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ABSTRACT

The three-point correlation function of cosmological fluctuations is a sensitive probe of the physics of inflation.
We calculate the bispectrum, B(ky, k2, k3), Fourier transform of the three-point function of density peaks (e.g.,
galaxies), using two different methods: the Matarrese—Lucchin—Bonometto formula and the locality of galaxy
bias. The bispectrum of peaks is not only sensitive to that of the underlying matter density fluctuations, but also
to the four-point function. For a physically motivated, local form of primordial non-Gaussianity in the curvature
perturbation, ® = ¢ + faL¢? + gni¢>, where ¢ is a Gaussian field, we show that the galaxy bispectrum contains
five physically distinct pieces: (1) non-linear gravitational evolution, (2) non-linear galaxy bias, (3) fnr, (4) fl\zlL’
and (5) gno. While (1), (2), and a part of (3) have been derived in the literature, (4) and (5) are derived in this
paper for the first time. We also find that, in the high-density peak limit, (3) receives an enhancement of a factor of
~135 relative to the previous calculation for the squeezed triangles (k; &~ ky > k3). Our finding suggests that the
galaxy bispectrum is more sensitive to fyi. than previously recognized, and is also sensitive to a new term, gnp.
For a more general form of local-type non-Gaussianity, the coefficient f2; can be interpreted as Tnr., which allows
us to test multi-field inflation models using the relation between the three- and four-point functions. The usual
terms from Gaussian initial conditions, (1) and (2), have the smallest signals in the squeezed configurations, while
the others have the largest signals; thus, we can distinguish them easily. We cannot interpret the effects of fyr, on
By (ky, ko, k3) as a scale-dependent bias, and thus replacing the linear bias in the galaxy bispectrum with the scale-
dependent bias known for the power spectrum results in an incorrect prediction. As the importance of primordial
non-Gaussianity relative to the non-linear gravity evolution and galaxy bias increases toward higher redshifts,
galaxy surveys probing a high-redshift universe are particularly useful for probing the primordial non-Gaussianity.
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1. INTRODUCTION

Are primordial fluctuations Gaussian or non-Gaussian? The
simplest models of inflation, driven by a slowly rolling single
scalar field with the canonical kinetic term originated from
the Bunch-Davis vacuum, predict the amplitude of primordial
non-Gaussianity that is below the detectable level. Therefore, a
convincing detection of primordial non-Gaussianity would rule
out the above simplest models, and thus lead to a breakthrough
in our understanding of the physics of inflation (see Bartolo
et al. 2004, for a review).

The tightest limit on primordial non-Gaussianity so far comes
from the angular bispectrum, spherical harmonic transform of
the angular three-point correlation function (see Komatsu 2001,
for areview), of anisotropy in the cosmic microwave background
(CMB) radiation (see Komatsu et al. 2009; Smith et al. 2009;
Curto et al. 2009, for the latest limits).

The large-scale structure of the universe can also provide
alternative ways of probing primordial non-Gaussianity through
abundances and clustering properties of galaxies and clusters of
galaxies. However, as the large-scale structure of the universe is
more non-linear than CMB, it was generally thought that CMB
would be the most promising way of constraining primordial
non-Gaussianity (Verde et al. 2000).

On the other hand, Sefusatti & Komatsu (2007) have shown
that observations of the large-scale structure of the universe in
a high-redshift universe, i.e., z > 1, can provide competitive
limits on primordial non-Gaussianity, as the other non-linear
effects are weaker in a high-redshift universe. Specifically, they
calculate the bispectrum of the three-dimensional distribution of
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galaxies, Bg(ky, k, ks),' on large scales as (see also Scocci-
marro et al. 2004)

B, (ki, ky, ks, 2) = 3b3 fxr. Q H

X[mwhnﬂﬁ%nﬁﬂh)
KT (ki) k3T (k) D(2)

+2b3[ F3" (ki , ko) Pou(k1, 2) Pu(ka, 2) + (2 cyclic)]
+ bibo[ Pu(ky, 2) Py (ka, 2) + (2 cyclic)], €8]

where Hj and Q,, are the present-day value of Hubble’s constant
and the matter density parameter, respectively, P, (k, z) is the
power spectrum of linear matter density fluctuations, D(z) is
the linear growth factor, T'(k) is the linear transfer function
whose limit is T(k) — 1 as k — 0, and Fz(s)(kl, k) is a known
mathematical function given by Bernardeau et al. (2002)

)3

This function vanishes in the squeezed limit, k;, = —k;
(the triangles with the maximum angle, i.e., 7, between k;
and k,, and |k;| = |k>|), and takes on the maximum value,
F = (a+1)/(2a) > 2, in the opposite limit, k; = ak, where
a > 1 (the triangles with the vanishing angle between k; and k»).

Here, b; and b, are the linear and non-linear galaxy bias
parameters, respectively, which relate the underlying matter
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' The bispectrum, the Fourier transform of the three-point correlation
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density contrast, d,,, to the galaxy density contrast, d,, as (Fry
& Gaztanaga 1993)

84(x) = b18,(x) + % [60(x) —o?]+---, 3)

where 62 = (831) which ensures () = 0.
The last two terms in Equation (1) are the well known results
for Gaussian initial conditions (see Bernardeau et al. 2002, for
a review), whereas the first term is the effect of the primordial
non-Gaussianity of the “local type,” whose Bardeen’s curvature
perturbation, @, is written as ®(x) = ¢(x) + fLP>(x), where ¢
is a Gaussian field (Salopek & Bond 1990; Gangui et al. 1994;
Verde et al. 2000; Komatsu & Spergel 2001). The latest limit on
this parameter is fyr. = 38 &+ 21 (68% CL; Smith et al. 2009).
However, Sefusatti & Komatsu’s equation, Equation (1), may
require modifications, in light of recent analytical (Dalal et al.
2008; Matarrese & Verde 2008; Slosar et al. 2008; Afshordi &
Tolley 2008; Taruya et al. 2008; McDonald 2008) and numerical
(Dalal et al. 2008; Desjacques et al. 2008; Pillepich et al.
2008; Grossi et al. 2009) studies of the effects of primordial
non-Gaussianity on the galaxy power spectrum. These studies
have discovered an unexpected signature of primordial non-
Gaussianity in the form of a scale-dependent galaxy bias, i.e.,
Py(k, 2) = b}(2) Pu(k, 2) — [b1(2) + Ab(k, 2)]* P, (k, z), where

3(bl(Z) - l)fNLQm H()zac
D(2)k*T (k)

and 6, ~ 1.68 is the threshold linear density contrast for a
spherical collapse of an overdensity region.

Then, several questions arise: can we still use Equation (1) for
the bispectrum? Should we replace b; by b; + Ab(k)? Does the
first line in Equation (1) somehow give the same correction as
Ab(k)? How about b,? We are going to address these questions
in this paper.

Ab(k,z) = , “)

2. BISPECTRUM OF DARK MATTER HALOS

In this section, we derive the galaxy bispectrum for non-
Gaussian initial conditions by using two different methods. In
Section 2.1, we shall use the “functional integration method”
for computing n-point correlation functions of peaks of the cos-
mological density fluctuations (Politzer & Wise 1984; Grinstein
& Wise 1986). In Section 2.2, we shall present an alternative
derivation of the same result by using a local bias assumption.

2.1. Mararrese—Lucchin—-Bonometto (MLB) Method

We shall use the Matarrese—Lucchin—Bonometto (MLB)
formula (Matarrese et al. 1986) which allows one to calculate
the n-point correlation functions of peaks for non-Gaussian
initial conditions. This approach is especially well suited for
our purposes, as Matarrese & Verde (2008) have applied the
MLB formula to compute the scale-dependent bias of the
galaxy power spectrum. We shall apply the MLB formula to
compute the galaxy bispectrum for general non-Gaussian initial
condition.

We study the three-point correlation function of the spatial
distribution of dark matter halos. Let us consider the probability
of finding three halos within three arbitrary volume elements:
dVy, dV,, and dVs, which are at x;, x,, and x3, respectively, as
(Peebles 1980)

P(x1, %2, X3) = i [1 + &, (x12) + En(x23) + &3, (x31)
+¢n(x1, X2, x3)]1dV1dV,2d Vs, 4)
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where x;; = |x; —x;|, and &, and ¢, are the two- and three-point
correlation functions of halos, respectively.

The next step is to relate the correlation functions of halos, &,
and ¢, to those of the underlying matter distribution function.
The locations of halos coincide with those of the peaks of the
matter density fluctuations; thus, one can compute &, and ¢;, by
computing the correlation functions of peaks above a certain
threshold, above which the peaks collapse into halos.

We shall assume that halos would be formed in the region
where the smoothed linear density contrast exceeds §.. For
a spherical collapse in an Einstein—de Sitter universe §, =
3(127)%/3 /20 =~ 1.68, and one can find other values in the
ellipsoidal collapse in arbitrary cosmological models (see, e.g.,
Cooray & Sheth 2002, for a review). The mass of halos is
determined by the smoothing radius, R, i.e., M = (4 /3)p, R3,
where p, is the average mass density of the universe. The
smoothed density contrast, g, is related to the underlying mass
fluctuations, §,,, as Sg(x) = fd3x/WR(|x — x'|)8,,(x’), where
Wg(x) is a smoothing function. We shall use a top-hat filter
with radius R for Wr(x).

Using the MLB formula, we find

1 +&,(x12) + &5 (x23) + En(x31) + Sn(x1, X2, X3)

25(2)(x”)+ Z { i Wi] Vviog"

= P my!my!lms!
R j#j m =0 mp=0 1 23

(n) xlv"'vxls x27"'1x25 x3s"'sx3

R m | times m, times m3 times

Vier" oy (%, ..., x
-3 n! Rk <ntimes)}:|’ ©)

where m3 = n —my; —my, v = 8./0g, 01% is the variance of
matter density fluctuations smoothed by a top-hat filter with
radius R, and 5};’) denotes the connected parts of the n-point
correlation functions of the underlying matter density fields
smoothed by a top-hat filter of radius R. Here, we have assumed
that we are dealing with high density peaks, i.e., v >> 1, which
are equivalent to highly biased galaxies, b; > 1.

As £ < 1 on the large scales that we are interested in, we
expand the exponential in Equation (6). We keep the terms up
to the four-point function, as this term provides the dominant
contribution to the three-point function. We find

3
L)

Cn(x1, X2, X3) = (?éR (x1, X2, Xx3)
R

[s”)(xu)s;”(ng) + (2 cyclic)]
[5(4)(x1, X1, %2, x3) + (2 cyclic)]. (7

The bispectrum of halos in Lagrangian space, B[;(k 1, ko, k3), is
the Fourier transform of ¢, (x;, x3, x3),

3 "
Bf(ky, ky, k3) = —3|:BR(k1, ko, k3) + —
O'R OR

x { Pr(ki) Prk2) + (2 cyclic)} + ——
20'R

d3
x/—qTR(q, ki — g, ks, k3) + (2 cyclic) |, (8)
(2rm)3
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where Ty is the trispectrum, Fourier transform of S,(?). Here,
we call BF the Lagrangian space bispectrum, as it relates
the halo overdensity to the initial matter overdensity with its
amplitude extrapolated to the present epoch. If we assume
that the halos move in the same way as matter, the observed
bispectrum in Eulerian space, Bj,, would be the same expression
with Equation (8), except for the coefficients

By(ki, ko, k3) = b} [BR(kl, k>, k3)

b
+ b_j {Pr(k1) Pr(ky) + (2 cyclic)}

S d*q
201% Q2

@y Tr(q, ki — q,kz,k3)+(2cy011€)] ©))

Here, b; is the so-called linear Eulerian bias parameter,
by = 1+ v/og, and by = (v/og)’ is the non-linear bias
pararneter.2

2.2. Alternative Derivation

In this section, we present an alternative derivation of the
galaxy bispectrum, Equation (9). On large enough scales, we
may approximate the relation between the galaxy distribution
and the underlying density fluctuation as a local function. We
then Taylor-expand this local function in a power series of §,,
(see Equation (3)).

When computing the correlation functions of halos of a given
mass M, we may smooth the matter density field with the same
filter over the corresponding length scale R, Wg(|x —x’|), which
was defined in the previous section. We then Taylor-expand &,
in a power series of the smoothed density field, §z(x), as

b
8e(x) = b1 Sp(x) + ?2 [62(x) —02] +---. (10)
In Fourier space, one finds
b d?
34(k) = b18g(k) + 32 [ / ﬁmk — q)8r(q) — o@”(k)]

T (11)

where 87 is the Dirac delta function. We calculate the bispec-
trum of galaxies directly from Equation (11):

(8(k1)84(k2)84(K3)) = b3 (Sr(k1)Sr(k2)Sr (Ks3))

b2b d’q
" 172[/ Q)3 ——5 (Or(k1 — q)Sr(q)3r (k2)SR (K3))
— 038 (k1) (3R (Kk2)S R (K3)) + (2 cychc):| (12)

The first term of Equation (12) is the matter bispectrum,
(8r(k1)SR (k2SR (k3)) = (270)’ Br(ki, k2, k3)8” (K123),
where k123 = k| + ko + k3. We further calculate the ensemble

average of the four-point function in the second term of
Equation (12). For non-Gaussian density fields, four-point

2 Note that these expressions, by = 1 + v/og and by = (v/og)?* agree with
the linear halo bias parameter derived by Mo & White (1996) and Mo et al.
(1997), by = 1 +bE and by = (v2 — 3)/03 + 8bL /21 for high-density peaks,
v > 1. Here, blL = (v — 1/v)/og is the Lagrangian bias parameter.
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function is given by a sum of connected (trispectrum) and
unconnected (products of the power spectra) parts as

(8x(k1 — @)8r(q)Sr(k2)8r (K3)) = (27)° Pr(q) Pr(k2)
x 8P ()8 (ky + k3) + (277)° Pr(k2) Pr(k3)8" (K + q)
x 8P (k3 + ky — @) + (27)° Pr(ky) Pr(k3)8" (k3 + q)
x 8P(ky + ki — @) + 2 )’ Tr(ky — q. q. k2, k3)8” (k123),

where Ty is the matter trispectrum. Note that the first term
in the above equation cancels the last term in Equation (12).
Combining the above equations, Equation (12) becomes

b
By(ky, ky, k3) = b} [BRacl Ky, ka) + b—f{PR(koPR(kz)
d3
)
+(2 cyclic)]. (13)

1b,
+ (2 cyclic)} + —— | —=Tr(q, ki —q, ks, k3)

Therefore, we find that the MLB method and the locality bias
assumption give formally the same results.

Although the Equations (9) and (13) are the same, there is a
subtle difference between them: the coefficient in the last term
of Equation (13) does not include o explicitly. By evaluating
the last cyclic term in Equation (13) for the local type of
non-Gaussianity, we find that the integration of the smoothed
trispectrum depends on the smoothing scale, R, up to a constant
factor of 1/07 on large scales, say, k < 0.1 h Mpc~!. For
example, the bottom right panel of Figure 11 shows that B"¢ and

JNL
B gNGL , which are defined in Equations (29) and (30), respectively,
do not depend on the smoothing scale R, as they include 1/ 01%
in their definitions.

Therefore, it is physically more sensible to include 01%
explicitly in the equation such that the dependence on smoothing
scales on large scales can be absorbed by the bias parameters.
This motivates our writing the final form of the halo bispectrum,
derived from the local bias assumption, as

b
By(ky. ky, k3) = b} [BRUQ, ky, ks) + b—z{PR(koPR(kz)
1

+Q eyclio) + 2 / o Te(@ kg )

bZ2

+(2 cyclic)], (14)

with three bias parameters: by, b, and 52 = bzo,%. Note that

by /b1 — &, for the MLB formula. Although &, is known to
be 1.68 for the spherically collapsed halo in the flat matter
dominated universe, its precise value, in this context, needs to
be tested against N-body simulations.

Equations (9) and (14) are the first main results of this paper,
which are general and can be applied to any models of non-
Gaussianities, once we know the bispectrum and trispectrum of
the underlying matter density field. Note that Equation (14) was
also obtained independently by Sefusatti (2009).

In principle both b; and b, are calculable from the theory
of collapse of halos (see, e.g., Cooray & Sheth 2002, for a
review); however, in practice it is more convenient and safe to
treat them as free parameters that one should marginalize over
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when extracting the cosmological information, such as fy.. See
Jeong & Komatsu (2009) for the same argument applied to the
galaxy power spectrum.

3. EFFECTS OF LOCAL-TYPE PRIMORDIAL
NON-GAUSSIANITY ON THE HALO BISPECTRUM

In this section, we shall evaluate Equation (14) for the local-
type primordial non-Gaussianity with a high-order term added

D(x) = p(x) + ALlP*(x) — (@)1 + gnre’ (x). (15)

The cubic-order term does not generate the bispectrum of CMB
anisotropy or the matter density fluctuations at the leading
order; however, it does generate the trispectrum, and the CMB
trispectrum has been calculated by Okamoto & Hu (2002); Kogo
& Komatsu (2006). On the other hand, the bispectrum of halos
receives the contribution from the trispectrum (see the last term
in Equation (14)), and thus it is necessary to include gni.

To calculate various components of the bispectra shown in
Equation (14), we calculate the transfer function, 7'(k), and
the power spectra with the cosmological parameters in Table 1
(“WMAP+BAO+SN”) of Komatsu et al. (2009).

As for the smoothing scale, we use R = 1 h~! Mpc. Although
the smoothing scale explicitly appears in the equation, it
makes negligible differences for the bispectrum on large scales,
k < 1/R.

Note that we shall adopt the non-standard convention in which
®(x) is Bardeen’s curvature perturbation extrapolated to the
present epoch, z = 0, using the linear growth factor of @, g(z) =
(1+2)D(z). Therefore, our fyr. and gni in this paper are different
from those in the literature on the CMB non-Gaussianity by a
factor of g(1090)/g(0), i.e., fix. = [g(1090)/g(0)] fSMB and
gnL = [7(1090)/8%(0)]gip"™

The bispectrum and trispectrum of ® are given by

Bo(ki, k2, k3) = 2 fNL Py (k1) Py(k2) + (2 cyclic)],  (16)
and

To(ky, ko, k3, k4) = 6gnL[ Py (k1) Py(ka) Py (k3) + (3 cyclic)]
+ 22 [Py (k) Py(ko){ Py (ky3) + Py(kia)} + (11 cyclic)],
(17)

with k;; = |k; + k;|, respectively.

While Equation (17) is the consequence of Equation (15),
general multi-field inflation models do not necessarily relate
the coefficients of the trispectrum to that of the bispectrum.
Therefore, one may generalize Equation (17) by replacing f1\2IL
with a new parameter, Ty, which may or may not be related to

L,
To(ky, ka, k3, ks) = 6gnLL Py (k1) Py(k2) Py (k3) + (3 cyclic)]
25
+ ﬁfNL[P¢(kl)P¢(k2){P¢>(k13) + Py(k14)} + (11 cyclic)].
(18)

Note that the coefficient of 1y, reflects the definition of TN
introduced by Boubekeur & Lyth (2006). This opens up an
exciting possibility that the galaxy bispectrum can test whether

3 The ratio g(1090)/g(0) is 1.308 for the cosmological parameters in Table 1
(“WMAP+BAO+SN”) of Komatsu et al. (2009).
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L = (6 fxL/5)? or other predictions for the relation between
7nL and fig, are satisfied observationally.

We transform these spectra to those of the smoothed linear
density contrasts, using the Poisson equation,

ZkZT(k)W KD(k) = Mg(k)P(k 19
5H02§2m r(K)®(k) = Mgp(k)®(k), (19)

8 (k) =

where Wg(k) is the Fourier transform of the top-hat filter with

radius R. Note that Wg(k) — 1ask — 0.In general, We(k) ~ 1
for k < 1/R. Then, we calculate the n-point function of
the matter density fields from the corresponding correlator of
curvature perturbations by

(800K -50 ) = [ | Mk (@Cks) - Bk,
i=I
3.1. Known Terms

3.1.1. Formula

The first term in Equation (14) contains the bispectrum of
matter density fluctuations, Bg, which consists of two pieces:
(1) the non-linear evolution of gravitational clustering (BnG1 ) and
(2) primordial non-Gaussianity (B}5°)*,

Bgr(ky, ka, k3) = B (ky, ka, k3) + fNLB}ﬁO(kl, ky, k3), (20)
where

BE (k1 ka, k3) = Wir(k))Wr (ko) Wir(k3)2FS” (k1 ky)
X Po(ky) Py (k) + (2 cyclic), Q1)

with FZ(S) given by Equation (2), and

3
BISOky, k. k3) = 2] [ Me(ki) [ Py(kr) Py(k2) + (2 cyclic)]
i=1
_5 Pr(k1) Pgr(ka)
Mg (ki) Mr(ka)

Mg(k3) + (2 cyclic).
(22)

One finds that Equations (22) and (21) agree with the first and
the second terms in Equation (1) on the scales much larger than
the smoothing scale, i.e., k < 1/R, for which WR — 1.

One might wonder if it is OK to include the bispectrum from
non-linear evolution of density fluctuations in the MLB formula,
as Equation (9) is usually used for the Lagrangian density
fluctuations, i.e., “initial” fluctuations. However, it is perfectly
OK to use the evolved density fluctuations in this formula, as
one can always use the evolved density fluctuations as the initial
data. For example, we can think of starting our calculation at
z = 10, and ask the MLB formula to take the initial condition
at z = 10, including non-linear correction. Since we know how
to compute the bispectrum, trispectrum, etc., of the underlying

4 We ignore the following term in Bg(ky, k2, k3):

3 3
- d’ .
[TWrk) / (zﬂq)3 F(q. ki — )T(q, k1 — g, k2, k3) + (2 cyclic),
i=1

where 7 is the unfiltered primordial trispectrum which contains fﬁL and gnL-
This term is negligibly small (Scoccimarro et al. 2004).
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Figure 2. Shape of the bispectrum, B(k1, k2, k3). Each panel shows the amplitude of the bispectrum as a function of k> /k; and k3/k; for a given k;, with a condition
that k3 < kp < ky is satisfied. The amplitude is normalized such that it is unity at the point where the bispectrum takes on the maximum value. For the visual
representations of the triangle names such as the squeezed, elongated, folded, isosceles, and equilateral, see Figure 1. Top Left: the bispectrum from the non-linear
gravitational evolution, B,ff (Equation (21)), for k; = 0.01 & Mpc~!. Top Right: B,f for k; = 0.05 h Mpc~!. Bottom Left: the bispectrum from the non-linear galaxy
biasing, Pr(k1)Pr(k2) + (2 cyclic) (the second term in Equation (14)), for k1 = 0.01 i Mpc’l. (Bottom Right) Pr(k1)Pr(k2) + (2 cyclic) for k; = 0.05 h Mpcfl.

(A color version of this figure is available in the online journal.)

mass distribution at z = 10 (including non-linear effects), we
can use this information in the MLB formula. In other words,
the “initial” distribution does not need to be primordial. We can
provide the evolved density field as the initial data, and compute
the peak statistics. The MLB formula does not care whether the
source of non-Gaussianity is truly primordial or not: the only
conditions that we must respect for Equation (9) to be valid are
(1) high peaks (v > 1) and (2) n-point correlation functions
are much less than unity, ,(3") « 1, so that the exponential in
Equation (6) can be Taylor expanded. In this case, one would
lose an ability to calculate the bias parameters, b; and b,, using,
e.g., a halo model; however, this is not a disadvantage, as the
halo model calculations of the galaxy bias parameter, b; and b;,
are at best qualitative even for Gaussian initial conditions (see,
e.g., Jeong & Komatsu 2009). In our approach, the coefficients
of individual terms in Equations (9) and (14), including §., are
free parameters, and need to be determined from observations
themselves.

3.1.2. Shape Dependence: Non-linear Gravitational Evolution and
Non-linear Galaxy Bias

How about the shape dependence? First, let us review the
structure of Bg(kl,kz,lq) (Equation (21)), which has been
studied extensively in the literature (see Bernardeau et al. 2002,
for a review).

Here, let us offer a useful way of visualizing the shape
dependence of the bispectrum. We can study the structure of
the bispectrum by plotting the magnitude of BY as a function
of ky/k; and k3/k; for a given k;, with a condition that
ki = ky > ks is satisfied. In order to classify various shapes
of the triangles, let us use the following names: squeezed (k| =~
ky > ki), elongated (k; = ky + k3), folded (k; = 2k, = 2k3),
isosceles (k, = k3), and equilateral (k; = k, = ki3). See
panels (a)—(e) of Figure 1 for the visual representations of these
triangles.

The top-left panel of Figure 2 shows B¢ for ki
0.01 » Mpc™"'. In this regime, Pg(k;) is an increasing function
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G /[ Pr(k1) Pr(k2) + (2 cyclic)] (Equation (23)).

(A color version of this figure is available in the online journal.)

of k; (recall that Pg(k) peaks atk ~ 0.02 h Mpc™!). Let us then
pick the first term in Equation (21), FZ(S) (ki, k) Pr(k1) Pr(ko),
and ignore the cyclic terms for the moment. It follows from
Equation (2) and the descriptions below it that Fzm(kl, k>) van-
ishes in the squeezed limit (k; = —k;) and reaches the max-
imum in the opposite limit (k; = ak;). Therefore, we would
expect this term to give large signals in the “elongated configu-
rations,” k; = kj + k3; however, as Pg(k) at k < 0.02 h Mpc_'
is an increasing function of k, one can also get large signals
when k| and k, are equally large, k| = k,. As we have zero
signal in the squeezed limit, k3 = 0, it follows that we can find
a large signal in the equilateral configuration, k; = ky = k3. A
similar argument also applies to the cyclic terms. As a result, for
k; = 0.01 7 Mpc™!, we find the largest signal in the equilateral
configuration, and then the signal decreases as we approach the
squeezed configuration, i.e., the signal decreases as we go from
panel (e) to (a) in Figure 1.

The top-right panel of Figure 2 shows B¢ for k; =
0.05 & Mpc™!. In this regime, Pg(k;) is a decreasing func-
tion of &y, and thus the equilateral configurations are no longer
as important as the folded ones. Instead, we have large signals
in the folded configurations as well as in the elongated config-
urations. Note that the exact squeezed limit is still suppressed
due to the form of F.”.

In summary, BS usually has the largest signal in the folded
and elongated (or equilateral, depending on the wavenumber)
configurations, with the squeezed configurations suppressed rel-
ative to the others. The suppression of the squeezed configura-
tions is a generic signature of the causal mechanism such as the
non-linear gravitational evolution that FZ(S) describes.

The bispectrum from the non-linear bias term, the second
term in Equation (9), has the same structure as Bg, but it

does not contain FZ(S). As a result the non-linear bias term
does not have as much suppression as BS has in the squeezed

configuration. In addition, as Fz(s) enhances the signal in the
elongated configurations, the non-linear bias term does not have
as much enhancement as B has in the elongated configurations.
These properties explain the bottom panels of Figure 2.

As BS and the non-linear bias term contain products of
Pr(k)Pg(k,) and the cyclic terms, it is often more convenient
to deal with Qj(ky, k2, k3) given by Peebles (1980),

By (ky, k2, k3)
Pr(ky) Pr(ko) + (2 cyclic)’
to reduce the dependence on the shape of the power spectrum.
This combination is constant and equal to b}, for the non-linear

bias term (see the second term in Equation (9)).
The left and right panels of Figure 3 show BS(ky, k2, k3)/

[Pr(k1)Pr(k2) + (2 cyclic)] for k; = 0.01 A Mpc_1 and

Onlky, ka, k3) = (23)

0.05 h Mpc™!, respectively. We find that ), better reflects the
shape dependence of FZ(S) irrespective of k;: it has the largest
signal in the folded and elongated configurations in both large
and small scales. The squeezed configurations are still heavily
suppressed relative to the others.

3.1.3. Shape Dependence: fx1, Term

How about the fy term, B}ﬁo(kl,kz, k3)? This term has
a completely different structure. Let us pick the first term,
Mg (k1) Py (k1) Mg (k) Py(k2) Mr(k3), in Equation (22). The
important point is that the power spectrum of ¢ is always a de-
creasing function of k, i.e., Py(k) o< 1/ k3 for a scale-invariant
spectrum. On the other hand, on large scales, we have T'(k) — 1
and M (k) oc k2. Therefore, collecting all the cyclic terms, we
find B}GO(ki, ko, k3) o k3/(kika) + k3 /(kiks) + k7 /(kaks) =
(kf + k% + kg’) /(k1kzks3). In other words, it has the largest signal
when one of k’s is very small, i.e., the squeezed configura-
tions, which is opposite to the structures of B and the non-
linear bias term. The middle panels of Figure 4 show B}%°

for k; = 0.01 &~ Mpc~' and 0.05 & Mpc™!, and we find the
largest signals in the squeezed configurations. We also find
that Q) from the fir term, B}C0(ky, ky, k3)/[Pr(ki) Pr(ka) +
(2c¢yclic)], still has the largest signal in the squeezed
configurations.

These properties allow us to distinguish between the primor-
dial non-Gaussianity and the other effects such as the non-linear
gravitational evolution and non-linear bias. Sefusatti & Komatsu
(2007) have studied in detail how well one can separate these
effects using Q.

3.2. New Term
3.2.1. Formula

Now, we shall evaluate the new term, the third term in
Equation (14), which was not considered in Sefusatti & Komatsu
(2007). The trispectrum is generated by the primordial non-
Gaussianity, as well as by the non-linear evolution of matter
density fluctuations. The non-linear evolution of matter density
fluctuations on large scales is given by perturbation theory (see
Bernardeau et al. 2002, for a review). Let us expand the filtered
non-linear matter density field in Fourier space as

Sr(k) = W)V (k) + 8P (k) + 8P (k) + - - -1, (24)

where §(k) is the nth order quantity of the linear density
contrast, §V(k). Then, the connected matter density trispectrum
is given by
Tr(ky, k2, k3, k4)

=T (k1. ko, ks, k) + {Tg' (k1 ko, k3, ka) + (3 cyclic) }
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Figure 4. Same as Figure 2, but for the terms proportional to fnr.. (Top) the B;’nc term (Equation (33)), (Middle) the B’}]?LO term (Equation (22)), and (Bottom) the
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(A color version of this figure is available in the online journal.)

+{TR" Ut ko, s, k) + 3 cyclio)}
+{Tp'2(ky, ko, ks, k) + (S cyclic)} + O(Y), (25)
with T;;jkl

2)*8P (k1o3a) T ey, Ky, ks, Kes)

given by

4
[ ] Wrtka) (89 (k1)8Y (k)8 ® (he3)s P (k). (26)
n=1

The leading contributions of all the terms shown in Equation (25)
are order of ¢°.

The first term, Tlgm, is the linearly evolved primordial
trispectrum calculated from Equation (17), and thus it contains
the terms proportional to f2; and gxr.. The second term, 7112,
has a coupling between the primordial non-Gaussianity (linear
in fyr) and the non-linear gravitational evolution (linear in Fz(s)).
These two terms are important on large scales.

The other terms, Tlém and Tlém, do not have contributions
from fy, or gni at the leading-order level, but solely come from
the non-linear gravitational coupling; thus, they may be ignored
on large scales we are considering in this paper. Sefusatti (2009)
also derived and studied T2 as well as T3!!? and 71122,

Therefore, we approximate the integration in the third term
of Equation (14) as

L[ L9 ko — . ks, ) + 2 cyclio)]
20; (27_[)3 R(qv 1 q, K, 3) ( cyclic
d*q

2n) [7:(q. ki — q. k2, k3) + (2 cyclic)]

1
2012e

d3
+ / #[T}?(g, ki —q. ko, k3)+ (2 cyclic)]}, 27)

where “cyclic” denotes the cyclic combinations of k;, k;, and
ks, and T and TS denote T\ (ky, k. ks, ks) = T (ky, ks,
ks ky), and TO(ki ko ks, ky) = TH20k, ko, ks, ka) +
(3 cyclic), respectively.

The first term in Equation (27) is the integration of the lin-
early evolved primordial curvature trispectrum, which contains
two pieces: one proportional to f1\21L and another to gnp, (see
Equation (17)). Therefore, we symbolically write the first line
in Equation (27) as

1 d’q .
202 | @y [75"(q. k1 — q. ko, K3) + (2 cyclio)]
= enLBy (ki ko, ko) + S BYS (ks kaks), (28

where

1
BYY (ki ko, k3) = = [4MR(k2)MR(k3)
NL 205

d’q Me(@OMg(lk P
x/m R @My — gD Py(q)

X [Py(lki — qD) Py(lk2 + q1) + Py(lk1 — q) Py (lk3 + q))]
+ (2 cyclic) + 8 M g (ko) M g(k3) Py(ka)

d3
- / (znq)B/\4’*(‘1’)/‘41?("‘1 — 4D Py(q) Py(lks + q1)
+ (2 cyclic) + 8 M g (ko) M g(k3) Py (k)
d3
x / (an)3MR(4)MR(|kl —qD)Py(q) Py (k2 + q])
+ (2 cyclic) + 8M g (ko) M g(k3) Py(ky) [ Py (k2) + Py(k3)]
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d3
* / (an)3MR(Q)MR(|k1 — q) Py(q) + (2 cyclic)
+ AM g (k2) MR (k3) Py (k) Py(k3)

d3
xfﬁw(qwkukl )

X [Py(lkz +q1) + Py(lks + gD] + (2 CycliC)], (29)

1
B;N(i(kh ky, k3) = by |:6MR(k2)MR(k3) [ Py(ka) + Py(ks3)]
R

43
) / (2n6;3MR(‘1)MR(|k1 —qDPy(q) Py(lki — qI)

+ (2 CyCliC) +12M R (kz)./\/l R (k3 ) P¢ (kz)P¢ (k3)

d? .
X/—(znq)3MR(Q)MR(|k1 —q)Py(@)+ (2 cycllc):|. (30)

We find that the first three cyclic terms in Equation (29) are
parametrically small on large scales and may be ignored for
k < 0.1 h Mpc~!. Therefore, one may just calculate the last
two cyclic terms

1
By (ki ko, ks) ~ o [8Mk(kz>Mk(k3)P¢(k1)
R

d3
X [Py(ky) + P¢(k3)]/ ﬁMR(Q)MROkl —q))
x Py(q) + (2 cyclic) + 4M g(k2) M g(k3) Py(ka) Py(k3)

d3q
« / S M) Ml = g
X [Py(lks +ql) + Py(lks +qD)] + 2 cyclic)i|. 31

Next, the second term of Equation (27) contains a cross-
correlation between the non-linearly evolved density field

8P ~ F;S)[S(l)]z) and the primordial bispectrum, and thus it
is linearly proportional to fxr, and FZ(S). We present the explicit
functional form of Tlgm as well as the full expression of the

second term of Equation (27) in Appendix A. Here, we only
show the final result. We write it as

L[ 4 o .
252 | @ry TR7(q, ki — g, k2, k3) + (2 cyclic)
R

= fNL[B,ZG(kl, ko, k3) + B;ﬁl(kla ko, k3)
+4B150(ky, ky, k3) {Gr(ky) + Gr(ka) + Gr(k3)} :|,
(32)
where

B"S(ky, ky, k3) = 4Wg (ki) Wr(ko) Wr(k3)
H: Frlky)  Frlka)
X +
Mpg(ky)

Mg (kz)
+(2 cyclic)}, (33)

} Py (k) P (ko) FY (K, k)
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1 ~ ~
B (ki ko, ks) = Py |:8WR(k2)WR(k3)M(k3)Pm(k2)
R

d’q - -
X / —qq Wr(lki — gDWr(@M(ky — gDM([k2 + q])
2m)3

x F\"(—ky, ks + @){ Py(k3) Py (lky — qI)
+ Py(k3)Py(lky + q|) + Py(lky — q|) Py(Jk2 + q))}
+ (5 permutation) + 8 W (ko) Wg (k3) M (k3)
g - ~
« f G Wil = g W) MClk: =)

x M(lkz + q)) Pu(@) 3 (~q. ka + q)
x {Py(lk1 — q|)Py(k3) + Py(lky — q) Py(lko + ql)
+ Py(k3) Py(|kz + g|)} + (5 permutation)

+ 8(Wg(ka) Wr(k3))? Py (k3) M(k2)

d3
g / ﬁM(”)M("‘Z — PPy (P Py(lks — pI)

+ 2Py (k)Y F (p, by — p) + (5 permutation):|. (34)

Here, M(k) = Mg(k)/ Wr(k).
In the above equations, we have defined two functions, Fg (k)
and Gg(k), which are given by

1 d’q
Fu =57 / G PA@Malg) M~ q)

Py(lk — q1)
X [W+2i| , (35)

1 d*q Wr(@)Wr(k — q|)
k)= — —
Ir®) 20,%/ 2n)? Wr(k)
X Po(q)FyY (k, —q). (36)

As shown in Figures 5 and 6, both Fr(k) and Gg(k) are almost
constant on large scales. If we do not have a smoothing, i.e.,
R — 0, the large scale asymptotic value of Gg(k) is 17/42.
However, the presence of filter changes this asymptotic value.
Ask — 0,

sin(¢g R)
qgR

13
Gr(k) — 3 +

! /dsq We(q)P 37
471% m r(q)Pn(q) s (37)

whose value depends on the smoothing scale, R, as shown in
Figure 7.

Let us study the structure of each term in Equation (32). The
first piece is B"C. On very large scales, where Wr(k) — 1
and Fr(k) — 1, B,';G becomes a product of the usual matter
bispectrum for Gaussian initial conditions, ij , and the scale
dependent bias shown in Equation (4), as

2 fnLFr(k) _ 3fLHEQ, Frk)
Mg(k) K2T (k) Wg(k)

3 L HGQ
12T (k)

. (38)

as k — 0. Therefore, we can interpret this term as a scale depen-
dent bias multiplying the usual matter bispectrum for Gaussian
initial conditions; however, this behavior is not generic—in fact,
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Figure 5. Shape of the function, Fg(k), defined in Equation (35). We show
Fr(k) for four different smoothing lengths: R =1, 2, 5, 10 Mpc hl.

the other terms cannot be expressed in terms of products of the
scale-dependent bias and the results in the continuous limit,
Equation (1).

The next piece is B ;ﬁﬁl (ky, k», k3). By numerically calculating

Equation (34), we find that the terms that contain FZ(S)(q, k—q)
are parametrically small on large scales, and that the dominant
contributions come from the first permutation terms. Therefore,

we approximate Equation (34) on large scale (k < 0.1 & Mpc™)
as

1 ~ -
B}C (ki ka. ks) ~ 7 [SWR<k2>WR<k3>Pm<k2>M<k3>P¢(k3)
R

g - -

x / L Wr(lki — ) Wr(@)M(ki — gD Mk + q))
(2n)

X [Py(lkz + q) + Py (11 — gDIFS (—ka, Kz + q)

+(5 permutation)] . 39)

How about the last term of Equation (32), 4B;ﬁ°(kl, ko, k3)
{Gr(k1) + Gr(ks) + Gr(k3)}? As Gr(k) — constant on large
scales (Figure 6), this piece becomes B’}¢° multiplied by a
constant factor whose exact value depends on the smoothing
scale, R (Figure 7).

In summary, we have derived the new terms in the galaxy
bispectrum, which arise from the integration of the matter
trispectrum. While we find one term, B", includes the scale-
dependent bias which appears on the galaxy power spectrum,
we also find that there are more terms contributing to the galaxy
bispectrum.

Equation (28) along with Equations (29)—(31), and Equa-
tion (32) along with Equations (33), (34), and (39) are the second
main results of this paper. In the next sections, we shall present

the detailed assessment of the new terms we have derived in this
section.

3.2.2. Shape Dependence

Let us consider the shape dependence. First of all, the last
term of Equation (32) has the same shape dependence as B”GO
as Gr(k) is almost constant on large scale. Thus, it peaks at the
squeezed configurations as B”NGL0 does. How about the shape
dependence of the other ter’ms{;

All terms in Equations (30), (31), and (39) have Py4(k;) outside
of the integral, and Equation (33) contains 1/Mg(k) o k=2,
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Figure 7. Large-scale asymptotic value of Gg (k) as a function of the smoothing

scale R. The value for R = I[Mpc h~!'], which is used for generating
Figures 10-14, is 0.3718.

which suggests that all of B;’N(i, B;? , B’}NGLI ,and B" peak at the

squeezed configurations. For sufficiently large scales in which
T'(k) ~ 1, and for a scale-invariant spectrum (Py(k) oc 1/ k%),
we may write down Equations (33), (39), (31), and (30), as

k k
B!S(ky, ky, k3) o (—2 + —‘)

ki k
5 kl'kz k] kz 2 kl k2
X|zct—=—+—=)+=
7T 2kiky \ky Kk 7 kik;
+ (2 cyclic), (40)

k3 q
x Wr(lky — q)Wr(@)T (ki — ql)

x T(lky + g Fs"(—ko. b + q)

+ (5 permutation), “41)

ky [ dq ki —ql* ko +ql?
B"CV(ky, ko, k3) o —= *< +
. 1 520 B3 PR Y Y

4 T2(B+K) [ dq
" (ki ko, ks) o —= [(2—3)/7%1 q’T(q)

oks | &

x Wr(@)T (ki — g)Wr(Iki — ql)



No. 2, 2009

1.0
09F

0.8F
0.7 Esqueezed

ky/k,
k/k,

equilateral
nG

0.6F

gnl -
0.5 folded —3 k,=0.01[h/Mpc]

0 02 04 06 08 1.0
kl/k1

1.0
09F
0.8F
0.7F
0.6F
0.5

0.0 0.2 0.4 0.6 0.8 1.0
ks/k1

ky/k,
ky/k,

nG

fnl2_ -
k,=0.01[h/Mpc]

PRIMORDIAL NON-GAUSSIANITY AND GALAXY BISPECTRUM

1.0
0.9F

0.8F
0.7F
0.6 F

1.0
0.9F

0.8F
0.7F

0.6 F
0.5

1239

9
0.5 k, 005[h/Mpc]
0.0 0.2 0.4 0.6 0.8 1.0
k.’S/k1 10—3
107*
nG ; -5
fnl2_ = 10
k,=0.05[h/Mpc]

00 02 04 06 08 1.0
ky/k,
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exact squeezed limit, k3 — 0; thus, we show these terms normalized to be unity at k3/k; =

contour for top panels.
(A color version of this figure is available in the online journal.)

1 1
+ | d’qq* 1k — |2< + )
/"q I kgl T e +qP

x T(@)Wr(Q)T (Iki — gDWr(lk; — qI)
+ (2 cyclic),

(42)

nG
BgNL(kl kz,k3) X — loks |:(k2 k3)/ |k] —q|
x T(@Wr@T (ki — gD Wr(lki — gl)

d3q 5 ~
2 / Lt g7 Wl T s — q)

X WR(|k1 — q|)i| + (2 cyclic), 43)

respectively. For a given k, all of these terms have the largest
signals when k3 is small, i.e., the squeezed configurations. Note
that we do not use the exact scale-invariant spectrum for the
numerical calculation, but use the WMAP five-year best-fitting
value reported in Table 1 (“WMAP+BAO+SN”) of Komatsu
et al. (2009).

The top-left and bottom-left panels of Figure 4 show B¢
and B}C! as a function of ky/k; and k3/ki, respectively, for

ki = 0.01 h Mpc~!. The top-right and bottom-right panels of
Figure 4 show the same quantities for k; = 0.05 h Mpc~!. We
also show B”G and 1‘3”2 in the top-left and bottom-left panels of

Figure 8 for k; = 0.01 h Mpc~!, and top-right and bottom-right

for for k; = 0.05 h Mpc™!.In all cases, we find that B”G B;’ﬁl,

B;’NGL and B”G peak at the squeezed configurations, as expected

from the abO\L/e argument.
We find that the shape dependence of B} and that of B}%',

B”G are quite similar, whereas that of B¢ is higher toward the
elongated triangles, and that of B"¢ is more sharply peaked at

NL
the squeezed configuration.

We can understand this behavior analytically as follows. In
order to simplify the analysis, we consider a scale-invariant cur-
vature power spectrum, Py = Pyo/ k3, on large scales where

10~2. In order to facilitate the comparison better, we draw the dotted

Equations (41), (40), (42), and (43) are valid. On
such a large scale, Mpg(k) can be approximated as
Mpk) =~ 2k2/(3H02§2m) = Mok?, where My ~ 2.16 x
107 (0.277/Qm)[Mpc/h]2 is a constant. We focus on the
squeezed triangle, k; = ky = ak; = k (¢ > 1), where the
signals of all the primordial non-Gaussianity terms are maxi-
mized. The triangles in this configuration lie on the upper side
of the triangular region of (k3/k, k2/ k) plane in Figures 4
and 8, and the triangle approaches the exact squeezed limit as
a — oo. With this parametrization, we compare the dominant
contributions of each of these primordial non-Gaussianity terms.

First, we shall analyze the terms proportional to fr: B;}?LO,

B¢, and BYC!. The largest contribution to B} in the squeezed
configurations occurs when kj is in the denominator

[ = .\ K2
loks " kaki © kika
k2 k2
~2M3P 2 )
0 <k2k3 k3ky

3

nG0 __
B 2/\/10 (

(44)
To compute B,’;G, which contains F. (S), we note that, in the
squeezed limit, the angular cosines between two wave vectors
are k1 . kz/(klkz) = —1+ 1/0{2 ~ —1 and k2 . k}/(kzk;) =
ki - k3/(kiks) = —1/(2a). We thus find

1 5 1 1 1
BnG:8 3P2 + — - +— )+
" MoFio <ot oc> |:7 4o <a oc) 140{2]

26
~ ZaMip, (43)

The detailed analysis for B”GL1 is more complicated, as Equa-
tion (39) involves a non- tr1v1a1 integration. We simplify the
situation by only analyzing the dominant term, which can be
written as

k ky
BIS! ~ 8MJ P2, [ Nk, ko) + —H(kz, kl)]
= 804./\/1(3)

P¢0 [H(ky, ko) + H(k2, k)1, (46)
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Figure 9. Shape of the integration that appears in the dominant term of B’;g;
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and B;’I\?L, Equation (48). We use four different smoothing scales: R = 1, 2, 5,
and 10 Mpc 7~

where H(k,, k») is the integration that appears in Equation (39)
including 1/(20%) pre-factor. Note that this integration depends
only on the magnitudes of two vectors and the angle between
them; thus, for the squeezed configuration we are interested in
here, H(k,, k1) depends only weakly on «—they depend on «
only through the inner product of k; - ky = k*(—1 + 1/a?).

Second, we analyze B"NGL. We find that the first cyclic terms in
Equation (30) are small in the squeezed limit, and the dominant
contribution to B;S is given by

B¢ = 12M2 P2 [

8NL

Z(ky) N (ko) N Z(k3)
koks k3k, kiko
Z(ky) N (ko)

ks keky |’

~ 12MG Py, [ 47)

where we have defined
I(k) = ! / q MEp(@IMR(lk — q1) Py(q) (48)
—201% Q) R(G)MR q)Ee(q).

We find that Z(k) 2~ 0.5 and is almost independent of k on large
scales (e.g., k < 0.03 h Mpc™! for R = 1.0 Mpc h~!; see
Figure 9). Therefore, by writing Z(k) = Z,, we obtain

2 Lo

B”G ~ 24(1./\/10 ¢0k2

(49)
These results show that all the terms we have analyzed analyt-
ically so far, B9, B¢, B}G', and B;C, have the same shape
(.e., o) dependence in the squeezed conﬁguratlons they both
increase linearly as « increases. This explains the shape depen-
dence computed from the full numerical calculations presented
in Figure 4 and the top panels of Figure 8.

Finally, we analyze B”G We find that the second cyclic terms

in Equation (31) are small in the squeezed configurations. The
dominant terms are

BI¢ =8 M}P;

k3 + k3 k3 +kj K+
X Z(kl) I(kZ)

i3
2 7(k
kaksk3 Kk k3 ( 3)}

kikak3

Vol. 703
~saep2, R g
Foo et T
, To
= 160’ MG Py 5 (50)

Therefore, B"¢ increases more sharply as it approaches the
NL

squeezed limit, B"S o o
St

This sharp increase of B f2 ¥ relative to the other terms, and that

there are many new terms that are of the same order of magnitude
as B9, imply that the formula derived by Sefusatti & Komatsu
(2007) may not be valid in the squeezed configuration, where

B;jf may dominate over B;’cg This is particularly important
NL

because it is the squeezed configuration that gives the largest
signal from the primordial non-Gaussianity. We shall study this
point in more detail in the next section.

A careful inspection of Equation (42) shows that the second
term within the square bracket diverges when k; + ¢ = 0 or
k3 + ¢ = 0. This is due to the fact that Py(k) 1/k4‘”5
and thus Pg(k) diverges as k — 0 for ny, < 4. To avoid
the divergence we set Pg(k) = 0 at k < kpyin, and use
kmin = 107% h Mpc~!. Fortunately the divergence is mild and

the results on the squeezed configurations, for which B"¢ gives
NL
the most important contribution, are insensitive to ki : changmg

kmin = 107° 1 Mpc™' to kpin = 107° h Mpc™! results in
negligible changes in the squeezed configurations.

On the other hand, the folded and equilateral configurations
are more sensitive to knyi,, and we find that the difference
between kpyin = 107° & Mpc’1 and kyin = 1072 1 Mpc’1
is scale-dependent: at k; = 0.01 & Mpc~' the differences are
negligible for all shapes, whereas the differences reach ~ 40%
at k ~ 1 h Mpc™!. (Note that the difference in the squeezed
configuration reaches 1% at k ~ 1 h Mpc™!, being totally
negligible on larger scales.) While this divergence does not have
much observational consequences (because the signals in the
other configurations at k > 0.01 7 Mpc~! would be dominated
by the other non-linear effects: BY, non-linear bias and terms
proportional to fyi, as we show in the next section), there may
be a better treatment of the divergence than setting Py(k) = 0
at k < knin-

3.3. Scale Dependence

How important are the primordial non-Gaussianity terms,

B;iGO, B;’CGI, B"¢, B"Y, and B”G, relative to BS and the
NIL NI L

non-linear bias term? Which one is the most domlnant of the
primordial terms, terms proportional to fni, B f2 ,or B”G ?How

about the scale-dependence? How about the shape dependence"

We collect all the terms proportional to fxr, and call it B‘;;‘L

tot nG() nG nGl
BfNL = BfNL bl [B + BfNL

+ 4(Gr(ky) + Grlky) + Gr(k3)) B)S] . (51)

Throughout this section, we use the standard value of by /by =
3(12m)*3 /20 ~ 1.68 from a spherical collapse model.

Figure 10 shows the scale and shape dependence of each term
in Equation (51) evaluated at z = 0. For all configurations shown
in this figure, the primordial non-Gaussian term calculated in
Sefusatti & Komatsu (2007) is the smallest among four fnp
terms, which means that the non-Gaussian signal on large scales
is much bigger than recognized before.
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(Equation (33)), 4(52/171) [Gr(k1) + Gr(k2) + Gr(k3)] B"CO (Gr(k) defined in Equation (36)), and l;z/b] B! (Equation (39)) terms, respectively. The thin dotted and

NL NL
dashed lines show the non-linear effects: Bg (Equation (21)) and the non-linear bias (the second term in Equation (9)), respectively. We use the standard value of

ba/by = 8. ~ 1.686 from spherical collapse model. (Bottom Right) Dependence of the squeezed bispectrum on the smoothing scale, R, showing that the dependence

is negligible for k; < 1/R.

For the squeezed triangle, all of the terms in Equation (51)
depend on & in a similar way. We find their ratios by comparing
Equations (44), (45), and (46),

26
nGO . pnG . pnGl . .
By B, By~ 1 e 2.96. (52)
Note that we have used the numerical value of H(k, k) =~
0.741 for « = 100, and this value slightly increases when
a decreases.’ Therefore, for the squeezed triangle, we find a

simple and illuminating result

BtOt

(k1. ko, ks) ~ 15B150(ky, k. k3). (53)
This is an important result, showing that the statistical er-
ror on fyr, from the galaxy bispectrum will be smaller by
at least a factor of 15, compared to what was obtained in
Sefusatti & Komatsu (2007). Note that this result is valid only

for the high-density peak limit, i.e., v > 1, which implies

5 On large scales, k < 0.01 & Mpc™!, the numerical ratio B"®!/B"90 is
ANL T NL

constant, and is equal to 3.15, 3.06, 3.00, and 2.98 for « = 10, 20, 50, and 100,
respectively.

by/b, = 1.68. For lower density peaks we would find a smaller
factor.

Figure 11 and the top panels of Figure 12 show various bispec-
trum terms in various triangle configurations (see Figure 1 for
the visual representations of the triangles), evaluated at z = 0.
As an example we use the following bias and non-Gaussianity
parameters: by /b; = 0.5, fxL = 40, and gnp = 10*. The value
of the linear bias, by, is irrelevant here as it does not change the
relative importance of terms in Equation (14), and thus we show
the bispectrum terms divided by b3.

The message is quite simple: it is the squeezed configura-
tion that provides the best window into the primordial non-
Gaussianity. The other non-linear effects become more and more
dominant as we move from the squeezed to the equilateral, i.e.,
panels (a) to (e) in Figure 1. Even with this generous amount of
non-Gaussian signals, fyi = 40 and gni. = 10, only fyr term
can be visible in the isosceles and equilateral configurations on
large scales.

For the the non-squeezed configurations, the fl\%L and gnL
terms with the above chosen parameters are comparable and the
J/nL term is order of magnitude greater than the szL and gnL
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N

52 /b1 fl\zlLB;-]\Z?L (Equation (31)) terms, respectively. The thin dotted and dashed lines show the non-linear effects: Bg (Equation (21)) and the non-linear bias (the
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terms; however, the fI\2IL term is the most dominant of all on
large scales in the squeezed configuration (o > 10).

We can understand these results analytically by comparing
Equations (53), (44), (49), and (50). For the squeezed triangles
with k; = ky = ak; (¢ > 1) and a scale-invariant spectrum,
Py x k3, we find

INBY 15 Mok?
FRuBYS — faue? 4To(ba/by)
100\* 40 k 2
~ (0.0240 (—) —(—1> ,
o / fa \0.01 h Mpc
(54)
Bl 3 g
fl\zlLB;lféi 202 f1\21L
100\? / 40 \?
~0.000038 (— ) (=) & (55
o fNL 104

NLBRY N

nG
gNLBgNL

S S Mok
gnL 61

S 10*

40 gL

~25.6

2
) . (56)

These estimates confirm that B dominates over Bp, and
B, in the squeezed configurations on large scales, k <
0.05 h Mpc~! for @ = 100, and k < 0.03 & Mpc~! for o = 50.
For o = 10, fﬁL term dominates only on the extremely large
scales: k < 0.006 h Mpc™!.

Note that for a given configuration (for a given «),
B;ﬁﬁ/B;éi oc k* and B / BiS oc k* while Bgﬁ/B;‘,g is inde-
pendent of k, which is consistent with what we show in Figure 11
onk < 0.1 h Mpc™!.

In summary, the most unexpected and important results of
our study are as follows.

( k
0.01 h Mpc™!

1. The terms that are linearly proportional to fnr, de-
rived in Sefusatti & Komatsu (2007), receive additional



No. 2, 2009

PRIMORDIAL NON-GAUSSIANITY AND GALAXY BISPECTRUM

§ 10" Squeezed triangle (k1=k2=50k3) .
2 el k . 5f,78, ]
P —— c NL2
qc) M= — e I 4
8 1Olo Fromue . —
o [
£ r_ - - <. 1
8 103:‘_ e TR T = T _
: i . .
5 0% >
8 L 40 g, =10% b,/b =05 S |
2 10t =
o
001 0.10
k, [h/Mpc]
= 1o T ; T
> | Squeezed triangle (k =k_=50k_) -
£ 01k T2 3 -
= ko . BG
@ ’ 1
c 100 b /b p2_
§ PRI 1
g 10° m
s T L___----= |
€ 100 e T T = -
3 - ]
° _ _ 4 _ Sl N
g a0t f,=90, 9, =10% b,/b,=1.5 TN ]
2 . .
0.01 0.10
k, [h/Mpc]
102 T - T
- Squeezed triangle (k =k_=50k,) .
109 « 1 2 3 _

=
~—-.

W=% 9,=100, b /b =15

Bispectrum components [Mpc/h]®

0.01 0.10
k, [h/Mpc]

1243

'E‘ T R T
g 10“F Squeezed triangle (k =k =10k) -
8 |
‘:‘ 10" _
2 |
[
5 10" -
a ..
e |
3 108 .
§ <]
£ 10 <N
g [ "~
@ 00 : .
o

0.01 0.10

k, [h/Mpc]

= 1o - - -
3 - Squeezed triangle (k =k _=10k_) 1
g 107 T2 3 -
= |
10" —
e
g L F ]
g 10° m
o
s |
E 10° =
2 = o J
g LTI
g 1o R
2

10"
10"
10®
108 7Tl
10‘-—

102_

Bispectrum components [Mpc/h]®

0.10
k, [h/Mpc]

0.01
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contributions, and are enhanced by a factor of ~ 15 for the
squeezed triangles (see Equation (53)).

2. The fI\ZIL (or T\1) term actually dominates over the fyr. term
by a large factor for the squeezed triangles (see the top-left
panel of Figure 11).

This suggests that the galaxy bispectrum is more sensitive
to fnL than previously recognized by Sefusatti & Komatsu
(2007), greatly enhancing our ability to detect the primordial
non-Gaussianity of local type. On very large scales, k; <
0.01 & Mpc™!, even the gni. term (with gxi. = 10%) dominates
over the fyr term, giving us a hope that perhaps we can obtain
a meaningful limit on this term using the galaxy bispectrum.

3.4. Redshift Dependence

The quantities we have calculated so far are evaluated at
the present epoch, z = 0. At higher redshift, each quantity
needs to be scaled with some powers of the linear growth factor
D(z), which is normalized to 1 at the present epoch. We find
P o D*(2), BY o« D*(z), B}S® o D(2), B o« D(2),
B;'cNGLl o« D3(z), B"S o D?(z), and B"® o D?(z). Therefore,

fNL 8NL
the final result for the halo bispectrum from the local type non-

Gaussianity is

By(ki, ko, k3, 2) = b%(z)D4(z>[Bg(k1, ka, k3)

# 2 Patha) P + 2 eyelio)
+ szL) BISky, k2, k3)
R Z?_g{% (BIC(ky, ks, ks) + 4G (k)
+Gr(ky) + Gr(k3) B} (k1 ka, k3))
+BiS (ki ky, ka) + DfZN(L) 19 (ki ko, ks)
Iff(L) BIS (k. ko, k3)”, (57)

where B, Px, BYC®, B,S, BIC, BYY,
atz = 0.

From Equation (57) it is clear that the contributions from non-
Gaussian initial conditions become more and more important as
we go to higher redshifts. The new terms that we have derived

and B”(i are evaluated



10°

al — —10% —
101, =40, g, =10% b /b =15

0.01 0.10
k, [h/Mpc]
T o1o™ : - -
% t Folded triangle (k =2k _=2k_) .
g qonf 1 2 3 |
= k2 ks 7777777 . Bc
£ n)- k' " 2 1
c — —
§ 10 = b,/bp
g L
€ 108 i
o
o 1
€ 10° = —
2 Ty
3 oYl
:)& 10* . \ ~oowg
2
0.01 0.10
k, [h/Mpc]
= 1o ™ : -
% t Equilateral triangle (k =k_=k_) .
£ 107 o203 _
‘Z ]
S 10" .
C
§ .
g 10° .
o
o B B
E 10° —
2 .
°
g 10t n
{2} 1
2
0.01 0.10
k, [h/Mpc]

[e]
Gl

1244 JEONG & KOMATSU Vol. 703
= 10 T " 10" " "
3 b Squeezed triangle (k =k _=100k,) - - Elongated triangle (k =k _+k_, k =3k,) A
=z 107 L2 3 1072l ., ', 12 T3 3
2 I g ]
< 10'0__:—” ___________ 10" 1 -
% 10° el “-._. ) . 108 RS T = = -
g :
8

Bispectrum components [Mpc/h]®

10 T
1 1 \’
0.01 0.10

k, [h/Mpc]

10 - .
- Isosceles triangle (3k =4k _=4k_) .
102 1 2 3 _
10" k k N

Bispectrum components [Mpc/h]®

0.01 0.10

k. [h/Mpc]
S 1ok Squeezed triangle with R=(1,2,5,10) -
Qo L 4
2 el R [Mpc/n] M, [Mﬁ] |
2 I 1 ax10"" ]
g‘o'o.'.::'_ ---------- - g ‘3&1813 7
g ¥ - - |
£ 108l gl sy 10 4x10™ |
o
o =
€ _
2 '~
3 N
g o
® 0.01 0.10

k, [h/Mpc]

Figure 13. Same as Figure 11, but for z = 3 and b2 /by = 1.5. The non-Gaussianity parameters, fni, = 40 and gn., = 10*, are the same as in Figure 11.

in this paper, the B"¢ and B"C terms, are even more important
S 8NL

than the term derived by Sefusatti & Komatsu (2007), B;ﬁgo,
This property makes high-redshift galaxy surveys particularly a
powerful probe of primordial non-Gaussianity.

Figure 13 and the middle panel of Figure 12 show the
bispectrum terms at z = 3. Note that we use a larger value for the
non-linear bias, b,/b; = 1.5, in accordance with a halo model
(Cooray & Sheth 2002). At this redshift, with fyr = 40 and
gnL = 10%, the gy and fI\zlL terms dominate over the non-linear
effects also in the elongated, folded and isosceles configurations
at k < 0.01 h Mpc™!, as well as in the squeezed ones. The
/L terms dominate over the non-linear effects on even smaller
scales, and the importance of the fI\%L and gy terms relative to
the fnr term is greater, as expected from their dependence on
D(z).

4. DISCUSSION AND CONCLUSIONS

Let us come back to this question, “can we still use Sefusatti
& Komatsu’s equation, Equation (1), with b; replaced by the
scale-dependent bias, Equation (4)?” The answer is clearly no:
the primordial non-Gaussianity gives the largest signal in the
squeezed limit, whereas the non-linear gravitational evolution
and non-linear bias give the minimal signals in the same limit.
This means that these effects are physically totally distinct, and
thus a mere scale-dependent rescaling of one effect does not give

another. Therefore, replacing b, in Equation (1) with the scale-
dependent bias in Equation (4) results in an incorrect prediction.
For example, even though we have a term similar to that of the
scale-dependent bias, B"C, in our final expression of the galaxy
bispectrum for the local-type primordial non-Gaussianity, there
are many more terms that do not look like the scale-dependent
bias that appears in the galaxy power spectrum. Furthermore,
B!C is by no means the most dominant term.

In this paper, we have derived a general expression for the
bispectrum of density peaks in the presence of primordial
non-Gaussianity (Equation (9)), using the MLB formula as
well as using the local bias ansatz. This result is general as
long as we consider the bispectrum of high density peaks,
ie., v = §:./og > 1, which is equivalent to highly biased
galaxy populations, b; > 1, on large scales in which the n-
point correlation functions are much smaller than unity. (This
condition was necessary for us to Taylor-expand the exponential
in Equation (6).)

We have applied our formula to the local form of primordial
non-Gaussianity in Bardeen’s curvature perturbations, ® =
¢+ fnrd’ + gne’, and found new terms that are proportional
to faL, fﬁL and gni, which were absent in the formula derived
by Sefusatti & Komatsu (2007). We have examined the shape
and scale dependence of these new terms as well as those of the
known terms, and found that the primordial non-Gaussianity
contributions yield the largest signals in the squeezed triangle



No. 2, 2009

PRIMORDIAL NON-GAUSSIANITY AND GALAXY BISPECTRUM

=0 : - -
3 Squeezed triangle (k =k =100k,)
= 1071 K .5 f 2B™
L 2 k —
@ @ 5 ¢ NL 'ng—
< 1p'° - nG _|
g . cgNlLthL
a g T T Trmr= - w ©!
€ e T TN, fuBa
© F RIS — —
€ 10° N NS . -
B TR - Tive= o o —
B 10*-f =4, g =100, b_/b =.]"5"~..- RPN
& NL T OONL e ot L
m
0.01 0.10
k, [h/Mpc]
= oM : - -
3 Folded triangle (k =2k =2k,)
1220 —
= 10 k, koo T . B:;n
% 10" . — — —:b./bP?
< 2 1
g
E —
o
o e
£ S -
2 ~.< S
£ ~. <
(53 ~. ~
g ~. =~ —
a ~. <
0 L XN N ~
® 0.01 0.10
k, [h/Mpc]
= 10" - - :
3 Equilateral triangle (k =k_=k_)
£ 102 1 2 3 |
% L
S 10" -
<
5 L
g 10°F o —
o P
© Frm s ——— e T T < K
£ 0% T~ - = L ! -
3 Crm e T~ RN
5, e S~ T
:).)- 10+ te ) .\.\. \\ - -
5 1 ~ 1 ~ b
0.01 0.10
k, [h/Mpc]

1245

Elongcuted trlongkle (k,=k, k., k,=3k,)

2 3

0% —

6 [FFrm s =
10°F T~ R —
~. =L
L ~. e -
- <
— -~ O
L z=3 <. <
\u
1 ~

k, [h/Mpc]

Bispectrum components [Mpc/h]®
5
>

Isosceles triangle (3k =4k_=4k )
12 s

108

T
I
i
I

10k, ~... T o -

S
2
1
/

/
!

Bispectrum components [Mpc/h]®

0.01 0.10

2]
QO
C A
]
0]
N
D
Q
—~
2.
Q
3J
p=i
]
=
=
j.
Py
Il
—~
—
N
9
@]
~—
1

10"+
10‘2-
10‘°-
108 e

10°

10*

Bispectrum components [Mpc/h]®

0.01 0.10
k, [h/Mpc]

Figure 14. Same as Figure 13, but for smaller non-Gaussianity parameters, fn;, = 4 and gnr, = 100.

configurations, where the non-linear gravitational evolution and
non-linear bias yield the minimal signals. This is a good news:
this property enables us to distinguish the primordial and non-
primordial effects easily.

The effects of primordial non-Gaussianity on the galaxy
bispectrum are more important in a high redshift universe, and
thus high-redshift galaxy surveys are particularly a potent probe
of the physics of inflation via measurements of primordial non-
Gaussianity.

The most significant conclusion of this paper is that, in the
squeezed configurations, the fI%L term actually dominates over
the fnL term by a large factor, and, on large scales, newly
derived fnr, term dominates over the non linear terms for all
configurations. Because of this, the galaxy bispectrum should
be more sensitive to fy than previously recognized: in the high
density peak limit, we have found a factor of ~15 enhancement
for the fnp term studied in Sefusatti & Komatsu (2007). In
addition it is also sensitive to a new term, gy . Figure 14 and the
bottom panel of Figure 12 shows the bispectrum at z = 3 with
much reduced primordial non-Gaussianity parameters, fn. = 4
and gn = 100. In the squeezed configurations (¢ = 100),
the f2 term is still well above the usual terms from Gaussian
initial conditions at k < 0.1 & Mpc~!, the fyr term is above at
k < 0.4Mpc™!, and the gn term is above at k < 0.01 & Mpc ™.
Even with the milder squeezed limit for « = 10, the fyi term
still is above the Gaussian term at k < 0.02Mpc .

The fact that the f;7; term dominates in the squeezed limit is
particularly interesting, as it provides us with the unique window
into the physics of inflation in the following way. Recently, a
number of groups (e.g., Boubekeur & Lyth 2006; Huang & Shiu
2006; Byrnes et al. 2006; Buchbinder et al. 2008) have shown
that the primordial trispectrum can in general be written as

To(ky, ko, k3, k4) = 6gnL[ Py (k1) Py(ka) Py (k3) + (3 cyclic)]

25
+ —INL[ Py (k1) Pg(ko){ Py (k13) + Py(k14)}

18
+ (11 cyclic)], (58)
instead of Equation (17). Different models of the early universe
predict different relations between 7y and fnr. Therefore,
separately detecting the =n, (i.e., fflL) and fnp terms can be
a powerful tool for constraining the model of the early universe.
How well can one constrain these parameters with the current
or planned future high-redshift galaxy surveys? As we based
our analysis in this paper on the assumption of high density
peaks, i.e., v > 1, the relative importance of the new terms
depends on how high the peaks (in which the observed galaxies
reside) are. For example, for SDSS-LRG sample (z = 0.315,
ng = 1.36 x 107* [h/Mpc]?), where §./og =~ 1.57, the halo
model (see Sefusatti & Komatsu 2007, for a detailed method)
gives by/b; ~ 0.5, which is about a third of the value from
the high peak limit that we have used in this paper. Therefore,
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we expect that the non-Gaussian signal for the SDSS-LRG
bispectrum is smaller by the same factor. Detailed analysis will
be presented in a forthcoming paper.
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APPENDIX A
INTEGRATION OF T,''?

In the standard perturbation theory, the four-point correlator
contained in the definition of 7! (see Equation (26)) is given
by®

d3
(8D k)8 (k2)5 ™ (ke3)8 (k) = / (27:;3 Fy(g, ks — q)

x (80 k)8 (k)8 (he3)3
x (ks — 8V (q).  (AD)
For non-Gaussian density fields, the leading order of Equa-
tion (Al) contains the ensemble average of products of six

Gaussian variables, ¢, which gives products of three power
spectra, Py. We find

3
/ énqﬁ Fy(g, ks — @) (6P U8V Ue2)sles)

x 8V (ky — )5V (q))

d’q () ) )
= (271)3F2 (g, ks — q)(8" ' (k1)8" " (k2))

x (8D (k)8 (ks — q)8V(g)) + (cyclic 123)
g
' 2/ Gy 1@ s = 0 R (@)
X (8D (k)8 V(k3)8V (ks — ) + (cyclic 123)
= (2n)3[2fNLPm(k1)M(ks)/d3qM(q)

x M(1ks — D) Pyp(@){ Py(lks — q|) + 2Py (k3)}

x Fy)(q. ks — 8" (k12) + 4 fre M) M(k3)

X Mk13) P (k) Fy" (= k1, K1)

X {Py(ka) Py(k3) + Py(ko) Py(kia) + Py(k3) Py(kis)}

+ (cyclic 123):|8D(k|234). (A2)

6 Sefusatti (2009) also derived and studied this term independently.
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Therefore, T4'!? is given by
Ta' (k. ko, ks, ka) = Wr(k)Wg(ka) Wi (k3) Wi (ks)
x [ZfNLRn<k1>M<k3) / $q M)

x M(lks — q|) Ps(q){ Py(lks — gl)

+ 2Py (k)Y Fy"(q. ks — )8P (k1)

+ 4 fae M (k) M (k3)M(ky4) Py (k1)

x Fy)(—ki, kia){ Py(ka) Py(k3) + Py(k2)

X P¢(k14)+ P¢(k3)P¢(k14)}+(CyChC 123):| ,
(A3)

where M(k) = Mg(k)/Wg(k), kij = k; + k;, and (cyclic 123)
denotes that the cyclic changes among (k, k», k3). We calculate
the sum of {1112} terms in Equation (27) by integrating
Equation (A3)

d? - .
G TR @k = .o k) = 8 Witho) W) M)
x Mk) M(ks) Pk Py (k)

+ Py(ko)Py(ky) + Py(ks) Py(ky)}

d3q = = (s)
X Wr(lki — gDWr(@) Pu(@) Fy ' (—q, k1)

2m)3
+ 4 i We(ka) W (k3) M(k1)[ P (k) Fy (Ko, Kt )
s d3 T
+ Po(ka)Fy" (ks k)] / (Zﬂ’; Wr(lky — q))

x Wr(Q)M(@)M(Iki — g)){Ps(q) Py(Ik1 — qI)
+ 2Py(q) Py(ky)} + 8 fur Wr (ko) Wr (k3) M (k3)

ot | L ey — ab W
X P ”/W 2(1k1 — q)W(@)

x M(Iki — gD M(lkz + gD Fy (—ka, ko + q)
X {Py(k3) Py(lk1 — q) + Py(k3) Py(lk2 + ql)
+ Py(lki — q))Py(ks + gD} + (ka <> k3)

3
+ 8 Wil Wi M(ks) [ (jn‘;
x Wr(lki — g)Wr(@)M(lk; — qI)
X M(lkz + gD Pu(@)F3 (g, k2 + @)
x {Py(lk1 — q)) Ps(k3) + Ps(1ky — ql)Py(lks + g1)
+ Py(ks) Py(lkz + q))} + (ky <> k3)

+ 8L (Wr(ka) Wir(k3))? Py (k3) M(k2)
d3
x / S Mg Mk = gD Pota)

x (Py(lks — ql) + 2Ps(ko)} F\(q, k2 — @)
+ (ks < k3). (A4)

APPENDIX B
SUMMARY OF EQUATIONS

As various terms contributing to the galaxy bispectrum are
scattered over various places in the paper, we collect them
together in this appendix. For galaxies of size R (or mass
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M = (47/3)R’p,,, where p, is the cosmic mean matter
density), the galaxy bispectrum at redshift z is given by

by(z)
b1(z)
NL

B, (ky, ka, k3, z>=b%<z)D4<z)[Bg(k1, ko ka) +

x {Pr(k1)Pr(kz) + (2 cyclic)} +

GO by [ A
X BfNL (k],kz,k3)+b ( ){D( )

+ 4(Gr(ky) + Grkr) + Gr(k3)) BFS (k. ko, k3))
f
D(z)

+ D2( )B;ﬁ(kl,kz,kﬁ}], (Bl)

D(z)

(B (ky, ko, k3)

+ B3 (ki Ky, ka) + By (ki k2. ks)

where b;(z) and b,(z) are the linear and non-linear bias param-
eters, respectively. As we mentioned in Section 2, Eg(z) /b1(2)
would be equal to §, within the context of the MLB formalism,
but the precise value has to be measured from N-body simula-
tions.

Note that the redshift evolution of each term in explicitly given
by the powers of the linear growth factor D(z), and various

. : G nG nGO nGl1 nG nG
contributions, B,’, Pg, B)"”, B o B e B E and BgNL, re

evaluated at z = 0 with

BE (ky, ky, k3) = 2F (ke ko)W (k1) Wi (ko) Wi (k3)
X Py (k1) P, (ky) + (2 cyclic) (B2)

Pr(ki) Pgr(ks)

B9k, ky, k3) = 2
S S0 ER T M (ky) Mg(ky)

Mg(ks) + (2 cyclic)
(B3)

B"S(ky, ky, k3) = 4Wg (ki) Wr (ko) Wg(k3)

Frlky)  Frlka)
X [MR(kl) + MR(kZ)] Py (k) Py (k2)
x F{(ky, ky) + (2 cyclic) (B4)

SN

1 ~ -
B1C (ky, ky, k3) ~ Py [8WR(k2)WR(k3)Pm(kZ)M(k3)P¢(k3)
R

g - ~
« / o Wik = 4D Wata)
X My — gD M(lkz + q))
x [Py(lk2 + q|) + Py(lky — q|)]

« FZ(S)(—’Q’ ky + q)+ (5 permutation)i|
(BS)

1
B';]?L(kl, k, k3) ~ Py [SMR(kZ)MR(kS)P¢(k1)
R

d3
T Mp(q)

X 1Poth)+ Pyt [ 5
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x Mgr(lky — q)Py(q) + (2 cyclic)
d3
+4MR(k2)MR(k3)P¢(k2)P¢(k3)/ #
x Mr(@Mpg(lki — ql)
X [Py(lkz + q|) + Py(lk3 + q)] + (2 CyCIiC)]
(B6)

1
B"C (ky, ka, k3) = Py |:6MR(k2)MR(k3)[P¢(k2) + Py(k3)]

8NL i
x/ﬁ/\/t (@)Mgr(lky — q|)Py(q)
) r(@Mr(lkr — q) Py(q
x Py(lky — q|) + (2 cyclic)

+ 12M g (ko) M g(k3) Py (ko) Py (k3)

d3
x [ S Mt Matllr = gD Pota)

+(2 cyclic):|. (B7)

Note that we show only dominant terms for B}' and B”g on

large scales. One can find the exact definitions in Equatlons (29)
and (34). Finally, Fr(k) and Gr(k) are defined as follows.

d3q
Frk) = / Py(q)Mr(@)Mr(lk — ql)

@2n)}

y [Pm —q) +2} .
Py(k)

L[ &g We@We(k —q))

= O)f. —
G =55 | G gy @Bk )

(B9)
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