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Abstract
We have determined the influence of carbon on mechanical properties such as
grain boundary energy, work of separation (WoS) and fracture strength of the
�5(3 1 0)[0 0 1] symmetrical tilt grain boundary (STGB) in molybdenum with
ab initio methods. From our ab initio results, we derived traction–separation
laws that can be used in continuum simulations of fracture employing cohesive
zones. Our results show that with an increasing number of C atoms at the grain
boundary, the energy of the grain boundary is lowered, indicating a strong
driving force for segregation. Uni-axial tensile tests of the grain boundary
reveal that there is only a small effect of segregated C atoms on the cohesive
energy or WoS of the grain boundary, while the strength of the �5(3 1 0)[0 0 1]
STGB increases by almost 30% for a complete monolayer of C. This increase
in strength is accompanied by an increase in grain boundary stiffness and a
decrease of the interface excess volume. The characteristic parameters are
combined in the concentration-dependent traction–separation laws. A study
of the scaling behaviour of the different investigated systems shows that the
energy–displacement curves can be well described by the universal binding
energy relationship even for different C concentrations. These findings open
the way for significant simplification of the calculation of ab initio traction
separation laws for grain boundaries with and without impurities.

(Some figures may appear in colour only in the online journal)
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1. Introduction

Simulations of fracture rely on cohesive models which describe the physical process that
causes separation of the material and that finally leads to the formation of free surfaces.
Such commonly used continuum scale traction–separation laws have to combine different
effects such as bond-breakage, plastic deformation and void growth when dealing with ductile
materials. However, starting with brittle fracture, we can describe the separation process
by interplanar potentials that can be calculated ab initio [1]. In the long run, we aim at an
atomistically informed fracture model where the information about bond strength and cohesive
energy will be obtained from ab initio calculations, whereas the elastic and plastic effects in the
grain interior will be considered on the continuum level using, for instance, a crystal plasticity
method.

Many examples of ab initio calculations of the strength of materials can be found in the
literature. For reviews, see, e.g., [2, 3]. They are based on so-called ab initio tensile tests, which
allow the calculation of not only the theoretical strength, but also the elastic constants. Thus,
together with calculations of the work of separation (WoS) they provide a full characterization
of the elastic properties of a material. If carried out in a ‘drag-like’ fashion under either
a tensile or shear load, they are also suitable to identify failure mechanisms on the atomic
scale [4, 5]. Furthermore, the application of multi-axial loading conditions reveals, e.g., the
dependence of tensile strength on a shear load [6, 7], providing the basis for the application
of realistic, three-dimensional loading conditions. Last but not least, the influence of alloying
elements or impurities on the intrinsic strength can also be taken into account when deriving
concentration-dependent traction–separation laws from ab initio fracture energies [8, 9]. As
we have shown in a previous study [10], such ab initio traction–separation laws are useful for
a systematic investigation of the influence of material parameters on crack growth in different
microstructures under different loading conditions.

However, although these kind of calculations are well established, open questions remain
when the results of tensile tests shall be transferred to the process of fracture. One problem is
that the strength depends on the distribution of the elastic energy in the supercell. Unfortunately,
the strain distribution during a homogeneous, fully relaxed computational tensile test—in
which the strain distributes equally among a number of N crystallographic planes in the
supercell perpendicular to the tensile axis—does not reflect the strain distribution in front of a
crack tip. Furthermore, the continuation of a homogeneous tensile test beyond the inflection
point finally leads to N freestanding layers. The energy of this configuration is different from
the energy of two free surfaces, which is needed to calculate the WoS or cleavage energy. In a
traction–separation law, however, the strength (the slope in the inflection point) and the WoS
have to be related. Alternatively, the tensile test can be carried out in terms of rigid grain
shifts [5, 11, 12]. Here the total strain is localized in a pre-defined cleavage plane. For small
strain, a relaxation of the ions while keeping the total extension of the cell fixed after the rigid
grain shift leads again to a homogeneous distribution of the strain in the cell, while for large
strains (beyond the inflection point), the system relaxes towards the surface configurations.
This strain distribution is still different from the 1/

√
r dependence in front of a crack tip,

but the localization of strain is more realistic. Furthermore, the end-point of the energy–
displacement curve is a well defined surface energy. However, the slope in the inflection point
depends on the number of layers in the cell (which should be large to arrive at meaningful
surface energies).

Nguyen and Ortiz [1] make use of the fact that in a relaxed calculation the elastic energy
that is stored in the material changes the strength, but not the WoS, to establish a scaling-
scheme for the maximum strength of a material. The picture behind this is that the elastic
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energy which is released to break the system into two free surfaces is stored in a finite
volume until it localizes at the cleavage plane. An asymptotic quadratic approximation is
made for the relaxed energy–displacement curve to enable a simple scaling with the number
of layers. The resulting traction–separation law is a triangle with the tip σmax at displacement
� = �max at which the asymptotic energy curve reaches the value of the surface energy, and
the area under the traction–separation curve is the relaxed WoS. This scheme has the drawback
that as the ‘elastic storage volume’ becomes large (N → ∞), the strength of the material
becomes zero.

This is overcome in the approach of Lazar and Podloucky [11, 12], who carry out rigid
grain shifts followed by atomic relaxations and introduce finite localization lengths for both
unrelaxed (lb) and relaxed (Lb) cleavage. The charm of the approach is that Lb can be related
to the unrelaxed, and hence size-independent, fracture properties. The disadvantage is that the
unrelaxed cleavage energy that occurs in the relation then also involves the energy of unrelaxed
surfaces, which is an ambiguous quantity.

In our approach, we combine size-independent and well-defined quantities by deriving
the strength from an unrelaxed rigid-grain shift tensile test and demanding that the area under
the traction–separation curve equals the relaxed WoS. The underlying assumption is that in
front of a propagating crack the strain distribution is not that of a relaxed tensile test, but closer
to the results of a rigid body displacement. After the crack has passed, however, the newly
created free surfaces relax to their equilibrium configuration. The details of our procedure are
given in sections 2 and 4.5.

As mentioned previously, both simulations of fracture involving cohesive zones as well as
ab initio tensile tests via rigid-grain shifts require a pre-definition of the crack path/plane. In
the paper at hand, we focus on failure along a grain boundary in Mo, because the assumption
that this body-centred cubic (bcc) metal mainly fails due to grain boundary embrittlement is
supported by experimental evidence. Furthermore, the intrinsic grain boundary brittleness of
refractory metals can be enhanced or reduced significantly by segregated impurities; see, e.g.,
[13–16]. This knowledge can be used to optimize the material properties if one understands
the mechanisms and effects of different impurity atoms [13, 17]. Thus our goal is to derive
traction separation laws from ab initio results that reflect the influence of C on grain boundary
strength in Mo.

Our model system is the �5(3 1 0)[0 0 1] symmetrical tilt grain boundary (STGB) in
molybdenum which has been studied experimentally [18–20] and theoretically [21–24] quite
extensively in the past. In the present study, the effect of C atoms on the strength of the
�5(3 1 0)[0 0 1] STGB in Mo is investigated because of the abundance of C as an impurity
element in most real material systems and the expected positive influence of C on the grain
boundary strength [15, 16, 25, 26].

This paper is organized as follows. In section 2 the computational procedure, including
an explanation of grain boundary nomenclature and details of performing ‘ab initio uni-axial
tests’, is described. In section 3 the universal binding energy relationship (UBER) and its
implications are reviewed. In section 4, results, i.e., the details about the lattice constant and
bulk modulus of Mo obtained during present work are compared with the experimental values
(4.1). Thereafter the grain boundary structure after a full optimization of the microscopic
degrees of freedom (4.2) is discussed. Subsequently, the results of the uni-axial tests are
presented in section 4.3. The scaling behaviour and fitting of the data of all the systems
investigated is demonstrated in section 4.4, and the relationship between energies, strength
and the effect of C on them is discussed in section 4.5. Finally, the observations and findings
are concluded and summarized in section 5.
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Figure 1. Structure of �5(3 1 0)[0 0 1] STGB. Blue and green atoms represent the Mo atoms
from different layers in bcc structure and the small red atoms are C atoms present at the two grain
boundaries in this super-cell structure. Due to periodicity, we see the GB#2 twice in this super-cell
structure (colours online).

2. Technical details

The software used for ab initio density functional theory (DFT) calculations was the Vienna
Ab initio Simulation Package (VASP) [27–29]. The exchange-correlation effects were
approximated within the generalized gradient approximation (GGA) and ultra-soft pseudo-
potentials [30] were used to describe the core–valence interaction. Convergence tests for the
optimization of the k-point mesh and the energy cut-off for the plane wave basis set were
performed. Thereafter, the equilibrium lattice constant for bcc Mo was calculated employing
a 12 × 12 × 12 k-point mesh of Monkhorst–Pack type. Subsequently, a �5(3 1 0)[0 0 1]
STGB was constructed using a base centred orthorhombic super-cell with 20 atoms as shown
in figure 1 (blue atoms). The unit vectors of the 20 atoms base centred orthorhombic cell are
( 1

2

√
10, − 1

2 , 0)a0, ( 1
2

√
10, 1

2 , 0)a0 and (0, 0, 2
√

10)a0, with a0 being the lattice constant of
bcc Mo. In this structure, the misorientation between the two grains, or, in other words, the tilt
angle is 36.9◦. In the nomenclature used above, � indicates that for the chosen misorientation
a periodic superstructure can be found, the so-called coincidence site lattice (CSL). The value
of � is the volume of a unit of this CSL divided by the volume of the bcc Mo unit cell, i.e., it is
a measure for the periodicity of the grain boundary. The grain boundary plane is given in round
brackets i.e. (3 1 0), whereas the direction of the tilt axis is in rectangular ones, i.e., [0 0 1].

In this supercell, the periodic images of the grain boundaries are separated by 10 layers of
Mo atoms. The convergence of results wrt the cell size has been investigated by Ochs [31] who
compared the site projected density of states of the grain boundary supercell and bulk supercell.
The comparison showed that as one moves away from the grain boundary and reaches the fifth
layer, the electronic density of states of the grain boundary supercell and the bulk supercell
match, i.e., in the centre of the grain, bulk-like conditions are obtained. Furthermore, the grain
boundary energy for two super-cells in Mo, i.e. 20 atoms supercell with GB to GB spacing of
10 layers (the same as the present work) and 40 atoms supercell with GB to GB spacing of
20 layers were calculated, and the difference observed was less than 10 mJ m−2 [31]. For our
work, we also confirmed that during the tensile test the displacements in the grain interior after
relaxation of the atomic positions equal that in a single-crystal unit cell in the same orientation
(with the tensile axis along the [3 1 0]-direction).
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By construction, the tilt grain boundary considered here is symmetric, which means that
the grain boundary plane divides the misorientation angle in two equal parts. In other words,
it represents a mirror plane. This mirror symmetry is sometimes broken in the bcc transition
metals, depending on the filling of the d-valence states [23, 24]. Thus, the stable translation
state of the interface was obtained by rigid grain shifts followed by atomic relaxations in the
three directions in our grain boundary, i.e., in the direction perpendicular to the interface [3 1 0],
in the direction parallel to the interface [1 3 0] as well as in the direction of tilt axis, i.e., [0 0 1].

Uni-axial mechanical tests were performed on the �5(3 1 0)[0 0 1] STGB 20-atom super-
cell employing a k-point mesh of 6×6×2. For this purpose, initially the unit vector length along
[3 1 0] was decreased (increased) stepwise and only the grain boundary separation (between
Grain#1 and GB#1 and to have periodicity in the structure, separation between Grain#2 and
GB#2) was contracted (expanded) to compensate for this change in length. In other words,
the two grains were shifted rigidly relative to each other in certain steps. The maximum shift
employed was until −10% (+50%) of the super-cell length along [3 1 0]. Subsequently, the
structures were allowed to relax while keeping the vector length fixed. In this way, we can
model an ideally brittle fracture under loading mode I.

The next aim was to introduce C atoms at the grain boundary which is the preferred
segregation site for impurity atoms and has been determined previously by Janisch et al [32].
For this purpose, an orthorhombic primitive 80-atom (blue and green atoms shown in figure 1)
super-cell was constructed from the 20-atom (blue atoms only) super-cell by multiplying the
latter by 4 along the [0 0 1] direction, i.e., the direction of the tilt axis. Thus, the grain boundary
area in the super-cell increased by a factor of 4 and interstitial positions for up to 4 C atoms per
grain boundary are provided. Calculations were performed with varying C contents. Initially,
all the available four positions per grain boundary were filled with four C atoms forming a
complete mono-layer and the atoms were allowed to relax at their positions as well in order
to find out the stable position of the C atoms at the grain boundary. Subsequently, the number
of C atoms per grain boundary were reduced to 3, 2 and finally 1 C atom. The k-point mesh
used for the orthorhombic primitive 80-atom grain boundary super-cell was 8 × 4 × 2. The
pure Mo bulk structure using the same number of atoms in the super-cell was also constructed
in order to find out the energy of the grain boundary i.e. γ using the relation:

γ = EMo+mC
tot,GB − nEbulk

Mo − mEC

2A
, (1)

where EMo+mC
tot,GB is the total energy of the grain boundary super-cell containing a certain number

of C atoms, nEbulk
Mo is the energy of the same number of Mo atoms in bulk condition and mEC

is the reference energy of the same number of C atoms as at the grain boundary. EC varies
from −9.27 eV for graphite to −7.67 eV as an interstitial atom in a 2×2×2 bcc Mo supercell.
The reference energy of C in diamond (i.e. −9.12 eV) which has been used in the present
work lies within the values of C as graphite and C as an interstitial atom. The energy of the
(3 1 0) surface was also calculated in both cases i.e. for the 20-atom base centred orthorhombic
super-cell as well as the 80-atom orthorhombic primitive super-cell. The energy–displacement
data obtained after DFT calculations was evaluated and the work required to separate the two
surfaces i.e. the work of separation (WoS) was determined according to

WoS = 2 · EFS
tot − EMo+mC

tot,GB

2A
, (2)

where EFS
tot is the energy of free surface slab with equilibrium partitioning of C atoms on the two

surfaces (described in section 4.3) in the respective grain boundary. As described in detail in
section 3, the energy–displacement data was also fitted using the UBER [33]. The derivative of
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the obtained data gives us the traction separation data which can be used for the cohesive zone
model at continuum level using the finite element method. From the energy–displacement
data, the theoretical strength σth of the interface can be calculated as the slope at the inflection
point,

σth = dE

d�

∣∣∣∣
E′′(�)=0

, (3)

where � is the displacement from the equilibrium inter-planar distance [5].

3. Scaling behaviour

According to Rose et al [33], the cohesive energies or binding energies Eb of metals have
a universal form. This phenomenon has been observed for adhesion [34] and cohesion [35]
of metals, as well as chemisorption on metal surfaces [36]. Hayes et al [37] have even
observed similar universal behaviour of energy–displacement curves for the non-metallic
systems (Al2O3 and Si). More recently, Janisch et al [5] have observed the universal behaviour
for geometrically different grain boundaries in aluminum. In section 4.4, we are able to show
that it also holds for grain boundaries in Mo having different C contents. This apparent
universality of the equation of state of chemically or geometrically different systems means
that we can determine the cohesive behaviour of any material from three parameters, Ee

b,
d0, and E′′

b (d0), (i.e. the equilibrium binding energy, the equilibrium separation and elastic
modulus at equilibrium separation respectively) once the functional form g(a) is known in the
relation,

Eb(d) = |Ee
b|g(a). (4)

The absolute value of the equilibrium binding energy, i.e., |Ee
b| is called WoS in the present

publication. Here d is the inter-atomic separation, or, in the case of interface energies, the
inter-planar distance and a is the rescaled separation,

a = �

l
. (5)

The characteristic length scale l depends on the curvature of the energy–displacement curve
at the minimum, i.e., on the inter-planar elastic modulus:

l =
√

|Ee
b|

E′′
b (d0)

. (6)

The function used for the fitting of the uni-axial test results has the form

g(a) = −(1 + a)e−a. (7)

The same function was also used by Rose to represent the results of displacing metal–metal
interfaces of different metals. In the present work, this function worked well only for rigid
grain shift results. After the relaxation of the ionic positions, a few deviations were observed,
which was attempted to overcome by using a polynomial function including higher order terms
as explained in section 4.4.

4. Results

4.1. Lattice constant and bulk modulus of molybdenum

Using the available experimental value for the lattice constant of Mo, i.e., 3.15 (Å) as a starting
point, the energy of a primitive unit cell of Mo was calculated for 10 different lattice constants
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Table 1. Comparison between experimental (room temperature) and theoretical results of lattice
constant and bulk modulus of Mo.

Parameters This work Experimental data

a0 (Å) 3.153 3.147 [39], 3.150 [40]
Bulk modulus (GPa) 257.6 259 [41], 269 [42]

in order to determine the equilibrium DFT-lattice constant. The obtained results were fitted
using the Murnaghan equation of state [38],

Eb(V ) = Cb +
B0V

B ′
0

[
(V0/V )B

′
0

B ′
0 − 1

+ 1

]
− V0B0

B ′
0 − 1

, (8)

in which Cb is a constant, V is the volume and V0 is the equilibrium volume, B0 and B ′
0 are

the bulk modulus and its derivative at equilibrium volume, respectively. Table 1 shows the
comparison between experimental (room temperature) and calculated values of lattice constant
and bulk modulus of Mo. The lattice constant obtained during the present work shows a very
good agreement with the experimental values. The value for the bulk modulus is also in good
agreement with the experimental values considering the fact that roughly 10% deviation in the
value of bulk modulus is quite normal in the available literature [41, 42] and that the ab initio
calculated results are applicable to 0 K.

4.2. Grain boundary structure and energy

Initially the grain boundary structure of the �5(3 1 0)[0 0 1] STGB was constructed considering
the macroscopic parameters, i.e., using the perfect lattice dimensions. As shown in figure 1,
GB#1 is in between the two grains whereas the GB#2 is the second grain boundary which can
be seen twice due to the periodic boundary conditions. In such a construction, the atoms of the
grain boundary plane and of the planes next to the grain boundary come unnaturally close to or
far away from each other. Therefore, the microscopic degrees of freedom of the grain boundary
were optimized and rigid grain shifts were performed perpendicular as well as parallel to the
interface followed by the relaxation of the atomic positions using the base centred orthorhombic
super-cell containing 20 atoms. The grain boundary exhibits an excess volume of roughly 2.4%
perpendicular to the interface, i.e., in the [3 1 0] direction. Also the mirror symmetry along
the tilt axis, i.e., the [0 0 1] direction, was broken and a shift of roughly 9% of each grain was
observed for the pure Mo grain boundary. This is in agreement with the results of previous
calculations [23, 24]. In the citations mentioned, Ochs et al have argued that this effect is due
to the half filling of the Mo d-states which results in a spherical electron distribution around
the atoms. With such an electronic distribution, the grain boundary structure with broken
mirror symmetry, which is more compact, is lower in energy than the mirror symmetric grain
boundary structure which is favoured by directional bonds [13]. However, as soon as a C atom
was placed at the grain boundary, the shift along [0 0 1] vanished upon relaxation of the atomic
positions, and the mirror symmetry was restored. The reason behind this is that C preferentially
forms angle-dependent bonds with covalent character and hence favours the mirror-symmetric
configuration of the STGB in Mo [13], in which it can be placed in an open structural
unit. The shifts obtained were then used for an orthorhombic primitive 80-atom super-cell
in which we had the flexibility of placing a maximum of 4 C atoms per grain boundary. The
resulting grain boundary structure is in agreement with that of experimental observations and
previous calculations [23, 32]. In this work, the number of carbon atoms (1–4) at the interface
corresponds to a coverage of one-fourth to a complete monolayer. The concentration limit
until which the segregation process is favourable is two mono-layers of C atoms, as observed
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Figure 2. Energy of grain boundary versus C content for three different chemical potentials of C.

by Janisch et al [43]. That study shows that as long as interface energy decreases with an
increasing number of C atoms at the grain boundary, the segregation energy remains negative,
which is a sign of the grain boundary being an attractive site for segregation of C atoms.

The energy of the grain boundary has been calculated as a function of C content using
equation (1) with three different chemical potentials of C, namely C in the graphite or diamond
phase, and interstitial C atoms in a bulk supercell of the same size as the grain boundary cell.
The results are shown in figure 2. In all cases, the energy of the grain boundary decreases with
increasing numbers of C atoms per grain boundary, but with a different slope for the different
chemical potentials. The grain boundary energy based upon interstitial C atoms in Mo bulk
initially is the most well-defined one, because it includes neither the solution enthalpy of C
in Mo nor the segregation energy in the energy of formation of the grain boundary (as is the
case with the other two chemical potentials). However, it decreases down to a negative value
at a concentration representing a coverage of the interface with one complete monolayer of C.
In this case, the local concentration of C is far above the solubility in the bulk, leading to an
unphysically high chemical potential and correspondingly low grain boundary energy. With
graphite, the most stable phase of C, the change in the grain boundary energy is lowest. This
variation of grain boundary energy with chemical potential shows that the coverage of the grain
boundary can be enhanced by a factor of four even at a constant grain boundary energy (e.g.,
around 1 J m−1) by varying the chemical potential, which in an experiment can be done by
changing the C partial pressure. The grain boundary energy with the chemical potential of C
in the diamond phase is tabulated in the table 2. In this case, the energy of the grain boundary
is lowered by more than 50% with increasing numbers of C atoms which tells us that the grain
boundary is attractive for segregating C. This does not necessarily mean that cohesion between
two grains (or WoS) also increases with increasing numbers of C atoms, because the presence
of C not only affects EMo+mC

tot,GB , but also EFS
tot in equation (2). In fact, we observed almost no

effect on the WoS as explained in the next section.

4.3. Energy-displacement curves

Before performing the uni-axial tests on the optimized grain boundary structures, the most
favorable distribution of the C atoms on the two (3 1 0) surfaces after cleavage was determined.

8
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Table 2. Interface energy γ , work of separation WoS, grain boundary expansion �L and the elastic
modulus E′′

b (d0) of Mo bulk and STGB in Mo having a certain number of C atoms at the grain
boundary (relaxed results).

γ WoS �L E′′
b (d0)

(J m−2) (J m−2) (Å) (GPa Å−1)

Pure bulk Mo (310) plane — 6.23 — 43.9
Pure Mo STGB 1.52 4.71 0.46 31.1
Mo STGB with 1 C atom 1.37 4.70 0.30 37.2
Mo STGB with 2 C atoms 1.07 4.77 0.28 37.2
Mo STGB with 3 C atoms 0.87 4.78 0.08 38.8
Mo STGB with 4 C atoms 0.68 4.77 0.05 41.1

Table 3. Energy of free (3 1 0) surfaces having different distributions, n-mC, of C atoms, where n

and m are the number of C atoms on surfaces one and two, respectively.

Configurations Energy (eV) Energy Difference (eV)

4-0C −448.46 0.00
3-1C −447.38 1.08
2-2C −446.66 1.80

Figure 3. Binding energy versus separation of 20Mo STGB supercell.

The results in table 3 show that all 4 C atoms always prefer to stay on one of the two new
surfaces formed. Similar behaviour was observed for lower concentrations of C atoms. With
the fully relaxed supercell, uni-axial tests were performed as explained in section 2 for pure
Mo as well as Mo containing C atoms at the grain boundary. Initially a rigid grain shift was
given at a defined cleavage plane next to the grain boundary. In the second step, atoms were
allowed to relax and corresponding energies were obtained. As an example, the results for a 20
atom molybdenum supercell in which the two grains were shifted relative to each other along
the [3 1 0] direction is shown in figure 3. The minimum of the curve gives us the equilibrium
binding energy and the zero level of energy represents twice the surface energy.

Results for the investigated systems show that the presence of C changes the minimum
of the curve, i.e., WoS of the grain boundary between 5.91 and 6.12 J m−2 for the pure grain
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Figure 4. Effect of C on the work of separation.

Figure 5. Grain boundary expansion �L and elastic modulus E′′
b (d0) as a function of number of

C atoms per grain boundary.

boundary to complete monolayer formation of C in the rigid case and from 4.71 to 4.77 J m−2

in the relaxed case. The WoS as a function of the number of C atoms at the grain boundary
is shown in figure 4. In the rigid case, a slight increase is observable at higher C contents,
however, after atomic relaxation of the surface structures, a more or less constant value of WoS
is observed.

The introduction of C not only affects Ee
b, but also d0, which means a change in excess

volume of the grain boundary along the [3 1 0] direction. The expansion (�L) of the pure and
C segregated grain boundary has been obtained relative to bulk Mo with the same number of
interstitial C atoms on octahedral sites as at the grain boundary, and is shown in figure 5 and
table 2. The introduction of C at the grain boundary structure slightly increases the total volume
of the supercell, but less than in the bulk supercell of the same kind. Thus, the overall trend
shows a decreasing excess volume with an increasing number of C atoms at the interface. This
is accompanied by an increase in the elastic modulus of the interface, the second derivative of
the energy–displacement function at the minimum. The presence of C at the grain boundary
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Figure 6. Rigid grain shift energy displacement relationships re-scaled according to equations (4)–
(6), using equation (7).

makes the interface more stiff, however, the elastic modulus for (3 1 0) Mo bulk plane is still
higher than that of all the grain boundary structures.

4.4. Scaling and fitting of the data

As mentioned in section 3, a universal behaviour of materials under strain has been shown
for bulk metals and ceramics and for coherent metal–metal interfaces. In the present work,
we probe this universality for our Mo grain boundary with different C contents. As shown in
figure 6, the results after rigid grain shifts scale perfectly onto one curve. Moreover, the data
points are very well described by the function given in equation (7).

In contrast, in the case of rigid grain shifts followed by atomic relaxations, the function
given in equation (7) does not describe the results well. Therefore, for all different systems
investigated, the relaxed data near the minimum (from −5% compression until 5% tension) was
fitted using a cubic function and the values for Ee

b and d0 were obtained. The value of E′′
b (d0)

was obtained from the second derivative of the respective cubic functions. The relaxed results
were then rescaled as shown in figure 7 using the obtained cubic fit results. For the fitting of
the whole relaxed energy displacement curve, different higher order polynomials were tried,
but it was observed that the best fit could be obtained by using equation (9). The fit could not
be further improved by using only the physical parameters i.e. E′′

b (d0) and d0.

g(a) = −(1 + a − 0.079a3 + 0.0063a4 + 0.0002a5)e−a. (9)

However, apart from a few outliers the agreement is satisfactory. On the one hand, the
deviations occur close to the critical displacement where the structure becomes unstable and
where we can think of de-bonding or crack formation. On the other hand, there is some
deviation in the highly compressed regions, but the fact that the bcc transition metals do not
obey a universal scaling law under compression has already been pointed out by Qin et al [44].

4.5. Fracture strength and traction–separation laws

The derivative of the energy–displacement data yields the traction separation curve (continuous
line) as shown in figure 8 for the 20 Mo bulk (3 1 0) plane rigid case. To use this data in a
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Figure 7. Energy displacement relationships with relaxed atomic positions, re-scaled according to
equations (4)–(6), using equation (9).

Figure 8. Derivative of UBER curve fitted to DFT results and traction–separation triangle for the
20 Mo (3 1 0) bulk plane (rigid).

cohesive zone model for the grain boundary, we define a triangle which is given by the origin,
the maximum strength (σth) at the critical separation δc, and the requirement that the area
under the curve equals the WoS. From the latter we can derive the the final separation δf , the
displacement at which the two cohesive surfaces are completely separated, via

δf = 2WoS

σth
. (10)

The traction separation laws for different C contents are shown in figure 9, and the defining
parameters δc and δf as a function of C concentration are plotted in figure 10. The decrease in
the values of δc and δf is again evidence of increased stiffness due to the presence of C.

The quantitative results for rigid grain shift calculations have been summarized in table 4
for the different systems investigated. As can be seen, as soon as C enters the grain boundary,
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Figure 9. Traction-separation triangles as a function of number of C atoms per GB.

Figure 10. Critical separation δc and final separation δf as a function of number of C atoms per GB.

Table 4. Fracture strength σth, Critical separation δc and the final separation δf of Mo bulk and
STGB in Mo having a certain number of C atoms at the grain boundary (rigid results).

σth δc δf

(GPa) (Å) (Å)

Pure bulk Mo (3 1 0) plane 37 0.70 3.78
Pure Mo STGB 30 0.73 3.14
Mo STGB with 1 C atom 32 0.67 2.91
Mo STGB with 2 C atoms 34 0.65 2.82
Mo STGB with 3 C atoms 35 0.61 2.71
Mo STGB with 4 C atoms 37 0.60 2.57

the strength starts to increase up to the formation of a complete monolayer. At this coverage
the obtained fracture strength of the grain boundary equals the strength of pure bulk Mo if
loaded perpendicular to the (3 1 0) plane (table 4).

As mentioned before, C preferentially forms angle dependent bonds with covalent
character with the nearest neighbour host metal atoms. When placed at the interface, it increases

13



Modelling Simul. Mater. Sci. Eng. 21 (2013) 075005 A M Tahir et al

Figure 11. Effect of C on the fracture strength of the grain boundary.

the stiffness of the grain boundary layer and decreases the excess volume of the system. Thus
rigid strength increases continuously with increasing C content; see figure 11. The relaxed
strength, however, saturates and decreases, since upon relaxation the strain distributes in the
supercell and it is the overall stiffness of the cell, not only the grain boundary layer, which
determines the strength. This overall stiffness is reduced, because some charge of the Mo–Mo
bonds is redistributed into the Mo–C bonds. To get an impression of this chemical effect
of C on the strength of the neighbouring layers, we also carried out a tensile test in which
the cleavage plane was one crystallographic layer away from the grain boundary. For one
monolayer of C at the grain boundary, the next interplanar strength was reduced to a value
slightly below the bulk value of 37 GPa. However, this is still well above the strength of the
pure grain boundary, so the overall strength of the bicrystal is enhanced. We note, however,
that the elastic energy that is stored in the grains during a real fracture process does not enter
our traction–separation laws, since our goal is to describe effects due to this energy in the
continuum model outside the cohesive zone. The saturation behaviour of the relaxed strength
in figure 11 indicates already that as the excess volume approaches zero (figure 5) the far-field
elastic distortions in the grain could also reduce the overall strength. Thus, the beneficial
effect of C should not be extrapolated to higher concentrations without further investigations.
If the focus is not on the simulation of fracture, but on mimicking a homogeneous tensile
test, the influence of relaxations on the (homogeneous) tensile strength of a grain boundary
with segregated C impurities can be extracted by referring the energy–displacement values
to those of a corresponding bulk supercell. Although we already performed the first steps
of such an investigation for the calculation of the excess volume, this shall be the topic of a
different paper. Furthermore, tensile tests carried out in a ‘drag-like’ fashion [5], comparable
to the shear calculations of Hamilton et al [4], will serve to identify details of the deformation
mechanisms at special grain boundaries, apart from the mere bond-breaking process. Such
details will be valuable information for a continuum material model outside the cohesive zone.

5. Summary and conclusions

Ab initio density functional theory calculations have been performed to obtain the cohesive
zone parameters for a mesoscoscopic model describing intergranular fracture including the
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effect of C impurities. Four different C concentrations (one-fourth to one monolayer of C
at the interface) have been investigated during the present study and it has been observed
that, independent of its chemical potential, C considerably lowers the grain boundary energy,
indicating a strong driving force for segregation of C [43]. We find that the work of separation
remains widely unaffected by the presence of C at the grain boundary, because the energy of
the surfaces created by the separation is also lowered by the presence of C. In contrast, the
fracture strength of the grain boundary, as revealed by a rigid-grain shift ab initio tensile test,
shows a clear strengthening effect of C. This is accompanied by a reduction of the excess
volume and an increase in stiffness of the interface.

These different trends in the work of separation and strength are consolidated in
concentration-dependent traction–separation laws which are based on both quantitites and
the critical separation for fracture. We conclude that constitutive relationships including work
of separation and strength are superior to commonly used energy-based fracture models (e.g.
the Griffith criterion), even for brittle fracture. In any case, our results clearly indicate that
the work of separation (from ab initio calculations) alone is not sufficient to describe fracture
processes.

The energy–displacement curves for the different systems investigated here exhibit a
scaling behaviour with only three parameters. Thus it is not necessary to perform calculations
for the complete range of displacements of the grain boundary in future investigations. Once
the analytical function for the binding-energy relationship has been determined, we can derive
the strength from the equilibrium work of separation, the position of the energy minimum
(related to the excess volume) and the curvature at the minimum (the interface stiffness).
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