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ABSTRACT

The radiation pressure of a radio pulsar does not necessarily disrupt a surrounding disk. The position of the inner
radius of a thin disk around a neutron star, determined by the balance of stresses, can be estimated by comparing the
electromagnetic energy density generated by the neutron star as a rotating magnetic dipole in vacuum with the
kinetic energy density of the disk. Inside the light cylinder, the near zone electromagnetic field is essentially the di-
pole magnetic field, and the inner radius is the conventional Alfvén radius. Far outside the light cylinder, in the
radiation zone, Ej j ¼ Bj j, and the electromagnetic energy density is hS i=c/ 1=r 2, where S is the Poynting vector.
Shvartsman argued that a stable equilibrium cannot be found in the radiative zone because the electromagnetic
energy density dominates over the kinetic energy density, with the relative strength of the electromagnetic stresses
increasing with radius. In order to check whether this is also true near the light cylinder, we employ the Deutsch
global electromagnetic field solutions for rotating oblique magnetic dipoles. Near the light cylinder the electro-
magnetic energy density increases steeply enough with decreasing r to balance the kinetic energy density at a stable
equilibrium. The transition from the near zone to the radiation zone is broad. The radiation pressure of the pulsar
cannot disrupt the disk for values of the inner radius up to about twice the light cylinder radius if the rotation axis
and the magnetic axis are orthogonal. This allowed range beyond the light cylinder extends much farther for small
inclination angles. The mass flow rate in quiescent phases of accretion-driven millisecond pulsars can occasionally
drop to values low enough that the inner radius of the disk goes beyond the light cylinder. The possibilities con-
sidered here may be relevant for the evolution of spun-up X-ray binaries into millisecond pulsars, for some
transients, and for the evolution of young neutron stars if there is a fallback disk surrounding the neutron star.

Subject headinggs: accretion, accretion disks — stars: individual (SAX J1808.4�3658, Aquila X-1) —
stars: neutron — X-rays: binaries

Online material: color figures

1. INTRODUCTION

A neutron star can interact with a surrounding disk in a va-
riety of modes. These different modes of interaction can lead to
various astrophysical manifestations and are of key importance
in classifying neutron stars. The mode of interaction, and hence
the evolutionary stage, is determined by the location of the in-
ner radius of the disk with respect to the characteristic radii, the
corotation radius Rc ¼ (GM=�2)1=3, and the light cylinder ra-
dius RL ¼ c=�, where � is the angular velocity and M is the
mass of the neutron star. Starting with the pioneering work of
Shvartsman (1970a), three basic modes of interaction—accretor,
propeller, and ejector (Lipunov et al. 1992)—of a neutron star
with a surrounding disk have been identified. If the inner radius
of the disk is beyond the corotation radius, the system is expected
to be in the propeller stage (Shvartsman 1970a; Illarionov &
Sunyaev 1975; Davidson & Ostriker 1973; Fabian 1975). The
ejector (radio pulsar) stage is assumed to commence when the
inner radius is also beyond the light cylinder radius.

The disk should be disrupted in the region where mag-
netic and matter stresses are comparable (Pringle & Rees 1972;
Davidson & Ostriker 1973; Lamb et al. 1973), and the inner ra-
dius of the disk, Rin, is estimated by balancing the kinetic energy
density (half the ram pressure) of the disk with the electromag-
netic energy density (same as the electromagnetic pressure) of
the radiation generated by the neutron star. To ensure that the

equilibrium found in this way is stable, the electromagnetic en-
ergy density at r < Rin should be greater than the kinetic energy
density; i.e., the electromagnetic energy density at Rin should in-
crease more steeply than the kinetic energy density in approach-
ing the star (Lipunov et al. 1992). The usual estimate for the
kinetic energy density has the dependence EK / r�5=2 (see x 3)
on the radial distance r from the center of the neutron star. In the
near zone (R� < rTRL), where R*

is the radius of the neutron
star, electric energy density, Ee , is negligible and the kinetic en-
ergy density is balanced essentially by the magnetic energy den-
sity, Em , of the dipole field of the neutron star at the Alfvén
radius. This is a stable equilibrium point because Eem / r�6 is
steep enough to balance EK / r�5=2, i.e., Eem> EK for r < Rin

and EK > Eem for r>Rin. In the radiation zone (r3RL), where
electromagnetic energy density Eem / r�2, a stable inner bound-
ary cannot be found because then EK would be greater than Eem
for r < Rin and Eem> EK for r>Rin , and the disk is disrupted.
This was first noticed by Shvartsman (1970b), who with the
above argument concluded that the stable equilibrium outside
the light cylinder would only be possible beyond the gravita-
tional capture radius (Lipunov et al. 1992).
Usual estimates employ a rotating magnetic dipole in

vacuum to generate the electromagnetic fields of the neutron
star. In the near zone (R� < rTRL) the magnetostatic energy
density B2/8� is employed, while in the radiation zone (r3
RL), at distances far outside the light cylinder, the radiation
pressure hSi/c, where S is the Poynting vector, is used. For sim-
plicity one usually employs a piecewise defined electromag-
netic energy density that scales as r�6 for r < RL and as r

�2 for
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r>RL. With such a model one necessarily concludes that the
disk will be disrupted if the inner radius of the disk goes beyond
the light cylinder radius.

In this work we present the full expressions for electromag-
netic pressure around a rotating dipole in vacuum, reducing to
the conventional expressions in the near zone and the radiation
zone and describing the transition across the light cylinder. We
use these results to investigate the location and stability of the
Alfvén radius and inner radius of thin Keplerian disks. This in-
formation is relevant if the mass flow rate through the disk de-
clines or the neutron star rotation period evolves such that the
inner radius is beyond the light cylinder. According to the con-
ventional pulsar magnetosphere models (Goldreich & Julian
1969), the pulsar activity can commence if the inner radius is
outside the light cylinder. According to the simple piecewise
model described above, the disk would be swept away. In the
present model with a rather broad transition from the near zone
to the radiation zone, there will be a wide range of allowed val-
ues for the mass flow rate for which the inner radius of the disk
is outside the light cylinder while the disk can survive the ra-
diation pressure. In this case, the pulsar activity will commence,
but depending on the inclination angle, the presence of the disk
may destroy the coherent pulsed emission in the radio band.

In its quiescent stage, the luminosity of the accretion-driven
millisecond pulsar SAX J1808.4�3658 (Wijnands& van der Klis
1998) drops below LX� 1032 ergs s�1 (Campana et al. 2002).
Assuming that the system passes through a propeller stage the
mass inflow rate, which determines the inner radius, can be much
greater than the mass accretion rate on to the star determining the
luminosity. Since we do not know what fraction of the inflowing
mass can accrete in the propeller stage, we cannot estimate the
inner radius from the observed luminosity. Assuming that 1% of
the inflowing mass accretes on to the star, we would estimate an
inner radius for the disk greater than the light cylinder. Burderi
et al. (2003) suggested that the optical properties of this source in
the quiescent stage indicate an active pulsar (see also Campana
et al. 2004). We find that such a disk can survive the radiation
pressure of a turned-on rotation-powered pulsar. This may be
the case in some stages of transients (e.g., Campana et al. 1998;
Zamanov 1995) and of the evolution of young neutron stars if
they have fallback disks (Michel & Dessler 1981; Marsden et al.
2001a, 2002; Menou et al. 2001; Alpar et al. 2001; EkYi & Alpar
2003).

In x 2 we derive the electromagnetic energy density from
the global electromagnetic field solution of Deutsch (1955) for
obliquely rotating magnetic dipoles. In x 3 we derive the in-
ner radius of the disk. In x 4 we discuss implications for the
accretion-drivenmillisecond pulsar SAX J1808.4–3658, which
is probably representative of the millisecond X-ray pulsars, for
certain other transients and for fallback disks around radio pul-
sars. In x 5 we discuss our results.

2. ELECTROMAGNETIC ENERGY DENSITY

A rotating dipole can radiate electromagnetic energy if the
spin and magnetic axes are not aligned. A global solution for a
perfectly conducting, rigidly rotating star in vacuum was first
given by Deutsch (1955). The relevance of this solution for ra-
dio pulsars is thoroughly discussed by Michel & Li (1999).

The early papers on pulsars (Ostriker & Gunn 1969; Pacini
1967, 1968; Michel & Goldwire 1970; Davis & Goldstein 1970)
employed the vacuum solutions of Deutsch (1955). The vacuum
assumption cannot actually be realized for neutron stars because
the magnetospheric field itself is strong enough to tear off elec-
trons from the surface of the neutron star. Indeed, Goldreich &

Julian (1969) showed that an axisymmetric pulsar magneto-
sphere should have a corotating plasma described by the hydro-
magnetic approximation Eþ v < B ¼ 0 with a corresponding
charge density:=E. Whether the pulsar electrodynamics is dom-
inated by the Goldreich & Julian (1969) currents or by the vac-
uum fields modified by rather smaller currents is still a matter
of debate (Michel 1991), and a global self-consistent solution of
the problem is yet to be presented. Kaburaki (1981) argued that
the existence of a corotating plasma does not alter the field struc-
ture drastically because it simply means an effective increase in
the radius of the conducting star (see Melatos 1997 for an ap-
plication of this idea) using the Deutsch (1955) solution. The
presence of the disk might alter the field structure (e.g., Elsner &
Lamb 1977) even more than the corotating plasma and further
complicate themagnetospheric currents (Treves & Szuszkiewicz
1995). In the absence of a consistent solution of the problem of
the pulsar magnetosphere with corotating plasmawith or without
a disk, we, for simplicity, employ the Deutsch (1955) solutions
for a rotating dipole in vacuum. We quote the field solutions of
Deutsch (1955), as corrected by Michel & Li (1999), in the
Appendix and use them in our estimation of the electromagnetic
energy density at the disk plane. Because Maxwell’s equations
do not preserve their form in rotating coordinates, the problem of
rotating dipoles is intrinsically relativistic. These solutions can
be shown to be the limiting case for slow rotation (see, e.g.,
Belinski et al. 1994).

As obtained in the Appendix, the radial component of the
Poynting vector S ¼ (c=4�) E < B at the disk plane (zenith angle
� ¼ �=2) averaged over a stellar period is

Srh i
c

¼ �2

8�R6
L

sin2�

x2
: ð1Þ

Here � is the angle between the magnetic moment � and the
rotation rate� of the neutron star, and x ¼ r=RL. Note that equa-
tion (1) is accurate only for � ¼ R�=RLT1. For the fastest mil-
lisecond pulsar with P ffi 1:5 ms, � ¼ 0:14, thus �T1 holds
for pulsars; in this case hSri=c/ r�2 for r greater than a few R*

(see eqs. [A13]–[A15]).
The dynamical disk timescale is much longer than the period

of the neutron star. The disk would only ‘‘see’’ the average field
of many stellar rotations. We average the squared fields over
one stellar period P as

�
B2

i

�
¼ (1=P)

R P

0
B2
i dt, where Bi is any

component of the magnetic field, and obtain the magnetic en-
ergy density Em ¼ hB2i=8� as (see Appendix)

Em ’ �2

8�R6
L

x�6 cos2� þ 1

2
x4 þ 3x2 þ 5
� �

sin2�

� �
ð2Þ

for �T1.
Similarly, in the �T1 approximation, the electric energy

density Ee ¼ hE 2i=8� is (see Appendix)

Ee ’
�2

8�R6
L

x�4 4

9
cos2� þ 1

2
x2 þ 1
� �

sin2�

� �
: ð3Þ

The total electromagnetic energy density can be found by
summing up the magnetic and electric energy densities. From
equations (2) and (3), one finds

Eem ¼ �2

8�R6
L

x�6 1þ 4

9
x2

� �
cos2� þ x4 þ 2x2 þ 5

2

� �
sin2�

� �
:

ð4Þ
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Note that this reduces to Eem / r�6 for rTRL and Eem / r�2

for r3RL , as expected. We show Eem together with Em , Ee ,
and hSr=ci, all scaled with �2=8�R6

L, in Figure 1. If the sole ef-
fect of the corotating plasma is to increase the radius of the
region beyond which vacuum starts from R

*
to a larger value

Rv (Melatos 1997), then � � R v=RL can have values close to
unity. In this case the expression for the total energy density is
more complex than equation (4), the coefficients having terms
with powers of � . The behavior of Eem and its constituents does
not change qualitatively for � P 1 if we retain such terms.

The local power-law index of electromagnetic energy den-
sity, � � d ln Eem=d ln x, calculated from equation (4) is

� ¼�6þ (8=9) x2 cos2� þ 4x2 x2 þ 1ð Þsin2�

1þ (4=9) x2½ �cos2�þ x4 þ 2x2 þ 5=2ð Þsin2�
: ð5Þ

We show � for a variety of values of � in Figure 2.
The value of � at the light cylinder, �L � � (x ¼ 1), from

equation (5) is

�L ¼ �6þ (8=9) cos2� þ 8 sin2�

(13=9) cos2� þ (11=2) sin2�
ð6Þ

and is plotted in Figure 3. The kinetic energy density scales with
x�5/2 (see x 3). Note that for all inclination angles �L < �5=2;
i.e., the electromagnetic energy density is steep enough to bal-
ance the kinetic energy density of the disk at the light cylinder.

The radius beyond which � >�5=2 can be found by solving
equation (5) for � ¼ �5=2. We find this to be

xcrit¼
ffiffiffi
6

p

6 tan �
4þ18 tan2�þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16þ 396 tan2�þ954 tan4�

p
 �1=2
:

ð7Þ

Figure 4 shows that the disk inner radius will be stable beyond
the light cylinder, for distances up to many RL , practically for

all radii for aligned (� ¼ 0�) rotators and for up to rcrit ffi 3RL

for orthogonal (� ¼ 90
�
) rotators.

3. THE INNER RADIUS NEAR THE LIGHT CYLINDER

We estimate the inner radius as the electromagnetic radius
Rem, determined by Eem ¼ EK, taking the conventional estimate
EK ¼ 1

2
� vj jvA, where � vj j ¼ Ṁ=4�r 2 is from the conservation

of mass in spherical coordinates, Ṁ is the mass flow rate, and
vA ¼ 2GM=rð Þ1=2 is the free-fall velocity. This gives

EK ¼ Ṁ
ffiffiffiffiffiffiffiffiffiffiffi
2GM

p

8�R
5=2
L

x�5=2: ð8Þ

Fig. 1.—Radial structure of the electromagnetic energy density around the
pulsar. The solid line is the electromagnetic energy density, the long-dashed line
is the electrical energy density E 2/8�, the short-dashed line is the magnetic
energy density B2/8�, and the dash-dotted line is hSri=c. Magnetic energy
density dominates inside the light cylinder radius. Far outside the light cylinder,
electric and magnetic energy densities become equal and hSri=c is equal to their
sum. [See the electronic edition of the Journal for a color version of this figure.]

Fig. 2.—Power-law index of the electromagnetic energy density for a va-
riety of inclination angles. The power-law index changes between �6 and �2.
The transition becomes broader for small inclination angles. [See the elec-
tronic edition of the Journal for a color version of this figure.]

Fig. 3.—Power-law index of the electromagnetic energy density at the light
cylinder (x ¼ 1), changing with the inclination angle.
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The electromagnetic radius can be found using equations (4)
and (8):

x7=2em ¼ x
7=2
A 1þ 4

9
x2em

� �
cos2� þ x4em þ 2x2em þ 5

2

� �
sin2�

� �
:

ð9Þ

Here xA ¼ RA =RL and

RA ¼ �2

Ṁ
ffiffiffiffiffiffiffiffiffiffiffi
2GM

p
� �2=7

ð10Þ

is the Alfvén radius.
The solution of equation (9) for xem(xA) is given in Figure 5

for a variety of �. It is not possible to find a solution for every xA,
corresponding to the fact that at low mass transfer rates, the
kinetic energy density of the disk cannot match the electromag-
netic energy density at any radius, and the disk will be ejected.
The lowest mass flow rate for which the disk will not be ejected
corresponds to the maximum xA(xem ) as seen in Figure 5. From
dxA=dxem ¼ 0 follows equation (7) as expected. Now using this
back in equation (9), one finds the critical Alfvén radius,

xA; crit ¼ xcrit 1þ 4

9
x2crit

� �
cos2�þ x4crit þ 2x2crit þ

5

2

� �
sin2�

� ��2=7

;

ð11Þ

corresponding to the single solution xem ¼ xcrit and to the crit-
ical mass flow rate

Ṁcrit ¼
� 2ffiffiffiffiffiffiffiffiffiffiffi

2GM
p

R
7=2
L

x
�7=2
A; crit: ð12Þ

For higher mass flow rates there will be two solutions for xem
the smaller of which is the stable one. This stable solution is
beyond the light cylinder for a range of mass flow rates Ṁcrit <
Ṁ < ṀL, where ṀL is the flow rate for which the inner radius

will be at the light cylinder, xem ¼ 1. This will happen when
xA attains the value

xA; L ¼ 13

9
cos2� þ 11

2
sin2�

� ��2=7

; ð13Þ

as can be obtained from equation (9). Hence

ṀL ¼ � 2ffiffiffiffiffiffiffiffiffiffiffi
2GM

p
R
7=2
L

x
�7=2
A; L : ð14Þ

Note that both Ṁcrit and ṀL are strongly dependent on the period
and the magnetic moment of the neutron star (ṀL / Ṁcrit /
P�7=2�2) and their ratio is only dependent on the inclination an-
gle �. The range of mass flow rates and inner disk radii for which
the disk is beyond the light cylinder and stable is smallest for
� ¼ 90�, for which Rcrit ffi 3RL and Ṁcrit ¼ 0:4ṀL.

Within the model the disk will survive beyond the light
cylinder, even if the radio pulsar activity turns on. As long as Ṁ
remains larger than Ṁcrit (i.e., RA < RA; crit), the disk will not be
ejected, and the radio pulsar may turn off again when Ṁ increases
to ṀL, switching back to the propeller phase with some accretion.
The threshold for quenching the radio pulsar will reflect load-
ing of all closed field lines that lead to the inner gap with plasma
from the disk. This does not necessarily happen at Rem ¼ RL. If
the transition to radio pulsar activity happens at some radius
Rt (�)< RL, then the transient radio pulsar phase with the disk
not ejected prevails for Ṁ < Ṁt , corresponding to Rem>Rt.

Fig. 4.—Critical radius, in terms of light cylinder radius at which � ¼ �5=2,
as given in eq. (7).

Fig. 5.—Variation of xem with xA as determined from eq. (9), for a variety of
inclination angles. [See the electronic edition of the Journal for a color version
of this figure.]
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The scaling we have used that reduces to the Alfvén radius
for rTRL presumes a spherical accretion flow. The Shakura-
Sunyaev (1973) solutions for thin Keplerian disks asymptoti-
cally imply that the density of the gas in the disk scales as
�/ r�15=8. Hence EK / �v2K / �r�1 / r�23=8. This scaling (� ¼
�23=8 ¼ �2:875) is slightly more steep than what we have
used (� ¼ �5=2). For a Shakura-Sunyaev thin disk, our esti-
mate for the critical inner radius will be somewhat smaller than
the estimate given above. From equation (7) the minimum cri-
tical radius (� ¼ 90�) is xcrit;min ¼ 2:85, while for � ¼ �2:875
we would obtain xcrit;min ¼ 2:13.

4. APPLICATIONS

4.1. SAX J1808.4�3658, Other Millisecond
X-Ray Pulsars, and Transients

The rotation periods of accretion-driven millisecond pul-
sars (Wijnands 2004) range between 2.3 and 5.4 ms. We take
the first discovered (Wijnands & van der Klis 1998) accretion-
driven millisecond pulsar, SAX J1808.4�3658, with a rotation
period P ¼ 2:5 ms, as an example of this class. The upper limit
on the magnetic field of the neutron star is 5 ; 108 G (Di Salvo&
Burderi 2003). We assume the magnetic moment to be � ¼ 3 ;
1026 G cm3. Using these parameters in equations (12) and (14),
we obtain the results shown in Figure 6 for SAX J1808.4�
3658. For mass flow rates greater than 1013 g s�1 for inclination
angle � ¼ 10� and greater than 2 ; 1014 g s�1 for inclination an-
gle � ¼ 90

�
, the source can sustain a disk beyond the light

cylinder and thus be in a rotation-powered pulsar phase. The
region between the two curves represents the mass inflow rate
for which the electromagnetic radius is larger than the light
cylinder while the disk can survive the pulsar activity. At mass
inflow rates ṀL greater than a few times 1014 g s�1 for all incli-
nation angles, the disk inner radius will protrude into the light
cylinder, and magnetospheric pulsar activity will be quenched
by the presence of the disk to the extent that all field lines are
loaded with plasma from the disk. The source will probably be
in a propeller phase with only a fraction of the mass inflow
possibly being accreted while the rest is diverted into an out-
flow. When the inner radius of the disk is of the order of the
corotation radius, accretion of the full mass flow rate is ex-
pected. We estimate mass inflow rates of the order of 1016 g s�1

for this transition for all inclination angles. The maximum lu-
minosity of SAX J1808.4�3658 in outburst is �2 ;1035 ergs
s�1, which corresponds to a mass accretion rate of 1014 g s�1.
The discrepancy is probably related to our scaling of the disk
inner radius with the Alfvén radius, and the uncertainties in the
determination of the Alfvén radius, as well as to the simplifi-
cations of the present model in terms of the vacuum dipole so-
lutions. In quiescence the luminosity drops to �1032 ergs s�1

(Campana et al. 2002). It is possible that the mass inflow rate in
the disk is large enough that the inner radius of the disk is inside
the light cylinder but only a very small fraction (P0.1%) of this
inflowing mass accretes onto the neutron star, producing the
observed X-ray luminosity. Burderi et al. (2003) argued that the
irradiation of the companion by the switched-on magnetodipole
rotator, in the quiescent stage, can explain the modulation of the
flux in the optical (see also Campana et al. 2004). If the source is
in the propeller stage, accretion of only a small fraction of the
disk inflow through a limited bunch of field lines will probably
allow the magnetospheric gaps and pulsar radiation to survive.
This would be easier for the outer gaps. Magnetospheric volt-
ages in millisecond pulsars are of the order of those in the Vela
pulsar, so optical, X-ray, and gamma-ray pulsar activity may be

possible if the outer gap can survive. For small inclination an-
gles, accretion near the magnetic polar caps would also be near
the rotational pole and therefore avoiding the centrifugal bar-
rier. For paths avoiding the inner gap, even radio pulsar activity
might survive in the propeller phase, with the disk protruding
inside the light cylinder. Depending on the beaming geometry,
searches for radio and high-energy pulsar activity might yield
very interesting results. SAX J1808.4�3658 was selected for
this discussion because it is the millisecond X-ray pulsar with
themost detailed information (Wijnands 2004). This discussion
applies to the other millisecond X-ray pulsars also.
Other transient lowmass X-ray binaries (LMXBs)may also be

in phases that include excursions of the inner disk toward and
beyond the light cylinder and back. As an example, the luminos-
ity of soft X-ray transient Aquila X-1 was observed by Campana
et al. (1998) to decay from�1036 to�1033 ergs s�1, fromoutburst
to the quiescent stage. Since the system in the quiescent stage is
likely to be in the propeller mode, the observed luminosity of
�1033 ergs s�1 reflects a small fraction of the inflowing mass that
accretes. The present discussion adds to the possibilities that of
occasional rotation-powered pulsar activity. The uncertainty in
rotation period and magnetic field does not allow a more detailed
discussion in terms of ourmodel. Further, themajority of LMXBs
do not exhibit rotation periods in their accretion and propeller
phases for reasons of selection in the source, and this is probably
also the case for most transients.

4.2. Implications for Fallback Disks

Neutron stars are born in supernova explosions. It is a
possibility that some of the ejected matter fails to achieve the
escape velocity and falls back (Woosley et al. 2002). As the
progenitor is rotating, the fallback matter might have enough
angular momentum to settle into a disk (Mineshige et al. 1997).
The idea of fallback disks around pulsars dates back to Michel
& Dessler (1981). The fallback disk model (Chatterjee et al.

Fig. 6.—Mass flow rate range for SAX J1808.4–3658 for which the inner
radius is outside the light cylinder while the disk is not swept away by the
radiation pressure. The solid line corresponds to ṀL (eq. [14]), and the dashed
line corresponds to Ṁcrit (eq. [12]). The domain between the curves corresponds
to the allowed mass flow range for which the inner radius is outside the light
cylinder while the disk is not disrupted. The observed luminosity may be much
lower than what would correspond to these mass flow rates because the cen-
trifugal barrier will not allow all inflowing mass to accrete onto the neutron star.
For small inclination angles the allowed mass flow rate range increases.
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2000; Alpar 2001; Marsden et al. 2001b; EkYi & Alpar 2003) of
anomalous X-ray pulsars (Mereghetti et al. 2002; Kaspi 2004)
renewed interest in possible implications for radio pulsars
(Michel & Dessler 1981; Marsden et al. 2001a, 2002; Menou
et al. 2001; Alpar et al. 2001). More recently Blackman & Perna
(2004) suggested that the observed jets of Crab and Vela may be
collimated by a fallback disk.

Young neutron stars might follow a variety of evolution-
ary paths depending on the initial mass of their fallback disks
(Alpar 2001). The evolutionary stages are determined by the
mode of interaction discussed in x 1. As the mass of a fallback
disk is not replenished, mass flow rate in the disk declines and
the inner radius of the disk, as a consequence, moves out. As the
neutron star is initially spinning down with propeller torques,
the light cylinder is also moving out, although less rapidly than
the inner radius. At some stage the inner radius will catch up
with the light cylinder.

Menou et al. (2001) and Alpar et al. (2001) assumed that the
inner radius of fallback disks tracks the light cylinder radius. In
such a model the disk can assist the magnetic dipole radiation
torque without quenching the radio pulsar mechanism. These
models would not work (Li 2002) if the disruption of the disk
takes place (Shvartsman 1970b) as soon as its inner edge reaches
the light cylinder from within the near zone. The present work
shows that such a disk need not be necessarily disrupted until
its inner radius moves to a few times the light cylinder radius.
Whether the inner radius can actually track the light cylinder for
a long epoch, rather than moving beyond the light cylinder into
the radiation zone, will be studied in a subsequent paper.

5. CONCLUSION

We have shown that the electromagnetic energy density of a
rotating dipole makes a rather broad transition across the light
cylinder from the near zone dipole magnetic field to the radia-
tion zone, the transition being broader for small inclination
angles, �. For power-law indices � for the r-dependence of the
electromagnetic energy density, � >�5=2, the regime in which
the radiation pressure would eject the disk, is not attained until r
exceeds a few RL, depending on the inclination angle between
the spin and magnetic axes (see eq. [7] and Fig. 4). Disks that

start their evolution with the inner radius far inside the light
cylinder may evolve to the situation in which the inner disk ra-
dius reaches the light cylinder. In this case and even further the
electromagnetic stresses of the fields generated by the neutron
star can balance the material stresses from the disk. Near the
light cylinder the power-law index of the electromagnetic en-
ergy density �L varies between�5.4 (for � ¼ 0�) and�4.5 (for
� ¼ 90

�
) (see eq. [6] and Fig. 3). Assuming a thin Shakura-

Sunyaev disk with EK / r�23=8 does not change these conclu-
sions qualitatively, and a stable inner radius can be found at
least up to 2 times the light cylinder radius for orthogonal ro-
tators, while this critical radius inside which stable equilibrium
can be found may extend up to a few tens of times the light
cylinder for small inclination angles.

When the inner radius of the disk is outside the light cylinder,
the pulsar activity is likely to turn on. The presence of the diskmay
effect the coherent radio emission. The magnetic dipole radiation
torque will act on the neutron star even if a radio pulsar is not ob-
served. Sources on their evolutionary path to higher or lowermass
inflow rates will make a transition from or to a stage with a disk
inner radius stably placed in the radiation zone, and with possible
rotation-powered activity. Millisecond X-ray pulsars are likely
examples of late stages in the evolution of LMXBs into milli-
second radio pulsars through spin-up by accretion (Alpar et al.
1982; Radhakrishnan & Srinivasan 1982). Such sources might
hover around the transition, exhibiting transient behavior. The sta-
ble presence of the disk outside the light cylinder for a wide range
ofmass inflow ratesmakes repeated transitions and sustained tran-
sient behavior possible not only around the transition between
propeller and accretion phases, but also around the transition of
the inner radius of the disk across the light cylinder.
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APPENDIX A

THE DEUTSCH SOLUTIONS

For an inclination angle �, equatorial magnetic field strength B0, and stellar radius R*
, the solutions in spherical coordinates (r, �, �)

are the following (Michel & Li 1999, eqs. [89] and [90]):

Br ¼ 2B0

R3
�

r 3
cos � cos �þ sin � sin � d1 cos  þ d2 sin  ð Þ½ �;

B� ¼ B0

R3
�

r 3
cos � sin �� sin � cos � q1 þ d3ð Þ cos  þ q2 þ d4ð Þ sin  ½ �f g; ðA1Þ

B� ¼ B0

R3
�

r 3
sin � � q2 cos 2�þ d4½ � cos  þ q1 cos 2�þ d3½ � sin  f g;

and

Er ¼
E0

c

�2

x2
2

3
cos � þ �2

x2
cos � 1� 3 cos2�

� �
� 3

x2
sin � sin 2� q1 cos  þ q2 sin  ð Þ

� �
;

E� ¼
E0

c

�2

x2
� �2

x2
cos � sin 2�þ sin � q3 cos 2�� d1ð Þ cos  þ q4 cos 2�� d2ð Þ sin  ½ �

� 
; ðA2Þ

E� ¼ E0

c

�2

x2
sin � cos � q4 � d2ð Þ cos  � q3 � d1ð Þ sin  ½ �:
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Here

 ¼ �� � t þ x� �; ðA3Þ

where � is the angular velocity of the star,

x ¼ r

RL

¼ r�

c
; ðA4Þ

and

� ¼ R�

RL

¼ R��

c
¼ 6:28 ; 10�3 P

100 ms

� ��1

: ðA5Þ

For usual rotation rates, �T1. Moreover,

E0 ¼ �R�B0 ¼ c�B0; ðA6Þ

and the nonconstant coefficients are

d1 ¼
�xþ 1

�2 þ 1
; d2 ¼

x� �

�2 þ 1
; d3 ¼

1þ � x� x2

�2 þ 1
; d4 ¼

x2 � 1ð Þ� þ x

�2 þ 1
; ðA7Þ

and

q1 ¼
3x 6�3 � �5ð Þ þ 3� x2ð Þ 6�2 � 3�4ð Þ

�6 � 3�4 þ 36
;

q2 ¼
3� x2ð Þ �5 � 6�3ð Þ þ 3x 6�2 � 3�4ð Þ

�6 � 3�4 þ 36
; ðA8Þ

q3 ¼
x3 � 6xð Þ �5 � 6�3ð Þ þ 6� 3x2ð Þ 6�2 � 3�4ð Þ

x2(�6 � 3�4 þ 36)
; ðA9Þ

q4 ¼
6� 3x2ð Þ �5 � 6�3ð Þ þ 6x� x3ð Þ 6�2 � 3�4ð Þ

x2 �6 � 3�4 þ 36ð Þ : ðA10Þ

We assume the disk to be at the � ¼ �=2 plane, where the field components given in equations (A1) and (A2) simplify to

Br ¼
2�

R3
Lx

3
sin � d1 cos  þ d2 sin  ð Þ; B� ¼

�

R3
Lx

3
cos �; B� ¼ �

R3
Lx

3
sin � q2 � d4ð Þ cos  þ d3 � q1ð Þ sin  ½ �; ðA11Þ

where � ¼ B0R
3
� and, using equation (A6) in equation (A2),

Er ¼
�

R3
Lx

2
cos �

2

3
þ �2

x2

� �
; E� ¼ � �

R3
Lx

2
sin � q3 þ d1ð Þ cos  þ q4 þ d2ð Þ sin  ½ �; E� ¼ 0: ðA12Þ

We obtain the radial component of the Poynting vector S ¼ (c=4�)E ;B at the disk plane (� ¼ �=2) from equations (A11) and
(A12). Averaging Sr ¼ S = r̂ over a period, we obtain

Sr

c

� �
¼ �2

8�R6
L

sin2�

x5
s(x); ðA13Þ

where

s(x) ¼ � q3 þ d1ð Þ q2 � d4ð Þ þ q4 þ d2ð Þ d3 � q1ð Þ½ �: ðA14Þ

This can be approximated as

s(x) ’
3x5 þ 2�2x3 þ �5

3x2
for x � � ;

x3 for xk a few �:

8<
: ðA15Þ
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We average the square of the fields over one stellar period P as G2
i

� �
¼ (1=P)

R P

0
G 2

i dt, whereGi is any component of the electric or
magnetic field. Then

Em ¼
B2
� �
8�

ðA16Þ

¼ �2

8�R6
L

x�6 cos2� þ 1

2
f1(x) sin

2�

� �
; ðA17Þ

where

f1(x) ¼ q2 � d4ð Þ2þ d3 � q1ð Þ2þ 4d 2
1 þ 4d 2

2: ðA18Þ

In the limit �T1, this simplifies to f1(x) ¼ x4 þ 3x2 þ 5 and we obtain

Em ’ �2

8�R6
L

x�6 cos2� þ 1

2
x4 þ 3x2 þ 5
� �

sin2�

� �
: ðA19Þ

Similarly the electric energy density is

Ee ¼
E 2
� �
8�

ðA20Þ

¼ �2

8�R6
L

x�4 cos2�
2

3
þ �2

x2

� �2

þ 1

2
f2(x) sin

2�

" #
; ðA21Þ

where

f2(x) ¼ q3 þ d1ð Þ2þ q4 þ d2ð Þ2; ðA22Þ

and in the limit �T1 this simplifies to f2(x) ¼ x2 þ 1 and we obtain

Ee ’
�2

8�R6
L

x�4 4

9
cos2� þ 1

2
x2 þ 1
� �

sin2�

� �
: ðA23Þ
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