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If an atomic system is being observed, and its observer is also observed, would the first observer
be in a superposition of states and evolve deterministically before being observed? In this paper,
a simple model of non-demolition measurement is analyzed in order to elucidate the so-called
‘Wigner’s friend’ paradox. The model illustrates the decoherence of an atomic system and its

observer (the ‘friend’) as the latter is being observed (by Wigner).
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1. Introduction

According to the usual interpretation of quantum mechanics,
an atomic system, if not observed, is in a superposition of
states described by a wave function evolving deterministi-
cally. It is the process of measurement that introduces an
element of uncertainty by a reduction of the wave function.
This interpretation, being rather counterintuitive, has led to
many discussions and criticisms, such as the well known
Schrodinger cat paradox, or a closely related situation dis-
cussed by Wigner in 1961 [1] (see also [2]). Wigner proposed
to replace the cat by a conscious being, a friend, who would
observe the decay of an atom (obviously without a killing
mechanism). Clearly, according to the friend’s perception, his
joint state with the atom will be either | + )If,) or | — )If.),
where | + ) are the two possible states of the atom and If, ) the
corresponding states of the friend. However, for an outside
observer, friend and atom must be in the joint state
cr L+ )If,) + co 1 = )If.), with probabilities Ic,* and lc_I?,
as long as they are not observed.

As pointed out by Wigner, the simplest way out of the
difficulty is to assume that the joint system, observer plus
atomic system, cannot be described by a wave function but by
a mixture [1].

Everett pointed out a similar paradox in his thesis on the
‘many-worlds interpretation’ [3]. Suppose an observer in a
room performs an experiment believing that the outcome of
his measurement is undetermined according to the rules of
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orthodox quantum mechanics. However, for a second obser-
ver outside the room, as long as he does not open the door to
the room, the evolution of the first observer should be com-
pletely deterministic, including the process of measurement.

It is usually accepted nowadays that the solution to this
kind of paradoxes is the key concept of decoherence: a con-
tinuous transition from a pure state described by a wave
function, to a mixture described by a density matrix [4—6].

A simple model of measurement and decoherence was
worked out some time ago by the present author [7]. The
model illustrated how the process of measurement, which
brings a meter to a macroscopic state, is accompanied by a
decoherence taking place in a time scale inversely propor-
tional to the energy of the observed system, the decoherence
being inevitable even at zero temperature due to vacuum
fluctuations.

The aim of the present paper is to extend this previous
analysis to an equally simple model of a (two states) atomic
system S and two observers, modelled by harmonic oscilla-
tors, the first playing the role of Wigner’s friend and per-
forming a non-demolition measurement on S, and the second
interacting strongly with the first one after a certain time. The
complete Hamiltonian of the system is taken quite generally
as non stationary [8]. The observers’ meters are coherent
states that, under suitable conditions, become macroscopic. In
this way, the decoherence of the whole system and of each of
its parts, together with the evolution of the meters, are made
explicit.

© 2015 The Royal Swedish Academy of Sciences Printed in the UK
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The plan of the paper is as follows. In section 2, the
analysis of [7] (for zero temperature) is briefly reviewed for
the sake of completeness. Section 3 illustrates the way in
which decoherence takes place, and a particular example is
worked out. The results are discussed and interpreted in
section 4.

2. Atomic system and observer

Let Hy be the Hamiltonian of an atom with two levels of
energy, say e, and assume that H, commutes with all the
other operators (it can be treated as a c-number for practical
purposes, except when applied to an atomic-state).

Let the measuring apparatus, the ‘observer’s meter’, be
described by a harmonic oscillator with frequency @ and
creation and annihilation operators a and a' satisfying the
usual commutation relation [a, a'] = 1. Then the total atom-
observer hamiltonian can be modelled as

Hy, = Hy + /wa'a + iHo(fa% —f*a), 2.1)
where f = f(¢) is a certain function describing the interaction
between the two systems. This Hamiltonian represents a ‘non-
demolition’ measurement since H, commutes with the full
Hamiltonian [9, 10].

The corresponding evolution operator Uy, satisfying the
equation

., d
lﬁEUm = Hoy Uy, (2.2)

is
Ui = exp { (i) "'Ho t — ia‘awt } V, (2.3)

where V is the evolution operator in the interaction picture. It
satisfies the equation i%# dV/dt = H'V, where

H' =iH, (fei“”aT —f*e_i’”’a). (2.4)
The solution is [7]
V = exp {iﬁ—%Hg + }%‘IHO(Fa"' - F*a) }
— e}’z”z(iv—lFlz/Z)Hoz e/ 'HoFa" o=i"'"HoF*a
- eiﬁ’Z"HﬁD(ﬁ—lﬂoF), (2.5)
where the functions F(¢) and v(¢) are solutions of
d .
—F =f(t)e", (2.6)
dr
. k
G P @7
dr 2 dr dr
and
D(a) = ewa'-a% (2.8)

is a displacement operator, satisfying the condition

DY (@)aD(a) = a + a. (2.9)

The two (orthogonal) states of the atom, | + ) are such
that

Hy|£)=x¢|x).
If the meter is initially in the vacuum state 10), then after a
time ¢
Uoi(t)| + ) |0) = exp { + (i72) et + ivez} [+) |ia>,
(2.10)

and the meter is in the coherent state | + a) = D( + «)l0),
with

a = 7"eF (t)e o, Q2.11)

If the coupling function f(f) is at resonance with the
oscillator, ie. f(t) =f e (with f, constant), then
F(t) = fyt. The important point in this case is that the
amplitude of the oscillations increases linearly in time and can
eventually reach a macroscopic value [7].

If the general atomic state is a superposition

crl+)+e|=)

of two states | + ) and | — ), then

Uot() (cx |+ ) +c- | =))10) = e“z(ueﬁﬁ)“” | + )|a)

boeema |y = a)), (2.12)
which is an entangled pure state.
The reduced density operator of the meter is simply

= el 1) (al + [e-*l = @) ( - al (2.13)

and the reduced density operator of the atomic state is
2 2
P()=|C+| [+)(+] + |C—| [=) (=]

eI (et ) (— 4 hee)  214)
(since Trl — a){(al = (al — a) = exp {—2lal*}). Equation
(2.14) exhibits the phenomenon of decoherence: for a mac-
roscopic measurement, f; « 1 and F « ¢, the non-diagonal
terms of the density matrix decay exponentially in time as
(t/tdec)z, the decay time being tqec ~ /7/€, where € is the
characteristic energy of the measured atomic system. Then

t
laf ~ —,
Idec
which implies that a realistic measurement (i.e. one with a
macroscopic reading) requires a time ¢ >> fgec.

3. Atom and observed—observer

Let us now suppose that there is a second observer with an
identical measuring apparatus modelled as the harmonic
oscillator of the first observer. This second apparatus is
described by creation and annihilation operators b and b", and
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is strongly coupled to the first one. Accordingly, the Hamil-

tonian of the atom and the two observers can be taken as
Hoi» = Hoy + 7wb’b + ﬁx(alﬁ + aTb), 3.1

where k is a measure of the interaction between the two
oscillators. The evolution operator of the complete system is

U = exp { (i) Hy 1 — it (a'a + bTb)} U, (32
where, in the interaction picture, i dU;/dt = H; U; and
H; =iH, (fei“”aT —f*e_i“"a) + ﬁK(abT + aTb). (3.3)

The same procedure used in the previous section to
obtain the evolution operator (2.5) can be generalized to the
present case. Using the formulas

; gt _ fygf . .
elk((lb +a b)a e ik(ab"+a'b) _ a cos k — ib sin k,

gik@b’+a'b) 4t g=ik@b'+a') = 47 cog k + ibT sink,  (3.4)

(with the corresponding expressions with a < b), it can be
seen by direct substitution that the unitary evolution operator
for the Hamiltonian (3.3) is

U = e—ik(ab*+a*b)+iﬁ*2H<$w efz"HO(th—G*a) efrlHU(Jb*—J*b) (3.5)
where k() and w(¢) are real functions, and G(7) and J(¢) are
complex functions satisfying the equations

dk
ak _ .
dr
9G _9F sk, Y o9 G (3.6)
dt dt dt dr
1 ES *
L e c- A A IRET
dr 21| dr dt dr dr

Suppose now that the complete system is initially in the
state 1. (0)) = | £ )10);10), (subscripts 1 and 2 refer to the
first and second oscillators). Since, in general

e~k +a'b)| ) 18), = |acosk — ifisink)| — iasink + Bcosk),,
it follows from equation (3.5) that
|V () = ex(i2) et + ie*w(1)] + )| + Ayl + By, (3.8)

where | + A); and | + B), are coherent states of the first and
second oscillators respectively, with

A = 7%7'[G cos k — iJ sin k]e "

B = /" 'e[— iG sin k + J cos k]e ", (3.9)

If the interaction between the two oscillators does not
take place before a certain time f,, then, for < #,, we have
k = 0 and therefore G = F and J = 0, or equivalently
A = 77 'eF and B = 0. Accordingly, the state of the second
oscillator remains as l0),, independently of the state of the
atomic system, and the wave function of the complete system
is just the wave function of the atom and first observer
multiplied by [0),; as such, it is a pure state. As expected, it is

only after switching on the interaction that the decoherence
takes place.

Summing over the states of the second oscillator, the
reduced density operator of the atom and first oscillator turns
out to be

Por = |e| 1+ ) CH+ IAYAL + [l =)= 1l = A)( - A

+ (c+cf | +)( = [JA)( — A| + h. c.)e‘z‘mz. (3.10)
Notice that fort < #,, B =0 and thus p,,, corresponds to a pure
state.

As for the atomic system, its reduced density operator is

po = eI+ 0+ 1+ el =)~

+ (c+cf |+ —1]+h. c.)e‘z('A'z“B'z), (3.11)
just as in equation (2.14) for ¢ < t,. The intervention of the
second observer accelerates the process of decoherence.

3.1. A particular example

Consider the resonant case described in section 1, with
F = fyt. Fort < t,, we have G = ft and J = 0 as explained
above. For t > t, we set k(t) = k(t — t,) and then the cou-
pling term in equation (3.1) is the constant k. The solutions of
equation (3.6) are

G =ﬁ)(1<‘1 sin k (1) + tz)

J= i%(l — cos k (1)), (3.12)
and thus
A= %fo(mz cos k + sin k)e‘i“”
B=- ie—j’?(l — cos k — Kty sin k(t))e‘i“”. (3.13)

These functions are oscillatory; their amplitudes is constant
on the average and of magnitude f;er, /7.

4. Discussion of results

From the previous results it can be inferred that, as long as the
first oscillator does not interact with the second one, its
amplitude increases linearly in time until eventually becoming
macroscopic. As soon as the second oscillator is coupled, say
at time #,, this growth stops and both meters oscillate with
amplitudes of order f; et /7.

If we identify the oscillators with observers, a pictorial
description of the above results can be as the follows. The first
observer looks at his meter and deduces that the atom is in
one of the states | + ) or | — ) according to the direction of
oscillation (with probabilities Ic,l* or lc_I?); this is what
equation (2.13) for the density operator implies. During such
a measurement, the state of the atom undergoes decoherence
and is no longer a pure state; its density operator,
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equation (2.14), without non-diagonal terms is in exact cor-
respondence with that of the observer. At a certain time, the
second observer intervenes and what he sees is obviously the
first observer in one of two possible states. For this second
observer, however, the joint state of atom and first observer
was a pure state at ¢ < f,, as it follows from their density
operator (3.10); accordingly, this joint system evolved in a
deterministic way. After the second intervention, the deco-
herence of the complete system continues with the typical
time scale Z4ec.

In conclusion, Wigner’s original statement remains valid
[1]: ‘the joint system of friend plus object cannot be described
by a wave function after the interaction—the proper
description of their state is a mixture.’
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