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ABSTRACT

The magnification induced by gravitational microlensing is sensitive to the size of a source relative to the Einstein
radius, the natural microlensing scale length. This paper investigates the effect of source size in the case in which the
microlensing masses are distributed with a bimodal mass function, with solar-mass stars representing the normal stel-
lar masses and smaller masses (down to 8:5 ; 10�5 M�) representing a dark matter component. It is found that there
exists a critical regime in which the dark matter is initially seen as individual compact masses, but with increasing
source size the compact dark matter acts as a smoothmass component. This study reveals that interpretation of micro-
lensing light curves, especially claims of small-mass dark matter lenses embedded in an overall stellar population, must
consider the important influence of the size of the source.

Subject headinggs: dark matter — gravitational lensing

Online material: color figure

1. INTRODUCTION

As the light from a distant source shines through a foreground
galaxy, the gravitational lensing effect of the individual starswithin
the galaxy can induce rapid fluctuations in the apparent bright-
ness of the source (Paczyński 1986). Since the detection of the
first lensing-induced variability, seen in the quadruply imaged
quasar Q2237+0305 (Irwin et al. 1989; Corrigan et al. 1991),
there has been intense theoretical study of thisgravitationalmicro-
lensing, revealing that the degree of brightness fluctuations is
strongly dependent on the size of the source being lensed (Kayser
et al. 1986; Wambsganss et al. 1990; Wambsganss & Paczyński
1991) and themass function of the lensing objects (Lewis& Irwin
1996; Wyithe & Turner 2001), potentially providing a useful
probe of both. Further studies have scrutinized the influence of
source size and shape (Refsdal & Stabell 1991, 1993, 1997; Agol
2003; Mortonson et al. 2005), and more recent dedicated mon-
itoring programs (Woźniak et al. 2000; Alcalde et al. 2002; Ullán
et al. 2003) have finally resulted in high-quality microlensing
light curves that can be compared directly with theoretical mod-
els (Wyithe et al. 2000; Kochanek 2004).

More recently, gravitational microlensing has been proposed
as an explanation of the anomalous flux ratios seen in multiply
imaged quasars, with the addition of smoothly distributed dark
matter broadening thewidth of themagnification probability distri-
bution (Schechter&Wambsganss 2002). This result appears some-
what surprising given a conjecture that has existed for a number
of years in microlensing studies, namely, that the shape of a
magnification probability distribution should be independent of
the mass function of the microlensing masses (Wambsganss 1992;
Lewis& Irwin 1996); the smoothmatter limit is approached as the
mass of the individual objects is decreased, but the surface mass
density remains the same. Clearly, the significant differences seen
in the magnification probability distributions with smooth and
compact matter violates this conjecture, a position recently con-
firmed by Schechter et al. (2004).

The fall of the microlensing conjecture therefore implies that
there is a fundamental difference in the action of compact masses
as opposed to smoothly distributedmass. But can compact masses
appear as smooth matter to a source? It is well known that in-

creasing the size of a microlensing source smooths out the var-
iability of the light curve, but does this imply that to a large source,
a population of smallmasses appears as smoothmatter?While this
situation was not examined in the work of Schechter et al. (2004),
its existence means that the breakdown of the microlensing con-
jecture is further blurred by the size of the source under consid-
eration. Studying this regime, therefore, is the goal of this paper.
In x 2, the numerical approach is outlined, while x 3 discusses
the influence of a range of source sizes and compares the re-
sulting properties of the magnification maps. In xx 4 and 5, the
implications of this study and the conclusions are, respectively,
presented.

2. APPROACH

In studying the influence of gravitational microlensing, this
study employs the backward ray-tracing algorithm of Kayser
et al. (1986) and Wambsganss (1992), whereby a large number
of rays are fired through a field of microlensing masses and col-
lected to form amagnification map over the source plane. The im-
portant length scale for gravitational microlensing is the Einstein
radius in the source plane, given by
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where Dij are angular diameter distances between the observer
(o), lens (l), and source (s), and typically this scale is �o � 0:04 pc
for cosmological circumstances (e.g., Lewis & Ibata 1998). As
well as the mass function of the microlensing bodies, other pa-
rameters need to be specified, including the normalized surface
mass density (�), whichmay be composed of compact and smooth
masses, and a shear term (�) that describes the global asymmetric
gravitational lensing influence of the overall galactic/intracluster
mass distribution. Given the potential parameter space, a compre-
hensive study of potential microlensing configurations is beyond
the scope of this paper. As a first step, a representative model was
chosen with a total surface mass density of � ¼ 0:2 and global
shear of � ¼ 0:5. Each simulation covers an area of 122 Einstein
radii for a solar-mass star and consists of 20482 pixels.
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A fiducial model was chosen in which half the surface mass
density is in the form of solar-mass stars, while the remaining
mass is in the form of smoothly distributed matter. In addition to
this, 43 additional simulations were undertaken. Again, half the
mass was in the form of solar-mass stars, while the remainder is
also in the formof compact objects, but with progressively smaller
masses, with each subsequent dark matter mass being 80% of the
preceding value. The limit of this procedure was compact dark
matter masses of 8:5 ; 10�5 M�, resulting in a total number of
microlensingmasses in the simulation exceeding 4:2 ; 106; it was
found that this represented the memory limit of available com-
putational hardware, while greatly increasing the calculation time
of themagnificationmaps, and hence no smallermasseswere con-
sidered. It is important to note that the locations of the solar-mass
stars are identical in all simulations.

Figure 1 presents examples of the results of this approach, with
the bottom right panel representing the magnification maps for
the case in which half the matter is in the form of smooth mat-
ter. For the additional panels in this figure, this smooth matter
component has been replaced with compact objects, beginning
with 1 M� and continuing down to 1:1 ; 10�4 M�. There is a
significant difference between the caustic structures apparent in
the magnification map for the smooth matter case and that for all
the lensing bodies being 1M�. However, as the mass of the com-
pact objects replacing the smooth matter component is reduced,
there is a very apparent evolution in the form of the caustic struc-
ture; maps appear to possess caustics structure on two distinct
scales, corresponding to the twomicrolensingmasses under con-
sideration. For the magnification map with the smallest masses,
the large-scale caustic structure becomes very similar to that of the
case with smoothmatter. However, it is also apparent that there is
significant small-scale structure distributed throughout the map.

As is seen in x 3, while the magnification maps in smooth mat-
ter and small-mass cases appear similar, the statistical proper-
ties, especially the magnification probability distributions, differ
markedly.

3. ANALYSIS

To determine the microlensing properties of a particular ex-
tended source, the magnification maps must be convolved with
the appropriate surface brightness distribution. For the purposes
of this study, the source is assumed to possess a Gaussian profile
with a characteristic radius. As the source size is increased, the
resulting magnification map and magnification probability dis-
tribution are compared with those of the solar-mass plus smooth
matter component.
Figure 2 illustrates this procedure for the case in which the

compact dark matter component has individual masses of 8:5 ;
10�5 M� , the smallest masses that are computationally viable at
this time. The two left columns present the unconvolved mag-
nification maps for the smooth dark matter (left) and compact
dark matter (second from left).1 The maps possess similar large-
scale caustic structure, but clearly the presence of small masses
instead of smooth darkmatter has introduced significant substruc-
ture into the caustic network. Overplotted on these magnification
maps are the resulting light curves of a source passing horizontally
across the middle of the two maps, and these present quite dra-
matic behavior. This is reflected in the magnification probability
distributions, which aremarkedly different. Progressing down the
page, these magnification maps are convolved with larger and

Fig. 1.—Examples of the magnifications maps used in this paper. Each map is 12 Einstein radii on a side with a normalized surface mass density of � ¼ 0:2 and global
shear of � ¼ 0:5. The bottom right panel presents the case in which half of the surface mass density is in the form of solar-mass objects and the rest in the form of smoothly
distributed matter. In the other panels, this smooth matter component has been replaced with compact mass objects with solar and then subsolar masses; the individual
masses of the subsolar population are noted in the lower left-hand corner of each panel. Note that in each panel, the solar-mass stars retain their positions in the lensing
plane.

1 It should be remembered that these maps, by virtue of their pixelated nature,
are implicitly convolved with a source on the scale of a single pixel.
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larger sources. As the source size increases, the substructure in
the magnification map with compact dark matter begins to wash
out. This is further reflected in the subsequent light curves, with
the degree of variability decreasing. Interestingly, as the source
size is increased, the light curves for the compact dark matter and
the correspondingly convolved smoothmatter cases become very
similar, again a fact seen in the magnification probability distri-
butions, which also become identical. With even larger smooth-
ing, the magnification maps remain identical, and hence, the
compact matter will effectively appear as a smooth dark matter
component.

To examine this further, the entire sample was subjected to the
same convolution procedure, startingwith small Gaussian sources

and increasing the radius of the kernel until the magnification
probability distributions became similar. In defining this thresh-
old, the binned cumulative magnification distributions were com-
pared, with the difference critical convolution radius defined as
being that at which

Max 2
D1

i � D2
i

�� ��
D1

i þ D2
ið Þ

� �
< f ; ð1Þ

where D1 and D2 are the cumulative probability distributions;
such cumulative distributions ease differences in the differential
magnification probability distributions due to noise. The factor f
represents the fractional difference between the twomagnification

Fig. 2.—An example of the procedure undertaken in this paper. The left column contains a magnification map formed when half the surface mass density is in solar-
mass objects, with the rest smoothly distributed. The second from left column presents the same circumstance, except the smooth matter component has been replaced
with compact objects each with a mass of 8:5 ; 10�5 M�. Following these are light curves for the smooth matter (darkgray) and compact mass (lightgray) cases, taken
across the center of the maps (indicated by the lines on the magnification maps). Note that the light curves are in magnitudes and the range on the y-axis is from +3 to
�5 mag about the theoretically expected mean. This scale has been omitted for clarity. The right column presents the magnification probability distributions. The top
maps represent a single pixel source, while moving downward the source size is increased. As it does, the small-scale caustics structure induced by the smaller masses
is washed out, and the maps, light curves, and magnification distributions become the same. While the top panel is unconvolved, the scale radius of the Gaussian
kernel in the subsequent panels are 5:9 ; 10�3, 1:8 ; 10�2, 5:7 ; 10�2, and 1:8 ; 10�1 Einstein radii, respectively. [See the electronic edition of the Journal for a color
version of this figure.]
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distributions, and for the purposes of this study we choose f ¼
0:05 and 0.10 as representative values. Of course, the choice of
the value of f is rather arbitrary, and other choices could bemade.
Hence, the functional form employed here should be viewed as
illustrative rather than definitive. The results of this procedure are
presented in Figure 3; here the solid line represents the Einstein
radius of the smaller mass component, with the points denoting
the critical radius as defined by the above criterion. This figure
shows that there is a clear trend in this statistic, with the critical
Gaussian radius increasing in step with the Einstein radius. For
f ¼ 0:05 and mass scales from �10�4 up to �0.1M�, the ratio
of these two quantities is (remarkably) constant at �4 (with a
couple of discrepant points due to noise spikes in the cumula-
tive distribution delaying convergence), although this ratio drops
to �1.1 for f ¼ 0:10. Note that the arrows denote masses at
which smoothing on the scale of less than 5 Einstein radii failed
to result in convergence between the two magnification distri-
butions. A reexamination of Figure 1 illustrates that at this high-
mass end, the caustic structure introduced by the compact masses
is similar in scale to the overall caustic network, and it is under-
standable that this structure has not been smoothed out on the
scales under consideration.

Returning to Figure 2, it is clear that the third and fourth row
of panels straddle this critical region, with magnification dis-
tributions for the smaller Gaussian source appearing quite dif-
ferent for the smooth matter and compact cases. Considering
the fourth row, and hence larger sources, the distributions in
both scenarios have become very similar. Note that in this case,
even when smoothed with the larger sources, the resulting mag-
nification distributions possess significant structure that is re-
flected in quite dramatic events in the microlensing light curve.
Hence, the origin of the similarity in the distributions is not due
to all of the magnification structure being smoothed out of the
microlensing maps. For cases in which the difference in mass
between the compact dark matter and the solar-mass stars is
less, then much of the structure in the magnification maps is

smoothed out, with the resulting light curves possessing very
little structure.

3.1. Further Simulations

So far this paper has considered a single combination of mi-
crolensing optical depth and shear, but how general are the re-
sults uncovered thus far? In addressing this question, three more
sets of microlensing parameters were employed, namely, (�; �) ¼
(0:2; 0:0), (0.2, 0.2), and (0.6, 0.6). As with the previous simula-
tions, the source region under consideration covered 122 Einstein
radii for a solar-mass star and consisted of 20482 pixels. Again,
in each case, half of the optical depth comprised of solar-mass
stars, while the other half was in the form of smooth matter or
compact objects, either of mass 3:5 ; 10�2 or 1:2 ; 10�3 M�.
Rather than simply repeating the analysis presented in x 3, a

slightly different approach was undertaken. As revealed in Fig-
ure 1, as the masses of the compact objects decrease, the struc-
ture in the magnification map tends to that of the smooth matter
case, with the smaller masses providing strong, but localized,
perturbations, and it is these perturbations that are washed out
by convolving with a large enough source; note, however, if the
masses of the compact objects are large enough, they produce
gross changes into the magnification map such that convolving
cannot make the magnification identical to the smooth matter
case. Hence, given the small masses considered in this second
set of simulations, we would expect that the structures in the
compact matter and smooth matter magnification maps should
become similar, if convolved with a large enough source.
The analysis procedure again consisted of convolving the

smooth matter and compact matter magnification maps with a
Gaussian profile. A residual map was constructed by converting
the smoothed magnification maps to magnitudes and then sub-
tracting them. These residuals possess a Gaussian-like profile,

Fig. 3.—Solid line: Einstein radius for the smaller mass microlensing simu-
lations; points: radius of the Gaussian kernel at which the difference in the binned,
cumulative magnification patterns differed by less than f ¼ 0:05 (circles) and
f ¼ 0:10 (squares). Note the relation shows an linear trend in this logarithmic
space. The discrepant points are due to ‘‘noise’’ in the binned distribution pre-
venting the fit from reaching the fitting criteria. The arrows in this figure denote
the magnification maps that did not achieve this criterion, and the magnification
distributions are too different to allow an equivalence between the twomaps, even
with smoothing on the scales considered.

Fig. 4.—Variation in the subtracted convolved magnification maps, as dis-
cussed in x 3.1. The differing line styles correspond to the three parameter sets
employed (as denoted by the key) where the thin lines represent the compact
masses of 3:5 ; 10�2 M� and the thick lines are for masses of 1:2 ; 10�3 M�.
Note that the cases with � ¼ 0:2 possess similar structure and overlap in this
figure.
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centered on zero, and so a residual dispersion, �Mag, was cal-
culated. The results of this procedure are presented in Figure 4,
in which this residual dispersion is plotted against the smoothing
radius, for the simulations under consideration. The trend is as
expected, with the residual map showing large variations, with
�Mag � 1 at small smoothing radii for (�; �) ¼ (0:6; 0:6), but as
the smoothing radius is increased, �Mag falls, and hence the con-
volved magnification maps present similar structure. Also, �Mag

falls faster for the smaller compact masses, as their magnification
structure gets washed out at smaller radii.

Interestingly, the curves for the larger mass compact objects
in Figure 4 clearly show a plateau-like structure, remaining con-
stant over a range of smoothing radii and then beginning to de-
crease. Furthermore, the similarity of the curves for both masses
considered suggests that the smaller mass component possesses
a similar plateau structure, existing in the regime below the min-
imum smoothing radius we considered. Hence, this again reveals
that there appears to be a critical radius below which the influ-
ence of the compact matter changes character, effectively repre-
senting a smooth mass component. A systematic study of this
critical radius for a range of microlensing parameters and the in-
fluence of physical size and structure of the emission regions in
quasars will be the subject of a forthcoming contribution.

4. IMPLICATIONS

One immediate implication of the results presented in this paper
is that if the dark matter is in the form of relatively small compact
masses, then the resulting statistical properties of a microlensing
light curve will be dependent on the size of the source under con-
sideration. It is important to note that this is somewhat different to
the usual size dependence ofmicrolensing statistics inwhich there
is a straightforward smoothing of the light curve as the source size
is increased, with a resulting narrowing of the magnification prob-
ability distribution. Rather, a small source and large source, for
which relative sizes of small and large can be determined from the
relationship presented in Figure 3, will be subject to significantly
different magnification patterns and corresponding statistics.

The effect influences the question of how well we can reveal
the nature of the dark matter component, if present. In realistic
gravitational microlensing scenarios, the distribution of matter in
the lensing galaxy will not be a clean two-mass component pop-
ulation, but rather a certain mass function (or even a combination
of mass functions). Depending on the source size for a given
system, this mass function will suffer a cutoff point below which
observations will not be able to distinguish between smooth and
granular matter. This does not mean that small lens masses and
large sources combined with a single mass component cannot
producemicrolensing imprints. Similarly, thismeans that for large
enough source sizes, sub-Jupiter masses cannot be detected un-
ambiguously and that claims involving planetary and subplan-
etary populations that produce light curves fluctuations should
be thoroughly justified (i.e., Colley & Schild 2003). For exam-
ple, from Figure 3, for f ¼ 0:05, we see that for microlens masses
of �0.04M�, there are still source sizes (�0.7 Einstein radii) that
make such a low-mass population to appear as a smoothly distrib-
uted matter component. Considering the corresponding physical
length scale inmicrolensed quasars corresponds to�0.04 pc (Lewis
& Ibata 1998), it is too large to represent the optical /ultraviolet–
emitting region of quasars. However, for more realistic quasar
accretion disk sizes of <0.1 Einstein radii, ‘‘secondary’’ popu-
lations with masses<10�3 M� will be completely smoothed out.
Since the trend in Figure 3 is quite constant for both considered
values of f, this approachwould also be useful in putting limits to

source sizes, although a better understanding of the role of the
mass populations is needed.

To some extent, it seems that our results are in contradiction
with those obtained by Schechter et al. (2004). In that work, the
authors concluded that ‘‘the magnification probability distribu-
tion for two disparate components is not exactly that of a single
component and a smooth component.’’ The apparent contra-
diction vanishes when it is realized that Schechter et al. (2004)
did not account for the source size effect (or, in other words, they
assumed the same pixel size source in their study). Indeed, this is
an important issue, because observationally the source effect will
be always present. This means that the additional structure in the
magnification maps induced by the low-mass component, seen
by Schechter et al. (2004), is again blurred out by the source. So,
the dependence of the magnification probability on the higher
order moments of the mass distributions is no longer true when
introducing the source effect (at least for certain regions of the
mass distribution function).

5. CONCLUSIONS

This paper has presented a study of the influence of source size
on the properties of gravitational microlensing with a bimodal
distribution of lensing masses. Given the computational limita-
tions, the study focused on a set of macrolensing parameters but
considered the influence of compact dark matter on a range of
mass scales. It was found that small sources resolved the caus-
tic network produced by the smaller masses, but as the source
size was increased this fine-scale network becomes washed out.
When compared to the scenario in which the smaller masses are
replaced with an equivalent quantity of smooth matter, it is seen
that the light curves of the smallest sources in both circum-
stances are quite different. As the source size is increased, the light
curves, and the corresponding magnification probability distri-
butions, in each case become identical, indicating that there is a
critical source scale at which compact dark matter behaves, in
a gravitational lensing sense, like smoothly distributed matter.
This critical source scale is dependent on the ratio of the stellar to
dark matter masses, with a relatively linear trend in log-log space
(i.e., source sizes smaller than the circles in Figure 3 are small
enough to resolve the compact dark matter, and we can expect
to see their signature in the microlensing light curve, whereas
for source sizes greater than the circles, this signature will be
smoothed out).

The results found in this paper point to another problem
concerning magnification probabilities. To what extent magni-
fication distributions are showing valuable information in real
gravitational lensed systems? In other words, can we characterize
systems according to theirmagnification distributions? To answer
these questions we would need to explore a large range of com-
binations of � and �, together with different mass distribution
functions; while computationally expensive, we are currently
planning the first stages of such an exploration. However, it
seems clear that when the source effect is taken into account,
the information available from the magnification distributions
can be rather poor. Of course, the magnification distributions
are only the zeroth-level statistic that can be used to examine the
influence of gravitational microlensing, but clearly the results
presented in this contribution similarly influence higher order
temporal statistics that are applied to microlensing light curves.

In closing, this contribution returns to the question of the mi-
crolensing conjecture that was discussed earlier. The fall of the
conjecture implies that the mass function of the compact objects
was potentially amenable to microlensing observations as it is
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now apparent that this will imprint a signature into any micro-
lensing light curves. However, the issue has been clouded further
with the results presented in this paper illustrating that the size of
a source is of vital importance when addressing the question of
how well the properties of an underlying mass function can be
determined. While introducing a mass function expands the po-
tential parameter space enormously, it is important to understand
the influence of the source on the values of microlensing sta-

tistics, and hence, future contributions will investigate its role in
more general microlensing scenarios.

G. F. L. thanks the Selby Trustees for the 2004 Selby Research
Award, which partly funded this project. The anonymous referee
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