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Abstract
This paper presents a continuum mechanics approach to modelling the elastic
deformation of finite graphene sheets based on Brenner’s potential. The
potential energy of the graphene sheet is minimized for determining the
equilibrium configuration. The four edges of the initially rectangular
graphene sheet become curved at the equilibrium configuration. The curving
of the sides is attributed to smaller coordination number for the atoms at the
edges compared to that of the interior atoms. Considering two graphene
models, with only two or all four edges constrained to be straight, the
continuum Young’s moduli of graphene are computed applying the
Cauchy–Born rule. The computed elastic constants of the graphene sheet are
found to conform to orthotropic material behaviour. The computed constants
differ considerably depending on whether a minimized or unminimized
configuration is used for computation.

1. Introduction

Since the discovery of carbon nanotubes by Iijima et al [1]
in 1991, the prospects of this new material have motivated
widespread research towards several potential applications.
Graphene is a term that refers to a single layer of carbon atoms
which are densely packed into a hexagonal ring structure,
and is widely used to describe the properties of carbon based
materials including graphite, large fullerenes, nanotubes etc.
The discovery of the single-walled carbon nanotube (SWNT)
was first reported in 1993 [2, 3]. The diameters of SWNTs
range from 0.4 to 2–3 nm and the lengths are usually of
micrometre order. Usually SWNTs come in the form of
bundles which are hexagonally arranged to form a crystal-like
structure [4].

Extremely small size, outstanding physical properties and
unique atomic arrangement of carbon nanotubes are some of
the attractive features that have triggered intensive research
in a wide variety of fields, i.e., chemistry, physics, material
science, medicine, and engineering. Many researchers have
reported in the literature theoretical and experimental results
showing as high an elastic modulus as 1 TPa, that exceeds
those of any previously existing materials. Because of the

very high elastic modulus and tensile strength (approximately
10–100 times more than the hardest steel [5]) and low weight,
carbon nanotubes have found potential applications in the
areas of space as well as material reinforcement in composite
technologies [6]. Carbon nanotubes (CNTs) behave like
a semiconductor or metal, depending on the orientation of
carbon atoms, and find wide range of potential applications
in the field of electronic industry. CNTs have very high
current carrying capacities (approximately 1000 times as that
of copper wires [7]) and have high thermal stability up to
2800 ◦C in vacuum, so they find wide applications in the
electrical industry.

Many researchers have reported analysis of carbon
nanotubes by theoretical modelling. There are mainly two
bonding potentials used in theoretical modelling, namely,
direct bonding potential and indirect bond potential (interlayer
potential) to compute the mechanical properties. The bonding
potentials can be further categorized in terms of three models,
i.e., force field model, bond order model and semi-empirical
model. The molecular mechanics force field (MM2, MM3)
was introduced by Allinger and co-workers [8, 9]. A generic
force field was proposed by Mayo et al [10]. The bond order
model was proposed by Abell [11], and extension to the carbon
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system was made by Tersoff [12]. Brenner [13] introduced
the bond order function to describe the effect of formation
and breakage of carbon–carbon bonds. Many researchers
have used Brenner’s potential to explore the formation of
fullerenes and their properties [14, 15], indentation and friction
at nanoscale [16, 17], and energetics of nanotubes [18].
Recently, a second-generation potential energy function has
been developed by Brenner et al [19] based on empirical bond
order formalism for solid carbon and hydrocarbon molecules.
This revised potential has provided a powerful method for
modelling complex chemistry involving large-scale atoms. The
semi-empirical model, proposed by Pettifor and Oleinik [20],
is derived based on the tight-binding approach. The Lennard-
Jones potential energy has been widely used to compute the
energy between the inter-atomic layers [21].

Researchers have reported widely varying Young’s
modulus values for CNT in the range 0.5–5.5 TPa. The
large scatter of these values is apparently due to different
measurement techniques, simulation methods, and dimensions
(diameter, thickness and configuration) of SWNTs. The
concept of in-plane stiffness is often considered to reduce
the major ambiguity due to the thickness assumption. The
diameter and configuration of SWNTs do not have much effect
on Young’s modulus. Very few researchers have reported
the elastic properties of graphene. The Young’s modulus
and Poisson’s ratio of graphene have been computed using
an ab initio method by Kudin et al [22] as 1.02 TPa and
0.149 respectively, while Van Lier et al [23] reported Young’s
modulus for graphene sheet as 1.11 TPa. Arrayo et al
[24] calculated the Young’s modulus and Poisson’s ratio of
graphene based on Brenner potentials (1990) [13] and modified
Brenner potentials (2002) [19] as 0.694 TPa, 0.412 and
0.714 TPa, 0.397, respectively.

Very recently, researchers [25] have succeeded in
extracting individual planes of carbon atoms from graphite
crystals, which results in the production of a few atomic
layers of graphene including single-layer graphene to fabricate
devices from them. However, studies on the elastic properties
of graphene are scarce, hence the motivation for the present
work.

In the present paper, the effect of using a minimized
or unminimized configuration for the determination of elastic
constants is studied. The spatial variations of equilibrium bond
length are also studied for these configurations. The influence
of the size of the graphene sheet on the computed Young’s
modulus values is studied. Two models, i.e., with only two or
all four edges constrained to be straight, are considered for the
analysis. The possible orthotropicity of the material behaviour
is explored. Finally, the reason for the large scatter in the
Young’s modulus reported in the literature is explored.

2. Interatomic potential for carbon

The Tersoff–Brenner potential, VB, for hydrocarbons [13] is
considered for the present work and it follows the bond-order
formalism of the atomic system [26]. This potential has been
widely used for the simulation of carbon nanotubes, and it
expresses the binding energy in terms of bond lengths and
angles, as a sum over bonds:

VB(ri j ) =
∑

i

∑

j (>i)

[VR(ri j ) − Bi j VA(ri j)] (1)

where ri j is the distance between atoms i and j . VR and VA are
the repulsive and attractive pairs of energy terms given by

VR(ri j) = D(e)

S − 1
e−√

2Sβ(rij −R(e)) fc(ri j ) (2)

VA(ri j) = D(e)S

S − 1
e−√

2/Sβ(rij −R(e)) fc(ri j). (3)

The second set of Brenner’s potential parameters, i.e.,
D(e) = 6.0 eV, S = 1.22, β = 21 nm−1 and R(e) =
0.1390 nm, used here are the ones determined from the known
physical properties of carbon, graphite and diamond [13]. The
smooth continuous cut-off function fc(ri j) is used to limit the
range of potential:

fc(ri j ) =






1 ri j < R(1)

1

2

{
1 + cos

[
π(ri j − R(1))

R(2) − R(1)

]}
,

R(1) < ri j < R(2)

0 ri j > R(2)

(4)

where the cut-off constants R(1) = 0.17 nm and R(2) =
0.2 nm. The multi-body coupling parameter in equation (1)
of the bond between atoms i and j is given by Bi j = (Bi j +
B ji)/2, where

Bi j =
[

1 +
∑

k( �=i, j)

G(θi jk) fc(rik)

]−δ

(5)

where k represents atoms other than i and j , rik is the distance
between atoms i and k, δ = 0.5 is a constant and θi jk is the
angle between the bonds i– j and i–k. The function G is given
by

G(θi jk) = a0

[
1 + c2

0

d2
0

− c2
0

d2
0 + (1 + cos(θi jk))2

]
(6)

where the parameter values a0, c0 and d0 are 0.000 208 13, 330
and 3.5, respectively.

3. Determination of elastic properties

In continuum mechanics, the constitutive relations between
load and deformation have been established prior to solving a
specific problem. If the material is homogeneous and isotropic,
the material can be represented by two independent constants,
namely, Young’s modulus Y and Poisson’s ratio ν. For a
material undergoing a uni-axial deformation, Y is defined as

Y = 1

V0

(
∂2VB

∂ε2

)

ε=0

(7)

where V0 is the volume corresponding to the initial equilibrium
configuration of graphene, VB the total strain energy under
tensile deformation and ε is the tensile strain. However,
different thickness values have been hypothesized [27] for
SWNT or graphene, and therefore the volume V0 is not
properly defined. Hence, the in-plane stiffness C, which is
independent of the thickness of graphene, is defined as an
alternative measure in place of Young’s modulus:

C = 1

A0

(
∂2VB

∂ε2

)

ε=0

(8)
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Bond Rectangular envelope 

Figure 1. Initial configuration of graphene.

where A0 is the equilibrium surface area of graphene sheet. If
thickness h is defined for a graphene sheet, then the volume
can be defined as V0 = A0h, and the Young’s modulus is
Y = C/h. The thickness is usually taken to be 0.34 nm. The
Poisson’s ratio can be defined as

ν = −�w

w

/
�L

L
(9)

where w is the width of the graphene sheet, L is the length,
and �w and �L are the changes in the width and length,
respectively. For a material undergoing a shear deformation,
G is similarly defined as

G = 1

V0

(
∂2VB

∂φ2

)

φ=0

. (10)

4. Results and discussions

4.1. Equilibrium configuration and bond length

To determine the equilibrium configuration and the bond
length, we consider a graphene sheet made of 120 atoms
fitting into a rectangular envelope as shown in figure 1.
The Brenner potential of the rectangular graphene sheet is
minimized with the rigid body modes (i.e., two translational
modes and one rotational mode) restrained. The final envelope
of graphene sheet after minimization is no longer a rectangle.
The initially straight edges of the rectangular envelope deform
to curved edges as shown in figure 2. This is attributed
to the nonuniform extension/contraction of the lattice caused
by the variation in the coordination numbers of individual
carbon atoms. The coordination number is a measure of the
number of neighbouring atoms. For a graphene sheet, the
coordination number for boundary atoms is two while that
of inner atoms is three. Due to the variation in coordination
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Figure 2. Equilibrium configuration (dotted line) and initial
configuration (continuous line). Alphabetical characters marked
represent various equilibrium bond lengths (see table 1).

Table 1. Bond length variation in equilibrium configuration of
graphene.

Bond length Bond length
Alphabet (nm) Alphabet (nm)

A 0.139 E 0.145
B 0.141 F 0.146
C 0.143 G 0.147
D 0.144

number, the equilibrium bond length of carbon–carbon is not
uniform everywhere in the finite graphene. The bond lengths
can be arranged into seven groups and are labelled by letters
A–G in figure 2 and listed in table 1. The letter A refers to
the minimum bond length of 0.139 nm, which occurs in the
central region of the top and bottom edges. The maximum
bond length labelled by letter G is 0.147 nm, and it occurs
near the four corners. The average bond length of the graphene
has been computed as 0.144 nm, which agrees well with that
of equilibrium bond length reported by Arroyo et al [24] and
Zhang et al [28]. A careful study of figure 2 reveals that
the net influence of the atoms surrounding a C–C bond is to
increase the length of the bond as compared with a single C–C
equilibrium bond length.

The study of bond length variation is then extended to
graphene sheets with 66, 276 and 496 carbon atoms. Here
again, a similar trend is observed, i.e., the bond lengths of
interior bonds are found to be around 0.145 nm (accurate to
three decimal places), which is same as the bond length of
finite graphene obtained by Arroyo et al [24] using periodic
boundary conditions. This suggests that the bond length of
interior bonds in the finite graphene is already close to that of
infinite graphene.

The computed elastic properties are presented in
sections 4.2–4.5. These properties are computed based on
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1 1 
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Figure 3. Different widths considered for Poisson’s ratio
calculations.

prescribed displacement loading on the edges of the graphene
model. The curved nature of the edges poses difficulties in
applying the displacement loading and boundary conditions.
For the present work, two models are considered. In model
1 the left and right edges or the top and bottom edges of
the envelope are constrained to remain straight, and in model
2 all four edges are constrained to remain straight. With
these constraints applied, the equilibrium configuration is first
obtained by minimizing the potential before applying the
displacement loading. For the present work, the minimization
is done using an optimization code. The elastic properties
are computed using the relations in equations (7)–(10). The
orthotropicity of the computed elastic properties is then
checked using the well known relations of the orthotropic
material model.

4.2. Model 1: two straight edges

The Cauchy–Born rule, referred to as a method of the
homogeneous deformations, is a fundamental kinematic rule
that links the deformation of lattice vectors to that of the
continuous medium, and is recently proven rigorously to hold
under certain conditions [29]. By means of the Cauchy–
Born rule, the continuum elastic potential can be obtained by
equating the deformation energy of the graphene to that of an
equivalent volume of the continuum. The resulting continuum
constitutive graphene model depends only on the interatomic
interactions.

Constraint equations are applied to left and right edges of
the graphene sheet to make the edges straight. Appropriate
displacements are applied on these edges for uni-axial tensile
and compressive loading, and the corresponding equilibrium
potential energy is computed for a series of loadings.
Figure 4 shows the plot of equilibrium potential energy versus
engineering strain, ε. By using polynomial curve fitting, the
potential is expressed in terms of ε as

VB = a0 + a1ε + a2ε
2 + a3ε

3 + a4ε
4 + · · · . (11)
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Figure 4. Potential versus strain for uni-axial tensile deformation.

If the potential computations are correct, then a1 in
equation (11) must reduce to zero or a negligible number.
When equilibrium configurations are used for the computation,
this happens. Using equations (7) and (11), the Young’s
modulus, Y1, is computed as 0.669 TPa. (The Young’s modulus
Y1 computed without minimization of potential is 1.012 TPa,
which agrees well with the Young’s modulus of graphene [23]
and SWNT [30]. The procedure is described in section 4.5.)
A comparison of Young’s modulus and Poisson’s ratio of
graphene sheet computed by several authors from different
methods is shown in table 2. The equilibrium potential versus
shear strain graph is similar to that of tensile loading (figure 4),
and hence is not shown. Following a similar approach to
that discussed above, the shear modulus is computed using
equation (10) as 0.179 TPa. Van Lier [23] computed the
Young’s modulus as 1.11 TPa, by considering only the two
middle carbon atoms from the set of ten atoms to eliminate
the side-effects caused by graphitic sheet termination.

The potential minimization of graphene simulation is
computationally intensive. Hence, only a limited number
of finite graphene sheets with 66, 120, 276 and 496 carbon
atoms have been considered to study the variation of Young’s
modulus with size of graphene and the results are shown in
table 3. From this table, the variation of Young’s modulus with
size is seen to be very small. Hence, for further computations,
the graphene sheet with 120 carbon atoms has been considered
as a trade-off between accuracy and computational time. The
computed elastic constants of graphene with 120 carbon atoms
are summarized in table 6. The present Young’s modulus
of 0.669 TPa for graphene is close to that of the graphene
Young’s modulus reported by Arroyo et al [24] and the Young’s
modulus of SWNT reported by Zhang et al [28].

From the uni-axial tensile loading, the Poisson’s ratio is
computed using equation (9). The Poisson’s ratios computed
at the midsection of graphene considering three widths, namely
between 1–1 and 1′–1′ layers, 2–2 and 2′–2′ layers and 3–3 and
3′–3′ layers (figure 3), are shown as dots, squares and circles,
respectively, in figure 5. The extrapolated Poisson’s ratio
values for zero percentage elongation (figure 5) corresponding
to these three cases are 0.416, 0.371 and 0.367, respectively, for
the case of two straight edges. The computed Poisson’s ratio
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Table 2. Young’s modulus and Poisson’s ratio values reported by several authors.

Young’s modulus Poisson’s
Reported by (TPa) ratio Remarks

Present with minimization 0.669 0.416 Graphene (Brenner)
of potential
Arroyo et al [24] 0.694 0.412 Graphene (Brenner)
Kudin et al [22] 1.02 0.149 Graphene (ab initio)
Reddy et al [31] 1.11 0.45 Graphene (Truss element model)
Lier et al [23] 1.11 — Graphene (ab initio)
Present without minimization 1.012 0.245 Graphene (Brenner)
of potential
Shen et al [32] 0.213–2.08 0.16 SWNT (MM)
Yu et al [33] 0.32–1.47 — SWNT (Experiments)
Zhang et al [28] 0.694 — SWNT (Brenner)
Sammalkorpi et al [34] 0.7 — SWNT (MD)
Lu [30] 0.97 0.28 SWNT (Empirical force constant model)
Yoon et al [35] 1 0.25 DWNT (Vibrations)
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0.35

0.36

0.37

0.38

0.39

0.4

0.41

0.42

0.43

0.44

Percentage elongation

P
oi

ss
on

's
 r

at
io

Figure 5. Poisson’s ratio for the graphene model with two straight
edges (unconnected symbols) and for four straight edges (connected
symbols).

Table 3. Young’s modulus variation with size of graphene sheet.

No. of Young’s modulus No. of Young’s modulus
atoms (TPa) atoms (TPa)

66 0.659 276 0.677
120 0.669 496 0.682

Table 4. Poisson’s ratio ν12 for the case of two straight edges and
four straight edges.

Between layers Two straight Four straight
(figure 3) edges edges

1–1 and 1′–1′ 0.416 0.428
2–2 and 2′–2′ 0.371 0.389
3–3 and 3′–3′ 0.367 0.384

of 0.416 agrees well with that of Arroyo et al [24], namely
0.412. The Poisson’s ratio computed without minimization
of potential is around 0.25, which agrees well with that of
Poisson’s ratio of SWNT [30]. The results are summarized
in table 4.

Table 5. Orthotropicity measurement.

Model Orthotropicity measure:
(

Y1
Y2

ν21
ν12

)

Model 1: two straight edges 0.9205
Model 2: four straight edges 0.9991

4.3. Model 2: four straight edges

The same study is extended to the four-straight-edge graphene
model. Constraint equations have been applied to all the four
edges to make them remain straight during the minimization
to obtain equilibrium configuration. Using equations (7),
(10) and (11), the Young’s modulus and shear modulus have
been computed and tabulated in table 6. If the graphene
sheet is looked upon as a two-dimensional continuum made
of orthotropic material, then the elastic constants must satisfy
the following conditions:

Y1, Y2, G12 > 0 (12)

ν12

Y1
= ν21

Y2
(13)

|ν12| <

(
Y1

Y2

) 1
2

, |ν21| <

(
Y2

Y1

) 1
2

(14)

ν21 <
1 − ν2

21

(Y1
Y2

)

2
<

1

2
(15)

where (Y1, ν12) and (Y2, ν21) are the sets of Young’s modulus
and Poisson’s ratio in longitudinal and lateral directions,
respectively. G12 is the shear modulus of the graphene sheet.
The elastic constants determined using the four-straight-edge
model satisfy all the orthotropic conditions, equations (12)–
(15). However, the elastic constants determined using the
two-straight-edge model do not satisfy equation (13). From
equation (13), we may define the quantity (Y1

Y2

ν21
ν12

) as a measure
of orthotropicity, and its value is equal to unity if the material
conforms to orthotropic material model. The computed values
of this measure for the two models are listed in table 5.

The elastic constants, being material properties, are
expected to be independent of the size and boundary
conditions. However, from the above studies, the computed
elastic constants are observed to vary slightly with respect to
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Figure 6. Potential versus strain plot before and after the rupture of
bonds.

Table 6. Elastic constants for the graphene model with two straight
edges and four straight edges.

Elastic Two straight Four straight
constants edges edges

Y1 0.669 TPa 0.671 TPa
ν12 0.416 0.428
G12 0.179 TPa 0.384 TPa
Y2 0.812 TPa 0.816 TPa
ν21 0.465 0.520

the size and boundary conditions. This suggests that finite
sized graphene does not exactly behave like a continuum. Such
dependence of Young’s modulus on the radius of single-walled
carbon nanotubes has been reported in the literature (e.g.,
see [32, 34, 36]).

4.4. Potential versus strain, and stress versus strain
relationships

Figure 6 shows the plot of potential versus strain for a loading
that continues even beyond the first rupture of a C–C bond of
graphene sheet. The first bond breaks around 33% elongation
labelled by the letter B and the corresponding failure stress
0.123 TPa. These values agree well with the CNT failure
strain/stress values, 30% and 0.11 TPa respectively, reported
by Mielke et al [37] and 29.5% and 0.115 TPa respectively,
reported by Ogata et al [38]. The first bond breakage occurs
at a bond near a corner marked by the symbol G in figure 2.
For loading beyond first rupture, the potential value drops
and rises several times due to different bonds breaking at
different locations and the resultant structural rearrangements
of the lattice structure of the graphene. The potential equation
is obtained from figure 6 using polynomial curve fitting
until the first rupture point B and is expressed in the form
of equation (11). By differentiating this expression with
respect to the small strain measure, ε, the expression for the
corresponding stress, σ , becomes

σ = dVB

dε
= a1 + 2a2ε + 3a3ε

2 + 4a4ε
3 + · · · . (16)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Strain

S
tr

es
s 

(T
P

a)

Figure 7. Stress–strain curves: σ versus ε (dots) and S versus E
(circles).

The relation between small strain, ε, and the Green strain, E ,
is written as

E = 1
2(ε

2 + 2ε). (17)

Substituting equation (17) in (11), we get VB in terms of E .
By differentiating this expression with respect to E , we get the
expression for the second Piola–Kirchoff stress:

S = dVB

dE
=

(
dVB

dε

)(
dε

dE

)
= σ

dε

dE
. (18)

The σ and S values are plotted against ε and E , respectively,
in figure 7. (σ , ε) and (S, E) are conjugate pairs such that the
areas under these curves are the same. The stress–strain curve
is almost linear in the range of 0–2.5% elongation and becomes
nonlinear thereafter. In the linear range, it does not matter
which of these two stress–strain plots is used for the analysis.
However, in the nonlinear range, it is important to use an
appropriate stress–strain curve depending on the stress/strain
measure used. The S versus E curve is particularly useful for
the total Lagrangian approach.

4.5. Different elastic property values reported in the literature

Although the Young’s modulus and Poisson’s ratio values
reported in the literature have considerable scatter, a majority
of values fit into two sets (refer table 2). A Young’s modulus
value of around 0.7 TPa and a Poisson’s ratio value of around
0.4 belong to one set. The other set has values around
1 TPa and 0.25, respectively. Our numerical experiments show
that the first set of values often results when an equilibrium
graphene configuration (i.e., the one with minimized potential)
is used for the computation and the deformed configuration
is obtained by potential minimization. The second set of
values results when a non-equilibrium graphene configuration
is employed and no potential minimization is carried out to
obtain the deformed configuration. To illustrate this, the
initial (unminimized) configuration of graphene sheet, figure 1,
with 0.142 nm as the uniform bond length for all bonds
is considered. A small tensile horizontal displacement is
applied to all the atoms. All the atoms are also moved in the
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Figure 8. Young’s modulus versus Poisson’s ratio of graphene.

vertical direction (to simulate lateral contraction) by assuming
a variable value of Poisson’s ratio. This becomes necessary
as the lateral contraction is not automatic because potential
minimization is not done to obtain equilibrium configuration.
Figure 8 shows the plot of Young’s modulus against the
assumed Poisson’s ratio values. The minimum point gives us
the second set of values (1 TPa, 0.25).

The first set of values is expected to be more accurate
because the values have been computed allowing for local
adjustments of atomic positions to reach the equilibrium
configurations.

5. Summary and conclusions

The elastic constants of finite graphene sheet have been
determined by modelling it as a continuum. It has been
observed that the equilibrium adjustments of atoms have much
influence on the computed elastic constants. Computations
considering equilibrium adjustments lead to Young’s modulus
and Poisson’s ratio values around 0.7 TPa and 0.4, respectively,
whereas computations ignoring equilibrium adjustments yield
1 TPa and 0.25, respectively. Nevertheless, papers reporting
the elastic constant values often do not mention whether
equilibrium adjustments have been considered in their
computations. This may be one of the reasons for the wide
scatter in the elastic properties found in the literature.

The variation of bond lengths caused by equilibrium
adjustments of atoms during the potential minimization
process has also been studied. The elastic constants Y1, Y2,
ν12, ν21 and G12 have been computed for two graphene models,
namely, with two straight edges and four straight edges. The
study of inter-relationship between these constants seems to
suggest that graphene behaves like an orthotropic material.
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