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Abstract. We consider an inverse problem for electrically conductive material occupying a
domain €2 in R?. Let y be the conductivity of €, and D a subdomain of €. We assume that
y is a positive constant k on D, k # 1 andis 1 on 2\ D; both D and k are unknown. The problem
is to find a reconstruction formula of D from the Cauchy data on 92 of a non-constant solution u
of the equation V - yVu = 0 in Q. We prove that if D is known to be a convex polygon such that
diam D < dist (D, 9R2), there are two formulae for calculating the support function of D from the
Cauchy data.

1. Introduction

This paper is the sequel to [7] and, as predicted therein, we return to one of the problems treated
by Friedman—Isakov [5]. They considered an inverse problem for electrically conductive
material occupying a bounded domain Q in R?. Let y be the conductivity of €2, and D a
subdomain of © such that D C Q. They assume that y is a positive constant k on D with
k # 1andis 1 on 2\ D. Let u be a non-constant solution to the equation

V.-yVu=0 in Q. (1.1)

Let v denote the unit outward normal vector field to Q \ D.
They considered the following uniqueness problem.

Uniqueness problem

Assume that k is known and D is unknown. Can one determine D from the Cauchy data u|;q,
ou
Sulan?
av
They proved that if D is known to be a convex polygon such that
diam D < dist (D, 92), (1.2)

the answer to the problem is yes.

A strong point of their result is that there is no additional assumption on the behaviour of
ulyq or g—‘; |aq at the cost of (1.2). Barcelo et al [3] added such an assumption and dropped (1.2).
Seo [9] proved a uniqueness theorem from two sets of the Cauchy data having an additional
restriction on the behaviour and removed (1.2) and the convexity restriction on D. When
dD has a special geometry, there are some results. For example, Kang—Seo [8] obtained a

uniqueness result when D is a disc.
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Ifboth D and k are unknown, the problem becomes more difficult. Alessandrini—Isakov [1]
considered this problem and obtained a uniqueness theorem of a convex polygon D and k
without (1.2). Instead of this assumption they assume that u|q or 3—;‘ laq has a special property.

From these investigations one can say that the Cauchy data of a solution to (1.1) contain
information about the location of D. However, their proofs do not tell us how to extract such
information from the Cauchy data.

In this paper we consider the following reconstruction problem.

Reconstruction problem

Assume that both k and D are unknown. Find a formula for calculating information about the
location of D from the Cauchy data of u.

This is a purely mathematical problem and remains open. In [6] we considered the
extreme case k = 0, and obtained such formulae provided D was a convex polygon with the
restriction (1.2). In this paper using the idea discovered therein we present such formulae
under the same geometric assumption on D when k > 0, k # 1.

Now we describe the result more precisely. Let S denote the set of all unit vectors of R?.
Recall the definition of the support function:

hp(w) =supx - w, we S
xeD
From this function one can reconstruct the convex hull of general domain D.
We say that w € S' is regular with respect to D if the set

(xeR* | x-w=hpw}NdD
consists of only one point.

Remark 1.1. Note that if D is a polygon, the counting number of the set of all unit vectors
which are not regular with respect to D is finite. Therefore, it is very rare for us to choose a
direction w that is not regular with respect to D; hp(-) is a continuous function. Therefore,
the support function of D is uniquely determined by knowing its restriction to the set of all
unit vectors which are regular with respect to D.

We merely assume that 92 is Lipschitz and u € H'(2), and consequently we have to
clarify what we mean by the symbol 3—’: laq- It is defined as an element of the dual space of
H'?(3Q) by the formula

du
(5
where f € H'/2(3Q), W is in H'(2) and satisfies ¥ = f on 3. From the definition of the
weak solution we know that it is well defined and one may take W such that ¥ (x) = O for x
far from 92. This means that g—j lsq is uniquely determined by the value of u near 92. We
call (u|3q, 3—“j lse) the Cauchy data of  on d2. It is a pair of the voltage potential and electric

current distribution on 9€2.
In this paper the following special harmonic functions are extremely important:

,f>=/{1+(k—1)XD}Vu-V\Ildx (13)
filel Q

X (w+Hw )’ >0

v=ov(x)=¢e
where w, o' € S' and satisfy

w-ot =0, det(w ot)<0.
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Remark 1.2. Calderén [4] made use of these types of harmonic functions in the inverse
conductivity problem with infinitely many measurements.

Using these functions and the Cauchy data of u on 92 we give the following definition.

Definition 1.1 (Indicator function). Let u be a weak solution to (1.1). Define

N > <8v
) Q] —\
99 av|.

,M|ag>}, T >0, t e R.
aQ

ou
Ia) , 1) = - -
@n=e {<8v

Note that u is fixed. The result is the two following formulae.

Theorem 1.1. Assume that D is a convex polygon satisfying (1.2) and that u is not a constant
function. Let w be regular with respect to D. The formulae

{teR| lim I,(7,1) =0} = [hp(w), ool (1.4)

log |1,(z,t
hp(w) —t = lim M,

T—>00 T

vVt e R, (1.5)

are valid.

This is a direct corollary of the trivial identity
Lo(t, 1) = ™", (7, hp (@)

and the asymptotic behaviour of 1, (t, hp(w)) as T —> oo described below.

Key lemma. Assume that D is a convex polygon satisfying (1.2) and that u is not a constant
function. Let w be regular with respect to D. There exist positive constants L and u such that

lim t#|I,(t, hp(w))| = L.

The proof of this lemma is delicate and the outline is as follows. From the regularity of
w we know that the line x - w = hp(w) meets dD at a vertex xo of D. Using a well known
expansion of u about xg (see proposition 2.1) and a formula which connects 7,,(t, & p(w)) with
an integral on d D involving u|yp (see proposition 3.1), we obtain the asymptotic expansion of
1,(t, hp(w)) as T —> o0 (see proposition 3.2):
I h itxg-wt — L J
(T hp(@)) ~ e 2 -
=
where 0 < u; < @y < ---. The problem is to show that L; # 0 for some j. We see that if
L; = Oforall j, u has a harmonic continuation in a neighbourhood of xq (see lemma 4.1).
Then Friedman-Isakov’s extension argument [5] tells us that # has to be a constant function
and it is a contradiction. Restriction (1.2) is merely employed to make use of their argument.
It would be interesting to apply our method to the three-dimensional problem (see [3]
for a uniqueness result) or a similar problem in the linear theory of elasticity. This will be
considered in subsequent papers. The numerical testing of (1.4) and (1.5) remains open and
we hope that someone performs this task in the future.
Finally, we note that in subsequent sections we always assume that w is regular with
respect to D.
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2. Preliminaries

2.1. Notation

Xo stands for the only one point of the set
(xeR?|x-w=hpw}NaD;
Br(xo) = {x € R? | |x — xo| < R}, R>0;

©® stands for the outside angle at the vertex xy of D and thus w < ® < 2.

2.2. Expansion of u about a vertex

Let u be a weak solution to (1.1). Define
u® = Ulo\p
u' = ulp.
We introduce polar coordinates. Let w® denote the unit-vector perpendicular to o satisfying
det (w w') < 0. Since xg is vertex of D and w is regular with respect to D, one may write
By, (xp) N (£2 \5) = {xo +r(cosfa + sinfa™t) |0<r <2n,0<6 <0}
By, (x0) ND= {xo +r(cosfa + sinfat) |0<r <2n,0 <6 <27}
B(xg,n)NoD =T, UT, U{xe}
r,= {x0+r(c0spa)l +sin pw) | 0 < r < n}
T, = {xo +r(cosqu™ +singw) | 0 < r < n}
where 7 is a small positive number,
—-Tt<qg<p<0
p+0O =2m+¢q
a = cos pw™ + sin pw
at = —sin pwt + cos pw
det(a al)>0.
Set
u(r,0) = u(x), X =x0+r(coséa+sin0aL).

The following proposition is only given for our purpose and the proof is well known. For
example, the reader can find its outline in [2, section 2].

Proposition 2.1. There exist a real number o, a monotone increasing sequence (i) j—1,... of
positive numbers and sequences {A;}, {B;}, {A’j 1, {B}} of real numbers such that:
(1+k)?sin’ ;= (1 — k) sin®(r — O)u;; 2.1
AZ _( cos2mu; sin 27w u j Aj ’ 2.2)
B —ksin2mwp;  kcos2mwp; B;
(AZ) _ ( cos’ Ou; +ksin? O, (l.—zk)cosG)pLj sin@m) <A'j> , 23)
B (I —k)cosOu;sin®Ou; sin” Ou; +kcos” Ou; B;.
o0
ué(@r,0) —a = Z rii (Aj cos ;60 + Bj- sin . ;6),
/= (2.4)

u(r,0) —a = Zr“/’ (A;- cos ;6 + B;. sin . ;6);
j=1
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the series are absolutely convergent in Hl(Bm(xo) N (Q\ D)) and Hl(Bm(xo) N D),
respectively, and uniformly in By, (xo) for each 0 < s < 2; moreover for eachl =1...,

i
u(r,0) —a — Zr’”A; < Gyt
= 2.5)
u(r,®) —a — Zr“f(A;- cosOu; + B; sin®u ;)| < Gt O<r<n.
j=1
Note that from (2.2) and (2.3) we have
A;(cos 2w — cos? Ou; —k sin? Ouj)
+B' {sin 27 ; + (k — 1) cos Opj sin Op;} = 0. (2.6)
3. Asymptotic expansion of the indicator function
Proposition 3.1. Let v be a H*>(Q2) harmonic function. For any constant ) the formula
du v av
—| svbe)—{—| sube)=0-k | u—2)_—, (3.1
AVEIYN 0V |y0 aD v
is valid.
Proof. From (1.3) we have
du
r vpe)= | {1+ & —Dxp}Vu - Vvdx
Vg Q
v (3.2)
—| Lulpe)= Vv - Vudx.
av 90 Q
Green’s formula (see [6]) yields
av
Vu-Vodx = — (u—A)—. 3.3)
D aD dv
Note that v is outward to €2\ D. A combination of (3.2) and (3.3) gives (3.1). (|
Proposition 3.2. The asymptotic expansion
I(t. hp(@)) ~ (k = Die™ " > " e T (1 + ) KT, (3.4)

=1
is valid where

K; = A;eil’w — (Aj. cosOu; + B; sin ®Mj)ei‘”‘f.

Proof. For 7 in section 2 take a positive constant ¢ in such a way that
0D\ B,(xg) C {x - < hp(w) —c}.
It follows from (3.1) that

I,(t, h _ 9
(T D(Cl))) —e th(w)/ (I/l _ OC)—U
1—k% aD av

9 9
— ¢ Tho@) / U — ) 2L 4 e Tho(@ / U — )2 4 O(re 7). (3.5)
r, av T, av
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Since
v = sin pw* — cos pw on I,
: 1
V= —sinqgw +cosqw on [,
X-w=hp(w)+rsin@ + p)
x- ot :xo-wl+rcos(9+p)
Vv = 7(w +iwt)et@etivet)
we have
efrhp(w)(;_v — _TefipeirxowLerr(sinp+icosp) on Fp
9 o (3.6)
efrhp(w)a_ — _L_eﬂqelrxo-w err(smqﬂcosq) on Fq-
v
From (2.5) and (3.6) we obtain
i
effh"(“’)/‘ u—a—Zr“fAj 8_1):0 ! ,
r, — ov T M+
—thp(w) oy i AL . i3 . _v —
e /r {u o Zr J(Ajcos®,uj+Bjsm®uJ)}av O(TWH).

q j=1

A combination of (3.5)—(3.7) gives

! "
Iw(Tl, th(CU)) _ __L,e—ipeir)cg.wL Z Aj / rp_jerr(sin p+icos p) dr
— = 0

! n
—ig Jitxg-wt i i Wi rT(sing+icosq)
+1e Me!tv E (Ajcos®uj+Bjsm®,uj)/0 rtie gl D dr
j=1

+0 (T:M ) . (3.8)

We make use of the following formulae [7]:

n ) ) . o et sin p
/ rp.,»erz(smpﬂcosp) dr = T*(1+M,)ielgﬂjelpelpﬂjl"(l + Mj) +0 ( ) i
T
0 3.9)

n o o e sing
/ pHielTing+icosq) q,. T*(l‘*‘ﬂj)ieljﬂfelqequjl"(l + Mj) +0 < ) .
0 T

From (3.8) and (3.9) we obtain (3.4). O

4. Proof of the key lemma

The problem is: what happens when
Kj = A5 — (A’ cos Op; + Bl sin Op j)e! =0

forall j =1,...7
Since

p+0 =21 +g¢q,

we have

ei@ujeipp.j — eiZn,u,-eiqu,- .
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So K; = 0 if and only if

A%e!H = (A cos O + B sin Op)e' .
Since A, B, AS., Bj. are all real, we know that (4.1) is equivalent to

A; cos Oujcos(® — 2m)u; + B;- sinOu; cos(® —2m)u; = A;
and

A; cos Ou;sin(® — 2m)u; + Bj. sin®u; sin(® — 27)pu; = 0.
In this section we only consider j satisfying

5)# ()
i) :

(5)# (6

Since Aj. and B; are non-trivial solutions of (2.6) and (4.3), we obtain

L = (cos2mu; — cos? Ou; — k sin® Ou;)sinOu; sin(® — 2m)

—{sin2zp;+ (k —1)cosOpu;sinOu;}cos Ou;sin(® — 2m)u; = 0.

Since
L =sin(® —2m)p; x {cos2mp; sin Op; — cos’ Ou;sinOu; — k sin® O,
—sin 2w ; cos Opu; — (k — 1) cos® Ouj sin Ou ;}
= sin(® — 2m)u;{sin(® — 2m)pu; — ksin Ou;}
= sin27r — O)u;{sin(2r — O)u; +ksinOp;}.
Therefore, (4.4) becomes
sin(2r — O)p;{sinQwr — O)u; +ksinOu;} = 0.
Moreover, from (4.2) and (4.3) it is easy to see that
ASsin®u;sin(2r — O)u; = 0.

791

“4.1

4.2)

4.3)

4.4)

(4.5)

(4.6)

This is a compatibility condition of the system (4.2) and (4.3). Now we are ready to prove the

central part of this paper.

Lemma 4.1. Assumethat K; =0 forall j =1, .... There exist an integer a 2> 2 independent

of j and a harmonic continuation i of u from Q \ D into (Q \ D) U B, (xo) such that

. 2z - .
u <r, 0+ —> =u(r,09) in  B,(xo).

a

Proof. The proof is divided into three parts.

Step 1:  sin2r — O)u; = 0.
To prove this we assume that sin(2r — ©)u; # 0. From (4.5) we get

sin2mr — O)u; +ksin®Ou; =0

4.7

and this thus yields sin ©; # 0. From (4.6) we conclude that A% = 0. Then taking the first

components of (2.2) and (2.3), respectively, we get

coS 2 sin 27w j AL\ (0
cos? Ou;j +ksin® Ou; (1 —k)cos Ou;sin Ou; B; —\o /-
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Since A’] B; are not trivial solutions for this system, we obtain
0 =cos2m (1 —k)cosOu;sin@Ou; — (cos* Ou; + ksin® Ou ;) sin 2
= cosOu;(cos2m L sin O ; — cos O sin 27 4 ;)
—ksin O ;(cos2mp; cos O +sin Op; sin 27 ;)
= — (cosOu;sin(2r — O)p; +ksinOu;cos(2wr — O) ;). 4.8)
A combination of (4.7) and (4.8) gives
sin(2r — O)puj{cosOu; —cos2mr —O)u;} =0
and this thus yields
cosOu; = cos(2mr — O)u;.
Therefore, we obtain
[sin®u;| = |sin2wr — O) ;. 4.9)
A combination of (4.7) and (4.9) yields
|sin®u;| = |sin(2r — O) |
=k|sinOu;|

and hence k = 1. This is a contradiction.

Step 2:  w; has to be an integer.
It follows from step 1 that (27 — ®)u; = nm for an integer n. Then (m — O)u; =
—mu; +nm. This gives
sin(r — O)u; = (=1 sinwp;.
Combining this with (2.1), we obtain
(1+k)?sin’ rp; = (1 — k)*sin®(r — O)p;
= (1 —k)?sin*mp;.

Since k # 0, we have the desired conclusion.

Step 3:  From step 1 we know that there exits an integer n; such that 27 — O)u; = n;m.
Since u; # 0, we have

® .
2ol (4.10)
T M
From step 2 one it concludes that (ﬂ—) has to be a rational number. Since 7 < ® < 27, one may
write
® b
—=1+- 4.11)
i a

where a = 2,..., b = 1,... with (a,b) = 1. Note that ¢ and b are independent of j.
From (4.10) and (4.11) we get

bpj=a(u;—nj).

Since (a, b) = 1, there exists an integer /; such that

,LLj =lja.
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Then
2
0+ — ,U,j=9,b£j+21j7T, 4.12)
a
and we have

o0
u(r,0) = a + Zr"f (A% cosOu; + BSsin6pu;) in (2\ D) N B,(x).

j=1
By virtue of (4.12), this right-hand side gives a desired harmonic continuation of u. ]
Now we are ready to prove the key lemma. Assume that K; = Oforall j =1, .... From

a combination of lemma 4.1 and Friedman—Isakov’s extension argument (see [5, p 570, proof
of theorem 1.1]) we obtain a harmonic extension of u into whole €2. This yields that u has to
be constant. This is a contradiction. So one can take

m =min{j|K; # 0}.
Then from (3.4) we have
Lo(T, hp(@)) ~ (k = 1)ie™ e 2T (1 + po) Kyt 7.

This completes the proof.
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