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Abstract
The paper reviews and discusses various techniques used in the literature for modeling complex 
behaviors observed in shape memory alloys (SMAs) that go beyond the core pseudoelastic and 
shape memory effects. These behaviors, which will be collectively referred to herein as
‘secondary effects’, include mismatch between austenite and martensite moduli, martensite 
reorientation under nonproportional multiaxial loading, slip and transformation-induced 
plasticity and their influence on martensite transformation, strong thermomechanical coupling 
and the influence of loading rate, tensile–compressive asymmetry, and the formation of internal 
loops due to incomplete phase transformation. In addition, because of their importance for 
practical design considerations, the paper discusses functional and structural fatigue, and 
fracture mechanics of SMAs.

Keywords: shape memory alloys, modeling, review

(Some figures may appear in colour only in the online journal)

1. Introduction

Early models for shape memory alloys (SMAs) focused
exclusively on their pseudoelastic and shape memory effects
(Tanaka 1986, Liang and Rogers 1990), which constitute the
most prominent and well-studied features of SMA behavior.
A review of constitutive models accounting for these effects
was presented by e.g. Lagoudas et al (2006), Lexcellent
(2013) and more recently by Cissé et al (2016).

In addition to the core pseudoelastic and shape memory
effects, experimental observations reveal a number of sec-
ondary effects that are important to consider for a realistic
description of SMA behavior. The techniques used for
modeling these effects are the subject of a rich body of
knowledge that we attempt to summarize and discuss in the
present manuscript.

A common assumption of early SMA models, such as
(Liang and Rogers 1990), is that austenite and martensite
share the same elastic stiffness. However, experimental work
by Ford and White (1996) and more recently Šittner et al
(2014) and Zhu et al (2014) suggests that austenite can be
twice as stiff as martensite. This issue is mostly addressed
nowadays by the introduction of equivalent elastic stiffness
measures for SMAs that depend on the phase fraction of
martensite (Zaki and Moumni 2007a, Zhou 2012, Auricchio
et al 2014, Savi 2015). Moreover, experimental work on
SMAs led to the observation of tensile–compressive asym-
metry (Wasilewski 1971, Orgéas and Favier 1995), which,
while similar to some extent, is unrelated to the Bauschinger
effect observed in some metals. An explanation was given
according to which different mechanisms of energy dissipa-
tion are active in tension and compression. This explanation
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motivated the derivation of constitutive models featuring
unsymmetric loading surfaces and evolution rules for phase
transformation depending on the loading direction. The
asymmetric stress–strain behavior of SMAs results in asym-
metric dissipation of energy in a loading cycle, which is
further influenced by the loading rate (Shaw and Kyr-
iakides 1995). This influence is interpreted as the con-
sequence of viscous effects or of strong thermomechanical
coupling, with experiemtnal evidence favoring the latter
intepretation (Van Humbeeck and Delaey 1981, Leo
et al 1993, Grabe and Bruhns 2008, He and Sun 2010). The
amount of dissipated energy, as well as other features of SMA
behavior, is dependent on the type of martensite obtained
during phase transformation, which many authors dissociated
into thermal-induced and stress-induced fraction (Bekker and
Brinson 1998, Popov and Lagoudas 2007). The behavior is
also senstive to changes in local load orientation, which result
in detwinning and reorientation of martensite variants and has
attracted significant interest to modeling SMAs subjected to
nonproportional loading conditions (Arghavani et al 2010,
Yu et al 2015). The dissipative processes involved in the
reorientation and transformation of martensite, as well as
plastic deformation of the SMA, result in significant heat
exchange that may have observable consequences on SMA
response through thermomechanical coupling. In particular,
the amount of energy dissipated by the material in a complete
loading cycle is relatedto the size of the hysteresis loop. The
loop is largest if the loading cycle leads to complete mar-
tensite transformation followed by full recovery, otherwise
minor loops may form (Ivshin and Pence 1994, Bouvet
et al 2004, Nascimento et al 2009). On the other hand, the
influence of plasticity results from slip dislocations interfering
with the phase change process (Strnadel et al 1995, Auricchio
et al 2007a). This influence is especially significant in SMAs
subjected to cyclic loading in which transformation-induced
plasticity (TRIP) is responsible for the formation of residual
stress and strain fields at the origin of the two-way shape
memory effect (TWSME). It is also important in high-temp-
erature SMAs (HTSMAs) (Hartl et al 2010, Chemisky
et al 2014) and in iron-based SMAs (Fe-SMAs) in which slip
dislocation severely impedes or suppresses the formation and
recovery of inelastic strains due to phase transformation
(Nishimura and Tanaka 1998, Jemal et al 2009, Khalil
et al 2012). In addition to the secondary effects introduced
above, the structural behavior of SMAs is affected by the
presence of structural defects, such as cracks where the near-
field loading is strongly non-proportional and presents strong
gradients (Freed and Banks-Sills 2007, Wang 2007, Creuzi-
ger et al 2008, Maletta et al 2009, Ramaiah et al 2011,
Baxevanis et al 2014, Hazar et al 2015, Moumni et al 2015).
It is also influenced by the degradation, referred to as func-
tional fatigue, of SMA performance under the influence of
repeated cyclic loading which may preceed fatigue-induced
failure (Moumni 1995, McKelvey and Ritchie 2001, Wagner
et al 2004, Runciman et al 2011).

The present review of secondary effects in SMAs and
their models is organized into topical sections: section 2
addresses modeling techniques to account for variable elastic

stiffness in SMAs, section 3 discusses the separation of
thermal and mechanical effects and martensite reorientation,
section 4 considers the influence of loading rate and TRIP on
phase transformation, section 5 focuses on thermomechanical
coupling, section 6 on tensile–compressive asymmetry,
section 7 on modeling hysteresis subloops, and the last two
sections that preceed the conclusion are dedicated to model-
ing fracture and fatigue in SMAs.

2. Dependence of the elastic stiffness on phase
transformation

Most of the early models for SMAs consider identical elastic
stiffnesses for austenite and martensite in order to simplify the
derivation of constitutive equations and their subsequent time
integration (Liang and Rogers 1990, Leclercq and Lexcel-
lent 1996, Huang and Brinson 1998, Souza et al 1998).
Experimental evidence, however, shows significant variation
in stiffness between the two phases. For instance, the ratio of
Young’s modulus of austenite EA to that of martensite EM is
reported to be in the range [ ]2, 3 for NiTi alloys (Thamburaja
and Anand 2001, Helbert et al 2014, Šittner et al 2014, Zhu
et al 2014) and up to 5 if one considers twinned martensite in
Ni55Ti45 (Ford and White 1996). This observation is generally
accounted for in constitutive models through the introduction
of an effective Young’s modulus Eeq for the SMA that
depends on the volume fraction of martensite ξ such that

=E Eeq A for x = 0 and =E Eeq M for x = 1. The equivalent
modulus is constructed using homogenization schemes, the
most common of which are those of Reuss, Voigt and Mori–
Tanaka (Auricchio and Sacco 1997).

The Reuss model (Reuss 1929) considers the SMA as a
composite in which austenite and martensite are arranged in
series. In this case, the effective Young’s modulus for the
alloy is given by

( )x x
=

-
+

E E E

1 1
. 1

eq
R

A M

This model was adopted among others by Ivshin and Pence
(1994), Auricchio et al (2003), Ikeda et al (2004), Zaki and
Moumni (2007a), Auricchio et al (2008, 2009), Morin et al
(2011a), Lagoudas et al (2012), Meraghni et al (2014),
Mehrabi et al (2014a) and Depriester et al (2014). Sedlak et al
(2012) and Auricchio et al (2014) used the same bulk
modulus for austenite, twinned martensite and oriented
martensite but considered a Reuss equivalent shear modulus
Geq

R for the SMA given by

( )
x x x x

=
- -

+ +s s

sG G G G

1 1
, 2

eq
R

T

A

T

T

where GA is the shear modulus of austenite, GT is the shear
modulus of temperature-induced martensite of volume
fraction xT and sG is the shear modulus of stress-induced
martensite (SIM) of volume fraction xs.

The Voigt model (Voigt 1889), on the other hand, was
utilized by Tanaka (1986), Sato and Tanaka (1988) and Liang
(1990). It considers austenite and martensite to be arranged in
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strips parallel to the loading direction. The effective Young’s
modulus of the SMA is then given by

( ) ( )x x= - +E E E1 . 3eq
V

A M

This model was used among others by Brinson (1993), Bo
and Lagoudas (1999), Yan et al (2003), Zhao et al (2005),
Wang et al (2008), and Zhou (2012). Savi et al (2002) and
Paiva et al (2005) used the Voigt scheme for the determina-
tion of both the elastic and plastic moduli of the SMA. The
same model was also utilized by Savi (2015) who extended
the work of Paiva et al (2005) to describe nonlinear dynamics
and chaos in SMA oscillators and vibration absorbers. While
the Voigt scheme may be easier to implement, the underlying
assumption of parallel arrangement of austenite and marten-
site strips in a volume element of SMA is not supported by
experimental evidence. In addition, the Voigt and Reuss
schemes assume either uniform strain or stress fields in a
volume element, thereby ignoring grain interactions that are
accounted for in more advanced homogenization methods
such as Mori–Tanaka.

The Mori–Tanaka scheme considers the SMA as a metal
matrix of one phase containing Eshelby inclusions of the
other phase (Auricchio and Sacco 1997). In this case, the
equivalent elastic modulus is given by

( )
( )

( )
( )

( )

x x
x x

x x
x x

=
- +
- +

+
- +
- +

⎡
⎣⎢

⎤
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E
E E E

E E E

E

E E E

2

1

1

1

1
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eq
MT A M

MA

M
MA

A

AM

M
AM

A

where

( ) ( )
( )

=
+ -

=
+ -

E
E

E p E E
E

E

E p E E
and
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MA M

A M A

AM A

M A M

In (4), p is a parameter depending on the geometry of the
inclusion. For example, =p 1

2
for penny-shaped inclusions

and
( )

= n
n

-
-

p 4 5

15 1
for spherical inclusions, where ν is

Poisson’s ratio considered to be identical for both phases.
This scheme is accurate for values of the volume fraction of
martensite x < 0.2, corresponding to martensite inclusions in
an austenite matrix, or x > 0.8, corresponding to austenite
inclusions in a martensite matrix. Among others, Gong et al
(2011) used an extended Mori–Tanaka scheme to predict the
effective elastic modulus of CuAlMn SMA with oriented
oblate spheroid pores. Auricchio and Sacco (1997) compared
the predictions of the Reuss and Mori–Tanaka schemes to
experimental data taken from Auricchio (1995) and reported
better accuracy using the Reuss model as shown in
figure 1(b). It can also be seen in figure 1(a) that the Reuss
scheme gives a lower bound on the effective elastic modulus,
whereas the Voigt scheme gives an upper bound. The
homogenization models described above, lose accuracy in
case of highly anisotropic materials, for which accurate
averaging requires more statistical information. It is also
worth noting that most SMA constitutive models consider
higher elastic stiffness for austenite, which appears to be in

contradiction with first-principles calculations (Wagner and
Windl 2008, Hatcher et al 2009, Saitoh and Liu 2009) and
in situ neutron diffraction measurements (Rajagopalan
et al 2005, Qiu et al 2011), both of which predicting higher
stiffness for martensite. In this regard, Wang and Sehitoglu
(2014) recently used density function theory calculations to
prove that austenite is stiffer than twinned martensite but
softer than oriented martensite. The lower stiffness of twinned
martensite used in modeling SMAs therefore corresponds to
an apparent measure, affected by detwinning and other
deformation processes that give the impression of lower
martensite stiffness (Wagner and Windl 2008). It may be
important, in addressing this issue in constitutive models, to
distinguish twinned and oriented martensite as separate
phases.

3. Decoupling between transformation and
reorientation processes

Early models for SMAs, such as the work of Tanaka (1986),
use a single scalar variable to represent the amount of mar-
tensite in a SMA volume element. Experimental evidence,
however, shows that the macroscopic transformation strain in
SMAs is due to SIM ( sM ) and is not affected by the formation
of self-accommodated variants (MT). In order to accomodate
this observation, Brinson (1993) proposed an additive split of
the total martensite volume fraction ξ into temperature-
induced and stress-induced parts, xT and xs, such that

( )     x x x x x= +s s0 1, 0 1, and 0 1. 6T T

Brinson’s approach was adopted by Brinson and Lammering
(1993), Leclercq and Lexcellent (1996), Bekker and Brinson
(1998), Auricchio and Sacco (1999) and Lagoudas and Shu
(1999). It was then further improved by Govindjee and
Kasper (1999), Paiva et al (2005) and Rizzoni and Marfia
(2015) who wrote the volume fraction of oriented martensite
as the sum of tension-induced and compression-induced
fractions, xs

t and xs
c . Using these two scalar variables,

however, may be insufficient to properly account for change
in the transformation flow direction, which may require
specifying distinct flow rules for forward and reverse
transformations (RTs). For example, Boyd and Lagoudas
(1996) considered the rate of inelastic strain in forward phase
transformation to be proportional to the deviatoric stress. In
order to avoid having no phase transformation at zero stress,
the authors defined an alternate flow direction for RT. Later,
Popov and Lagoudas (2007) developed a 3D model in which
additive split is applied to the rate of total inelastic strain ėine,
written as the sum of phase transformation and martensite
orientation parts, ėtr and ėori, such that

˙ ˙ ˙ ( )e e e= + . 7ine tr ori

In a subsequent work, Arghavani et al (2010) extended the
model of Souza et al (1998) by introducing a multiplicative
split of the inelastic strain tensor into a magnitude q and an
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orientation direction N whereby

( )   e e= = =N Nq q, where and 1. 8ine ine

This expression leads to a rate equation for eine similar to (7)
where ėtr and ėori are given by

˙ ˙ ˙ ˙ ( )e e= =N Nq qand . 9tr ori

An interpretation of the above equation is that the amount of
martensite is only influenced by pure phase transformation,
while the average spacial alignment of the martensite variants
is governed by pure reorientation. More recently, Chemisky
et al (2011) proposed an additive split of the inelastic strain
into transformation and twin accommodation contributions,
given by ex tr and ex twn. A common limitation of these models
is the assumption of small perturbations. In an attempt to
address this limitation, finite strain models that distinguish
reorientation and detwninning processes were proposed by
Thamburaja (2005) and Thamburaja et al (2005). The
numerical implementation for this work, however, was carried
out using an explicit time integration procedure, which raises
issues of stability and dependence of time increments on mesh
size for convergence. This dependence can result in
prohibitive computation times for finely meshed structures
or those subjected to a lengthy loading program. A further
limitation is the common disregard for dislocation slip and the
formation of martensite pinned by plasticity. This was
addressed in the work of Yu et al (2014b, 2015). In
particular, Yu et al (2015) separated the total SMA inelastic
strain into a recoverable transformation part erec

tr , an
irrecoverable transformation part eirr

tr due to the presence of
trapped martensite, a reorientation part ereo and a plastic part
epl. Considering 24 possible martensite variants, the authors

defined ereo as follows:

( ) ( )ååe l= -
> =

P Pg , 10
j ii

ij i jreo
24

1

23
tr

where gtr is the shearing magnitude related to phase
transformation, and lij is the amount of deformation induced
during the transition from the jth to the ith martensite variants,
for which the orientation tensors are noted P j and Pi

respectively. The detwinning strain was defined as follows:

( ) ( )åe x l l= -
=

P , 11
j

j j j
j

det

1

24

0
det

where x j is the total volume fraction of the jth martensite
variant, l l-j j

0 is the transformation fraction between the
two sub-variants, and Pj

det is the orientation tensor for the jth
detwinning system. The microscopic forms of (10) and (11)
are analytically and numerically ill-adapted to the analysis of
polycrystalline SMAs. Therefore, the authors used the β-rule
scale-transition initially proposed by Cailletaud and Pilvin
(1994) and simplified by Yu et al (2013) to derive a
constitutive model for SMA polycrystals. Under the assump-
tion of uniform stress, the local stress s in a given grain is
obtained from the uniform macroscopic stress S as follows:

( ) ( )s eS= + -ED , 12in in

where Ein is the volume average inelastic strain in the
polycrystal, and D is a parameter that controls the hetero-
geneity of the stress field across grains. The use of a scalar D
in (12) suggests that the authors implicitly ignored possible
anisotropy, which would have required replacing D with a
higher-order tensor. Because of the complexity of the inelastic
deformation process in SMAs , the decomposition of inelastic
strain into parts corresponding to different inelastic

Figure 1. Comparison and validation of different homogenization schemes used for the determination of an equivalent SMA Young’s
modulus (Auricchio and Sacco 1997). (a) Evolution of the normalized equivalent Young’s modulus with respect to Youngʼs modulus of
martensite during phase transformation for EA/EM=5. (b) Validation of the Mori–Tanaka and Reuss schemes for a Ni–Ti SMA.
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deformation mechanisms appears to be useful for proper
description of the behavior of SMAs under complex loading.

Experimental results for SMAs subjected to nonpropor-
tional loading are reported by Šittner et al (1995) and
Rogueda et al (1996) for Cu-based alloys, Lim and McDowell
(1999), Helm and Haupt (2001) and Raniecki et al (2001) for
NiTi, (Vivet and Lexcellent 1999) for biaxial tension on
CuZnAl and (Bouvet et al 2002) for biaxial compression on
CuAlBe. In order to account for the observations made in
these papers, constitutive models for SMAs were developed
to consider both phase transformation and martensite reor-
ientation. Souza et al (1998) developed one of the first
pseudoelastic constitutive models that account for non-
proportional loading. The authors successfully simulated the
experimental results of Šittner et al (1995) considering a
rectangular tension–torsion path but the stress–strain response
in shear was not captured properly. Panico and Brinson
(2007) also used a square axial/shear stress path and com-
pared the coupling between axial and shear responses in
elasto-plastic materials to that in SMAs, which they found to
be more pronounced. Building on experimental data and
physical considerations, Bouvet et al (2004) proposed dual
loading surfaces for phase transformation and reorientation
where the loading surface for RT is perpendicular to the
transformation strain (figure 2(b)). Numerical simulation
using this model requires non-standard tracking of the two
loading surfaces and the corresponding flow rules, which may
be challenging.

Arghavani et al (2010) simulated the experimental results
of Šittner et al (1995) and compared the simulations to earlier
work by Auricchio and Petrini (2002) and Panico and Brinson
(2007). The results of Panico and Brinson (2007) were found
to be more accurate in shear while those of Arghavani et al
(2010) were better in describing the shear versus axial strain

behavior. Saleeb et al (2011) simulated the reorientation of
martensite in response to combined tension and shear without
providing experimental validation. The experimental obser-
vations of Grabe and Bruhns (2009) for NiTi were later
simulated by Zaki (2012). More recently, Gu et al (2015)
used the ZM model to simulate several sets of experimental
data for SMAs subjected to square, rectangular, triangular and
butterfly loading paths. The authors obtained good agreement
with the experimental data of Šittner et al (1995) for CuZ-
nAlMn, Bouvet et al (2002) and Bouvet et al (2004) for
CuAlBe and Grabe and Bruhns (2009) for NiTi. The num-
erical simulations presented assume a limitation on the ana-
lytical ZM model, which leads to full orientation of martensite
by the external stress as soon as martensite forms The authors
further compared their results with those of Panico and
Brinson (2007) and Arghavani et al (2010) for the case of
rectangular loading. Figure 3(a) shows that Gu et al (2015)
obtained better accuracy in simulating the axial versus shear
strain behavior, which is not the case in pure axial behavior
(see figure 3(b)). Figure 3(c) shows that the simulations of Gu
et al (2015) are less accurate than those of Panico and Brinson
(2007) but more so than Arghavani et al (2010) in describing
pure shear in CuAlZnMn.

Bouvet et al (2004) considered the triangular loading
path in figure 4(a), for which the simulation results were
shown to agree to different degrees with experimental data as
seen in figures 4(b), (c) and (d). Figure 4(b), in particular,
shows significant deviation from experimental data.

Helm and Haupt (2003) simulated to good accord the
experiments of Helm (2001) for a SMA subjected to a but-
terfly loading path. Later, Auricchio et al (2007b) simulated
the behavior of a NiTi SMA subjected to five cycles of biaxial
square and hourglass loading. Simulations involving an
hourglass loading path were also proposed by Arghavani et al

Figure 2. Comparison of the forward ( f1) and reverse ( f2) transformation onset surfaces for proportional and nonproportional loading cases
according to (Bouvet et al 2004). (a) Proportional multiaxial loading case. (b) Nonproportional multiaxial loading case.
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(2011). In this work, complete pseudoelastic strain recovery
was achieved for a temperature = + T A 37 Cf (see
figure 5(a)), while the simulation for =T Mf shows residual
inelastic strain (see figure 5(b)) that can be recovered by
heating. These simulations were not experimentally validated.

SMA simulations using circular nonproportional loading
were carried out by Helm and Haupt (2003) and Mehrabi et al
(2014b). The results of (Helm and Haupt 2003) reported in
figure 6(b) show eight points where the direction of the
transformation strain rate is abruptly modified because of
stress redistribution in the material. The simulated stress
response in figure 6(b) further displays a phase shift compared
to the strain-controlled loading case in figure 6(a). Moreover,
the model could not capture the deviation from an ideal circle
observed in the experimental results of Lim and McDowell
(1999). Such deviation was simulated by Saleeb et al (2011),

in addition to the numerical observations of Helm and
Haupt (2003).

More recently, Yu et al (2014b) properly investigated
hourglass, butterfly and octagonal nonproportional tension-
shear loading cases for SMAs capable of permanent plastic
strain. In the special case of some SMAs such as Fe–Mn–Si,
however, this feature becomes irrelevant since the martensite
variants cannot be reoriented because of energy gaps between
the variants that are higher than the plastic gliding energy.

4. TRIP, slip plasticity and training

Detwinning and plastic deformation are both dissipative and
mostly shear-driven deformation processes. A key difference,
however, is that the former mechanism occurs by lattice

Figure 3. Comparison between the simulations of Gu et al (2015), Arghavani et al (2010), Panico and Brinson (2007) and the experimental
data of Šittner et al (1995) for CuAlZnMn SMA. (a) Axial versus shear strain. (b) Axial stress–strain response. (c) Shear stress versus shear
strain.
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change without alteration to neighboring atoms, while the
latter does involve such alteration. The resulting plastic strain
cannot be recovered, unlike the strain due to phase transfor-
mation and detwinning. The experimental investigations of
Strnadel et al (1995), Sehitoglu et al (2001) and Gall and
Maier (2002) showed that plastic strain accumulates in
pseudoelastic nitinol subjected to cyclic loading. Plastic
deformation in this case does not require exceeding the yield
strength of either phase but only that local stress fields at the
austenite–martensite interface become sufficiently high to
cause localized slip dislocations. Such plastic deformation is
termed ‘transformation-induced’ or TRIP and the accom-
panying formation of residual stress fields is used to explain
the observed stabilization of a fraction of martensite during
unloading (Lexcellent and Bourbon 1996, Auricchio

et al 2003, Yan et al 2003, Kumar and Lagoudas 2010). The
activation of plasticity was found to interfere with forward
phase transformation in Fe-based SMAs at higher tempera-
tures (Kajiwara 1999) and with RT in NiTi (McKelvey and
Ritchie 2001). Auricchio and Reali (2007) also showed that
plastic deformation decreases the transformation stress in
NiTi wires during cyclic loading (see figure 7(a)). Kato and
Sasaki (2013) further showed that solutionized austenitic
nitinol has a narrow temperature interval in which both phase
transformation and TRIP are activated at the same critical
stress but with a loss in shape memory effect exceeding 60%.
During cyclic loading, plastic deformation was found to pin
certain martensite variants and prevent their RT to austenite,
thereby reducing the amount of recoverable inelastic strain. In
Fe-based SMAs, Nishimura et al (1998) and Nishimura and

Figure 4. Simulation of SMA subjected to nonproportional biaxial compression tests at T=35 °C (Bouvet et al 2004). (a) Triangular loading
path for modeling. (b) ò11 versus ò22 behavior. (c) ò11 versus σ11 behavior. (d) ò22 versus σ22 behavior.
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Tanaka (1998) showed that the relaxation of stress con-
centration at the tips of martensite plates by means of slip or
martensite reorientation can prevent complete shape recovery
even if the RT is completed. For Fe–30Mn–( - x6 )Si–xAl,
=x mass%, Koyama et al (2008) reported 4% recoverable

strain, which could be improved by 0.3% and 3% respectively
for x=1 and x=3 by means of training. Reversible TRIP
was reported for the same alloy for x=0 by Sawaguchi et al
(2008) under alternating tension and compression. The com-
peting effects of phase transformation and plasticity in Fe-
based SMAs were recently investigated by Khalil et al (2013)
who proposed a coupled constitutive model for the alloy and
plotted the stress–temperature phase diagram shown in
figure 7(b). The figure shows that plastic deformation in Fe-
based SMAs is favored with increasing temperature and stress
at the expense of phase transformation, with similar results
reported by Hartl and Lagoudas (2009) for NiTi.

In modeling plastic deformation in SMAs, a common
approach is to consider an additive split of the total strain e
featuring a plastic strain term epl such that the elastic strain
tensor eel is given by

( ) ( )e e e e a= - - - -T T , 13el tr pl
T 0

where etr is the transformation strain, aT is the second-order
matrix of thermal expansion coefficients and T0 is a reference
temperature. The evolution of strain due to plastic slip is
usually accounted for by means of a generalized plasticity
theory and associative flow rules. In this context, Yan et al
(2003) used the von Mises isotropic hardening theory to
describe plasticity in NiTi. Feng and Sun (2007) used a
similar approach to analyze the shakedown of SMA
structures. The authors found that depending on geometry,
loading mode and constitutive relations, the load-bearing
capacity of a SMA structure can be increased or reduced as a
consequence of phase transformation. Hartl and Lagoudas

(2009) proposed the following plastic flow rule:

˙ ˙ ( ) ( ) 
 

e s b
s b

e=
-

-
3

2

dev
, 14pl pl

VM

where the back stress b is such that ḃ varies linearly with ėpl.
Zhou (2012) proposed a different plastic strain expression
based on a linear hardening model whereby

˙ ( )( ) ˙ ( )e ss s= -S SH , : . 15pl
vm y

pl el

In this equation, ( )s sH ,vm y is the Heaviside function that
takes a value of 1 when the von Mises stress svm is greater
than the plastic yield strength sy, zero otherwise, and Sel and
Spl are the elastic and plastic compliance tensors, respec-
tively. Recently, Wang et al (2014a) used the PeierlsNabarro
(PN) formulation with a sinusoidal series representation of
generalized stacking fault energy to numerically investigate
the dislocation slip in different SMAs. The authors obtained
good agreement with the experimental results for Peierls
stresses in NiTi, CuZn, Ni2TiHf, Ni2FeGa, Co2NiAl and
Co2NiGa. On the micromechanical scale, the crystalline
structure needs to be considered. Body-centered cubic crystals
display 24 slip systems formed by the 12 primary slip systems
obtained from the six primary slip planes of type {110}, each
presenting two slip directions of type á ñ111 , and the 12
secondary slip systems á ñ111 (110) and á ñ111 (112) (Franz
et al 2009). In face-centered cubic structures, 12 slip systems
form along the close-packed plane of type {111}, and in the
á ñ110 directions. Finally, in hexagonal close packed crystals,
slip occurs only on the densely packed basal {0001} planes in
the á ñ1120 directions. Therefore there exists only three
independent slip systems on the basal planes for random
plasticity, except if additional slip or twin systems are
activated.

In their micromechanical models, Wang et al (2008)
considered only one [100] (001) slip system and eleven

Figure 5. Simulation of the hourglass biaxial test (Arghavani et al 2011). (a) ò11 versus ò22 at T=Af + 37 °C. (b) ò11 versus ò22 at T=Mf.
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deformation twinning modes. The average plastic strain rate
in NiTi was expressed as follows:

˙ ( ) ˙ ˙ ( )( ) ( ) ( ) ( )åe x g g= - +
=

P P1 , 16s s

i

i ipl

1

11

tw

where ( )P s and ( )P i represent the directions of the shear
caused by slip and twinning, ˙ ( )g s is the shear rate of slip and
˙ ( )g i
tw is the shear rate of the ith twin system. The model was
shown to capture the stabilization of martensite and the
obstruction of reverse phase transformation due to plasticity.
This approach is limited to a single slip system in martensite
and ignores plastic slip in austenite. The limitation was
addressed in the work of Yu et al (2012) who considered all
12 primary slip systems in the austenitic phase of NiTi and
considered a rate of plastic strain given by

˙ ( ) ˙ ( )( ) ( )åe x g= -
=

P1 17
s

s spl

1

12

and proposed an associated plastic strain hardening energy
given by the integral

∣( ) ˙ ∣ ( )( ) ( )ò å x gF = -
=

R t1 d , 18
s

s s
pl

0

tr

1

12

where ( )R s describes the isotropic slip resistance. This model
does not consider plasticity in martensite and is only valid in a
limited temperature range where plastic gliding in the product
phase can be neglected. A more general approach was
proposed by Yu et al (2014b) who considered 12 primary slip
systems in austenite and 11 twinning systems in martensite.

With regard to TRIP in SMAs, Fischlschweiger and
Oberaigner (2012) developed a mean-field model accounting
for nonproportional loading in which the macroscopic TRIP
strain is defined as follows:

( ) ( )e e ex x= - +1 , 19pl
A
pl

M
tp

where eA
pl and eM

pl are the average plastic strains in the
austenite and martensite phases. In general, TRIP strain is
commonly expressed in terms of parameters and variables
related to the number of loading cycles. For example, Bo and
Lagoudas (1999) proposed the following expression for the
TRIP strain magnitude:

∣ ∣ ( ) ( )e
s

z= + + -
+ +⎡

⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

d

d
r

d

d

d
1 , 20

r r
tp 0

1

1

1
1

dtw 0

1

r1 1
1

1 1

where d0 is the resistance to plastic deformation, d1 accounts
for strain hardening, z dtw is the accumulated volume fraction
of martensite considered proportional to the number of cycles,
and r1 controls the rate of plastic strain. In this work, the
magnitude of plastic strain was found to decrease during
cyclic torsional loading without considering the saturation of
plastic strain observed by Strnadel et al (1995). This
limitation was addressed by Lagoudas and Entchev (2004)
who considered TRIP strain to be proportional to the rate of
accumulated detwinned martensite volume fraction z dtw such
that

˙ ˙ ( )e z L= , 21tp dtw tp

Figure 6. NiTi SMA subjected to circular loading (Helm and Haupt 2003). (a) Circular loading path. (b) Stress response to nonproportional
circular loading.
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where the flow directionLtp takes different values for forward
and reverse phase transformations, as follows:

( )
( ) ( )

( )

( )

s b
s b s b

e
e e

z

z

L

L

=
+

+ +
-

= -

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

C
C

C
C

3

2

dev

dev : dev
exp ,

3

2

dev

:
exp .

22

fwd
tp

1
tp

dtw

2
tp

rev
tp

1
tp max

tr

rev
tr

rev
tr

dtw

2
tp

In these expressions, the parameters C1
tp and C2

tp govern
number of cycles to saturation and the saturation rate, and erev

tr

is the transformation strain on load reversal. An alternative
expression for the TRIP direction during forward phase
transformation was proposed by Hartl et al (2010) who
defined the direction tensor Ltp as

( ) (˙ ) ( ) ( )s
s x

s
L = f sgn

3

2

dev
, 23tp tp

vm

where f tp is a quadratic function of the von Mises effective
stress. Expressions in (22) are similar to those in (Lim and
McDowell 1994), with the only difference that z dtw is
replaced with the total volume fraction of martensite. They
were recently modified by Chemisky et al (2014) to account
for cyclic actuation of high temperature shape memory alloys
(HTSMAs) with the assumption that TRIP strain may not
always saturate. The modified equations are given by

( )
( )

( ) ( )

( )

 

 

s
s

e
e

z

z

L

L

= + -

= -

´ + -

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟

w C C
C

H

H

w

C C
C

H

H

3

2

dev

dev
exp ,

3

2

dev
1

exp ,

24

fwd
tp

1 0
tp

1
tp

dtw

2
tp

cur

sat

rev
tp rev

tr

rev
tr 1

0
tp

1
tp

dtw

2
tp

cur

sat

where C0
tp is a parameter that accounts for ratcheting effects,

w1 is the ratio of the TRIP strain generated during forward
transformation to the one obtained in a complete loading
cycle and Hcur is the transformation strain magnitude, which
takes a maximum value H sat. In their micromechanical model,
Yu et al (2013) and Yu et al (2014a) neglected the dislocation
plasticity but considered the TRIP to occur by friction slip
along the 24 systems at the interfaces between the austenite
and martensite variants. The same approach was used by Yu
et al (2015) who additionally considered the reorientation-
induced plastic (ROIP) and defined the following rates of
TRIP strain etp and ROIP strain erp:

¯ ( )

å

å

e

e

g

g

=

=

=

=

P

P

,

, 25

i
i

i

i
i

i

tp

1

24
tp

rp

1

24
rp

where gi
tp is the TRIP magnitude and ḡi

rp is the effective ROIP
magnitude at the interface between austenite and the ith
martensite twin system. The plastic deformation and marten-
sitic transformation are dissipative processes that can
influence the mechanical response of SMAs by means of
thermomechanical coupling.

Hartl and Lagoudas (2009) introduced a plastic back
stress tensor b that modifies the phase transformation con-
ditions by shifting the critical transformation stress such that
the effective stress tensor in the transformation flow rule
becomes

( )s s b= + . 26eff
tr

The following Gibbs free energy term was consequently
introduced to account for the influence of back stress and the

Figure 7. Cyclic stress–strain behavior and phase diagram in presence of plastic deformation. (a) Influence of plastic deformation on phase
transformation stress and residual strain (Auricchio and Reali 2007). (b) Stress–temperature diagram for an Fe-based SMA Khalil
et al (2013).
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coupling between phase transformation and plasticity:

( ) ˙ ( )s b e b b b
r

x L= - - + -a
a

⎡
⎣⎢

⎤
⎦⎥G

H

1
:

:

2
: , 27pl pl tr

where aH is the kinematic hardening modulus of phase
α = {A, M}. Auricchio et al (2007a) and Auricchio and Reali
(2007) introduced a simpler expression considering kinematic
hardening and explicit coupling between plasticity and phase
transformation given by

( ) ( ) e e e-
H

A
2

dev : , 28
pl pl 2

cpl
tr pl

where Hpl controls the evolution of residual inelastic strain
and Acpl is a material parameter. The authors simulated the
saturation of plastic strain (see figure 8(b)) as well as the
degradation of the mechanical response of the material (see
figure 8(c)). An alternative expression for the strain energy
density Ya

hd due to plastic deformation of the different phases
was proposed by Frémond (1987), Savi et al (2002) and Paiva
et al (2005) such that

( ) ( ) ( )r g mY = +a a aK H
1

2

1

2
, 29hd

pl
2

pl
2

where α represents either austenite or martensite that can be
twinned or detwinned in tension or compression, aK and aH
are hardening parameters and gpl and mpl are linear functions
of the plastic strain and phase fractions. Zaki et al (2010b)
modified the ZM model to account for plastic deformation
considering linear kinematic hardening in NiTi where plastic
deformation is governed by the condition

( )s e s- H
2

3
, 30pl

pl

VM
y

sy being the yield strength. The results in figure 9 show that
plastic deformation was simulated better at ambient temper-
ature than in the pseudoelastic range ( = T 40 C). The
problem in the above equations is that the dissipation due
to plasticity and its interaction with phase transformation is
assumed to be linear, which is not consistent with
experimental observations. Following Jemal et al (2009),
Khalil et al (2012) considered plastic yielding in Fe-SMAs to
occur exclusively in the austenitic phase. They accounted for
nonlinear hardening using the following intergranular and
intragranular interaction energies:

( )
( )

( )

( )
( ) ( )

( )
( )

e e

x

x g xg

F =
+

F =
+

+ -
+

-
+

+

+

+ +

H

n

H

n
H

n

H

n

1

2 1
: ,

1

1
1 1

31

n

n

n n

intergranular
grn

g

ine ine 1

intragranular
v

v

1

s

s

1 sv

sv

1

g

v

s sv

where Hv, Hs, and Hsv are parameters that govern hardening
due to phase transformation, plastic gliding and the interac-
tion between martensite variants and slip systems, Hgrn

accounts for interactions between grains, and ng, nv, ns and
nsv are hardening exponents. Using the experimental data of
Baruj et al (2010), the authors concluded that only phase

transformation occurs at low temperature while plasticity is
activated at high temperature and both processes are
simultaneously active in the intermediate temperature range.
The nonlinear stress–strain curve was accurately simulated
during loading (see figure 10). However, the model does not
account for nonlinear unloading at elevated temperature or for
residual martensite trapped by plastic slip. The amount of
martensite pinned by the residual mechanical fields that
develop during cyclic loading was modelled by Auricchio
et al (2003) by means of an irrecoverable martensite volume
fraction xirr given by

[ ( )] ( )x x g= - -b1 exp , 32R u u
AM

where xu is the maximum value of ξ achievable by training, bu

measures the training ability of the material, and gAS is given
by ˙ ∣˙ ∣g x= s

AS . The authors validated their numerical results
against the experimental data of Castellano (2000) as shown
in figure 11. In this figure, exponential variations of the
residual martensite volume fraction xirr and forward transfor-
mation start stress ss

AS are observed with the accumulation of
forward and RT strains, gAS and gSA, which stabilize after 20
cycles for xR and ss

AS. It can be noted that the results in
figure 11(b) are less accurate that those in figure 11(a). An
alternative expression for xirr was proposed by Yan et al
(2003) and Zhou (2012), given by the following relation:

( ) e
x

e
= , 33irr

pl

crit
pl

where ecrit
pl is a critical value of the magnitude of plastic strain

 epl . More recently, Chemisky et al (2014) expressed the rate
of the volume fraction xirr in HTSMAs as

˙
˙ ˙

( ) ˙ ˙
( )x

z
z x

z
z x

=

- >

- - <

⎧

⎨
⎪⎪

⎩
⎪⎪

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

wC
C

w C
C

exp for 0,

1 exp for 0,

34irr

1
R

dtw

2
R

dtw

1
R

dtw

2
R

dtw

where w and C2
R are material parameters and C1

R is a function
of the effective stress. An exponential variation of xirr was
also proposed by Yu et al (2014a) who considered an explicit
additive split of the total martensite volume fraction into
recoverable and irrecoverable parts, xrec and xirr, where xirr
varies exponentially with xrec.

The development of residual stress fields and pinned
martensite during cyclic loading allows autonomous shape
recovery of SMAs during temperature-driven phase trans-
formations, which gives rise to the well known TWSME (Bo
and Lagoudas 1999, Lexcellent et al 2000, Lagoudas and
Entchev 2004, Paiva et al 2005, Falvo et al 2008). Unlike
one-way shape memory, TWSME is an acquired behavior in
SMAs, with early work on the subject due to Perkins (1974),
Miyazaki et al (1981), Liu and McCormick (1990), Rogueda
et al (1991) and Stalmans et al (1992). The TWSME is
generally induced by means of a so-called ‘training’ process
consisting in subjecting the material to cyclic loading at
temperatures lower than M0

f or greater than >T A0
f

(Schroeder and Wayman 1977, Cingolani et al 1995, Pons
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et al 1999). It can also be induced by deformation of SIM at
>T Ms (Delaey et al 1974) or by the creation of precipitates

in the material (Oshima and Naya 1978, Amengual et al 1995,
Guilemany and Fernández 1995). The physical mechanism
responsible for the development of TWSME in trained SMAs
was explained by Perkins and Sponholz (1984), Contardo
(1988), Tadaki et al (1988), Lovey et al (1995) and De Araujo
(1999) as follows: unrecovered strain at the end of each
loading cycle accumulates during training until saturation; the
resulting permanent dislocations, defects and residual stress
stabilize a fraction of the martensite plates that are then
identically recreated during subsequent transformations, thus
producing macroscopic strain. This allows a trained SMA to
switch configurations between stable austenite and oriented
martensite phases by heating or cooling without requiring

additional external loading. If the orientation of martensite
during cooling is facilitated by external stress, the resulting
behavior is called assisted two-way shape memory effect
(ATWSME) or superthermal effect. The adjunction of exter-
nal stress favors the nucleation of oriented martensite var-
iants, cooling the material then produces macroscopic
inelastic strain that is recoverable by heating above Af

(Kim 2004, 2005). Models for TWSME were proposed,
among others, by Rogueda et al (1991), Hebda and White
(1995), Bo and Lagoudas (1999), Lexcellent et al (2000),
Auricchio et al (2003) and Zaki and Moumni (2007b). Lex-
cellent et al (2000) extended the model of Leclercq and
Lexcellent (1996) by adding a training energy term Fed

derived under the assumption that Fed is constant for constant
stress sed and equal to zero for non-trained SMA or for

Figure 8. Cyclic stress–strain curves considering coupling between phase transformation and plasticity (Auricchio et al 2007a). (a) Tensile
loading cycles for Hpl=0 MPa, Acpl=0 MPa and T=298 K. (b) Tensile loading cycles for Hpl=1.5×104 MPa, Acpl=0 MPa and
T=298 K. (c) Tensile loading cycles for Hpl=1.5×104 MPa, Acpl = 2×103 MPa and T=298 K.
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sed = 0. From these considerations an empirical form of Fed

was proposed as follows:

( )s
s

F = F
+

⎛
⎝⎜

⎞
⎠⎟

a

a1
, 35ed ed

sat ed

ed

where the parameters Fed
sat and a are determined based on the

experimental work of Bourbon et al (1995). The model was
validated against experimental data as shown in figure 12.
This attempt, however, shows non negligible discrepancies
compared to experimental results due to exceedingly high

sensitivity to stress variation. To account for the cyclic
deformation and TWSME, Zaki and Moumni (2007b)
adapted the ZM model of Zaki and Moumni (2007a) by
inserting new parameter B representing the internal stress that
allows the martensite orientation in the absence of external
mechanical loading. More precisely, the authors added the
‘ ex- B :2

3 r’ to the Helmholtz free energy term to simulate the
TWMSE of NiTi. The results were not validated against
experimental data. possible degradation of constitutive
models in cyclic loadings due to the cumulative plastic

Figure 9. Simulated versus experimental stress–strain behavior considering plastic deformation in NiTi. The simulated curves are shown in
dash–dot line (Zaki et al 2010b). (a) Ambient temperature. (b) T=40 °C.

Figure 10. Simulation of martensite transformation and plastic deformation in austenitic iron-based SMAs (Khalil et al 2012). (a)
Comparison between experimental and simulated stress–strain curves in tension at 20 °C for Fe–Mn31.6–Si6.45–C0.018. (b) Comparison
between experimental and simulated stress-strain curves in tension at 100 °C for Fe–Mn28–Si6–Cr5.
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gliding. Therefore engineering applications requiring high
mechanical loading should consider the plastic deformation.

5. Thermomechanical coupling

The forward phase transformation is accompanied with a
release of latent heat and is therefore exothermic, while the
RT is endothermic. The heat exchanged during phase trans-
formation can result in self-heating or self-cooling of the
alloy, depending on the transformation direction, with
immediate consequences on the phase transformation process
(Shaw and Kyriakides 1995, Zhu and Zhang 2007,
Morin 2011). Indeed, the generation of heat during forward
transformation can stabilize austenite by increasing its
temperature, thus increasing the stress required to further
proceed with the transformation (Ortin and Planes 1989). On
the other hand, the release of latent heat during RT stabilizes
the martensite phase thereby decreasing the RT stress. This
behavior is further influenced by dissipation due to phase
transformation and inelastic deformation of the SMA and by
conditions influencing the exchange of heat with the sur-
roundings, including the loading rate. The influence of strain
rate on the critical stresses for phase transformation and on
the size of the pseudoelastic hysteresis appears to have been
first reported by Van Humbeeck and Delaey (1981) for Cu-
based SMAs and by Mukherjee et al (1985) for NiTi alloys. A
justification was later provided by Leo et al (1993), McCor-
mick et al (1993), Shaw and Kyriakides (1995), and He and
Sun (2010) who showed that SMA samples submerged in
water require a significantly higher strain rate to display
measurable variation in the size of hysteresis compared to
samples in air, which motivated the conclusion that rate
dependence was not a manifestation of viscous effects but
rather a consequence of thermomechanical coupling. The

isothermal experiments of Grabe and Bruhns (2008) and
Heller et al (2009) and the numerical simulation results of
Morin et al (2011a) further support this conclusion. Ther-
modynamics can be written as follows: thermodynamics gives
the total dissipation Dp as follows: in existing SMA models,
thermomechanical coupling is commonly accounted for
considering latent heat and intrinsic dissipation due to phase
transformation as heat sources (Auricchio and Sacco 2001,
Zhu and Zhang 2007, Chemisky et al 2011, Morin
et al 2011a, 2011b, Yu et al 2014b, Yin et al 2014). A
thermal energy density FT is also defined in terms of the
specific heat Cp of the SMA and incorporated in the expres-
sion of the free energy density of the material:

( )rF = - -
⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟C T T T

T

T
ln , 36T p 0

0

where ρ is the mass density and T0 is a reference temperature.
Morin et al (2011a) and Moussa et al (2012) utilized the
following expression for the rate of energy dissipation
density:

˙ ( ˙ ˙ ) ( )s e 
= - + -

q
D L Ts

T

T
: 0, 37

where s is the stress tensor, ė is the total strain rate, Ṫ is the
temperature rate, s is entropy, q is the heat influx vector and L
is the energy Lagrangian used in the ZM model (Zaki and
Moumni 2007a, 2007b). Like in (Bernardini and Pence 2002)
and (Anand and Gurtin 2003), the authors divided D into an
intrinsic mechanical part D1 and a thermal dissipation part D2,
which are assumed to be independently positive and given by

˙ ( ˙ ˙ ) ˙ ˙

( )

s e e


x= - + = +
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Figure 11. Degradation of SMA behavior due to cyclic loading (Auricchio et al 2003). (a) Evolution of xR with gAS. (b) Evolution of ss
AS

with gAS.
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where Aξ and Aori are the thermodynamic forces driving
martensite transformation and orientation, respectively. Con-
sidering Aξ and Aori as sub-gradients of the homogeneous
dissipation potential in the ZM model and neglecting the heat
generation due to martensite orientation, the heat equation and
thermal boundary conditions in a region Ω of the SMA were
defined by the authors as

˙ ( )
( ) ˙

[ ( ) ]∣˙∣
( )

( )
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r x

x x x

- =
¶

¶
+ - + W
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q n

C T k T T
C T

T
a a

h T T
T T

div

1 in ,

. at the boundary ,
,

39

t

p T
p

1 2

T
ext

0 ext

where h is the heat convection coefficient, Text is the ambient
temperature, kT is the heat conduction coefficient, n is an
outward unit vector normal to the boundary ¶W, and a1 and a2
are material parameters. In the above heat equation, only
phase transformation appears as a source of dissipative heat
while reorientation is disregarded. An expression equivalent
to D1 in (38) was also derived by Panico and Brinson (2007)
and Christ and Reese (2009). Thamburaja and Nikabdullah
(2009) and Thamburaja (2010) further dissociated the forward
and reverse behaviors and obtained

˙ ( ( )) ˙ ˙
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 ex ka

x x

- = -

+ + +

cT k T H
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A A r

div 3
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where κ is the bulk modulus of the material, HAM is the
transformation latent heat, r is the heat supply per unit
reference volume, and Afwr and Arev are the thermodynamic
forces for forward and RTs. The following relation between

HAM and Aξ was established by Chang et al (2006):

( )= -
¶

¶
x

x
H A T

A

T
, 41AM

where the Voigt model is used to determine an effective thermal
expansion coefficient aT for the SMA and the Reuss model is
used to determine an equivalent conductivity kT. Equations
similar to (40) were derived by Zaki et al (2010a) and Peigney
and Seguin (2013) and by Depriester et al (2014) who further
considered thermoelastic contributions. Auricchio et al (2008)
simulated a thin SMA sample taking into account the influence
of thermomechanical coupling. They neglected heat conduction
based on the small cross-section of the sample. The simulation
shows that the slope of the transformation stress plateau
increases with the loading rate, while the hysteresis size remains
constant. More recently, Christ and Reese (2009) simulated the
adiabatic thermomechanical behavior of a SMA strip using
experimental data from Helm and Haupt (2002). The strip was
subjected to prescribed initial temperature =T0 302 K at both
ends. A maximum displacement umax = 2mm was applied to a
long, thin strip (l=100mm; b=12mm and t=4mm) and
held for 10 s before unloading. The results at the centroïd of the
sample show a dependence of the stress–strain curve, martensite
volume fraction and temperature distribution on the loading
rate. Figure 13(a) shows that the maximum temperature
increased by 21K when the stretching rate is increased from
˙ = ´ - -u 2 10 mm s4 1 to ˙ = ´ - -u 2 10 mm s2 1. Moreover,
the forward transformation finish stress sAM

f increased by
150MPa (figure 13(b)) and the maximum martensite volume
fraction decreased from 0.95 for ˙ = ´ - -u 2 10 mm s4 1, to 0.91
for ˙ = ´ - -u 2 10 mm s3 1, and 0.8 for ˙ = ´ - -u 2 10 mm s2 1

(figure 13(c)). These results agree with the experimental
observations of Leo et al (1993), Matsuzaki et al (2001) and
Pieczyska et al (2006). The numerical results of Morin et al

Figure 12. Modeling of the TWSME for different levels of applied stress (Lexcellent et al 2000). (a) sed=65 MPa. (b) sed=144 MPa.
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(2011a) show similar variation trends for the stress–strain and
temperature-strain curves for loading rates of ´ - -4 10 mm s5 1,
´ - -4 10 mm s4 1 and ´ - -4 10 mm s2 1. However, unlike in

Christ and Reese (2009), the variation in hysteresis size was
found to follow a bell-shaped curve with the increase in strain
rate. Recently, Yu et al (2014a) successfully simulated the
effects of loading rate observed experimentally by Morin et al
(2011a) and Sun et al (2012b). Mirzaeifar et al (2011) proposed
a 3D model considering thermomechanical coupling to
investigate the effect of latent heat and the heat flux resulting
from the temperature nonuniformity. The authors were able to
simulate quasi-static and dynamic solicitations for SMA bars
and wires considering the influence of loading rate, size and
ambient condition effects. More recently, Hashemi et al (2015)
obtained results similar to those in figure 13(b) but with near-
constant hysteresis size.

The above models disregard localized dissipation that
accompany the formation of Lüders-like phase transformation
fronts in SMAs. The nucleation and propagation of these
fronts at different loading rates and ambient thermal condi-
tions were considered by e.g. Iadicola and Shaw (2004) who
further considered the influence of material self-heating on the
number of transformation fronts. Overall, accounting for
thermomechanical coupling is required in presence of suffi-
ciently high loading rates, for which the intensity of the heat
exchange with the surroundings is not sufficient to maintain a
relatively constant temperature in the SMA during phase
transformation. In such case, the variation in temperature has
implications on the size of the hysteresis loop, which is linked
to the density of energy dissipation in a loading cycle and
thereby to structural and functional fatigue of SMAs. It is
worth noting that the behavior of SMAs at high loading rates,

Figure 13. Adiabatic pseudoelasticity of NiTi for different loading rates (Christ and Reese 2009). (a) T versus ò22. (b) σ22 versus ò22. (c) x
versus ò22.
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which is affected by thermomechanical coupling, appears not
to be properly described by existing models.

6. Tension–compression asymmetry

The stress–strain behavior of SMAs is known to display
tensile–compressive asymmetry (Wasilewski 1971, Lieber-
man et al 1975, Vacher and Lexcellent 1991, Chumljakov and
Starenchenko 1995, Patoor et al 1995, Jacobus et al 1996,
Gall et al 1997, Liu et al 1998). Buchheit and Wert (1994)
explained this asymmetry by the unidirectional nature of
phase transformation for individual martensite variants. Gall
et al (2001a) demonstrated that the asymmetric critical
transformation stress and hardening behavior in NiTi origi-
nate at the single crystal level from differences in the for-
mation and detwinning of corresponding martensite variant
pairs. The authors found that the [111] crystals in compres-
sion cannot develop as much uniaxial strain as in tension. In
the case of NiTi SMAs, the asymmetry gives rise to lower
recoverable strain as well as higher transformation stress and
steeper transformation plateau in compression compared to
tension (see figure 14(a)). The degree of asymmetry is
influenced by texture in polycrystalline NiTi, whereas in
single crystals it is mostly affected by the size of precipitates
(Gall and Sehitoglu 1999). An influence of temperature was
also observed by Orgéas and Favier (1995) who reported
higher asymmetry with increasing temperature (see
figure 14(b)). The authors found the same transformation
energy density same in tension and compression and con-
cluded that the asymmetry is unrelated to the Bauschinger
effect or to anisotropy. In iron-based SMAs, Nishimura et al
(1996) experimentally determined the slope of the phase
transformation boundary in the stress–temperature diagram of
Fe66Cr9Ni5Mn14Si6(wt%) to be 0.85MPa K−1 in tension
and −1.13MPa K−1 in compression. The corresponding
asymmetric forward transformation start stresses were plotted
by Nishimura et al (1999) for different temperatures (see
figure 14(c)). Similar results were reported for NiTi by
Raniecki et al (2001) as shown in figure 14(d). To model the
asymmetric behavior of SMAs, the von Mises effective stress
svm and/or stain commonly used to define phase transfor-
mation surfaces is substituted with expressions sensitive to
changes in the loading direction, which typically feature the
first or third invariants of the stress and strain tensors. Gillet
et al (1998) and Raniecki and Lexcellent (1998) developed
some of the earliest models that account for tension–com-
pression asymmetry. Bouvet et al (2002) proposed the fol-
lowing effective stress used in defining the phase
transformation surfaces:

( ) ( )s s= sf y , 42eff vm

where f is a function of the third stress invariant yσ given by

( )
( )

( )s
s

=sy
27

2

det
, 43

d

vm
3

in which sd the deviatoric part of the stress tensor. The
function f was defined as follows:

( )
( ( ))
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3
, 44

1

to guarantee the convexity of the loading surface for all values
of the parameter a between 0, for which s s=eff vm, and 1, for
which the asymmetry is maximum. The parameter a was
expressed in terms of the uniaxial tensile and compressive
transformation stresses, st and sc, as

( )s
s

= - -
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⎛
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The above expression of the equivalent stress was later used
by Lexcellent et al (2006), Thiebaud et al (2007), Taillard
et al (2008) and Saint-Sulpice et al (2009). Saint-Sulpice et al
(2009) successfully simulated the experimental observations
of asymmetric behavior reported by Raniecki and Lexcellent
(1998). Thiebaud et al (2007) used (44) to simulate the
asymmetric distribution of the martensite volume fraction in a
plate subjected to bending as shown in figure 15. Raniecki
et al (2001) proposed the following alternative expression for
f, in which ( ) =f 0 0 for =sy 0 corresponds to pure shear:

( ) [ ( )] ( )= - - +s sf y h c d yexp 1 . 46

The parameters c, d and h in this equation take the respective
values 0.37, 0.78 and 1.17 for NiTi, and can be modified to
achieve different degrees of asymmetry. Vieille et al (2007)
suggested an alternative expression of the effective stress
given by

( )
( )s = +

⎛
⎝⎜

⎞
⎠⎟J b

J

J
3 1

27

2 3
, 47eff 2

3

2
3 2

where the degree of asymmetry is controlled by the single
parameter b. The von Mises stress is obtained for b = 0, while
both b = 1 and b = 2 correspond to maximum asymmetry
where the loading surface becomes an equilateral triangle in
the deviatoric stress space. Auricchio and Petrini (2004) and
Evangelista et al (2009) defined the following asymmetric
loading function for phase transformation:

( ) ( )= + -XF J m
J

J
R2 , 482

3

2

where J2 and J3 are the second and third invariants of the
deviatoric part of the relative stress X given by

( )s b= -X . 49

In the above the equation, b is analogous to back stress in
plasticity, and R and m are material parameters given by

( )s s
s s

s s
s s

=
+

=
-
+

R m2
2

3
and

27

2
. 50

c t

c t

c t

c t

The convexity of the loading surface is insured for m 0.46.
In contrast to the observations of Orgéas and Favier (1995),
the simulated asymmetry was more pronounced during
martensite detwinning than during phase transformation in
the range < <A T As f , and nearly disappeared in the
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pseudoelastic domain. A similar approach was used by Christ

and Reese (2009) where =R k 2

3
, k being half the height of

the hysteresis loop. Considering the asymmetry in equivalent
stress may be insufficient for proper simulation of SMA
behavior and an asymmetric equivalent transformation strain
may be needed. Bouvet et al (2004) and Saint-Sulpice et al
(2009) considered asymmetric rate equations for the trans-
formation stress where

( )
( )

( )
( )
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tr

tr

and f is given by (44). This model introduces asymmetric
equivalent values of of s and etr in the expression of the free

energy, and etr in the formulation of the constraints on the
state variables. More recently, the following effective
transformation strain at saturation was proposed by Zaki
et al (2011) using a mathematical framework proposed by
Raniecki and Mróz (2008):
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g t and gc being the maximum transformation strains in
tension and compression, respectively. The authors accurately

Figure 14. Experimental observations of asymmetry in the behavior of NiTi and Fe-based SMAs. (a) Tension and compression tests using
equiatomic NiTi at T=60 °C (Orgéas and Favier 1995). (b) Influence of temperature on the transformation stresses in NiTi (Orgéas and
Favier 1995). (c) Martensite transformation start curves in terms of shear versus normal stress for Fe66Cr9Ni5Mn14Si6 (wt%) (Nishimura
et al 1998). (d) Forward phase transformation surfaces for NiTi at different transformation temperatures. The von Mises curve is in dotted
line (Raniecki et al 2001).
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simulated the experimental results of Gall and Sehitoglu
(1999). Peultier et al (2006, 2008) also accounted for
asymmetric behavior in SMAs via a modified Prager
formulation of the mean saturation strain given by

( )
( )e k r= +

⎛
⎝⎜

⎞
⎠⎟

J

J
1 . 54sat

tr 3

2
3
2

1
4

This relation was later generalized by Chemisky et al (2011)
as follows:
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where ρ is no longer constrained in [ ]0, 1 and both ρ and κ are
determined from simple tension and compression experiments
using the equations
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in which υ and n are material parameters. The von Mises
effective transformation strain is retrieved for r = 0 and (54)
is obtained for n = 4. Auricchio et al (2009) used yet another
expression for the scalar transformation strain in uniaxial
loading equivalent to the 3D Prager–Lode J J2 3 norm and
given by

( )∣ ∣ ( ) e e e= + -c c1 , 57tr tr tr

where c = 0.1 for NiTi. The authors found that the asymmetry
decreases with increasing temperature and nearly disappears
above the austenite finish temperature, much like in
(Evangelista et al 2009). However, none of these two paper
attempted experimental validation of the reported results. A
different approach was utilized by Thamburaja and

Nikabdullah (2009) and Thamburaja (2010) who incorporated
the asymmetry in the flow rule of the plastic strain, as follows:

˙ ( ) ˙ ( )( )åe r x= +
=

PJ
3

2
1 , 58

i
i

ip
3

1

2

where ( )P 1 and ( )P 2 are the flow directions for forward and
RTs respectively, J3 is the third stress invariant and ρ is a
material parameter. The asymmetric flow rule was successful
in simulating the experimental results of Orgéas and
Favier (1998).

The incorporation of tensile–compressive asymmetry in
the simulation of SMAs by way of one of the methods
described in this section allows higher fidelity in reproducing
the actual behavior of these materials when analyzing SMA
structures.

7. Hysteresis, internal loops and return-point
memory

The hysteresis loop formed during phase transformation in
SMAs is directly related to the coherency energy resulting
from the motion of austenite–martensite and variant–variant
interfaces (Müller and Seelecke 2001). In this context, Lex-
cellent et al (2008) discussed the validity of the criteria pro-
posed by James and Zhang (2005) for the minimization of
hysteresis width in alloys exhibiting first-order transition.
From consideration of the free energy Φ given by Leclercq
and Lexcellent (1996), Lexcellent et al (2008) drew the fol-
lowing conclusions:

(1) =
x

¶ F
¶

0
2

2 corresponds to the non-hysteretic Maxwell

model and is applicable to single-crystal CuZnAl,

Figure 15. Distribution of the martensite volume fraction ξ in a SMA plate using symmetric and asymmetric models (Thiebaud et al 2007).
(a) Symmetric case with a=0. (b) Asymmetric case with a=0.7.
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(2) >
x

¶ F
¶

0
2

2 reflects good cohabitation between the two
phases and is applicable to modeling the non-hysteretic
formation of R-phase in NiTi,

(3) <
x

¶ F
¶

0
2

2 suggests incompatibility between the two

phases and is representative of the hysteretic transfor-
mation in NiTiZn.

Evidence of the hysteretic behavior in SMAs is provided
by the existence of different sets of phase transformation
temperatures and stresses during forward and reverse phase
changes. In addition to the now well-established hysteretic
behavior, the stress–strain response of SMAs was also found
to display subloops when reloading through a point in the
loading path from which there was previous unloading. Early
models accounting for the formation of subloops are attrib-
uted to Huo and Müller (1993), Leclercq and Lexcellent
(1996), Tanaka et al (1995), Gillet et al (1998) and Bekker
and Brinson (1998). Different models for thermal hysteresis
for SMAs in the e - T plan were developed by these authors.

For temperature-induced transformation, a major loop is
formed for temperatures outside the interval [Mf , Af], whereas
minor loops are created during cyclic temperature variation
within the same interval. Early SMA models such as those of
Tanaka (1986), Raniecki and Lexcellent (1994) and Boyd and
Lagoudas (1996) describe thermal hysteresis within the fra-
mework of continuum thermodynamics using the same
transformation criteria to describe major and minor loops.
This approach, which considers a single modeling framework
for both minor and major loops was largely abandoned in
later models. In particular, Ivshin and Pence (1994) used the
Duhem–Madelung hysteresis model to describe minor loops
as homothetic reductions of the major loop. Accordingly, the
variation of the martensite volume fraction in an internal loop
was given by
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where tj and tk are reversal times, ξ is the martensite volume
fraction for the current subloop and xmaj is the volume fraction
for the major loop at temperature T. This approach, which
only considers the last reversal point, could not predict the
formation of minor loops near the start and finish points of
phase transformation. An alternative approach was proposed
by Ortín (1992) who adapted the Preisach hysteresis model
for modeling SMAs. The material behavior was represented
by means of an infinite number of Boolean hysteresis relays
with operators gab associated to weighting distribution
functions ( )m a bT T, . The output ξ is given by the number of
‘1-positioned’ relays as follows:

( ( )) ( ) ( ) ( )
ò òx m g= a b ab a b

a b

T t T T T t T T, d d , 60
T T

where ξ is a functional of the temperature history and aT and
bT are two temperatures. A challenge in this model is to

determine the distribution function ( )m a bT T, , which must be
redefined each time the loading direction changes for complex
loading paths. Moreover, the Boolean relays are only
representative for single crystals with one martensite variant
and the model presents discontinuity issues in gab. These
issues were addressed in the K–P hysteresis model of
Krasnoselskii and Pokrovskii (1983) using a smooth
hysteretic kernel function ks. Moreover, the double integral
in (60) is discretized and incremented with a linear thermal
term to ensure the invertibility of ξ. This allows the simulation
of complex and cyclic loadings but is not sufficient to capture
the accumulation of plastic strain and the ensuing degradation
of the stress–strain response (Webb et al 2000). More
recently, Nascimento et al (2009) used a 1D thermal
hysteresis model based on the limiting loop proximity (L P2 )
proposed by de Almeida et al (2003) to simulate the
formation of minor loops in SMA actuator wires. Like in
(Nascimento et al 2004), the major loop was described by
means of the following equation:
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where es is the hysteresis height, w is the hysteresis width, eL

is the saturation strain and β is the slope e
T

d

d
at the critical

temperature Tc at the center of the loop. Minor loops are
governed in this model by
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where Tpr is defined as a ‘thermal distance’ of the reversal
point (e e= rL , =T Tr) to the major loop (see figure 16(a))
and is given by
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( )P x is a decreasing function that satisfies the conditions
( ) =P 0 1 and ( )¥ =P 0 with
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The comparison of numerical and experimental results for
equiatomic Ni–Ti shows good agreement for s = 200 MPa
(see figure 16(b)). The authors also found that the hysteresis
width decreases linearly with the applied stress, in contrast to
some of the earlier models like (Huang and Xu 2005) where
the size of thermal hysteresis was constant.

For pseudoelastic SMAs, hysteresis is described in the
stress–strain space. In this regard, Müller (2012) dis-
tinguished three scenarios for pseudoelastic hysteresis in
single crystals: unloading before complete forward transfor-
mation leading to internal recovery (figure 17(a)), reloading
before full RT causing internal plastic yielding (figure 17(b))
and formation of internal loops when the partial loading/
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unloading takes place strictly within the major pseudoelastic
loop (figure 17(c)). Gillet et al (1998) describes the sub-loops
from the quantity of martensite formed during the previous
forward transformation. The critical force for phase transfor-
mation was considered as a function of the martensite volume
fraction at the end of the last direct transformation *x

( ) ( )*x= -x xF F 1 2 , 65crit max

Peultier et al (2006) extended (65) in such way that subloops
are formed only when both the martensite volume fraction ξ
and equivalent mean transformation strain eeq

tr are less than
their maximal values. They related the critical thermodynamic
force for phase transformation xF crit in the subloop to that of
the major loop ( xFmax ) by the relation

( )
* *x e

e
= -x x

⎛
⎝
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⎞
⎠
⎟⎟F F 1 2 , 66crit max eq

tr

L

where *x and *eeq
tr indicate the onset of the forward phase

transformation loop, and eL is the maximum uniaxial
transformation strain. Later, Chemisky et al (2011) general-
ized (66) by distinguishing minimum and maximum trans-
formation thresholds for inner loops, xFmin and xFmax , which
they used to define two different critical thermodynamic
forces, as follows, using the notion of memory point of Wack
et al (1983):
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min max mem

f 0 s eq
tr

min max mem

r 0 s eq
tr

In these equations, xFmem is the memorized thermodynamic
force at load reversal and Hs, B, Bf and Br are material

Figure 16. Simulation of thermal hysteresis in SMA wires using the L P2 method (Nascimento et al 2009). (a) Representation of thermal
hysteresis for a SMA wire actuator. (b) Simulation of hysteresis for a SMA wire actuator for σ=200 MPa.

Figure 17. Pseudoelastic hysteresis in shape memory single crystals. (a) Internal recovery. (b) Internal yield. (c) Internal loop.
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parameters. The authors substituted *x in (66) by

( )
( )

( )*

*
g

x x
x x

=
-
-

x , 68
obj

where x = 1obj for A → M and x = 0obj for M → A. Bouvet
et al (2004) also utilized the return point memory effect
(RPME) notion of Ortín (1992) to describe the formation of
inner loops in presence of complex loading cases. A reversal
point RP, memorized as a maximum at the end of partial
loading or as a minimum at the end of partial unloading, is
‘forgotten’ only when the loop is closed at the next RP.
Extending this work, Saint-Sulpice et al (2009) developed a
3D model in which the evolution of the size ( )xR of the
transformation surfaces is given by

In a given loop n, dn
max and dn

min are the values of the
characteristic size δ of the elastic domain at the high and low
memory points, -Rn 1

max and -Rn 1
min are the maximum and

minimum values of ( )xR , and ( )g x1 and ( )g x2 are logarithmic
and polynomial functions of the variable x given by

( )
x x

x x
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-

- -

x , 70n

n n

1
min

1
max

1
min

where x -n 1
max and x -n 1

min are the values of ξ at the high and low
reversal points respectively. The formation of minor loops
during cyclic loading regimes is well established experimen-
tally and has clear influence on the stress–strain–temperature
behavior of SMAs as explained in this section. Accounting
for minor loops is therefore important for proper simulation of
cyclic SMA behavior.

8. Fracture of SMAs

The formation and propagation of cracks in SMAs is inves-
tigated in the literature using various experimental techniques
such as electron microscopy (Maletta et al 2009, Ramaiah
et al 2011), digital image correlation (Daly et al 2007), optical
in situ observation (Creuziger et al 2008), infrared thermo-
graphy (Gollerthan et al 2009), and synchrotron x-ray dif-
fraction (Young et al 2013). Fracture is generally reported to
take place in the martensite zone (MZ) either by cleavage, or
by nucleation, growth and coalescence of microcracks (Gall
et al 2001b, Olsen et al 2012). The martensite transformation
ahead of the crack tip results in toughening of the SMA
according to Daly et al (2007) who found that the region of
SIM around the crack tip in thin NiTi sheets has a butterfly
shape with two lobes oriented at 60° from the crack axis.
These experimental observations cannot be accurately

described using linear elastic fracture mechanics (LEFM)
(Anderson (2005), p 44) and a correction such as Irwin’s
(Irwin 1960) is commonly introduced. Figure 18 illustrates
the three main zones determined experimentally around the
crack tip in a SMA, including the untransformed austenite
zone (AZ), the partially transformed martensite zone (TZ) and
the fully transformed martensite zone (MZ). In addition, if the
local stress at the crack tip exceeds the yield limit, a plastic
zone (PZ) develops within the MZ.

To account for SIM transformation, the stress field in the
vicinity of the crack is usually assumed to be described by the
stress intensity factor (SIF) KI

tip that controls the stress field
near the crack tip. Yi et al (2001) used the superposition
principle to describe fracture toughening in SMAs under

plane strain mixed-mode loading. Using Eshelby inclusion
and weight function methods, they expressed the remote and
crack-tip energy release rates were taken follows:
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where E is the Young’s modulus, μ is Poisson’s ratio, ¥KI and
¥KII are the remote SIFs for mode I and mode II loading, and

KI
tip and KII

tip are those at the crack tip. The size of the TZ in
this case is given by
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where se
c is a material parameter and qJf is a trigonometric

function of the polar angle θ and the phase angle ϑ of the SIF
= +K K KiI II. However, the model is valid only for plane

strain cases. Yan et al (2003) simulated an edge crack in a
semi-infinite NiTi plate subjected to a stress intensity
KI

app = 60MPa m . The authors found for plain strain
loading case that for a normalized height with respect to

s¥KI y of 2.1 for the TZ and only 0.12 for the PZ. Wang et al
(2005b) used the constitutive model of Auricchio et al (1997)
to show the formation of SIM near the notch in nitinol
compact–tension specimens. The results show that RTZ and ξ

are path-dependent and increase with the crack length and
notch acuity. This simple model can only be used for cracks
of fixed length. Using finite element analysis (FEA), Wang
(2006) showed that an augmentation of the notch acuity
decreases the transformation and yield stresses, and increases
the stress and strain near the notch. In contrasts with Wang
et al (2005b), RTZ was found to decrease with the notch
acuity, while RMZ and RPZ increased (see figure 19). Yan and
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Mai (2006) studied the effect of non-deviatoric transformation
strain on the fracture toughness of a pseudoelastic SMA and
found that phase transformation with volume contraction
tends to decrease the fracture toughness and increase
brittleness, while transformation shear strain was found to
increase toughness. The above models do not consider the
effect of stress triaxility as in (Wang et al 2010). The authors
analyzed stress distribution around the crack tip in NiTi using
FEA. The simulations show unstable crack propagation in
NiTi in plane strain conditions with high triaxiality and stable
crack growth in plane stress conditions with low triaxiality.
The authors used an apparent SIF that was obtained using the
secant method applicable to common metals, thus disregard-
ing the effect of phase transformation. Using the limit
function of Panoskaltsis et al (2004), Freed and Banks-Sills
(2007) generalized the expressions of RTZ and RMZ derived by
Yi and Gao (2000) as follows:

( )
˜

( )
˜ ( )

p
q

k
q

p
q

k
q

=
+

=
-

+

=
-

+

⎜ ⎟

⎜ ⎟

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

K
K K

R
K

C T M

R
K

C T M

2
,

1

2
cos

2
3 sin

2
,

1

2
cos

2
3 sin

2
, 73

I
I
app

I
tip

MZ
I

M f

2 2

TZ
I

M s

2 2

were Ms and Mf are the martensite start and finish
temperatures, k̃ is a parameter equal to 1 in plane stress and
( )n-1 2 2 in plane strain, θ is the crack tip angular coordinate
and CM is a material parameter. The authors found that
mismatch between the elastic moduli of austenite and
martensite is beneficial for increasing the steady-state SIF.
However, RT was found to decrease energy dissipation in the
wake and therefore decrease the SIF. A limitation of this
cohesive model is that it does not reflect the effects of mixed-
mode deformation, where the direction of crack propagation
may be complex. Xiong and Liu (2007) used the PZ
correction of Irwin (1960) to show that as long as the crack

half-length a does not exceed RPZ, the following relations
hold:
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where the plastic yield strength sy is obtained from LEFM.
The authors further used the flow rule of Tanaka (1986) to
derive the following expressions of RMZ and RTZ:
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where a is the crack half-length, str is the transformation
stress, s¥ is the applied remote stress and sy is the plastic
yield strength. The results showed that the crack-tip SIF in
NiMnGa increases significantly as the temperature
approaches Ms. The crack-tip SIF was found to increase
drastically with increased transformation interval. The above
models, however, do not give quantitative information about
the size of the fracture zone like in (Wang 2007). The authors
simulated the decrease of the plastic yield strength and the
fracture toughness at the notch tip in plane stress conditions.
Figure 20 gives a comparison of the fracture process zone
(FPZ) in a SMA with (MT-SMA) and without (NMT-SMA)
martensite transformation based on two criteria: a critical
equivalent strain e = 0.01pc and a critical normal stress
s = 1100f MPa. A comparison of the FPZs shows that
martensite transformation increases the apparent fracture
toughness in NiTi by about 47%. From the work of Sun
and Hwang (1998), Maletta and Furgiuele (2010) and Maletta
and Furgiuele (2011) observed an increase of SIF and RTZ

when the maximum transformation strain eL increases. In

Figure 18. Schematic description of the SIM transformation zone near the crack tip of a superelastic NiTi SMA (Maletta 2012).
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opposite, an increase in temperature was found to reduce the
SIF, as confirmed by Sgambitterra et al (2014). From the
modified relations for elastoplastic materials, the following
expression of the SIF KIA in the AZ was obtained:
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Using this SIF expression, Maletta and Young (2011)
obtained the following principal stresses in the AZ for q = 0:
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where =b 0tc for plane stress, n=b 2tc for plane strain and r
is a polar coordinate. Using the compatibility conditions,
Maletta (2012) wrote the principal stress components ( )s rT1

in the TZ and ( )s rM1 MZ as functions of sA1. They defined
the plane-stress SIF KIM in the MZ as follows:
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where EA and EM are the elastic moduli of austenite and
martensite, respectively. This model is based on the
assumption of small-scale yielding as well as zero plastic
deformation in the MZ and a von Mises transformation
criteria. It accounts only for mode I opening, which makes it

Figure 19. Evolution of the size of the TZ, MZ and PZ with notch acuity (Wang 2006). (a) Variation of RTZ with the load. (a) Variation of
RMZ with the load. (c) Variation of RPZ with the load.
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inapplicable for mixed-mode loading. Baxevanis and Lagou-
das (2012) used the idea of Rice and Rosengren (1968) to
show that in the absence of MZ the J-integral in modeI
loading is related to the crack-tip opening displacement dtip

and transformation stress str by the relation
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where s¥ is the remote applied stress. The authors showed
that an increase of the ratio s

s

¥

y leads to larger RTZ, RMZ, and
RPZ, while J and dtip decrease. Baxevanis et al (2012) carried
out plane strain FEM simulation of a stationary crack. The
results show that SIM transformation reduces RPZ by 86% in
mode I loading (figure 21(a)) and by 88% in mode II (see
figure 21(b)). An increase in temperature from 80 C to

110 C was also found to reduce RPZ by 40% and RTZ by a
factor of 5. Recently, Baxevanis et al (2014) noted an
increase in fracture toughness due to RT in the wake of an
advancing crack. The toughness increased with the augmen-
tation of the ratio E

E
M

A
and Poisson’s ratio ν. Hazar et al (2013)

and Hazar et al (2015) simulated the modeI steady-state edge
crack propagation in NiTi. Hazar et al (2015) found larger
MZ, crack face opening displacement and D = -¥J J Jtip in
plane stress compared to plane strain. In contrast to many
other models, the authors considered nonproportional loading
and investigated the influence ofmartensite reorientation near
the crack tip. The model is limited by the assumption of
steady-state stable crack growth. Different SIFs are usually
used for the remote and the crack tip stress fields. This allows
to determine the size of the three characteristic zones near the
crack tip: the PZ, the full transformed martensitic zone, the
partially transformed zone, and the untransformed zone

In summary, the papers reviewed in this section deal with
fracture in SMAs under quasi-static mechanical loading. The
existing models are capable of capturing the formation of SIM
near the crack tip, which provides increased fracture tough-
ness and may enclose a plastic deformation zone. The pos-
sibility for RT in the wake of a growing crack is also
considered in a small subset of these models. Notable lim-
itations to current state of the art include the assumption of
isothermal crack propagation and the restriction to relatively
simple sample configurations and quasistatic loading. A
possible venue for future work in this field may therefore
involve accounting for thermomechanical coupling as well as
cyclic and dynamic loading effects. A notable effort geared
toward addressing these issues was recently proposed by
Afshar et al (2015). The authors considered the influence of
thermomechanical coupling on mixed-mode crack tip fields in
analyzing an interface crack between a SMA and an elastic
layer. The authors make the simplifying assumption of small-
scale phase transformation near the tip.

9. Fatigue of SMAs

SMAs are commonly subjected to cyclic loading, which
makes fatigue a critical design consideration. Fatigue of
SMAs is characterized by a degradation of the SME and PE,
in which case it is called functional, or by the initiation,
coalescence and propagation of microcracks leading to fail-
ure, in which case it is called structural. For this latter fatigue
type, experiments show the appearance of martensite ahead of
the crack tips due to high stress concentration (Robertson
et al 2007). The first experiments on the fatigue behavior of
SMAs were carried out by Rachikger (1958) for CuAlNi,
Melton and Mercier (1979) for NiTi and Sade et al (1985) for

Figure 20. Change of FPZ size with the applied load in MT-SMA (a) and NMT-SMA (b) for e = 0.01pc and s = 1100f MPa (Wang 2007).
(a) MT-SMA. (a) MT-SMA.
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CuAlZn. In addition to axial (Vaidyanathan et al 2000) and
bending (Dolce and Cardone 2005) tests, other techniques
were used, namely bending rotation fatigue (BRF) (Miyazaki
et al 1999, Tobushi et al 2000) and torsional fatigue (Predki
et al 2006, Casciati et al 2007). An overall decrease of fatigue
life in NiTi is observed with increasing temperature (Miya-
zaki et al 1999) and with decreasing diameter in the case of
NiTi wires (Wagner et al 2004, Chen and Schuh 2011). This
was explained by McKelvey and Ritchie (2001) as a result of
the lower fatigue crack growth rate in martensite compared to
austenite, and was confirmed by the BRF test of Figueiredo
et al (2009) where the fatigue life of stable austenite was
estimated at about 1/100 that of stable martensite. When both
phases are present, the austenite–martensite interface can act
as a supplementary crack initiation site, in addition to grain
boundaries (Gloanec et al 2010). The fatigue life of NiTi was
also found to decrease with increasing loading frequency
(Sateesh et al 2014) and with the size of oxide and carbide
inclusions (Rahim et al 2013, Kumar and Lasley 2014). Sir-
edey et al (2005) found that the fatigue life in CuAlBe sub-
jected to large strains as high as 10% is comparable to that of
NiTi at 3% strain. Ueland and Schuh (2012) showed that
oligrocrystalline CuZnAl has a fatigue life similar to that of
NiTi, but higher than that of single-crystal and polycrystalline
CuZnAl. Recently, Scirè Mammano and Dragoni (2014)
obtained fatigue curves for NiTi wires under ‘constant stress’
or ‘constant stress with limited maximum strain’ that were
similar in shape to those of common metals. The number of
cycles to failure was found to decrease rapidly with the load

amplitude in the low-cycle fatigue (LCF) region before
approaching a horizontal line for a number of cycles to failure
close to 5 ´105 in the high-cycle fatigue (HCF) region.
Sedlák et al (2014) pointed out that the formation of R-phase
enhances the fatigue life of NiTi springs. From their exper-
imental data, McKelvey and Ritchie (2001) proposed a
modified Paris power law (Paris 1964) to describe the evol-
ution of the crack growth rate in terms of the maximum SIF
Kmax and its variation DK , as follows:

˜ ( ) ( ) ( )= D
a

N
C K K

d

d
, 80n p

max

where C̃ is a scaling constant, and n and p are material
parameters. However, this equation does not account for some
of the experimental observations of the authors who found
that fatigue crack growth in NiTi is sensitive not only to the
microstructure but also to temperature. One of the rare fatigue
life equations that consider thermal effects was proposed by
Tobushi et al (2000). Tobushi et al (2000) established the
following Manson–Coffin relation (Manson 1953, Cof-
fin 1954) for low cycle BRF of NiTi to relate the strain
amplitude ea and number of cycles to failure Nf :

ˆ ( )e e=bN , 81a af
f

where b = 0.5f and êa is the value of ea for =N 1f . To
account for the influence of temperature in a hydraulic
environment, êa was written as

ˆ ( )( )e a= ´ - -10 . 82a
a T M

s s s

Figure 21. Comparison of the PZ size with and without transformation and their evolution with temperature (Baxevanis et al 2012). (a)Mode
I. (b) Mode II.
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where as and as are material parameters. In order to account
for the temperature dependence of fatigue life in air, the
author modified the formula obtained in water by replacing
the temperature T in (82) with + DT T , where DT is a
temperature increment given by

( )
( )( )D = ´ - -

e
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⎠⎟T

f

f
10 , 83

c
h T T

0
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where f0 is a reference frequency, f is the testing frequency,
and c, el, h and = -T A K3l f are constants. The above
equations are shown to properly fit the experimental results
for LCF in nitinol in both air and water (figure 22). However,
the authors did not account for the influence of loading
frequency, which was later addressed by Young and Van
Vliet (2005). For this purpose, a modified Manson–Coffin law
was proposed to predict the in vivo LCF failure of
pseudoelastic NiTi, considering the effects of radius of
curvature, angle of curvature, wire diameter, strain amplitude,
cyclic frequency, volume under strain, and specific heat of the
surrounding environmental fluid. Unlike in (Pruett
et al 1997), the influence of the loading frequency was
considered by defining bf and êa as follows:

ˆ ( ) ( )
( ) ( ) ( )

e
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f c c

c c f
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where cp,e is the specific heat of the surrounding environment
and cp,NiTi is that of NiTi. The strain amplitude for the RBF
was given by

( )e =
+
d

R d

2

2
, 85a

where d is the specimen diameter and R is the curvature radius
of the deformed wire. Eggeler et al (2004) and Wagner et al
(2004) analyzed the BRF of NiTi. However, they used the

following expression of the surface strain:

( )e =
d

R2
. 86a

Runciman et al (2011) plotted the experimental strain-life
diagram of nitinol tubing and attempted to normalize the
fatigue data in tension, compression, bending and torsion.
Figure 23(a) was obtained by replacing the strain amplitude ea

with the alternating equivalent strain eD 2. Considering the
transformation part eD

2
tr of eD 2, they obtained a ‘universal’

fit for a strain ratio eR between −1 and 0.99 using the relation

( )eD
= -N

2
61.7 , 87tr

f
1 2

as shown in figure 23(b). The obtained fit is satisfactory but
not very accurate in torsion, tension/tension and bending.
Kollerov et al (2013) proposed another modified Manson–
Coffin equation using two structure-dependent coefficients ecr

and bf :

( ) ( )e e= bN 1 , 88af cr f

where ecr is the critical deformation of the sample and bf is a
function of the elastic modulus and transformation/reorienta-
tion stress. A good agreement was obtained between the
calculated and experimental LCF curves, but HCF was not
properly addressed. Based on the work of Auricchio et al
(1997) and Olsen et al (2011), Wang et al (2014b)
numerically predicted a decreasing fatigue life with the
increase of notch acuity. Recently, Barrera et al (2014)
extended the model of Souza et al (1998) to successfully
simulate functional fatigue in SMAs including the training
phase, stable regime and degradation. In a recent publication,
Calhoun et al (2015) studied the fatigue life of SMA actuators
subjected to cyclic superthermal loading. The authors adapted
the critical plane model that was developed by Smith et al
(1970) for low and intermediate-cycle fatigue life of common

Figure 22. Calculated and experimental fatigue life of NiTi in water and air at f=500 cpm (Tobushi et al 2000). (a) In water. (b) In air.
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metals for use with NiTi SMAs. The number of cycles to
failure was related to the maximum normal stress smax in the
plane of the maximum principal strain ea as follows:

( ) ( )s e = -A N , 89a
b

max f

where A and b are material parameters. The authors showed
that the energy term s eamax can be used to predict the fatigue
life of SMAs subjected to pure mechanical loading and/or
actuation conditions. Scirè Mammano and Dragoni (2015)
investigated the fatigue behavior of NiTi wire and found that
partial RT enhances its structural fatigue life. Using multi-
factorial analysis, the interpolating function of Nf was written
as as a complete multilinear polynomial of the following
form:

( )
= + + +

+ + +
N a A b B c C ab AB

ac AC bc BC abc ABC
. . . .

. . . , 90
f

where a, b, c, ab, ac, bc, abc are the respective regression
coefficients of the coded factors A for pre-stress, B for heating
rate, C for degree of RT, and their interactions AB, AC, BC
and ABC. The authors found that the factor C is dominant
while AC was less important. Indeed, incomplete RT ensures
no fracture up to the considered 150 000 cycles, while full
martensite-to-autenite phase change is characterized by a
significant degradation of the functional and structural fatigue
responses. Moumni et al (2009) and Moumni et al (2014)
extended the ZM model to derive an energy-based LCF
criterion and showed that the dissipated energy of the
stabilized cycle Wsat can be used to estimate the fatigue life
Nf of SMAs. Based on experimental data, the following
relation was found between Wsat and Nf :

( )a= bW N , 91sat f

where a = 11 and b = -0.377 for NiTi. Most of the above
fatigue life models neglect the evolution of the hysteresis
energy during the first loading cycles. A notable exception is
the work of Song et al (2015) who expressed the number of
cycles to failure as follows:
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where WN is the dissipated energy at the Nth cycle that takes a
value Wsat at saturation where =N Nsat, and K1, K2 and K3 are
material parameters. It is worth noting that multiaxial fatigue
behavior is usually disregarded, with the exception of few
models including those where the dissipated energy is used as
the relevant variable for predicting the number of cycles to
failure (Moumni et al 2009, 2014, Song et al 2015). Moreover,
the influence of thermomechanical coupling on fatigue life in
SMAs has only started to be addressed (Zhang et al 2016).

Applications in the aerospace field are considered by
McDonald Schetky (1991), Van Humbeeck (1999), Hartl and
Lagoudas (2007), Bil et al (2013), Barbarino et al (2014), in
the automotive field by Stoeckel (1990), Leo et al (1998),
Predki et al (2008), Butera (2008), Bellini et al (2009),
Cartmell et al (2012), Gheorghita et al (2014), in the bio-
medical field by Duerig et al (1999), Mantovani (2000),
Machado and Savi (2003), Morgan (2004), Fischer et al
(2004), Niinomi (2008), Ko et al (2011), Petrini and
Migliavacca (2011), Vincent et al (2015), in petroleum
engineering by Wang et al (2005a), Dai and Zhou (2006), Jee
et al (2006), Druker et al (2014), in mini-actuators and micro-
electromechanical systems by Krulevitch et al (1996), Kahn
et al (1998), Fujita and Toshiyoshi (1998), Kohl (2004), Sun
et al (2012a), Merzouki et al (2012), in paraseismic devices

Figure 23. Multiaxial fatigue life of nitinol tubes (Runciman et al 2011). (a) ̄D
2

versus Nf. (b) Strain versus fatigue life of NiTi tubes as ̄D
2

tr

versus Nf.
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by DesRoches and Delemont (2002), Sharabash and
Andrawes (2009), in railways by Maruyama et al (2008),
Khalil et al (2012) and in civil engineering by Corbi (2003),
Song et al (2006), Williams et al (2010), Cladera et al (2014).

10. Conclusion

The paper presents recent developments in modeling and
simulation of advanced SMA effects such as the reorientation of
martensite under multiaxial loading, training and two-way
shape memory, plasticity and its coupling with the martensitic
transformation, the role of thermomechanical coupling and
tensile–compressive asymmetry, the evolution of elastic stiff-
ness with phase transformation as well as the analysis and
prediction of functional and structural fatigue and the invest-
igation of static and propagating cracks and fracture. The pre-
sent paper, together with the recently published work of Cissé
et al (2016), is an attempt to summarize the output of several
decades of research dedicated to the investigation of SMAs,
which has tremendously improved our understanding of these
materials. The models developed by the different research
groups have matured over the years with each having its own
advantages and shortcomings. It is also worth noting that the
bulk of the available research work is dedicated to NiTi and Cu-
based SMAs, which are consequently much better understood
than the more recent yet very promising Fe-based alloys. Sig-
nificant theoretical and experimental work is therefore needed to
improve our understanding of these materials, which may
include the establishment of accurate phase transformation
diagrams in terms of stress and temperature, in which the pre-
sence of plastic deformation regions must be considered, as well
as relevant analytical and numerical developments. The
investigation of fatigue and fracture is another area where much
still needs to be done and is therefore expected to be one of the
focus areas for future research on SMAs.
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