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Abstract
We discuss results of the applicability of discrete filters for the large-eddy simulation (LES)
method of forced compressible magnetohydrodynamic (MHD) turbulent flows with the scale-
similarity model. New results are obtained for cross-helicity and residual energy. Cross-helicity
and residual energy are important quantities in magnetohydrodynamic turbulence and have no
hydrodynamic counterpart. The influences and effects of discrete filter shapes on the scale-
similarity model are examined in physical space using finite-difference numerical schemes. We
restrict ourselves to the Gaussian filter and the top-hat filter. Representations of this subgrid-scale
model, which correspond to various 3- and 5-point approximations of both Gaussian and top-hat
filters for different values of parameter  (the ratio of the cut-off length-scale of the filter to the
mesh size), are investigated. Discrete filters produce more discrepancies for the magnetic field. It
is shown that the Gaussian filter is more sensitive to the parameter ò than the top-hat filter in
compressible forced MHD turbulence. The 3-point filters at  = 2 and  = 3 give the least
accurate results whereas the 5-point Gaussian filter shows the best results at  = 2 and  = 3.
There are only very small differences deep into the dissipation region in favor of  = 2. For
cross-helicity, the 5-point discrete filters are in good agreement with the results of direct
numerical simulation (DNS), while the 3-point filter produces the largest discrepancies with
DNS results. There is no strong dependence on the choice of the parameter  and order
approximation is a much more important factor for the cross-helicity. The difference between the
filters is less for the residual energy compared with total energy. Thus, the total energy is more
sensitive to the choice of discrete filter in the modeling of compressible MHD turbulence using
the LES method.

Keywords: compressible mixing, subgrid-scale modeling, magnetohydrodynamic turbulence

1. Introduction

Compressible turbulent plasma flows in a magnetic fields are
common both in engineering and applied areas, and in the
physics of geophysical, space and astrophysical processes.
Turbulent phenomena are observed in near-Earth plasma,
both in solar wind and in different regions of the Earthʼs
magnetosphere (for instance, geomagnetic tail, auroral zone,
interplanetary medium, dynamo process and space magnetic

field generation). Among the engineering applications, the
possibility of boundary layer control and drug reduction,
magnetohydrodynamic (MHD) flows in pipes for the cooling
of nuclear fusion reactors and in channels for steel-casting
processes can be mentioned. Most of the applications require
an understanding of turbulent flow at high Reynolds numbers
with density fluctuations due to compressibility (such as in
aerospace engineering design). The presence of velocity and
magnetic field fluctuations in a wide range of space and time
scales have been directly detected in the various turbulent
flows in space processes. For example, there are strong
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indications of their presence in the solar corona, inter-
planetary medium, solar wind and others. Note that MHD
problems differ from those of neutral fluid hydrodynamics.
MHD equations contain two fields that introduce considerably
more freedom into the dynamics. Fundamental limitations of
the direct numerical simulation (DNS) method for turbulence
modeling and difficulties owing to the presence of magnetic
fields and compressibility require development of new com-
putational and theoretical methods and make important the
advancement of the large eddy simulation (LES) method for
such complex MHD flows. According to LES theory, the
large-scale part of the flow is immediately computed and only
small-scale turbulent structures are modeled. This scale
separation is achieved by applying a filter. The small-scale
motion is eliminated from the initial equations of motion by
filtering operations and its influence is taken into account by
special closures usually referred to as the subgrid-scale (SGS)
models [1–8].

Currently, much attention is being paid to the important
basic component of the LES method, namely, the develop-
ment of SGS models and verification of their applicability
[21]. At the same time, a significantly lower number of efforts
are being made in the direction of other important funda-
mental problem of the LES approach: filtering procedures and
the methods of their computational implementation. This
work is devoted to an in-depth study of the influence of filter
shapes on the modeling results of compressible MHD
turbulence.

A special challenge is the study of turbulent MHD flows
in the presence of turbulent mixing. It may be difficult to
choose the shape of the filter in the LES; universal scales of
mixing in turbulent flows may differ from those of ambient
turbulent flow. Thus, applying the LES method for such
plasma flows requires a careful choice of filtering operations
together with the development of SGS models. The properties
of these discrete filters differ noticeably from those of the
continuous filters that are the basis of analytical analysis [23].
Consequently, it is necessary to analyze discrete filters and to
define the discrete filters with the required properties to
guarantee a better consistency between continuous SGS
parameterization and its discretized version, which will be
utilized for the calculation.

Analytical investigations on SGS modeling are per-
formed by executing filtering procedures that are determined
as convolution products between the velocity field and the
filter kernel. Such a determination is appropriate when dealing
with numerical approaches such as spectral or pseudospectral,
and is expensive when handled with local methods (finite
elements, finite differences, finite volumes). Normally dis-
crete test filters with compact stencils based on weighted
averages are applied for local methods. The characteristics of
the discrete filters differ substantially from those of the con-
tinuous filters as mentioned above. Therefore, the choice of
discrete filters with the necessary properties is an actual
problem. Results concerning discrete filters evaluation for
time evolution of velocity and magnetic field are obtained in
[9]. Indeed, subsequent studies are needed to understand the
influence of discrete filters on the dynamics of cross-helicity

and residual energy [10] since these physical characteristics
are important for understanding compressible turbulent mix-
ing. These key questions are first addressed in the present
work. For completeness, we provide a brief description of the
LES approach of compressible MHD turbulence based on [9].

We deal with the question of the effects and influences of
different filter shapes on the scale-similarity model in the LES
method for compressible forced MHD turbulent flows using
finite-difference schemes. Recently, we have shown that the
scale-similarity model for forced MHD turbulence can be
used as a stand alone SGS closure as opposed to the decaying
case [9]. Scale-similarity parametrization has obvious
advantages, the main one being to the ability to accurately
reproduce the correlation between the actual and model tur-
bulent stress tensor for isotropic flow as well as for aniso-
tropic fluid flow, and the absence of special model constants,
in contrast to other SGS models. However, the scale-simi-
larity model does not sufficiently dissipate energy and usually
leads to inaccurate results in decaying turbulence, or blows up
the simulation. However, the situation changes significantly
when a forced turbulence is considered. In this case, subgrid
modeling in the LES approach provides the correct stationary
regime of the turbulence rather than guaranteeing proper
energy dissipation. It has been shown that the scale-similarity
model provides good accuracy, and the results of this SGS
model agree well with the DNS results. If differences between
the results obtained by the scale-similarity model and the
Smagorinsky closure for velocity field are insignificant, then
the differences are considerable for magnetic fields. For the
magnetic field, discrepancies with the DNS results are sub-
stantially lower for scale-similarity model, while the Sma-
gorinsky parametrization for the MHD case is more
dissipative and the results of the Smagorinsky model are
worse, in agreement with DNS [9]. The scale-similarity model
is generally found to reproduce DNS results better.

The structure of the paper is the following. Section 2
describes the general features of the LES technique in phy-
sical space. The influence and sensitivity of discrete filter
shapes on the scale-similarity model, test configurations and
numerical analysis of the obtained results are specified in
section 3. Finally, concluding remarks are given in section 4.

2. Large-eddy simulation of compressible forced
MHD turbulence

In this section, we formulate the general features of the theory
of the LES method for modeling of compressible forced
MHD turbulent flows [9, 11].

In order to obtain the MHD equation system governing
the motion of the filtered (or resolved) eddies, the large scales
from the small ones are expanded. The LES technique relies
on the definition of a filtering procedure, that is, a resolved (or
large-scale) characteristic, denoted by an overbar in this work,
and is determined as

¯ ( ) ( ) ( ¯ ) ( )òz z x= ¢ ¢ ¢
Q

x x x x x, ; d , 1

2
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where ξ is the filter function satisfying the normalization
property, ζ is a flow parameter, Θ is the domain, ̄ is the filter
width associated with the wavelength of the smallest scale
retained by the filtering procedure and ( )=x x y z, ,j are axes
of the Cartesian coordinate system.

It is reasonable to apply the so-called Favre filtration (it is
often called mass-weighted filtration) to avoid extra SGS
terms due to compressibility effects. Thus, mass-weighted
filtering will be used. Favre filtering is applied for all para-
meters of charged fluid flow in addition to the pressure and
magnetic fields and is defined as follows:

˜
¯

( )z
rz
r

= 2

where the tilde denotes the mass-weighted filtration.
Hence, using the Favre-filtering operation, the MHD

equations for compressible fluid flow can be rewritten as
[9, 11]:
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since hBj ¯ ¯h- =B 0j and ¯ ˜s s- = 0ij ij [12], where ˜ ˜ ˜s m= S2ij ij

˜ ˜m d- Skk ij
2

3
˜ ˜z d+ Skk ij, and s̄ m= S2ij ij m d- Skk ij

2

3
z d+ Skk ij . In

numerical simulations, one usually neglects the last term by
assuming the volume viscosity coefficient ζ to be equal
to zero.

In relations (3)–(6), ρ is the density, uj is the velocity in
the direction xj, Bj is the magnetic field in the direction xj,
s m m d= -S S2ij ij kk ij

2

3
is the viscous stress tensor,

( )= ¶ ¶ + ¶ ¶S u x u x1 2ij i j j i is the strain rate tensor, μ is the
coefficient of molecular viscosity, η is the coefficient of
magnetic diffusivity, and dij is the Kronecker delta.

The filtered magnetohydrodynamic equations (3)–(6) are
written in the dimensionless form using the standard proce-
dure [2] where r m=Re u L0 0 0 0 is the Reynolds number, and

h=Re u Lm 0 0 0 is the magnetic Reynolds number.
=M u cs s0 is the Mach number, where cs is the velocity of

sound defined by the relation g r=c ps 0 0 , and =M u ua a0

is the magnetic Mach number, where ( )pr=u B 4a 0 0 is the
Alfvén velocity. To close the MHD equations (3)–(5) it is
assumed that the relationship between density and pressure is
polytropic and has the following form: r= gp , where γ is a
polytropic index.

Note that mass-weighted filtration is used for all para-
meters of charged fluid motion except for the pressure and

magnetic field. The magnetic field, as well as density and
pressure, is filtered in the traditional way to avoid the com-
plication of calculations because the MHD equations (3)–(6)
do not contain products of the density and the magnetic field.

The effect of the SGSs appears on the right-hand side of
the governing MHD equations (4)-(5) through the SGS
stresses:

¯ ( ˜ ˜ ) ( ¯ ¯ ) ( )t r= - - -~u u u u
M

B B B B
1

; 7ij
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i j i j
a

i j i j2

( ˜ ¯ ) ( ¯ ˜ ) ( )t = - - -u B u B B u B u . 8ij
b

i j i j i j i j

Thus, the filtered system of MHD equations includes the
unknown turbulent tensors t ij

u and t ij
b . To define their com-

ponents, special turbulent models (or closures, or para-
meterizations) based on large-scale values describing
turbulent MHD flow should be utilized. The central concept
of any SGS models used in the LES technique is to reproduce
the effects of the SGS dynamics on large-scale energy dis-
tribution, as does the Richardson turbulent cascade simula-
tion. One ought to find closures for the terms t ij

u and t ij
b that

would relate these tensors to the known large-scale values of
the flow parameters in order to close the MHD equation
system. Note that the trace of SGS stresses in compressible
fluid flows cannot be contained in the modified pressure, and
demands separate modeling, but it is very frequently
neglected [12, 13]. Therefore, there is no additional need to
close the often neglected turbulent magnetic pressure [5].

Any turbulent SGS tensor can be decomposed into three
parts [14], for instance, for t ij

u :
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In expression (9), the Leonard stress Lij describes the
interaction between the resolved scales [14]. The cross term
Cij represents the interaction between the resolved and SGS
motion. Finally, the third term, Rij, the Reynolds–Maxwell
stress tensor, describes the interaction between the SGSs and
is responsible for energy dissipation. In general, there are two
main approaches to turbulent stress modeling in LES. The
first one is called scale similarity. It concentrates the attention
at the Leonard term Lij, that is, SGS tensors are proportion the
Leonard stress tensor t µ µ + +L L C Rij ij ij ij ij. The second
approach is called eddy viscosity. It focuses on the Reynolds
(or Reynolds–Maxwell) term Rij and assumes that t µ Rij ij.

3
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The SGS Reynolds stress tensor is separated into deviatoric
and isotropic parts. In this case, an eddy-viscosity assumption
is used. The eddy-viscosity model is defined in general view
as:

˜ ˜ ( )t t d n d- = - -⎜ ⎟⎛
⎝
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⎠S S

1

3
2

1

3
, 10ij

u
kk
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¯ ( )t t d h- = - J
1

3
2 . 11ij

b
kk
b

ij t ij

Here nt and ht are scalar turbulent functions depending on

spatial coordinates and time, ˜ ( ˜ ˜ )= ¶ ¶ + ¶ ¶S u x u xij i j j i
1

2
is a

large-scale strain rate tensor, and ¯ ( ¯ ¯ )= ¶ ¶ - ¶ ¶J B x B xij i j j i
1

2
is

a large-scale magnetic rotation tensor.
The symmetric terms comprising the magnetic rate-of-

strain tensor ¯ ( ¯ ¯ )= ¶ ¶ + ¶ ¶S B x B x 2ij
b

i j j i and the vorticity

tensor ˜ ( ˜ ˜ )= ¶ ¶ - ¶ ¶J u x u x 2ij
u

i j j i are omitted on the right-
hand sides of the equations (10) and (11), respectively, since
their influence is negligible, as shown in [5].

The term t dkk
u

ij
1

3
is often neglected and is related to the

thermodynamic pressure ( )d +p k ij
2

3
(see [15]), where

( )t t t= + +k 211 22 33 is the SGS turbulent kinetic energy.
However, as indicated in papers [3, 4, 9, 11, 16], the general
case when the SGS isotropic term is taken into account using
realizability conditions is considered.

In the present work, the scale-similarity model is applied.
The scale-similarity model is not of the eddy-viscosity type. It
is based on the assumption that the largest unresolved scales
are similar to the smallest resolved scales of turbulent flow
and uses the filter twice to separate the smallest and largest
resolved scales. The largest unresolved scales are approxi-
mated by the smallest resolved scales, for example, for the
velocity: ˜ ˜̃ ˜ »  » -u u u ui i i i. The scale-similarity model as a
SGS closure for the compressible MHD case is of the form
[16]:

¯ ( ˜ ˜ ˜̃ ˜̃ ) ( ¯ ¯ ¯̄ ¯̄ ) ( )t r= - - -~
u u u u

M
B B B B

1
12ij

u
i j i j

a
i j i j2

( ˜ ¯ ˜̃ ¯̄ ) ( ¯ ˜ ¯̄ ˜̃ ) ( )t = - - -u B u B B u B u . 13ij
b

i j i j i j i j

The scale-similarity model for MHD turbulence (12) and
(13) may be computed with the help of the filtered variables
in contrast to eddy-viscosity parameterizations. Model con-
stants in (12) and (13) are not introduced as this would
destroy the Galilean invariance of the expression [17]. This is
the main advantage of scale-similarity closure. It has been
shown that the scale-similarity model provides good accuracy
and the results of this SGS model agree well with the DNS
results for forced compressible MHD turbulence [9].

There are external driving forces Fi
u and Fi

b on the right-
hand sides of expressions (4) and (5), respectively. Driving
forces Fi

u and Fi
b, which sustain turbulence, are necessary to

study statistically stationary flow and ensure a stationary
picture of the energy cascade and more statistical sampling. If
energy is not injected into a turbulent flow, after some time

this turbulent flow becomes laminar due to viscosity and
diffusion. In order to sustain three-dimensional turbulence, a
driving force is employed to inject energy in the turbulent
system to replace the energy that is dissipated on small spatial
scales.

Recently, ‘linear forcing’ was suggested and used for
modeling compressible MHD turbulence [11], with a driving
force in physical space. The idea essentially consists of
adding a force proportional to the fluctuating velocity
[11, 18–21]. Linear forcing resembles a turbulence when
forced with a mean velocity gradient, i.e. a shear. This driving
force appears as a term in the expression for fluctuating
velocity that conforms to a production term in the equation of
turbulent kinetic energy. In compressible MHD turbulence, an
MHD equation system also includes a magnetic induction
expression, and in this case the external force is proportional
to the magnetic field in the magnetic induction equation [11].
Thus, this driving force may be explained as the production of
magnetic energy owing to the interaction between the
magnetic field and the mean fluid shear.

The determination of the driving forces Fi
u and Fi

b in the
momentum conservation equation and in the magnetic
induction equation, respectively, is given by:

( )r= QF u 14i
u

i

( )= YF B 15i
b

i

where Θ in (14) is the coefficient that is defined from a
balance of kinetic energy for a statistically stationary state.
The forcing function r= QF ui

u
i in physical space is

equivalent to the force of all the Fourier modes in spectral
space. This is in fact the only difference from standard
spectral forcing when energy is added into the system only in
the range of small wave numbers (wave number shell), that is,
in integrated (large) scale of turbulence. The coefficient Ψ in
expression (15) is also determined from the balance of
magnetic energy for the statistically stationary state. The
parameter Ψ is specified as cY = B3 rms

2 , where
( )c h= á ¶ ¶ ñB B xi i j

2 2 is resistive dissipation of the turbulent

magnetic energy in MHD turbulence and = á ñB B 3rms
2 2 is the

root-mean-square magnetic field. Just like the parameter Θ in
expression (14), the coefficient Ψ in relation (15) can be
constant as well as recalculated on each time step during
modeling of MHD turbulence with driving force. More
detailed derivation and information about the linear forcing
method in physical space for compressible MHD turbulent
flows can be found in our article [11].

3. Sensitivity of cross-helicity and residual energy
on the filter shape and comparisons with that for
turbulent spectra

In this section, the influences and sensitivity of discrete filter
shapes on the scale-similarity model for MHD turbulence for
cross-helicity and residual energy are studied. Test config-
urations and numerical analysis of obtained results are pre-
sent. The results obtained for the LES technique are compared

4
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with the DNS results for three-dimensional forced compres-
sible MHD turbulent flows. Comparisons are made with
results for turbulent spectra obtained in [9].

We begin with a brief description of derivations of var-
ious discrete filters in the LES approach for the sake of clarity.

There is an evident effect of the properties of the LES
filter on the interactions between resolved and subgrid scales.
We examine the question of the effect of different filter
shapes on the scale-similarity model for forced compressible
MHD turbulent flow using finite-difference schemes. Several
papers have been devoted to this problem for neutral fluids
dynamics. Both theoretical and numerical studies have been
carried out [22–24].

It should be remarked that the definition of the filtering
procedure (1) is too general. The real flows in nature and in
experiments can be investigated with the help of some simpler
appropriate filter. Note that the operator specified by (1) is
a priori non-local in physical space, and then is not appro-
priate for calculations performed with local numerical meth-
ods (e.g. finite elements, finite volumes and finite
differences). Therefore, there is a need to determine some
local discrete approximations for this operator. Since the
finite-difference schemes for the simulation of MHD turbulent
flows are used in this paper, we consider the Gaussian filter
and the top-hat (or box) filter. They are commonly applied
when using non-spectral modeling techniques in physical
space. The filters can be expressed in discrete form for
practical consideration. To do that, it is necessary to define the
differential operator associated with the filter in (1). Using the
Taylor expansion, we have the following:

( )́ ( ) ( ́ )
!

( ) ( )åz z
z

= +
- ¶

¶=
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x x
x x
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x

x
. 16

l

l l
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Introducing this expansion into (1), we obtain for the filtered
variable:
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where Kl is the moment of order l of the kernel ξ, that
is, ( )́ ́ ́ò x=

Q
K x x xdl

l .

The differential form (17) is well posed if and only if
∣ ∣ < ¥Kl for " l, implying that the kernel ξ quickly dimin-
ishes in space and ̄ is the characteristic cut-off length-scale
connected with the LES filter [1]. Two filters are classically
applied for analytical studies in the LES method in physical
space, which satisfy that the criteria are the top-hat filter and
the Gaussian filter.

The top-hat filter is defined as:
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where ( ) ( )z zL = ¶ ¶ x2 2 is a Laplacian operator.
The Gaussian filter is:
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For the Gaussian filter, the corresponding differential
approximation takes the form:
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The associated discrete operator equivalent to the nth
order of the filter is derived by discretizing the aforemen-
tioned differential operators.

The filter approach for the hydrodynamics of neutral gas
was analyzed by Sagaut and Grohens [23]. They were looking
for an optimal shape of the filters that is consistent with the
numerical scheme in use. They found, by means of the Taylor
series decomposition, that the top-hat and Gaussian filters
coincide exactly for second-order accuracy numerical
schemes (using 3-points):
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Fourth-order accuracy numerical schemes (using
5-points) are consistent with different forms of these filters.
Operators equivalent to the fourth-order Gaussian filter and
top-hat filter respectively are:
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Here, zi is the flow parameter in the point i and the
parameter  represents the the ratio of cut-off length-scale of
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the filter to the mesh size. It is usually assumed that the
parameter  is equal to 2 in the works where the fluid flows
are modeled by means of the LES approach. However, in
order to study how this parameter affects the results of the
calculations, we consider the cases when the parameter 
takes a different value, namely,  = 3.

Initially it should be noted that since the problem con-
sidered in this paper is three-dimensional, a three-dimensional
filter (a multidimensional one in the general case) should be
designed. A multidimensional filter may be designed in two
different modes [23]. The first one is a linear combination
of one-dimensional filters. For every direction the flow

parameter is filtered independently from the others:

( )åx x=
=n

1
, 25n

i

n
i

1

where xi is a one-dimensional filter in direction i, and n is the
number of space dimensions. Linear combination corresponds
to simultaneous application of all one-dimensional filters in
every spatial direction. The second approach represents a
product of one-dimensional filters:

( )x x=
=

. 26n

i

n
i

1

Such method of definition of multidimensional filter xn

corresponds to non-simultaneous application of one-dimen-
sional filters such as in the first case but a sequential one. The
precision of designed multidimensional filters was explored
by Sagaut and Grohens [23]. It was demonstrated that
sequential product of filters provides more accurate results in
comparison with the linear combination of one-dimensional
filters. Consequently, the sequential product of filters (26) is
applied for three-dimensional filtration in this study.

Three-dimensional numerical simulations of forced
compressible MHD turbulence in physical space were per-
formed and the numerical code of the fourth-order accuracy
for MHD equations in the conservative form based on non-
spectral finite-difference schemes is used in our work. The
third-order low-storage Runge–Kutta method is applied for
time integration. The skew-symmetric form of nonlinear
terms for modeling of turbulent flow is applied to reduce
discretization errors. The skew-symmetric form is a form
obtained by averaging divergent and convective forms of the
nonlinear terms:

( ) ( )
( )

r
r

r
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¶

¶
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Despite the analytical equivalence of all three forms, their
numerical realizations ensure different results. In [25], the
authors asserted that the skew-symmetric form improves
computational accuracy for turbulent modeling. Periodic
boundary conditions for all three dimensions are used. The
similarity numbers in all simulations are: »Re 300,

»Re 50M , »M 0.35s , »M 1.4a , g = 1.5. The modeling
domain is a cube p p p´ ´ . A mesh with 643 grid cells is
used for LES and 2563 for DNS. The explicit LES method is
used in the present study. The initial isotropic turbulent
spectrum close to -k 2 with random phases and amplitudes in
all three directions was selected for magnetic and kinetic
energy in Fourier space. The choice of such a spectrum for the
initial conditions is the result of velocity perturbations with an
initial power spectrum in Fourier space similar to that of
developed turbulence [26]. It should be noted that the -k 2

spectrum corresponds to the spectrum of Burgers turbulence.
Initial conditions for the magnetic field and the velocity were

Figure 1. Time dynamics of brms (a) and urms (b) for various filter
shapes. The diamond symbol denotes the DNS results, the solid line
is the 5-point approximation of the Gaussian filter ( = 2), the
dashed line is the 5-point approximation of the top-hat filter ( = 2),
the dash-dot line is the 3-point approximation of the Gaussian (or
top-hat) filter ( = 2), the circle symbol is the 5-point approximation
of the Gaussian filter ( = 3), the triangle symbol is the 5-point
approximation of the top-hat filter ( = 3), and the plus symbol is the
3-point approximation of the Gaussian (or top-hat) filter ( = 3).
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derived in physical space by inverse Fourier transform. The
results obtained with the LES technique are compared with
DNS calculations and the LES performance is studied using
the difference between LES and filtered DNS results. The
initial conditions for LES are obtained by filtering the initial
conditions of DNS.

Since our interest is in study scale-similarity SGS para-
meterizations that depend on the application of a filter to its
discrete statement, we consider various versions of scale-
similarity closure that correspond to various 3- and 5-point
approximations of both Gaussian and top-hat filters for  = 2
and  = 3.

The time dynamics of root-mean-square magnetic field
brms and root-mean-square velocity urms are shown in
figures 1(a) and (b), respectively. Here and below, in figure 1,
the diamond symbol denotes the DNS results, the solid line is
the 5-point approximation of the Gaussian filter ( = 2), the
dashed line is the 5-point approximation of the top-hat filter
( = 2), the dash-dot line is the 3-point approximation of the
Gaussian (or top-hat) filter ( = 2), the circle symbol is the
5-point approximation of the Gaussian filter ( = 3), the tri-
angle symbol is the 5-point approximation of the top-hat filter
( = 3), and the plus symbol is the 3-point approximation of
the Gaussian (or top-hat) filter ( = 3). In these plots, we can
see that the use of the 5-point filters leads to an increase in the
accuracy. The largest discrepancy with the DNS results is
observed for scale-similarity results with the 3-point Gaussian
(or top-hat) filters at different values of  . At the same time,
the 5-point filters agree well with the ‘exact’ DNS results.
Note that 5-point discrete filters lead to similar results for the
two values of parameter  , whereas a 3-point filter produces
more discrepancies for magnetic fields. Note that the dash-dot
line coincides with the dashed line in figure 1, that is, results
for the 3-point approximation of the top-hat filter ( = 2)
agree very closely with the results of the 5-point approx-
imation of the top-hat filter ( = 2).

The spectral distribution of the magnetic and kinetic
energies demonstrates redistribution of energy depending on
wave number, in other words, at different scales. The
investigation of inertial range properties is one of the principal
problems in studies of scale-similarity spectra of MHD tur-
bulence. Inertial range properties are determined as time
averages over periods of stationary turbulence conditions. It is
worth noting that the well-known spectra of Iroshnikov–
Kraichnan and Kolmogorov–Obukhov for MHD turbulence
in inertial range were derived precisely for the total energy.
That is why the total energy is a key parameter for proper
filter selection. The total energy is the sum of the magnetic
and kinetic energies = +E E ET M K . The spectra of total
energy ET

K conforming to these various cases are depicted in
figure 2(a). As expected from the theory of the LES method,
the main differences in the results are concentrated on the
small (unresolved) scales. In order to observe these differ-
ences better, for the sake of clarity, figure 2(b) shows an
enlarged zone for large values of wave number k. It should be
noted that the Gaussian filter is more sensitive to the para-
meter  than the top-hat one for the scale-similarity model in
compressible MHD turbulence. From our calculations it can

be seen that the 3-point filters give the worst results and the
5-point Gaussian filter demonstrates the best results (that is,
the best approximation to DNS) at  = 2. However, the dif-
ference between these filters is still within 10%.

There is a quantity than plays an important role in MHD
turbulence, namely the difference between the magnetic and
the kinetic energies, called residual energy ∣ ∣= -E E ER M K .
The residual energy establishes a direct link between the
kinetic and magnetic energies in MHD turbulent flow [27].
The residual energy spectrum is a fundamental parameter that
is expected to follow a power law together with the total
energy spectrum. Figure 3(a) shows the residual energy
spectrum ∣ ∣= -E E ER

K
M
K

K
K for various filter shapes. To better

see the differences at large wave numbers k in the spectral
space, as well as for the total energy spectrum above, we
present figure 3(b) with an enlarged zone for large values of
wave number. Note that the 3-point top-hat and 3-point
Gaussian filters produce the least accurate result, which is in

Figure 2. (a) Total energy spectrum ET
K , (b) total energy spectrum

ET
K in an enlarged zone for large values of wave number k. Symbols

are the same as in figure 1.
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good agreement with the results of the total energy spectrum.
In addition, similar to the total energy spectrum, as indicated
above, the 5-point Gaussian discrete filter at  = 2 shows very
good results. It is necessary to notice that the difference
between all considered filters is less for the residual energy
compared with the total energy for large values of wave
number k exactly for the scales that are important in LES. In
other words, the residual energy is less sensitive to the choice
of filter in the modeling of compressible MHD turbulence
using the LES technique.

An important quantity in MHD of charged fluids is an
evolution of cross-helicity ( )ò=H uB Vdc

V
. There are self-

organization processes in MHD turbulence that have no
hydrodynamic counterpart and it is often necessary to con-
sider the dynamics of cross-helicity for the study of such
processes. In figure 4, the time evolution of the cross-helicity

Hc is plotted. Note that the 5-point discrete filters are in good
agreement with the results of DNS while the 3-point filter
produces the largest discrepancies with DNS results. In our
runs, there is no strong dependence on the choice of the
parameter  and order approximation is much more important
factor for cross-helicity.

4. Concluding remarks

This work concerns the study of the impact of discrete filter
shapes on the results of numerical investigations of com-
pressible MHD turbulence using the LES method. This issue
is crucial in modeling a wide class of turbulent flows in
hydrodynamics and plasma. This is especially true of turbu-
lent flows in the presence of mixing. The conclusions can be
used to understand the complex physics accompanied by such
phenomena.

In the LES method, the filtering procedure is applied to
the governing equation system. Each physical parameter is
expanded into large- and small-scale components. The effects
on large scales are computed directly and those on small
scales are modeled. In other words, the information on tur-
bulent structures with sizes smaller than the filter width is lost
during the filtering procedure, therefore various SGS models
are used to close the filtered system of equations. Filtering
operators can be introduced in explicit and implicit forms. In
the implicit approach, the filtering operator is represented by
difference discretization and in this case the filtering scales
are smaller than the grid step. Shortcomings of implicit fil-
tering are related to difficulties in comparing the results
obtained with direct numerical simulation and experimental
data. Additionally, implicit filtering does not allow control
over the high-frequency spectral range, which can lead to
numerical errors. Thus, explicit filtering is preferable in the
LES technique. Therefore it is important to understand how

Figure 3. (a) Residual energy spectrum ∣ ∣= -E E ER
K

M
K

K
K , (b)

residual energy spectrum ER
K in an enlarged zone of large values of

wave numbers k for various filter shapes. Symbols are the same as in
figure 1.

Figure 4. Time evolution of the cross-helicity Hc for various filter
shapes. Symbols are the same as in figure 1.
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discrete filters affect the study of turbulence flows, especially
in the presence of magnetic fields.

It appears that parameter  , which represents the ratio of
the cut-off length-scale of the filter to the mesh size, is an
important parameter regarding the discrete filters of the LES
approach as well as the order of the discrete filters. The
present study summarizes results concerning discrete filters
for the LES method of forced compressible MHD turbulent
flows with the scale-similarity model. Scale-similarity para-
metrization has evident advantages in forcing compressible
turbulence. The influences and effects of discrete filter shapes
on the scale-similarity model were examined in physical
space using a finite-difference numerical schemes. In this
paper, the obtained results of modeling for LES were com-
pared with the DNS results of three-dimensional compressible
forced MHD turbulent flows. The comparison between LES
and DNS results was carried out regarding the evolution of
brms, urms and the cross-helicity, and the total energy spectra
and residual energy spectrum of compressible MHD turbu-
lence. It was shown that the Gaussian filter is more sensitive
to the parameter  than the top-hat filter for the scale-simi-
larity model in compressible MHD turbulent fluid flow. A
noteworthy result is that discrete filters produce more dis-
crepancies for magnetic fields. Therefore, it is important to
choose correctly a filter using the LES approach for modeling
of forced compressible MHD turbulence. For cross-helicity,
the 5-point discrete filters provide good agreement with the
results of DNS, while the 3-point filter produces the largest
discrepancies with DNS results. We conclude that there is no
strong dependence on the choice of the parameter  and order
approximation is a much more important factor for cross-
helicity. In general, the 3-point filters at  = 2 and  = 3 give
the least accurate results and the 5-point Gaussian filter shows
the best results at  = 2 and  = 3. There are only very small
differences deep into the dissipation region in favor of  = 2.
The difference between discrete filters is within 10%. As
expected, the main differences in the results are concentrated
on the small scales for the energy spectrum. The difference
between filters is less for the residual energy compared with
the total energy for large values of wave number k, that is, the
total energy is more sensitive to the choice of a discrete filter
for modeling of compressible MHD turbulence by means of
the LES method.

The results obtained in this study have importance for the
choice of discrete filters in large eddy simulations of turbulent
mixing processes in MHD.
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