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LETTER TO THE EDITOR 
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Abstract. We show that the quasiparticle scattering time, due to non-magnetic impurities 
diverges at zero energy in anisotropic superconductors with zeroes in the order parameter 
at points and on lines on the Fermi surface. We assume S-wave scattering from the impurities 
andcarry out the calculationsin theweakcouplinglimit. Asaresultof theenergy dependence 
of the scattering time, the quasiparticle mean free path diverges at zero energy. This is in 
contrast to the BCS result where the mean free path is equal to its constant normal state 
value. The consequences of this for the ultrasonic attenuation are discussed. 

Recent investigations of heavy-fermion superconductors have revealed results that 
deviate strongly from the BCS theory of singlet superconductivity [l]. These results 
include the low-temperature ( T )  dependences of the specific heat capacity, C,, of UBe13 
[2], the ultrasonic attenuation coefficient of UPt, [3] and the NMR spin-lattice relaxation 
rate in UBe13 [4] which have T3,  T2 and T3 behaviour, respectively. 

A superconducting phase, with point zeroes of the order parameter on the Fermi 
surface, similar to the Anderson-Brinkman-Morel (ABM) phase of superfluid ,He, has 
been used to analyse the specific heat data [2]. However, a phase similar to the polar 
phase of superfluid ,He, with lines of zeroes in the order parameter, has been invoked 
to describe the latter two sets of results [3,4]. 

Rodriguez [5] has pointed out that the ultrasonic attenuation experiment on UPt, 
was carried out in the hydrodynamic limit, ql 1. He obtains evidence for an ABM-like 
state for UPt, by using the more correct picture of sound attenuation being due to the 
viscous damping of the electron gas, in this limit. However he assumes an energy- 
independent quasi-particle mean free path, lk = I,, in his analysis. 

A number of authors [6-111 have investigated the nature of the superconducting 
phases of these materials more thoroughly by including the symmetry constraints on 
the order parameter that arise due to the crystal structure of these materials. The 
superconducting phases that result are more complicated than the simple ABM, Balian- 
Werthamer (BW) or polar phases of the isotropic liquid superfluid ,He. One important 
point that emerges is that the stable states may have zeroes of the order parameter at 
points but never have them on lines. 

The purpose of this Letter is to examine the quasiparticle scattering time due to 
impurities, tk. The calculation is carried out assuming a weak S-wave scattering due to 
the impurities and in the weak coupling limit of the superconductor. Strong coupling 
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corrections that may arise due to a possible strong frequency dependence of the pairing 
interaction or that arise in higher order in the impurity potential are neglected. 

The scattering time, t k ,  enters the calculation of the ultrasonic attenuation coefficient 
via the mean free path, f k  [ 5 ] .  If f k  is dependent on the quasiparticle energy, Ek, the 
temperature dependence of the ultrasonic attenuation is affected quite markedly. 

The calculation of the scattering time, t k ,  for the isotropic BCS singlet state results 
in a quasiparticle mean free path, f k ,  that is independent of energy [12 ] .  The present 
calculation is carried out using the anisotropic order parameters of the ABM and polar 
phases of superfluid 3He [ 1 3 ] .  These give scattering times, t k ,  which are generic for 
superconducting phases with point zeroes and lines of zeroes on the Fermi surface, 
respectively. 

The scattering of electrons by impurities in the superconductor is described by the 
Hamiltonian 

This is written in terms of the q 
conducting Hamiltonian as 

= x U(q)ffL+q 
kq 6 

where [13]  

asiparticle operators a k 6  that diagonalise the super- 

The portion of this Hamiltonian describing scattering of quasiparticles is 

U(q)[aL+qt f f k y  (ok+q*t irk - v-k-qtv-k') 1 1  

+ aL+q.I ( y k l  ( o k + q * t O k  - v - k - q t v - k ' )  22 

+ & - k - q $  a L k J  ( v k + q * t v k  - 0 - k - q t 0 - k * ) 2 2 ] .  

xscatt  = 
k>O 
96 

+ a - k - q t  a L k t  (vk+'"vk - O - k - q t o - k ' ) l l  

(4) 
Using the unitarity constraint on the matrix ok, Ukokt = 1 and the diagonalisation 
formula relating the energy matrices E k  and tjk [13] it can be easily shown that, for ESP 
states where the off-diagonal components of the gap matrix are zero, 

and 
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where A(k)  = Ao(k, + ik,) for an ABM phase and A(k)  = Aok, for a polar phase. In 
equations ( 5 )  and (6) Ek = V/E; + lA(k)I2 is the quasiparticle energy. The usual BCS 
results [12] apply also to the isotropic BW phase. 

The scattering rate for quasiparticles of momentum k is then given by the Golden 
Rule formula 

1 / T k  = 2n/h 2 IUkUk' - V-kV-k'12/U(k - k')I26(Ek - Ek,). (7) 
k' 

For the singlet BCS and isotropic BW phases, equation ( 7 )  yields l / t k  = &k/Ek 

In the ABM-like phase, if k is initially along the z-axis where the gap vanishes, the 
evaluation of equation (7) is simple since V - k  vanishes. Such a situation is important at 
low temperatures since quasiparticles will exist with a higher probability at points on the 
Fermi surface where the gap is zero. 

( l / t " O m a l ) .  

Therefore, for &k < Ao,  

whereas for &k > A .  

The first term in square brackets in equations (8) and (9) is the energy-dependent density 
of states for the ABM phase. Thus the major difference in the case of an anisotropic 
triplet phase is the appearance of the density-of-states factor in place of the usual 
(&k/Ek)N(O) factor that occurs in the singlet BCS and isotropic triplet BW phases. 

At low temperatures, corresponding to &k vanishing, equation (8) yields 

When k is in a general direction on the Fermi surface, the same basic results as equation 
(8) and (9) hold. Defining l / t ( E )  = ( l / t k ) E  yields for example 

where E > Ao.  
In the case of polar phase, the density of states factor for this phase, i.e. Ek/A0 for 

Ek < A0 and (&k/Ao) Sin-'(Ao/&k) for &k > Ao, enters the definition Of l / t k .  Thus as Ek 

goes to zero in the polar phase 

l / r k  (1/Znoma')(Ek/AO). (12) 

l k  = v k t k  (13) 

The quasiparticle mean free path I k ,  is defined by 

where vk is the quasiparticle group velocity (1/h)(dEk/ak) which reduces to vg = 
( l /h)(d&k/dk)  in regions where the gap vanishes. It can be seen that, from the preceding 
results, the mean free paths in the ABM and polar phases diverge as lno*a1[Ao/~k]2 and 
lnoma'[Ao/~k]  respectively. This is in marked contrast to the usual BCS or BW phase 
result of l k  = lnomal. 
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The strong energy dependence of l k  should be treated carefully when attempting to 
draw conclusions about the nature of the superconducting state by comparing theoretical 
predictions of the ultrasonic attenuation coefficient with experimental results [ 5 ] .  The 
use of the previous result for l k  for the ABM phase in the hydrodynamical formula for 
the ultrasonic attenuation yields a constant attenuation at zero temperature in contrast 
to the low temperature T 2  behaviour, obtained using a constant l k .  Therefore until the 
energy dependence of l k  including strong coupling effects is treated more carefully, the 
identification of the superconducting phase from the theoretical calculation of the 
ultrasonic attenuation is an open question. 

Recent work by Ueda and Rice, and Gorkov and Kalajin [15] treating the effects of 
non-magnetic impurities on the triplet phases self-consistently , indicates similar effects 
in z(E)  to those that have been obtained here. The self-consistent treatment of impurity 
effects removes the singularity at Ek = A. in the ABM density of states, for example. 
However it yields the same behaviour in the scattering rate, as &k vanishes, as found 
here. 

Finally it is worth noting that a somewhat different lifetime arises in the calculation 
of the ultrasonic attenuation for an anisotropic superfluid when one uses a Landau 
kinetic equation approach to calculate the attenuation in the hydrodynamic limit [ 5 ] ,  
The difference arises from the collision term on the right-hand side of the Landau kinetic 
equation and results in a factor of (1 - cos’ e ) ,  where 8 is the scattering angle, in the 
expression for l / t k .  This is also different to the (1 - cos 8) factor which occurs in a 
calculation of the transport scattering time in the conductivity of a normal electron gas. 

However these factors do not significantly change the basic conclusions of this Letter 
since these are primarily dependent both on the form of the coherence factors and energy 
conservation. 

More detailed calculations of the ultrasonic attenuation coefficient in impure aniso- 
tropic superconductors are presently being carried out. 

We are grateful for useful discussions with R J Joynt and H Smith. 
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