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ABSTRACT

The formation and structure of dark matter halos are investigated by means of constrained realizations of
Gaussian fields usingN-body simulations. Experiments in the formation of a 1012 h�1 M, halo are designed to
study the dependence of the density profile on its merging history. We find that (1) the halo growth consists of
several violent and quiescent phases, with the density well approximated by the Navarro-Frenk-White (NFW)
profile at most times; (2) the NFW scale radius stays constant during the quiet phases and grows abruptlyRs

during the violent ones, while the virial radius grows linearly during the quiet phases and grows abruptly during
the violent phases; (3) the value of reflects the violent merging history of the halo; (4) the central densityRs

stays unchanged during the quiet phases while dropping abruptly during the violent ones (its value does not
reflect the formation time of the halo); and (5) the clear separation of the evolution of an individual halo into
series of quiescent and violent phases explains the inability to fit its entire evolution by simple scaling relations,
in agreement with previous studies.

Subject headings: dark matter — galaxies: evolution — galaxies: formation — galaxies: halos —
galaxies: interactions — galaxies: kinematics and dynamics

Online material: color figures

1. INTRODUCTION

The issue of the formation and structure of dark matter halos
constitutes one of the outstanding challenges of modern cos-
mogony. It is easily formulated as what is the outcome of the
collapse and virialization of bound perturbations in an other-
wise homogeneous and isotropic expanding universe. This is
further simplified by considering only collisionless noninter-
acting particles, i.e., dark matter (DM). The resulting collapsed
objects are dubbed here ashalos. This seemingly lucid problem
does not easily yield itself to an analytical understanding and
is addressed here in a series of numerical “experiments.”

Studies of the collapse and virialization of structures in an ex-
panding universe date to the early times of modern cosmogony.
The only exact analytical solution relevant to the problem is that
of a single spherical density perturbation in a Friedmann uni-
verse—the secondary infall model (Gunn 1977; Fillmore &
Goldreich 1984; Bertschinger 1985; Hoffman & Shaham 1985;
Ryden & Gunn 1987; Zaroubi & Hoffman 1993). The shortcom-
ings of this analytical approach prompted the study of the for-
mation of DM halos by means ofN-body simulations (e.g., White
1976). The structure of DM halos inferred from the cosmological
models and power spectra of the primordial perturbation field was
found to be well approximated by a spherically averaged density
profile (Navarro et al. 1996, hereafter NFW),

4rs
r(r) p , (1)2(r/R )(1 � r/R )s s

where is the density at the scale radius . The NFW profiler Rs s

constitutes a universal fit to the structure of DM halos over
many orders of magnitudes in mass and at different redshifts.
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It has been confirmed by numerousN-body simulations, al-
though some authors indicate that the inner slope might be
steeper (e.g., Moore et al. 1998; Fukushige & Makino 2001)
or shallower (Subramanian et al. 2000; Taylor & Navarro 2001;
Ricotti 2003) than NFW, or that it depends on the halo mass
(Jing & Suto 2000). The origin of the NFW profile has been
studied in the framework of the secondary infall model (e.g.,
Nusser & Sheth 1999; Lokas & Hoffman 2000; Nusser 2001;
Ascasibar et al. 2004) and the merger scenario (Syer & White
1998; El-Zant 2005). Analytical models necessarily invoke
spherical symmetry or a very simplified merging picture, but
no theory has been suggested that accounts for the emergence
of the NFW (or its variants) profile in the wide range of cos-
mological models and settings that numerical simulations ex-
hibit. This has led us to embark on a series of numerical ex-
periments carefully designed to shed light on the problem.

It has been determined by Wechsler et al. (2002, hereafter
W02), Zentner & Bullock (2003), Zhao et al. (2003a, 2003b;
hereafter collectively Z03), and Salvador-Sole´ et al. (2005) that
the evolution of DM halos proceeds in two phases of rapid and
slow accretion. The general understanding that has followed is
that an NFW structure is quickly established after the rapid
phase and is preserved during the slow accretion. Hence, the
emergence and/or evolution of the NFW profile might depend
primarily on the merger’s epoch (e.g., Syer & White 1998; El-
Zant 2005; Dehnen 2005). We design a set of numerical ex-
periments in which a halo of 1012 h�1 M, (h is the Hubble
constant in units of 100 km s�1 Mpc�1) is constrained to follow
different merging histories. Such controlled experiments can
only be performed by constrained simulations—any differences
in the final structure should be attributed to this process. A
major virtue of constrained simulations is their ability to impose
specific constraints in order to manipulate and allow a fine-
tuned study of DM halo growth. This provides an additional
insight into the details of violent phases in the halo evolution
dominated by mergers.

A major effort was aimed at studying the evolution of the
NFW parameters of an ensemble of halos (e.g., W02; Z03;



L94 ROMANO-DÍAZ ET AL. Vol. 637

Salvador-Sole´ et al. 2005; Reed et al. 2005) by fitting simple
scaling relations to the NFW parameters. The resulting scatter
around these relations was found to be considerable. We test
whether this scatter is intrinsic, due to the NFW fitting pro-
cedures, or whether it follows from the fact that individual
halos do not obey these relations. Our approach is based on
the ability to design the initial conditions forN-body simula-
tions by constrained realizations of Gaussian fields (Hoffman
& Ribak 1991; see also van de Weygaert & Bertschinger 1996).

2. CONSTRAINED SIMULATIONS AND MODELS

We used the updated FTM-4.4 hybrid code (Heller & Shlos-
man 1994; Heller 1995), with . The forces are6N ∼ 2.1# 10
computed using the routine falcON (Dehnen 2002), which is
about 10 times faster than the optimally coded Barnes & Hut
(1986) tree code. The gravitational softening is pc.e p 500
To follow the collapse of an individual halo in an expanding
Friedmann universe, we used vacuum boundary conditions and
physical coordinates. In these coordinates, the cosmological
constant,L, or its generalization as dark energy appears ex-
plicitly in the acceleration equation but is not included in the
FTM. Therefore, we assumed the open cold dark matter
(OCDM) model with , , and (whereQ p 0.3 h p 0.7 j p 0.90 8

is the current cosmological matter density parameter andQ0

is the variance of the density field convolved with a top-hatj8

window of radius 8h�1 Mpc used to normalize the power
spectrum). This is very close to the “concordance”LCDM
model in dynamical properties. We follow the dynamical evo-
lution of the density profile and its dependence on the merging
history, and therefore the results obtained here are also valid
in a LCDM cosmology. The code was tested in the cosmo-
logical context using the Santa Barbara Cluster model (Frenk
et al. 1999).

A series of linear constraints on the initial density field are
used to design the numerical experiments. All the constraints
are of the same form, namely, the value of the initial density
field at different locations, and evaluated with different Gaus-
sian smoothing kernels, with their width fixed so as to encom-
pass a massM (the mass scale on which a constraint is im-
posed). The set of mass scales and the location at which the
constraints are imposed define the numerical experiment. As-
suming a cosmological model and power spectrum of the pri-
mordial perturbation field, a random realization of the field is
constructed from which a constrained realization is generated
using the Hoffman & Ribak (1991) algorithm.

A set of five different models, i.e., experiments, is designed
here to probe different merging histories of a given 1012 h�1 M,

halo in an OCDM cosmology. This halo is constrained to have
different substructures on various mass scales and locations de-
signed to collapse at different times according to the spherical
top-hat model. This serves as a rough guide as the substructures
are neither spherical nor isolated. Furthermore, the few con-
straints used here do not fully control the experiments. The non-
linear dynamics can, in principle, affect the evolution in a way
not fully anticipated from the initial conditions. Even more im-
portant is the role of the random component of the constrained
realizations (Hoffman & Ribak 1991). Thus, depending on the
nature of the constraints and the power spectrum assumed, the
random part can provide significant substructures at different
locations and mass scales. This can be handled by adding more
constraints and varying their numerical values.

Model A (our benchmark model) is based on two constraints.
One is that of a 1012 h�1 M, halo at the origin designed to

collapse at . This halo is embedded in a region (secondz p 2.1c

constraint) with 1013 h�1 M, where the overdensity is zero,
corresponding to an unperturbed Friedmann model. This scale
is larger by a factor of 3 (in mass) than the computational
sphere. Therefore, the constraint cannot be fulfilled exactly, yet
it constrains the large-scale modes of the realizations to be
zero. These two constraints are imposed on all models. Model
B adds two substructures of within the11 �15 # 10 h M,

halo ( ). Model C further splits model B12 �110 h M z p 3.7, c

halos into two substructures ( ).11 �12.5# 10 h M z p 5.7, c

Thus, the benchmark halo is designed to follow two major
mergers to virialize. Model D uses model A and imposes six
different small substructures of 1011 h�1 M, ( ) scat-z p 7.0c

tered within the large halo. Model E simulates a more mono-
lithic collapse in which a nested set of constraints, located at
the origin, is set on a range of mass scales down toM p

( ). All models have been constructed with10 �110 h M z p 6.9, c

the same seed of the random field. All the density constraints
constitute 2.5–3.5j perturbations (where is the variance of2j
the appropriately smoothed field) and were imposed on a 1283

grid of . The shortcoming of the present sim-�1L p 4 h Mpc
ulations is that we miss part of the external torque that should
act on the final 1012 h�1 M, halo. Yet, this affects only the
final phase of the formation of the halo. At earlier times, the
main halo is surrounded by others of about the same mass,
which dominate the torque. The linear initial density fields are
evolved numerically from to , and their evo-z p 120 z p 0
lution was sampled with 165 time outputs spaced logarithmi-
cally in the expansion parametera. Each halo is resolved at

with ∼ particles within .6z p 0 1.2# 10 Rvir

3. RESULTS

All models differ substantially at early epochs, with a sub-
sequent convergence in some of their properties but not in
others. They lead to the formation of a single object of∼1012

h�1 M, via mergers with the surrounding substructure and via
a slow accretion. To analyze the clumpy substructure, we define
a DM halo as having the mean density equal to some critical
value times the critical density of the universe, whereD Dc c

depends onz and the cosmological model. The top-hat model
is used to calculate , and the density is calculated withinD (z)c

a virial radius ( ). The halos are identified initially by theRvir

HOP algorithm (Eisenstein & Hut 1998) and approximated by
means of a radius . Comparison of the HOP halos withRvir

those of the standard friends-of-friends halo finder (Davis et
al. 1985) shows good agreement. Given a group catalog, a
merger tree is constructed using all the snapshots.

The evolution toward the final halo is studied by tracking
back in time the main branch leading to this halo. The general
picture that emerges is that of a halo undergoing phases of
slow and ordered evolutionintermitted by episodes of rapid
mass growthvia collapse andmajor mergers (e.g., W02; Z03).
These are referred to as the quiescent and violent phases.

The structure of a halo is studied by fitting it to an NFW
profile (eq. [1]) and following the cosmological evolution of
the NFW parameters, namely, and . Other fits (MooreR Rs vir

et al. 1998; Jing & Suto 2000; and a generalized NFW fitting)
have been attempted—our results and trends reported here ap-
pear independent of the fitting procedure. The fitting algorithm
used is based on logarithmic binning of the halo into spherical
shells, and estimating by minimal , where the residual in2R xs

a given shell is normalized by its own density. The fitting is
performed within , where is the distancemin (0.6R , 0.5d ) dvir H H
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Fig. 1.—Behavior of virial and scale radii (solid and dotted lines, respectively) as a function ofa for models A, B, C, D, and E. The discontinuous growths
in and match the violent phases that each halo passes through. The horizontal bars represent the mean value of within the quiescent phases. The squareR R Rs vir s

brackets delineate the length of the violent phases. The bottom right panel shows the evolution of (in arbitrary units), with the colors corresponding to thers

models in the other panels. [See the electronic edition of the Journal for a color version of this figure.]

to the nearest massive halo. Although the spherical symmetry
of an NFW model ignores some of the dynamical properties
of a halo, we use it as the first approximation to the halo
structure. The NFW profile is found to constitute a very good
fit to the spherically symmetric density in the quiescent phases,
in agreement with numerous other studies. During the violent
phases, such as mergers of nearly equal mass halos or the
collapse of a few substructures to form a single halo, the halos
are out of equilibrium and do not follow the NFW profile (e.g.,
Syer & White 1998).

The evolution of and of the main halo for all theR Rs vir

models is presented in Figure 1. The (accretion) trajectoriesRvir

show a regular behavior and a linear growth (W02), separated
by abrupt increases associated with the violent phases. Most
strikingly, remainsconstant in the quiescent phases andRs

growsdiscontinuously in the violent ones—subject to an∼5%–
10% jitter in the quiescent phases that grows stronger during
the violent phases when the halos get out of a dynamical equi-
librium. The horizontal bars represent averages in the qui-Rs

escent phases. The bottom brackets indicate the duration of the
mergers, computed by looking at variations that are120% in

between contiguous output times.Rs

The scale density shows the opposite behavior—remainingrs

constant in the quiescent phases and decreasing abruptly in the
violent ones, except model C for which increases slightlyrs

during a quiet phase. We note that all models, except B, con-
verge to the same value of (within the jitter) at ,R a ∼ 0.8–1s

in spite of the different tracks leading to it. In model B, the
two major halos have already turned around but have yet to
merge. Even before this last merger, is larger than in theRs

other models and is expected to grow further.
The present simulations show that there is no simple relation

between and the timing of the violent phases. The order ofrs

models given by their last violent phase is B, E, A, D, and C.
Yet, all the models have similar except for model C, whichrs

has a value twice as large (Fig. 1). Note that one can define

the halo formation time as the epoch at which the halo mass
is half its final value (e.g., NFW; W02) or as the time of the
last violent phase. In either case, we find that the central density
cannot be used as an indicator of the formation time.

The dynamical evolution of the main halos has been analyzed
in terms of the internal kinetic energy (K) within and .R Rs vir

Any perturbation in the halo’s internal state (violent mass ag-
gregation, random energy acquisition, etc.) will be reflected in
its behavior. We find that behaves similarly to —K K Rs s s

remaining constant during the quiescent stages (within the jit-
ter) and growing discontinuously during the violent phases.
This implies a possible correlation between and , whichK Rs s

has been tested by measuring the relative changes of vs.Ks

—Figure 2 confirms this behavior. The changes in andR Ks s

are computed by averaging these quantities over the qui-Rs

escent phases and taking differences between the consecutive
ones (E. Romano-Diaz et al. 2006, in preparation). The internal
kinetic energy computed within shows a similar behaviorRvir

but grows very slowly during the quiescent phases.

4. DISCUSSION

The halo growth can be divided into the violent and quiescent
phases analyzed in our superior time-sampledN-body simulations
using constrained realizations. This allowed us to perform a de-
tailed study of the evolution of a given halo under a variety of
merging histories. This Letter focuses on the evolution of andRs

. The main new results are as follows: (1) The NFW scaleRvir

stays constant during the quiescent phases and changes abruptlyRs

during the violent ones. In contrast, grows linearly in theRvir

quiescent phases and abruptly during the violent phases; (2)rs

stays unchanged during the quiescent phases and drops abruptly
during the violent ones. (3) The value of reflects the violentRs

merging history of the halo and depends on the number of violent
events and their fractional magnitudes, independent of their time
and order. As a corollary, does not reflect the formation timers
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Fig. 2.—Fractional variations in the internal kinetic energy within ,Rs

, vs. those in the scaling radius, , before and after the violentdK /K dR /Rs s s s

phases. The colors correspond to different generations of major mergers. [See
the electronic edition of the Journal for a color version of this figure.]

of the halo. (4) The fractional change in is a nonlinear functionRs

of the fractional absorbed kinetic energy within in a violentRs

event. (5) The fact that the evolution of a given halo consists of
a few quiescent phases intermitted by violent episodes implies that
simple scaling relations can be applied to a single accretion tra-
jectory but cannot be used to bridge and extend over a few such
trajectories. This explains the scatter found in the accretion tra-
jectories of single halos around fitted scaling relations, yet some
of it can be attributed to the inadequacy of the analytical density

profiles (see also Reed et al. 2005). We note that the accretion
trajectories in all models converge to the same value—a reflection
of the large-scale structure shared by all the models and imposed
by the constrained initial conditions.

The advantage of the constrained realizations lies in its
unique ability to generate a series of models with one or more
parameters varied in a controlled fashion, while all others are
held fixed. It enables us to cleanly separate the cause-and-effect
relationship between the initial parameters and the outcome of
the dynamical evolution. This complements the prevailing
method of large-scale cosmological simulations in which issues
of structure and evolution are addressed statistically. The scal-
ing relations found in such a statistical analysis are not nec-
essarily applicable to an individual halo. Here we focus on the
role of the merging history in the halo evolution, by imposing
density constraints based on the top-hat model. Our method
provides us with the opportunity to test objectively the role of
the merging history in shaping the structure of DM halos. The
analogy between thermodynamical processes involving entropy
and the dynamics of halos as manifested by the evolution of
the scale radius has not escaped our attention. We shallRs

elaborate on this issue elsewhere.
The results obtained in this Letter pertain to a single halo

in the framework of an OCDM cosmology. Yet, the conclusions
reached from our set of experiments are relevant to the un-
derstanding of halo formation in CDM cosmologies in general
andLCDM cosmology in particular.
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