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ABSTRACT

A toy model is analyzed in order to evaluate the linear stability of the gain region immediately behind a stalled ac-
cretion shock, after core bounce. This model demonstrates that a negative entropy gradient is not sufficient to warrant
linear instability. The stability criterion is governed by the ratio x of the advection time through the gain region
divided by the local timescale of buoyancy. The gain region is linearly stable if x < 3. The classical convective in-
stability is recovered in the limit x > 3. For x > 3, perturbations are unstable in a limited range of horizontal
wavelengths centered around twice the vertical size H of the gain region. The threshold horizontal wavenumbers &,
and k. follow simple scaling laws such that Hk,, o< 1/x and Hkp,x o< x. The convective stability of the / = 1
mode in spherical accretion is discussed, in relation with the asymmetric explosion of core-collapse supernovae. The
advective stabilization of long-wavelength perturbations weakens the possible influence of convection alone on a

global / = 1 mode.

Subject headings: accretion, accretion disks — hydrodynamics — instabilities — shock waves —

supernovae: general

1. INTRODUCTION

Convective instabilities may be an important ingredient of the
explosion mechanism of core-collapse supernovae. Below the
neutrinosphere, they can increase the neutrino luminosity, and in
the neutrino-heating layer they can help push the shock farther
out. Convection in the supernova core may also be the seed for
the large-scale anisotropies seen in many supernovae and super-
nova remnants and might be linked to the measured high veloc-
ities of young pulsars (e.g., Arnett 1987; Woosley 1987; Herant
et al. 1992). Negative gradients of entropy were initially thought
to arise as a natural consequence of the decline of the shock strength
due to photodissociation of heavy nuclei and neutrino escape
(Arnett 1987; Burrows 1987; Bethe et al. 1987; Bethe 1990). A
more durable effect was recognized by Herant et al. (1992) in
their simulations: neutrino heating is able to maintain a negative
entropy gradient in a “gain region” immediately behind the
stalled shock. They also observed that the convective eddies tend
to merge and produce eddies of the size of the computing box. Sim-
ilar results were found in the numerical simulations of Herant
et al. (1994), Burrows et al. (1995), Janka & Miiller (1996), and
Mezzacappa et al. (1998).

Are such convective instabilities able to produce an / =1
asymmetry, as suggested by Herant (1995) and Thompson (2000)
and seen more recently in numerical simulations (Scheck et al.
2004)? Estimates of the linear growth rate and wavelength of the
nonspherical modes found in these studies cannot be directly
made on grounds of the considerations of convective instabilities
in hydrostatic spherical shells (e.g., Chandrasekhar 1961). Atten-
tion has to be paid to the fact that the advection of matter across
the shock and through the gain region might seriously reduce the
convective growth rate and modify the spatial structure of un-
stable modes. This paper is dedicated to evaluating and charac-
terizing the magnitude of this potentially stabilizing effect. This
question has become particularly acute since the discovery of
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another hydrodynamic mechanism that might be responsible for
an [ = 1 asymmetry. The nonspherical modes of deformation
of an accretion shock discovered in adiabatic numerical simula-
tions by Blondin et al. (2003), which the authors termed SASI—
standing accretion shock instability—are independent of convec-
tion. This instability seems to be due to an advective-acoustic
cycle, based on the acoustic feedback produced by the advection
of entropy and vorticity perturbations from the shock to the ac-
cretor (Foglizzo & Tagger 2000; Foglizzo 2001, 2002, hereafter
FO01, F02, respectively). More realistic simulations by Scheck et al.
(2004), including neutrino heating, a microphysical equation of
state, and the environment of collapsing stellar cores, recognized
the development of a strong / = 1 mode possibly due to the com-
bination of convective and advective-acoustic instabilities. The
asymmetry produced by this instability makes it a good candi-
date for explaining the high velocities of pulsars. The mechanism
responsible for this instability is still a matter of debate, since
Blondin & Mezzacappa (2006) advocated a purely acoustic origin
whereas Ohnishi et al. (2006) recognize an advective-acoustic
cycle.

Is it possible to disentangle the convective from other insta-
bilities from the point of view of their linear growth rates and
spatial structure? As a first step, the present study aims at a better
characterization of neutrino-driven convection in the gain layer
beyond the classical hydrostatic approach. In order to distinguish
convection in the gain region from any type of instability based
on an acoustic feedback produced below the gain radius, we choose
to analyze the onset of convection in a particular setup that ne-
glects such an acoustic feedback. For this purpose we build in § 3
a simple toy model incorporating the minimum ingredients lead-
ing to the convective instability below a stationary shock: a
parallel flow in Cartesian geometry and in uniform gravity. This
flow is simple enough to allow for a full characterization of its
stability properties (§ 4). The extrapolation of these properties,
when convergence effects are included, is then tested by solving
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the same boundary value problem in spherical geometry (§ 5).
This allows us to address the question of the convective desta-
bilization of the / = 1 mode during the phase of stalled shock of
core-collapse supernovae. The results of our perturbative ap-
proach are applied to two examples of numerical simulations in
§ 6, which illustrate two situations in which the instabilities can
be disentangled. Conclusions are drawn in § 7. Before that, let us
first recall the classical results concerning the convective insta-
bility in plane and spherical geometry.

2. CLASSICAL RESULTS ABOUT THE ONSET
OF CONVECTION IN A HYDROSTATIC EQUILIBRIUM

In the absence of viscosity and of stabilizing composition
gradients, a stratified atmosphere with a negative entropy gra-
dient is unstable at all wavelengths. Perturbations with a hori-
zontal wavelength shorter than the scale height H of the entropy
gradient are the most unstable. In a perfect gas with an adiabatic
index v, a measure of the entropy is defined by the dimensionless
quantity S, as a function of pressure P and density p:

b)) o

In this formula, pressure and density are normalized by their
value immediately after the shock. In what follows, the subscript
“sh” always refers to postshock quantities. The maximum growth
rate Wi,y is given by the Brunt-Viisila frequency, expressed by
the gravitational acceleration G and H:
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Perturbations with a longer horizontal wavelength than H are
also unstable, with a slower growth rate, however. Perturbations
with a horizontal wavelength much shorter than H are easily
stabilized by a small amount of viscosity. This is illustrated by
the calculations of Chandrasekhar (1961) of the onset of convec-
tion, either between two parallel plates or in a spherical shell.
These calculations measured the amount of viscosity that is re-
quired to stabilize a perturbation with a given wavelength. The
wavelength of the first unstable mode is about 2—3 times the
vertical size of the unstable region, depending on the nature of
the boundaries (free, rigid, or mixed). Note that a factor of 2
would be rather intuitive, since it corresponds to a pair of two
counterrotating circular eddies (see Fig. 1). In a spherical shell, a
naive estimate of the azimuthal number / of the first unstable
perturbations, based on the number of pairs of circular eddies
that would fit in the unstable shell g < 7 < R, leads to

— 1/2
Whuoy = G /

TR+ gain
o= (3)
This simplistic approach is compatible with the exact calcula-
tions performed by Chandrasekhar (1961), within the same fac-
tor of 1-2, as in the case of Benard convection (Rayleigh 1916).
This factor depends on the boundary conditions and on the grav-
ity profile, and can be interpreted as an aspect ratio of the eddies,
which are not circular. A direct application to the size of a stalled
shock with R ~ 150 km and 7gai, ~ 100 km, as in Herant et al.
(1992), would lead to / ~ 7. As noted by Herant et al. (1992), the
increase of H naturally leads to the decrease of the optimal /.

FiG. 1.—Schematic view of convection in a spherical shell of size H. The first
unstable modes when viscosity is decreased have a wavelength A ~ (2—3)H,
depending on the boundary conditions (Chandrasekhar 1961).

Is the residual instability of the / = 1 mode fast enough to have a
significant influence during the first second after core bounce?
The classical description by Chandrasekhar is not directly appli-
cable here, not only because viscosity is negligible, but also be-
cause it does not take into account the presence of a shock wave
and the associated flow of gas across it. Let us compare the time-
scale of buoyancy wljuloy with the advection timescale H /vy, through
the gain region. The local gravity at the shock radius ry, is G =
GM/r},, where G is the gravitational constant and M is the en-
closed gravitating mass. In what follows, the subscript 1 refers
to preshock quantities. Assuming that the gas is in free fall ahead
of the shock (vl2 ~ 2GM /rq,), one estimates

Hwbuoy N( GM )1/2 (£>1/2 (4)
Ush Vshvszh T'sh ’
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<7vsh) (0.4rsh> (5)

A typical radius of the stalled shock is rg, ~ 150 km, and 0.3 <
H/rg, < 0.5. The velocity jump across the shock would be
v1/vgy = 7 for an adiabatic gas with v = 4/3. This ratio may
increase up to v;/vgy, ~ 10 due to the dissociation of iron into
nucleons. Even then, the rough estimate of equation (5) indicates
that the convective growth time is comparable to the advection
time through the gain region.

3. DESCRIPTION OF A PLANAR TOY MODEL

This section establishes the equations describing a toy model
in Cartesian geometry, illustrated by Figure 2, in which only the
minimum ingredients leading to the convective instability have
been included. This toy model mimics in a most simplified form
the accretion flow in the gain region immediately below the stalled
accretion shock, a few tens of milliseconds after core bounce. The
eigenmodes are solved numerically in § 4.

3.1. Stationary Flow
3.1.1. General Description

The stationary flow is parallel along the z-direction, in a uniform
gravity G. Self-gravity is neglected. A shock is stationary at the
height zg,. The flow is described by a perfect gas with an adiabatic
index v = 4/3, corresponding to a gas of relativistic electrons
or photons and electron-positron pairs. We further assume that
P x pT (with T being the temperature), which is a suitable
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FiG. 2.—Schematic view of the toy model enabling the convective instability
immediately below a shock. Heating dominates cooling in the gain region, so
that the entropy gradient is oriented downward. Gravity G is uniform. The flow
below the gain radius is assumed to be uniform in the stationary regime, in order
to preclude any acoustic feedback from below once perturbed. Entropy/vorticity
perturbations (circular arrows) are advected downward with the flow. Acoustic
perturbations (wavy arrows) propagate downward below the gain radius.

description of the thermodynamic conditions in the gain layer in-
dependent of whether relativistic particles or baryons dominate
the pressure (for details, see Janka 2001; Bethe 1993). The essen-
tial ingredients of the convective instability are the entropy changes
and the local acceleration. In the gain region, the local acceleration
is mainly due to the gravity G. The entropy gradient VS is pro-
duced by the heating through neutrino absorption, which exceeds
the cooling by neutrino emission in the gain region. The heating/
cooling function £ is adapted from Bethe & Wilson (1985), ne-
glecting the effect of geometric dilution of the neutrino flux:

. Lp 7\°
I'sh -2
7 s 20 1 1
L 2.2(150 = x 10 ergs g~ 57, (7)

where Ty, is the postshock temperature. The parameter 3 < 1 is
defined as the ratio of the strengths of neutrino cooling and neu-
trino heating at the shock. The gain radius z,,i, is defined as the
point where £ = 0. According to equation (6), the temperature
at the gain radius is Tgein = Ten/B'/¢. The temperature contrast
ATgain/Ten within the gain region is thus directly related to the
parameter ( of the heating/cooling function through

ATgain _ Tgain - Tsh 1
= =5 (8)

T sh N T, sh
Heating and cooling are neglected above and below the gain region.
The equation of continuity, the Euler equation, and the entropy
equation defining the stationary flow in the gain region lead to the
following differential system:

0
0 [v? c? L
E(?—F’y—l—’—GZ) _ﬁ, (10)
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Vol. 652

where the last relation makes use of P o pT' and the pressure
force in the Euler equation has been transformed using the defi-
nition (1) of S and the relation ¢ = yP/p:

\V4 2 2
_P_v( ¢ )- € vs. (12)
p =1

3.1.2. Photodissociation at the Shock

Although dissociation at the shock is not expected to be an
important ingredient for the convective instability, it is taken into
account because of its effect on the postshock velocity and thus
on the advection time through the gain region. The effect of dis-
sociation can be crudely incorporated by assuming that it takes
place immediately behind the shock. It is parameterized in Ap-
pendix A by a decrease of the postshock Mach number Mg,
below the adiabatic value M,q:

1/2
24 (y— DM;

Mg < My =
T M~y 1 1

(13)

Note that Mach numbers are defined as positive M = |v|/c > 0.
In the phase of a stalled accretion shock the gravitating mass is
M ~ 1.2 M, and the preshock sound speed is ¢; ~ 8.5 x
10® cm s~!. The incident Mach number M is estimated assum-
ing free-fall velocity of the gas incident at the shock:

26M 1/2
‘Ullw )
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—-1/2
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4.6(150 km) x 10" cms™ ', (14)
ra ~1/2
~S5 Al : 15
M (150 km) (15)

The incident Mach number is taken equal to M = 5 in the rest
of the paper, so that Mg ~ 0.39 if v = 4/3. A prescription of
Mg/ Mg = 0.77 accounting for dissociation corresponds to more
realistic values of Mg, ~ 0.3, a velocity jump v /vg, ~ 8.8, and
a jump of sound speed cgp/c; ~ 1.85. Considering the full range
1/(y M) < Mgy < M,q allows us to explore the stability of
a larger family of flows and thus to better understand the onset
of convection. The extreme case My, M| = 1/, corresponding
to csn = ¢ and vy /gy, = WM%, is referred to as the “isenthalpic
shock.”

3.1.3. Dimensionless Parameters of the Toy Model

The heating constant £ > 0 can be compared to the critical heat-
ing rate L needed to cancel the velocity gradient immediately
behind the shock, as deduced from equations (9)—(11):

1 ov 1 L
ZE‘W[G”V_DE} (16)
P Gugn
crit — — . 1
Lo =~ (17)

The dimensionless parameter defined by € = Z/Zcrit is thus a
measure of the power of heating from the dynamical point of
view. The flow is decelerated after the shock if € < 1. Using a
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Fic. 3.—Power of heating, cooling, and gravity expressed through the dimen-
sionless parameters € and ATy /Ty,. The resulting size H = zy, — Zgain 0f the
gain region is measured in units of ¢2, /G. The shock is adiabatic (M; = 5 inall
plots).

gravitating mass M = 1.2 M, in equation (17) and measuring
the postshock velocity in units of the free-fall velocity v; (egs. [7]
and [14]), a typical value of € is

0.16( - ra )" (18)
P 7o ) 150 km )

In addition to v ~ 4/3 and M, ~ 5, the independent parameters
of this toy model are the dissociation parameter Mg,/ M., a
measure of the heating rate at the shock through the parameter ¢,
and the temperature contrast A7 in/Ts, Within the gain region.
The parameters of this toy model allow for a wide variation of
the size H = zy, — Zg,in Of the gain region. This can be seen by
integrating the differential system equations (9)—(11) from the
shock to the gain radius, with the function £ described by equa-
tion (6). The corresponding results for a flow without dissocia-
tion are displayed in Figure 3.

3.2. Linear Perturbations
3.2.1. Differential System

The one-dimensional stationary flow is perturbed in the (x, z)-
plane , where x is the horizontal direction. The complex frequency
w = (wy,w;) of the perturbation is defined such that the real part
w, 1s the oscillation frequency and the imaginary part w; is the
growth rate. The eigenmodes calculated in this study are non-
oscillatory (w, = 0). Rather than éuv,, év,, dc, and 6p, the func-
tions chosen for the perturbative approach are the entropy 6S and
three functions f, &, and 6K, defined by

2
f =vbv, + 71050, (19)
Sv.
=24 0 (20)
voop
2.2
5K = ivkdw, + 2 s, (1)

where k, is the horizontal wavenumber and 6w, is the pertur-
bation of vorticity. This choice is motivated by the fact that in the
adiabatic limit, the perturbations ¢S and 6K are conserved when
advected (FO1) and the coefficients of the differential system
expressed with /', & contain no radial derivative of the stationary
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flow quantities v, c, M. If w # 0, the linearized equations are
expressed by the following differential system of fourth order:

of  iwv f 1168 L
5_1—/\42{}' c2+{7 HMZ]V}JHS(W)’
(22)
Ooh iw ? 5 i0K
06S  iw L
oK —EéK—kkxzé(é), (25)
0z v pv
where p is defined by
2 2c? 2
w=1- ;2 (1 - M"). (26)

The quantity p is a natural parameter in the algebraic formulation
of the problem. When the frequency w is real, 1 is directly related
to the angle v between the direction of propagation of the wave
and the direction of the flow. Correcting a typing error in
equation (E11) of FO2,

1—p?

tan’y) = —— .
T Ve

(27)

In the differential system (22)—(25), the perturbations 6(L/pv) and
O(L/Pv) can be expressed in terms of f', &, S using equations (19)
and (20) and a perturbation of equation (6) (see Appendix B).

3.2.2. Boundary Condition at the Shock

The boundary conditions at the shock surface are obtained in
Appendix C.1 using conservation laws in the frame of the per-
turbed shock:

2
fsh=Av(vgy — v1) — ACﬁVSsm (28>
Y
hsh:ﬁ(l ——") (29)
Ush 1
2
6S¢n ——AC{VSSh n <1 _Uih) Ez] B 121?1) <1 _vih> ,
v Y v1 /) Cgp Csh vl
(30)
C2
6K = — ijg%hvssh, (31)

where the velocity of the shock is related to its displacement
through Av = —iwA(. In these equations, the cooling/heating
above the shock is neglected (£, < Lg). These boundary condi-
tions agree with Foglizzo et al. (2005) when heating is suppressed.

3.2.3. Leaking Condition at the Lower Boundary

The effect of negative entropy gradients within the gain region
are separated from any coupling process below the gain radius
by choosing a leaking boundary condition at the gain radius:

1. entropy and vorticity perturbations reaching the gain radius
are simply advected downward, and

2. acoustic perturbations are free to propagate downward, with
no reflection.
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Fic. 4—Ratio x of the advective and convective timescales in our toy model
with an adiabatic shock, as a function of the heating parameter ¢, for different
values of ATg,in/Typ indicated on each curve.

This boundary condition is equivalent to replacing the accre-
tion flow below the gain radius by a uniform flow. The unifor-
mity of the unperturbed flow warrants the absence of coupling
processes, once perturbed. Each perturbation is decomposed in
Appendix C.2 as the sum of entropy, vorticity, and pressure
perturbations:

f=f+k+f+1, (32)
h=hs+hg+hy +h_. (33)

The absence of coupling below the gain radius corresponds to
the absence of an acoustic flux from below (f- =0, #_ = 0).
According to the calculation of Appendix C.2, this requirement
is equivalent to the following condition:

1—-M*\6S 11— 6K
LIV P oSy lor By
Me M1+pM/) v 1T+ pMikic
(34)

4. CONVECTIVE MODE IN THE GAIN REGION

4.1. Definition of the Ratio x Comparing the Advective
and Buoyancy Timescales

The maximum growth rate wy,ey 0f the convective instability
(eq. [2]) can be expressed with the local variables ¢, T, v, c as a
function of height z:

1/2 1/2
W (Z) — 61/2 vih / 1 - (T/Tgain)6 g (35)
o v 1 - (Tsh/Tgain)6 ¢ ’
Wmax = maXZgain<Z<ZSh [wbuoy(z)] . (36)

Note that €"/? directly measures the local growth rate of the con-
vective instability at the shock, in units of G/cg:

L (37)

w =
buo;
Y Csh

When considered as a local instability, the transient amplification
of short-wavelength perturbations, during their advection through
the gain region, can be estimated by the quantity exp y, with

ain

shock
dz
0= [ e . (38)
o v
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Fic. 5.—Growth rate w; of the convective instability as a function of the hori-
zontal wavenumber. Growth rates are normalized to wy,,,. Heating is such that
e = 0.1. The shock is adiabatic. The ratio x of the advective and convective
timescales is indicated on each curve, with the corresponding temperature con-
trast ATy,in/Tgn given in parentheses. Advection stabilizes both the long and
short wavelengths. The convective instability disappears for x < 3.

The quantity x can be interpreted as the ratio of the advective
timescale to some averaged timescale of convective growth. The
correspondence between €, ATy,in/Tq, and x is shown in Figure 4.

4.2. Numerical Solution of the Eigenmode Problem

The numerical solution of the boundary value problem reveals
that a global unstable mode grows exponentially with time if the
advection timescale is long enough compared to the convective
timescale. The existence of a global convective mode appears to
depend directly on whether the ratio x, defined by equation (38),
is above or below a certain threshold .

As an illustration, Figure 5 shows the effect of advection on
the convective instability for € = 0.1, where 1 < ATgin/Ten <
10 is varied so that 3 < x < 53. The convective growth is mea-
sured in units of wy,,,, and the wavenumber in units of H. The
classical convective instability is recovered in the limit y > 1.
The effects of advection can be summarized as follows:

1. The growth rate is decreased compared to the maximum
value of the local convective growth rate w, (eq. [36]).

2. Short-wavelength perturbations are stable.

3. Long-wavelength perturbations are also stable.

In Figure 5, the convective instability disappears completely
for x < 3. The flow is then stable even though the entropy gra-
dient is negative. Even when the heating coefficient € is varied
over 3 orders of magnitude, the threshold of marginal stability
always corresponds to xo ~ 3, as shown in Figure 6 for an adi-
abatic shock (solid line). This threshold is approximately insen-
sitive to the loss of energy at the shock through dissociation
(dashed and dotted lines). The stability threshold in Figure 6
and in subsequent figures is obtained by solving the boundary
value problem corresponding to the neutral mode (i.e., w = 0),
as described in Appendix D. According to Figure 7, the wave-
length of the neutral mode for x = x is comparable to 1-3 times
the size H of the gain region, with very little influence of dis-
sociation at the shock. A similar range was obtained for the
first unstable mode in classical convection stabilized by viscosity
5 2).

The range of unstable wavenumbers decreases with x in a
very simple way, as illustrated in Figure 8 for e = 0.1. When mea-
sured in units of 1/H, the minimal and maximal wavenumbers
are proportional to x ! and , respectively.
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Fic. 6—Threshold X, of the ratio of the convective and advective time-
scales, determining the existence of the convective mode, as a function of the
power e of heating. This threshold is essentially insensitive to dissociation at the
shock.

4.3. Toward a Physical Understanding

The existence of a stability threshold measured by  can be in-
terpreted in terms of energy. Approximating the entropy gradient
VS ~ AS/H, the parameter x2 is a measure of the potential
energy in the gain region divided by the kinetic energy (i.e., the
inverse of the Froude number “Fr’’):

12 12
~ (GAS) 7, (C’f{) (AS)2 o Fr 12 (39)
H v v

The convective instability is driven by the potential energy, which
is liberated by the interchange of high- and low-entropy gas. The
global instability requires that the energy gained from the inter-
change is large enough to overcome the kinetic energy of the gas.
This qualitative interpretation does not explain, however, the rela-
tively high value (xo ~ 3) of the threshold. Besides, the simple
scaling laws measured numerically in Figure 8 call for a simple
physical mechanism, yet to be determined.

5. EXTRAPOLATION TO STALLED ACCRETION
SHOCKS IN SPHERICAL GEOMETRY

This section aims at discussing the validity of the results of § 4
in a spherically symmetric flow, in which convergence effects

——adiabatic shock

27/ (Hk )
X

0.001 0.01 e 0.1 1

Fig. 7.—Wavelength of the neutral mode corresponding to the threshold
value x, in units of the size of the gain region.

10

stabilized by advection

0.1 1 H kx 10 100

Fic. 8.—Range of horizontal wavenumbers allowing the convective insta-
bility, for e = 0.1, when the ratio y is varied as in Fig. 5. The slopes £1 are
indicated as dotted lines for comparison. A tentative generalization of these
results to a spherical flow, in the spirit of eq. (47), suggests that the convective
instability of the / = 1 mode in case of H/rg, = 0.5 would require xy > 6 (§5.1).
This is indicated by the vertical and horizontal dotted lines.

may play an important role. The effect of convergence is first
estimated by a direct extrapolation of the results of § 4. The
outcome of this extrapolation is then compared to the result of
a numerical determination of the eigenmodes in a spherical toy
model. This successful comparison suggests that the results ob-
tained may keep some relevance in the more complicated context
of the core-collapse problem.

5.1. Tentative Extrapolation of the Parallel Toy Model

The equations describing a spherical toy model and its pertur-
bations are written in Appendix E and solved numerically in § 5.2.
The changes introduced in spherical symmetry appear in the sta-
tionary flow equations:

_ Z"p T'sh : T 6
L=z <T> _ﬂ(Tsh> 1 (40)
P
E(PU”Z) =0, (41)
0 (v? c? aM 2 08
ar<2 . >:78r' 42)

Neutrino heating, gravity G = GM/r?, and momentum pv in-
crease inward like 2. The radial shape of the Brunt-Viisila
frequency wiuoy(7) 1s modified accordingly:

1/2
gy = I o2 (@9'2 ra\* (T
buoy al rlol qa=—p2|\r Ton '

(43)

The critical heating leading to a postshock reacceleration is de-
creased by a factor v ~ 0.5 due to the convergence of the flow so
that € is now defined as

-1 Lrg
=— 44
€ o CMug’ (44)
2 2
azl—%. (45)
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Fic. 9.—Two examples of the vertical shape of the local Brunt-Viiséla
growth rate wyuoy(r) (solid line) and Mach number (dotted line), in a plane-
parallel flow with constant gravity (xy = 6.5) and in a spherical flow (x = 4.1).
Distances are normalized by cszh/G and growth rates by G/cg,, where G is the
strength of gravity at the shock radius. Both flows have the same heat flux at the
shock. Buoyancy is maximum close to the gain radius in the spherical flow. In
both cases, the buoyancy drops abruptly to zero at the gain radius.

According to this new definition of ¢, its estimation for a spher-

ical flow is
] e 1/2
~032(— ) —=—) . 46
‘ (mh) (150 km) (46)

As illustrated in Figure 9 for rgain/Fsh ~ 0.3, the maximum value
of wpuoy(r) may be reached close to the gain radius and may
exceed its value at the shock by a large factor. As seen in Ap-
pendix E, the structure of the perturbed equations (E2)—(ES) is
the same as in the parallel toy model (eqs. [22]—[25]), the main
change consisting in replacing k2 by /(/ + 1)/r?. A tentative
extrapolation of the results obtained in a parallel flow may use a
mean radius (7, + 7gain)/2 to translate the horizontal wavenumber
k, into the degree /. This gives

ky 1
"2+ DY? ~ 5 (ran+ rgain) = H (;I—h - §>~ (47)

Since the most unstable horizontal wavelength is comparable to
1-2 times the vertical size of the gain region in the parallel flow
(Fig. 7), the degree / of the most unstable mode should be com-
parable to

121+ D% ~ (1_2)7r<%‘“ - %) : (48)

Applying H/rgy ~ 0.5 in this formula leads to / ~ 6 (thin solid
line in Fig. 10). This correspondence is certainly very crude for
low-degree modes. Nevertheless, it compares favorably to the
results obtained numerically in spherical geometry in § 5.2 (thick
lines in Fig. 10). Making a similar extrapolation for the / = 1
mode in a flow with H /rg, ~ 0.5, in which case equation (47) gives
kyH ~ 1, Figure 8 suggests that this mode should be stabilized
by advection unless x > 6.

5.2. Numerical Solution for the Eigenmodes
in a Spherical Toy Model
5.2.1. Range of ¥gain/rsn and x in Our Stationary, Spherical Toy Model

The spherical geometry strongly limits the range of parame-
ters (Fgain/7sh, X) that can be reached within reasonable values of
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Fic. 10.—Degree / of the first unstable mode in the spherical toy model for
€ < 0.3. The thin lines correspond to eq. (48) extrapolated from the parallel toy
model, with 27/k, = H (dashed line), 2n/k, = 1.5H (solid line), and 2n/k, =
2H (dotted line). The thick lines correspond to the numerical solution of the
eigenmodes in a spherical gain region with an adiabatic shock (solid line) and
with dissociation (dashed line).

neutrino heating (e < 1). Due to the geometric dilution of neu-
trino heating in equation (40), the temperature contrast within
the gain region AT g /T is no longer an explicit parameter 5 of
the cooling function, because equation (8) is now replaced by

AT, 1 1/3
min___ <Vi> 1. (49)
Tsn 8 / Vgain

It is thus more convenient to use the parameters (¢, §) to define a
toy model in spherical symmetry. The thin solid lines of Fig-
ure 11 show how the parameter space (e, ) can be mapped into
the plane (rgain/7sh, X). This mapping is folded near ¢ ~ 0.3. Note
that this folding is also present in the plane-parallel toy model,
as can be deduced from Figures 3 and 4. In spherical geometry,
high values of x can only be obtained in flows with a small gain
radius. Even with the deceleration due to dissociation (Fig. 11,
right), the flows in which rgin/rsn > 0.6 have a very moderate
parameter x < 4.

5.2.2. Numerical Solution of the Boundary Value Problem

The stability analysis of this family of flows is summarized by
the thick solid and thin dotted lines of Figure 11, obtained as
follows: For each heating parameter e in the range 10> < e < 1,
a parameter ((e,!) is determined such that the corresponding
flow is marginally stable with respect to perturbations of degree /.
The value of the gain radius and x of this flow is then plotted.

1. Inboth plots, the threshold for convective instability corre-
sponds to xo ~ 3, as in plane-parallel flows.

2. The degree / of the first unstable mode, plotted in Fig-
ure 10, is surprisingly close to the rough estimate extrapolated
from the parallel toy model (eq. [48]) for e < 0.3.

3. The destabilization of the mode / = 1 is slightly easier than
anticipated by the plane-parallel toy model. The threshold x, for
this mode is in the range [4, 6], whereas Figure 8 would suggest
X4 ~ 6 + 1. Moreover, dissociation surprisingly increases the
/ =1 threshold in a spherical flow, while it would be slightly
decreased according to Figure 8.

6. COMPARISON TO SUPERNOVA SIMULATIONS

The perturbative analysis presented here was accompanied
by two-dimensional hydrodynamic simulations of the accretion
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Fig. 11.—Instability threshold determined from solving numerically the boundary value problem associated with a toy model in spherical geometry. The thin solid
lines show the range of (rgain /7, X) of the flows with a given value of the heating parameter ¢, indicated on each line, when the cooling parameter (3 is varied. Nuclear
dissociation is neglected in the upper plot, whereas My, /M,q = 0.77 in the lower plot. The curves labeled by [ (thick lines and thin dotted lines) show the stability
threshold of a specific low-degree perturbation, when the heating parameter e is varied from ¢ = 1073 to 1. The mode / = 1 is associated with the thick dashed line. The
most unstable modes correspond to / ~ 2,3 perturbations in flows without dissociation (fop) and to / = 4—6 with dissociation (bottom). In both cases, the global

stability threshold corresponds to x( ~ 3.

phase of stalled supernova shocks after core bounce. While the
details of these numerical experiments will be reported else-
where (L. Scheck et al. 2006, in preparation), we discuss some
of the results here in order to link the conclusions from the sim-
plified toy model to the flow dynamics found in more complete
hydrodynamic simulations of the conditions in supernova cores.

The simulations were performed with the computational setup
described in Scheck et al. (2006). We used the Riemann solver—
based Prometheus hydrodynamics code, which was supple-
mented by an approximative (gray) description of the neutrino
transport. This allowed us to follow the effects of neutrino cool-
ing and heating and their back-reaction on the neutrino fluxes.
The simulations made use of a physical equation of state of the
stellar plasma including leptons, photons, and baryons. The bary-
onic composition is assumed to be given by neutrons, protons,
alpha particles, and one kind of representative heavy nuclei in
nuclear statistical equilibrium, thus ensuring the inclusion of
nuclear photodisintegration effects. The two-dimensional models
were computed with a polar grid and started from spherically sym-

metric postbounce conditions of the collapsing core of a 15 M,
star, perturbing the initial data for seeding convection. In order
to compare the numerical simulations with the analytic analysis,
these perturbations must be sufficiently small to trigger the onset
of instability in the linear regime. The inner, high-density core of
the neutron star was replaced by a gravitating point mass and a
Lagrangian (and thus closed) boundary at a chosen, shrinking
radius to mimic the contracting nascent neutron star. The neu-
trino fluxes and mean flux energies at this boundary (which is
typically located at an optical depth much larger than 10 for all
neutrino flavors) were prescribed as functions of time.

The behavior of a model depends on the motion of the inner
grid boundary and the size of the boundary fluxes. When the
latter are sufficiently high, the model develops an explosion; when
the luminosities are below some critical value, no explosion can
occur. The influence of the boundary motion is more subtle. On
one hand, it directly affects the development of nonradial hydro-
dynamic instabilities in the postshock layer, a fact that is used
below for setting up special conditions in the supernova core. On
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Fig. 12.—Results of two hydrodynamic simulations (in two dimensions) of the postbounce accretion phase of a stalled supernova shock. The plots on the left show
snapshots (at# = 66 and 166 ms after bounce) from a model with slow neutron star contraction and y = 5. In this case convection develops in the neutrino-heating layer
with a dominant / = 4, 5 mode. The right plots display the situation for a more rapidly contracting neutron star, in which case x = 2.5. As predicted by the analytic toy
model of § 5, convection is unable to grow for these conditions. The visible instability of an / = 1 mode is oscillatory and distinctively different from the development of
convection in the other case. This asymmetry is interpreted as the consequence of a global nonradial instability of the accretion shock, which is advective-acoustic.
Entropy inhomogeneities created by the oblique shock then seed the growth of Rayleigh-Taylor mushrooms as a secondary phenomenon.

the other hand, it determines the amplification of the neutrino
luminosities in the settling surface layer of the contracting neutron
star. The faster the neutron star contracts, the more it heats up by
the conversion of gravitational energy to internal energy. As a con-
sequence, the accretion luminosity becomes higher. This produces
stronger neutrino heating behind the shock and thereby has a bear-
ing on the supernova dynamics.

The direct influence of the boundary contraction results from
the fact that the accretion shock follows the boundary behavior
when nonradial hydrodynamic instabilities are absent and the
neutrino luminosities are not close to the critical value for caus-
ing an explosion. A more compact neutron star thus leads to a
smaller shock radius and correspondingly higher infall velocities
ahead of and behind the shock. Since the gain layer is also more
narrow, the advection timescale of the accreted gas and therefore
the parameter x in the gain layer is significantly reduced. This
dependence allowed us to tune the possibility for the develop-
ment of convective instability through the chosen contraction of
the inner boundary.

Figure 12 shows snapshots from two such numerical experi-
ments. The plots on the left result from a simulation (model W12
from Scheck et al. [2006]) with a slowly contracting neutron star
and therefore a large value of xwi2 = 5, which enables the gain
layer to become convectively unstable (rgin/7sn ~ 0.6 in this
model at 7 2 65 ms after bounce). As predicted by the perturba-
tive analysis in § 5 (see the case with nuclear dissociation in
Fig. 11), the most unstable and fastest growing mode is found to
have ! = 4,5 and a corresponding wavelength of about 2H. Note
that for clean diagnostics, the power distribution of the initial seed
must not disfavor this wavelength compared to others (as, e.g.,
random zone-to-zone seed perturbations do).

The right plots display the situation for a more rapidly con-
tracting neutron star (model W12F of Scheck et al. 2006), in
which case we determined x ~ 2.5. In agreement with the ana-
lytic toy model, convection does not develop in the first place
here. The bipolar sloshing mode and / = 1 deformation that

grows instead is distinctively different from the dynamics of the
other case and not of a convective nature, but is interpreted as
a nonradial accretion shock instability that originates from an
advective-acoustic cycle in the volume between the shock and
the neutron star surface. This will be further analyzed and dis-
cussed in a forthcoming paper (L. Scheck et al. 2006, in prep-
aration). Subsequently, convective activity is seeded by the
increasingly larger entropy perturbations that are created in the
accretion flow when it passes the deformed shock obliquely.
This is visible in the right panels of Figure 12 in mushroom-like
Rayleigh-Taylor fingers showing up. Numerical experiments like
these with a more “realistic”” description of the supernova con-
ditions therefore confirm the conclusions drawn from the toy
model (whose free parameters and crucial features were, of course,
designed to accommodate the physical conditions during the stalled
shock accretion phase).

We point out, however, that simulations of the full supernova
problem are complex and can involve factors that can make it
harder to unambiguously disentangle the action of different in-
stabilities and their properties than for the described specific set-
ups. Of particular relevance in this respect are the properties of the
perturbations that trigger the growth of convection. If the seed
power of the most unstable convective mode is much lower than
for other wavelengths, for example, the growth of these other
modes may initially be favored. In case of large perturbation
amplitudes on the other hand, the conditions for the linear regime
of the analytic analysis may not be fulfilled, and buoyant bubble
floating may set in even if the linear analysis predicts convective
stability of the accretion flow. A comparison of numerical simula-
tions with the analytic discussion therefore requires special care.

7. CONCLUSIONS

A toy model has been developed and studied in depth in order
to understand the effect of advection on the linear growth of the
convective instability in the gain region immediately below a
stationary shock. New results have been obtained through a
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numerical calculation of the eigenmodes and extrapolated to core-
collapse flows.

1. The numerical solution of the boundary value problem re-
veals that convection can be significantly stabilized by advection.
The existence of a negative entropy gradient is not a sufficient
condition for the convective instability in an advected flow. Not
only the growth rate of the fastest growing mode is diminished,
but also the range of unstable wavelengths is modified.

(7)) The effect of advection on the convective instability is
essentially governed by a single dimensionless parameter X,
defined by equation (38), which compares the buoyant and the
advection timescales.

(i) As illustrated in Figure 5, a convective mode may de-
velop in the gain region, with a linear growth rate significantly
slower than the local convective growth rate if the value of x is
moderate (3 < x < 5). In the plane-parallel flow of our toy
model, the gain region is linearly stable if x < 3.

(éif) The minimum and maximum unstable wavenumbers
are directly related to x according to Hkpi, o< 1/x and
Hkax o X, as shown in Figure 8.

(iv) The horizontal wavelength of the first unstable mode
when x ~ 3 is comparable to twice the vertical size of the gain
region.

2. These results can be used as a guide to better understand
the convective motions behind a stalled accretion shock in core-
collapse supernovae and, in particular, their contribution to an
| = 1 asymmetry. The parameter x can be measured directly in nu-
merical simulations. A rough estimate, in equation (5), suggests that
x may be close to the threshold of stabilization. The stabilization
of long-wavelength perturbations, illustrated by Figures 5 and 8§,
can be a severe impediment to the development of a residual / = 1
mode. The solution of the eigenvalue problem in a spherical toy
model confirms the threshold y ~ 3 for the convective instability
and shows examples in which the mode / = 1 is stable unless
X > 4-6. A comparison with numerical simulations for super-
nova conditions supports the conclusions of our toy model.
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To what extent should we expect the threshold o ~ 3 to be
valid in the more complicated setup of core-collapse simula-
tions? Although we did not provide a quantitative explanation
for this particular value, it is remarkable that the threshold seems
to be affected very little (2.6 < x¢ < 3.2) by significant changes
in the flow parameters, including both the heating and cooling
parameters and the photodissociation at the shock (Fig. 6). This
threshold is also independent of the geometry; the same value
applies for plane-parallel and spherical conditions (Fig. 11).

We should stress again an important hypothesis of our toy
model concerning the boundary condition at the gain radius: a
leaking boundary condition isolates the gain region from any pos-
sible acoustic feedback from below the gain radius. The threshold
Xo ~ 3 thus sets the limit of a convective instability fed by the
gain region alone. Whether coupling processes taking place below
the gain radius may or may not help convective motions to de-
velop cannot be answered by the present study. Preliminary results
by Yamasaki & Yamada (2006), showing an instability for x < 3,
could be interpreted as partially fed by an acoustic feedback from
below the gain radius.

More generally, our results do not preclude the possible de-
stabilization of the / = 1 mode due to coupling processes oc-
curring below the gain radius (Blondin et al. 2003; Galletti &
Foglizzo 2005; Scheck et al. 2004, 2006; Ohnishi et al. 2006;
Burrows et al. 2006). The study of such global cycles and their
possible interaction with convection is the subject of forthcoming
papers that consider a linear analysis (Foglizzo et al. 2007), as
well as numerical simulations of the nonlinear growth of non-
spherical modes in the supernova core (L. Scheck et al. 2006, in
preparation).
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(Germany) through their “Procope” exchange program. Support
by the Sonderforschungsbereich 375 on “Astro-Particle Physics”
of the Deutsche Forschungsgemeinschaft is acknowledged.

APPENDIX A

PHOTODISSOCIATION AT THE SHOCK

The energy cost of dissociation is £ ~ 8.8 MeV per nucleon for iron. This energy is assumed to be lost immediately after the shock.
It affects the conservation of the Bernoulli constant across the shock as a sink term £ on the postshock side:

2 2
U] 9!

2 cZh
=sh, g Al

v—1

The conservation of mass flux pv and momentum flux P + pv? across the shock are unchanged by photodissociation. Writing

P = pc?/v, these two equations are

P1V] = PshUsh, (A2)
‘712 2 cszh 2
p1 o + prvy = pshT + PshVy,- (A3)

The classical Rankine-Hugoniot jump conditions are replaced by the following formulation, obtained after some algebra with equa-

tions (A1)—(A3):

E {
vi/2+cf/(y=1)

M M
M2h> (1 a M2h>’ (A4)
ad 1
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v _ MG 1AM
v M1 aME
n _ M 1+ 9M
a M1+ ME

(AS)

(A6)

Using equation (A4), we choose to parameterize the effect of dissociation by the value of the postshock Mach number Mg, < Mq.
According to equations (AS5) and (A6), v /vg, = 7/\/@ and c¢gp = ¢y if MM = 1/7. This rather extreme case is referred to as the
“isenthalpic shock.”

APPENDIX B

EXPRESSION OF THE PERTURBED HEATING/COOLING FUNCTION

Using the fact that §T/T = 6c?/c?, the heating function described by equation (6) is perturbed as follows:

2 \V/ 12¢ 2
5 £ :_vgc_%_ 65V Ssh ”Lhcgh < 6L7 (B1)
pv Yy o Al=p) v ch/) 2
L ~ L 5c?
ol —)=—=6l— ) ——VS. B2
<pv) c? <,0v> c? (B2)
In these equations, the perturbations v, and éc can be replaced by functions of f', 4, 6S using equations (1), (19), and (20):
ov, 1 f
—=——|h—=+06S B3
v 1 —M? ( c? + >’ (B3)
b -1 (f 2 2
— = = - h— oS . B4
= (G- (B4)
APPENDIX C

BOUNDARY CONDITIONS
C1. SHOCK BOUNDARY CONDITION

The boundary condition at the shock are established in this appendix, following the conservation of mass flux, momentum flux, and
energy flux in the frame of the shock:

p1(vr — AU) = (psh + 6psh)(vsh + gy — Av), (Cl)

c? con + 8csn)?
pi(v — Av)z + p1 71 = (psh + 6psn)(vsh + Ovgh — AU)2 + (psh + 5Psh)¥, (C2)

(= A} (b = A0 (et Eew)’
2 v—1 2 v—1

+E, (C3)

where dvg, stands for the vertical component of the perturbed velocity and quantities are measured at the position rg, + A(. Keeping
the first-order terms, and using the definition of /', 4, these equations are rewritten at the position ry, using a Taylor expansion:

0
provhs = (pa = p80 = A¢| (), = 2 (40| ()
2 2 o 2 o 2
vszhépsh + 2pshvshévsh + _pshcshécsh + 6psh Ssh = AC a pUZ + pc_ — pvz + pc_ ) (CS)
~ ~ Oz v/, Oz 7/

a (v? c? a (v* c?
o tmmeons=adlgp (5557) -5 (5+557), ) (<)
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The local gradients in these three equations are computed from equations (9)—(11) describing the stationary flow,

0
5, () =0, (C7)
0 ) 2
% <pv + p:) = — Gp, (C8)
9 (v? c? L
§<7+7—1>_5_G (C9)
We obtain
hyy = (1 - 1) A, (C10)
Ush U1
S. A S| S A S 2
At (e | R (B (ci)
Y Csh LP1V1 PshUsh U] Ch 01
L L
fsh(vshvl)AHAC( L > (C12)
P11 PshUsh

The assumption that £; < L, leads to equations (28)—(30).
The expression 6K is rewritten using its definition (eq. [21]) and the transverse component of the linearized Euler equation:

6K = k2 f — whdvy. (C13)

The transverse velocity immediately after the shock is deduced from the conservation of the tangential component of the velocity, in
the spirit of Landau & Lifshitz (1989):

(6Ux)sh = (v — Ush)ikxAC- (C14)

Finally, equation (31) is deduced from equation (C13), with equations (C14) and (28). The vorticity 6w, produced by the perturbed
shock, deduced from equations (21), (30), and (31), is independent of heating:

6wy = — ke <1 - ”h) (01 — ve)Av + GAC]. (C15)
V1

Ush

C2. LOWER BOUNDARY CONDITION

Establishing the leaking boundary condition requires identification of the acoustic content of the perturbation f as it reaches the
lower boundary. For this purpose, we use the classical decomposition into acoustic and advected perturbations (i.e., Landau & Lifshitz
1989) in an adiabatic, uniform flow. The perturbation fs associated with an advected entropy perturbation 65, such that 6K = 0, and
the perturbation fx associated with 6K with 65 = 0 are deduced from the differential system (22)—(25), in which £ = 0 (adiabatic
flow) and d/dz = iw/v (advected perturbations):

- M, 68
= 222 C16
fs 1 — @My (C16)

M1 — p?) 6K
= C17
fK 1— ,uzMz k’cz ( )

Both are associated with the same wavenumber k? of advected perturbations:
K=" (C18)
v

Pressure perturbations f1 correspond to the solution of the differential system (22)—(25) with £ =0, 6S = 0, and 6K = 0. The
longitudinal wavenumber k* of acoustic perturbations is equal to

ki:f'M:F”
Tel—-MP

(C19)
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where the sign of p is defined such that Im(k™) < 0 when Re(u?) < 0 (evanescent wave), and Re(k*) < 0 when Re(u?) > 0
(downward propagation). The components f* are deduced from the values of f'and &, and equations (C16) and (C17):

2
I :%fﬂ: A;; (h+ 85) - 1 iZ”M <f5 i—f;) (C20)
pof*

The leaking boundary condition at the gain radius corresponds to the absence of an acoustic flux from below the gain radius:

fi(Zgain) =0.
APPENDIX D

BOUNDARY VALUE PROBLEM SATISFIED BY THE NEUTRAL MODE w =0

The differential system (22)—(25) is singular for w = 0. The linearized equations for w = 0 are simplest when using f; A, 6S, v,
instead of f, &, S, 6K. The Euler equation in the transverse direction and the definition of 6K lead to

2

vbw, = ik, %55* — ikef, (D1)
6K = K2 f. (D2)
The differential system is thus
=) o
ag;’x - v(l_—ik/i/lz) {f % —% (14 (v = DM] 55}. (D6)

On the shock surface, the boundary conditions are measured for a shock displacement A(:

2
S = Ac%vs, (D7)
hgy =0, (D8)
88 = — AC [VS + (1 - ”—“) lzvqb} , (DY)
U1 Csh
(ik 6v) g, = — k(01 — vsn) AL (D10)

The lower boundary condition in the adiabatic part of the flow (VS = 0) is determined by remarking that

026v, k260,

—-————=0. D11
822 1 o M2 ( )
The evanescent solution when z — —oc is selected by imposing
vy fex Oy
Dove kb 0. (D12)

Oz (l —./\/12)1/2 =

The continuity of £, &, S, kv, at the lower boundary implies the continuity of d6v,/0z according to equation (D6). The boundary
condition (D12) is thus continuous across the gain radius (only fand 6S have discontinuous derivatives across the gain radius).
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APPENDIX E

BOUNDARY VALUE PROBLEM IN A SPHERICAL GEOMETRY

The toy model in spherical geometry resembles the one in Cartesian geometry, the main difference being the radial dependence of
gravity and neutrino heating. Rather than rewriting all the flow equations replacing z by r, we only note in this appendix those that are
modified by geometric factors. The gain region is located between a stationary shock at a radius 7y, and a gain radius 7gain.

E1. DIFFERENTIAL SYSTEM RULING THE EVOLUTION OF PERTURBATIONS
The definition of 6K is the same as in equation (5) of FO1:

1 2
WA+ De” oo

0K = r*v+ (V x ow) + (E1)

Y
If w # 0, the perturbed equations are as follows:
L e
%:ﬁ@—jf—Mzh—éS)Jr%, (E3)
D Lsses(£). (4)
%S—fz %51<+1(1+ 1)5(%), (ES)
=1 71(1:2_:2)6’2(1 — M>). (E6)

E2. BOUNDARY CONDITIONS IN THE SPHERICAL TOY MODEL

The boundary conditions for 6Sg, and 6Ky, include the following spherical corrections:

6Ssh VS Vsh gM Vsh Fshvlz V1 Av Vsh 2
= AC|—+(1-2 1—42 - i E7
Y C|: Y + < 1 > rszhcszh ( 1 ZQM 02 V1 ’ ( )
2
8Ky = —I(I + 1)A<%hvssh. (ES)

The leaking boundary condition is a direct extrapolation of the boundary condition obtained in Cartesian geometry:

w f w1 — M\ 68 1 — p? oK
— 5 h— |\t >=0
Mec MI1+puM) v 1+ pMII+ 1)

E3. NEUTRAL MODE 2 = 0 IN A SPHERICAL FLOW

In a spherical flow, ik,v, is replaced by the quantity 64 associated with the divergence of the transverse velocity perturbation:

_r o . Odv,,
04 = sin g |:% (sm 9(5’09) + B@ :| . (EIO)
The Euler equation in the transverse directions and the definition of 6K lead to
258 10f
W, = ——— — —— Ell
YW =00 T rae’ (E11)
2 0 1
sy = — S o (E12)

vrsind dp | rsinfdp’
5K = I(1 + 1)f. (E13)
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The differential system is as follows:

of L
—=6(— El4
o (p) (E14)
Oh 64
- _ = E15
or r2p’ (E15)
068 L
— =06 — El6
or ( pv) ’ (El6)
064 (I+1) { , c? 2 }
—=——5<f—vh——|1+(y— DM |65 ;. E17
sy Ul b LRSI (E17)
The spherical corrections for the boundary conditions are
c2
fin = —Agihvs, (E18)
hg, =0, (E19)
7gM Ush rshvlz
0Ssh = —AL|VS 1 —— 1-4— , E20
" C[ * ( ricl < v 2GM (20)
6Ash = =1+ 1)(v — vn)AC. (E21)
The lower boundary condition is determined by choosing the evanescent solution when the flow gradients are neglected,
64 1I'V21+ D' 84
%4 170+ =0 (E22)
or r 1-M
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