12, 13]. The latter scenario is motivated by a recent con-
struction of the singleton/doubleton representations of a candidate D = 11 AdS
supergroup in [43], which turn out to be of rather unusual kind. It is not known yet
if an action, or equations of motion, can be written down to describe these repre-
sentations in the ten dimensional boundary of AdSi;, but the possibility is certainly
tantalizing and we expect that it would be highly relevant to the massless higher spin
theory in the M-theory framework. In this context, it is interesting to note that the
representations of SO(9) group as the little group classifying the massless degrees of
freedom of an eleven dimensional supergravity has been studied recently [44] with
interesting results that hint at the possibility of higher spin massless fields.
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A. Spinor conventions

For SO(3, 1) we take 1y, = diag(—+++) and work with two-component Weyl spinors

v =€y, Ya=1"esa,
Yo = (ya)T7 ga = (ya)T7
y* = edggd ; @éx = gﬁeﬁa ) (Al)

where the charge conjugation matrix e,5 = €*® = € op = s obeys €436 = 5}. Using
the Pauli matrices o'** we define the van der Waerden symbols (¢%),; (a =0, 1,2,3)

(0)ag = (1, 0" 0% 0%),
((—Ta)o'zﬁ — (1’ _01 : _0,2’ _0,3) — 6d;y€ﬁ5(0'a)&'y : (AQ)
with the hermicity properties
a t —a a a\of t —a\¢, a\ B
(09)ag) = (@as = (0"pa,  ((0)*7) = (8% = (6°)**. (A.3)
The van der Waerden symbols obey the completeness relations

(0%)ac(52)% = =268 57

(Ua)ad((_fb)dﬁ — nabég + (O'Gb)aﬁ,
(3")a%(0")a” = 085 + (3" (A-4)
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where (0%)as = —(0")ap = (0°)ga and (6%)s5 = —(6")s3 = (6*) 4, These
quantities obey the decomposition rules

(0™)a"(0°), 5 = iU (0a) gy + 20 (%) 5 0™,

(O_ab)a'y(o,cd)fyﬁ _ (Z 6abccl + 2nb[cnd]a) 55 + 4(0,[a|[d)a,8 nc]|b], (A5)

and they have the duality properties

%eabcd(UCd)aﬁ = Z.(o-ab)ozﬁ ) %eabcd(E'Cd)dB = _i(a-ab)dﬁ ) (AG)
where the tensorial e-symbol is defined by €°'?3 = —¢j103 = 1.
For SO(3,2) we take nap = diag(—+++—) (A, B =0,1,2,3,5) and work with
four-component, Majorana spinors ¥, and I'-matrices

(7279 E for A=a
FA aé — Z(’}/ Y )g ) AT

= {2 s, (AT
where v are symmetric SO(3,1) y-matrices and 7° = iv%y192~3 (such that (7°)? =

1). In the Dirac representation we choose

Cap = (ijﬁ ;ﬂ) )
a 0 (0%) ag 5 _ _55 0
(7 )gﬁ = (_(5_a)a,g 0 B) ) (7 )gg_ ( 0 (524) . (A‘S)

An SO(3,1) Weyl spinor 9, and its hermitian conjugate (1,)! = ¥4 can be used
to represent a real Majorana spinor \I!g) as well as a purely imaginary Majorana
spinor \Ifg):

mﬁz(ﬁ;), T = (0 = £ (e®)TC (A.9)

B. The OSp(8|4) subalgebra of shs”(8|4)

In the expansion (2.19), we find the quadratic, homogeneous polynomial
PQ(K 0) = 4— ()\”01']' + 2 €ia yaez + 2 € & QQQZ—I—
i
Hoap Y™y’ +2 a,5y°F + Lap TT°) (B.1)

where A\, €4, Lo, a, are the parameters for SO(8), supersymmetry, Lorentz trans-
formations and translations respectively. The corresponding generators

Qui = %yoﬂi, Qai = %Zja@i, T4 = %\92']',

1 1, = 1= = (B‘Q)
Mop = 3Yays, P.s = 3Ya9s, Mz = 3Ya¥s,
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obey the D = 4, N = 8 anti de Sitter superalgebra OSp(8|4)

{ Qai, Qpj 1+ = 0ij Map + €ap Ty, { Qai, Qp; b =0 P,
[ T35y Qakl« = 10jk Qai — 16k Qaj [E]7Tkz]*—l5jkﬂl+3termsy
[ Mg , Qw]* = i €ay Qpi + 1 €py Qui s [P B Qw]* —Zeanﬁw
[ Mag, Mys | = i€qy Mps + 3 terms, [ Mg, ,PWJ]*—ZEMPM—F@'EWPM;,
]

[ B 75*_26/35M —|—Z’€a7M/@'5,
(B.3)
and hermitian conjugates. The following change of basis for the SO(3,2) subalgebra

My = 2(0a0) P Mogt-2(Gan) P My, Mas = 1(0) M5, a,b=0,1,...,3 (B.4)
yields
[Mag, Mcpls = —inpeMap + 3 terms , A B=0,1,...,4. (B.5)

If we let © be the SO(3,2) connection one-form given in the two SO(3,2) bases
by
=y (waﬁy Yy’ + @,50° 7 + 2waaya?3d) = gwapM*? (B.6)

then we find the following relation between the components gauge fields:

Wap = 3(0™)apwab , Wap = i@ab)aﬂwab’ Woi = ~5(0")aata (B.7)
where w, := wyy. One may notice that

ya1~~~a4k+2—n9i1---in =

= M(a10z2 Foeek Ma4k+1—2m0¢4k+2—2m * Qa4k+3—2m [in X ook Qa4k+2—m)im] . (B8)

Hence, considered as a vector space, shs”(8]4) can be identified with the subspace
of the OSp(8|4) enveloping algebra which is spanned by odd, fully (anti-)symmetrized
functions. However, when considered as algebras, shs”(8]4) and the OSp(8|4) en-
veloping algebra differ from each other. Actually, the OSp(8]4) relations (B.3) in
combination with (B.8) do not suffice to determine the commutator of two general
elements in shs”(8[4). Moreover, a representation of shs®(8|4) does not need to
represent the relation (B.8), as is the case, for instance , with the tensor product
representation (C.7).

C. Oscillator realization of shs”(8|4)

One way to obtain unitary representations of shs®(8|4) is consider tensor products
of the Fock space ¢ obtained by acting on a ground state |0) with a pair of bosonic
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creation operators af (p = 1,2) and fermionic creation operators Vs (A=1,...,4)
obeying [38, 37

[dp?d:;]zépq; p,q=1,2,
{ba, ¥} =06ap, AB=1,23,4
iy ]0) = 4]0) =0. (C.1)

The representation on @ of the element F' of A given in (2:3) is given by

A

F=F(3,50), (C.2)

<

where §,, y; and 6 are given by
a1 = (41 + 193) , a2 = 5(i +192) , Ua = L0241 +1i024). (C.3)

Notice that the operator Fis fully (anti)symmetrized, or Weyl ordered. The
product of elements in A given in (2.7)—(2.8) is then represented in @ by the ordinary
operator product:

(FxG) =FaG. (C.4)

The resulting unitary representation of shs”(8|4) acts reducible on @, since the
elements of shs”(8]|4) are even polynomials, and as a result @ actually splits into two
UIR’s of shs®(8]|4), namely

O=P, 0 D,, (C.5)

where the states in @, (P,) are made up by acting on |0) with an even (odd) total
number of fermionic and bosonic oscillators. The two spaces @, and @, remain
irreducible under the OSp(8]4) subalgebra (B.3) of shs(8|4) and, using the notation
introduced in (2.29), they are labeled as follows:

b, =[D(3,0)®8] & [D(1,3)®8], &, =[D(3,0)®8]&[D(1,3) ®8.], (C.6)

where 8; (8.) are the two 8-dimensional subspaces of the 16-dimensional Fock space of
the fermionic oscillators, obtained by acting with an even (odd) number of fermionic
creation operators on the vacuum. The representation of the element P in shs”(8|4)
on the tensor product @ ® @ is defined by

~

P(luy @|v)) = (Plu) ®@|v) + (=1)"" |u) @ (P|v)), (C.7)

where u and P in the exponents denote Grassmann parities (the vacuum is taken
to be even). Eq. (C.7) implies that the tensor product is not a representation of
the x algebra A. The tensor product form a reducible, unitary representation of
shs”(8]4), containing the invariant subspaces [Py ® ®y]g 4, where A\, N = e,0 (see
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(C.5)), obtained by symmetrization (S) and anti-symmetrization (A) of the tensor
product according to the rule

[lw) @) |, =u) @[v) + (=1)*|0) @ |u) ,
[w) ®[v) ], =lu) @) = (=1)*|v) @ |u) . (C.8)

The result in table 1 for the SO(3,2) x SO(8) content of [P, ® P.] is derived
using the following decomposition rules for the SO(3,2) content

D(3,0)® D(3, 0):5 = D(1,0)® D(3,2) ® D(5,4) & D(7,6) & - - - ,
D(3,0)@ D(3,0)| = D(2,1) & D(4,3) & D(6,5) @ - -,
1D(1, %) ®D(1, g)}s = D(2,1)® D(4,3)® D(6,5) @ - - - ,
D(1,}) @ D(1,3)] = D(2,0)& D(3,2) & D(5,4) & D(7,6) & - - - ,
[D(3,0)® D(1, ;)}M =DE YenE HeDI e, (C.9)
and the SO(8) content
8, @8, = 1g+ 284 + 354,
8, ®8. = 8. ®8, =8, + 56,
8, @8 = 144 285+ 355, (C.10)

where the odd Grassmann parity of the states in 8. has been taken into account in

the last equation.

D. Symplectic differentiation and integration formula

Using (4.11), one finds the following contraction rules:

Yo x F(Z,Y) = yo F(Z,Y) + —z’(,% + z’a%a F(Z,Y),

sk F(Z,Y) = 20F(Z,Y) + |~i=2= +i=2| P(2,Y),
| 02~ Oy~ |

F(Z,Y) %y = guF(Z,Y) + |~ —i-2_| Pz, V),
| 02 Oy |

F(ZY) %20 = 2 F(Z,Y) 4+ |i-2— + ii] F(Z,Y),
| 0z~ oy~

_ _ [0 .0

Ja*x F(Z)Y) =9 F(Z,)Y) + Z@ +28—gjé‘] F(Z)Y),

sk F(ZY) = 5aF(Z,Y) + | —imo — Zi] F(Z)Y),
| 0z oy“
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0 0
F(Z,Y) % ¥a = 4 F(2,Y = i | F(Z,Y),
(@) %30 = P (2) + |igls ~ ig0s] F(ZY)
F(ZY) %% = 5F(2,Y) + |i-2= —i-2_| P(z,Y) (D.1)
R = Ra ) 1> — 15—~ ) . .
’ 0z¢  Oy“
where F'(Z,Y) is an arbitrary function. The linear differential equations in Z-space
of the type
Of = g =dz%g, + dz%g,, (D.2)
O(dz" fo + dz°fs) = h = 1dz*h + LdZ*h + dz* A dZ%heg (D.3)

encountered in the perturbative expansion of the higher spin equations around the
anti de Sitter vacuum, have the solutions [28]

f(z,2) = £(0,0) + /01 dt {zaga(tz,té) + 2%g4(tz, ti)} : (D.4)
fulz,2) = a% (2,%) — /0 Lt | 20 h(t2,t2) + 2haa(t2, 12)] (D.5)
falz,2) = %k(z,z) - /01 dtt |z h(tz,t2) — 2haa(tz,12)] | (D.6)

where f(0) is an arbitrary constant and k(z,z) an arbitrary function. In proving
these formula one makes use of

t%h(tz) = zo‘a;jah(zt) . (D.7)

Therefore, to apply them correctly to (5:27)-(5:29), one must expand the
products in the right hand sides of (5:27)—(5.29) before one replaces z and z by tz
and tZ as indicated in (D.4)—(D.G). This is so because the contractions alter the
functional dependence on z and Z such that if one would replace z and z by tz and
tz before one expands the x products then (D.7) is no longer valid. As a matter of
fact, if we let A := A(tz,tz,y,y) and B := B(tz,tz,y,y) then we have

d 0 .0 0 0
tdt(A*B) [z 550 +z 820"] (AxB) —2ie azaA* 8253
s 0 0
9,48 9 4 9
2ie 55@‘4 * GZBB : (D.8)
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