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ABSTRACT

White dwarfs (WDs) experience a thermal renaissance when they receive mass from a stellar companion in a
binary. For accretion rates of less than 10�8 M� yr�1, the freshly accumulated hydrogen/helium envelope ignites
in a thermally unstable manner that results in a classical nova (CN) outburst and ejection of material. We have
undertaken a theoretical study of the impact of the accumulating envelope on the thermal state of the underlying
WD. This has allowed us to find the equilibrium WD core temperatures (Tc), the CN ignition masses (Mign), and
the thermal luminosities for WDs accreting at rates of 10�11 to 10�8 M� yr�1. These accretion rates are most
appropriate for WDs in cataclysmic variables (CVs) of PorbP 7 hr, many of which accrete sporadically as dwarf
novae. We have included 3He in the accreted material at levels appropriate for CVs and find that it significantly
modifies the CN ignition mass. We compare our results with several others from the CN literature and find that
the inclusion of 3He leads to lower values of Mign for hM_ ik10�10 M� yr�1 and that for hM_ i values below this
the particular author’s assumption concerning Tc, which we calculate consistently, is a determining factor. Initial
comparisons of our CN ignition masses with measured ejected masses find reasonable agreement and point to
ejection of material comparable to that accreted.

Subject headings: binaries: close— novae, cataclysmic variables— nuclear reactions, nucleosynthesis,
abundances— stars: dwarf novae—white dwarfs

1. INTRODUCTION

Classical novae (CNs) are the result of unstable thermonu-
clear ignition of freshly accreted hydrogen and helium on a
white dwarf (WD) in a mass-transferring binary. The orbital
periods of these binaries presently range from 1.4 to more than
16 hr, with a large number in the 2–4 hr range (Diaz & Bruch
1997;Warner 2002).These cataclysmic variables (CVs; Warner
1995) have low-mass stellar companions and spend most of
their lives accreting at time-averaged rates hM_ i � 10�9 to
10�11 M� yr�1 (e.g., Howell, Nelson, & Rappaport 2001). The
frequency of CNs as a function of orbital period depends on the
accumulated mass immediately prior to the explosion, Mign.
However, the value ofMign strongly depends on the WD’s core
temperature Tc, which is a priori unknown and must be either
calculated or measured. Knowledge of the ignition mass is also
needed for comparisons with measured ejected masses in CNs
that would decide whether or not the underlying carbon/oxygen
WD is being excavated during the CN event.

CVs are formed when the WD made during a common-
envelope event finally comes into contact with its companion
as a result of gravitational radiation losses over a few
gigayears (e.g., Howell et al. 2001). The WD will have
cooled during this time; a 0:20 M� He WD would have Tc ¼
3:3� 106 K at 4 Gyr (Althaus & Benvenuto 1997), whereas a
0:6 M� C/O WD would have Tc ¼ 2:5� 106 K in 4 Gyr
(Salaris et al. 2000). These WDs would have effective
temperatures Teff � 4500 5000 K. A subset of the CVs,
called dwarf novae (DNs), contain a WD accreting at low

time-averaged rates hM_ i < 10�9 M� yr�1, where the accre-
tion disk is subject to a thermal instability that causes it to
rapidly transfer matter onto the WD (at M_ 3 hM_ i) for roughly
a week once every month to year. The value of M_ onto the
WD is low enough between outbursts that the UV emission is
dominated by the internal luminosity of the WD, allowing for
a measurement of Teff > 10; 000 K (Sion 1999). This is the
best evidence that the WD is hotter than a cooling WD of
similar age because of the thermal impact of accretion. Sion
(1995) has argued that most of this heating is from gravita-
tional energy released (i.e., converted to thermal energy) in the
WD interior via material compression. This energy is then
transported outward to the stellar surface, and we find that it
can similarly heat the core. We will discuss this in great detail,
as well as explain the important role of nuclear ‘‘simmering.’’
A thorough comparison of our theoretical work with Teff
observations and a summary of the implications for CV
evolution are in a companion paper (Townsley & Bildsten
2003).
The gravitational energy released (GM=R) when a particle

falls from a large distance to the stellar surface, sometimes
termed the ‘‘accretion energy,’’ is deposited at or near the
photosphere and is rapidly radiated away. This energy does not
get taken into the star, since the time it takes the fluid to move
inward is always much longer than the time it takes for heat to
escape. This basically eliminates the outer boundary condition
and instead points to the importance of energy released deep in
the WD because of both gravitational energy released via
compression within the star and hydrostatic nuclear burning.
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This energy takes a long time to exit, is still visible when
accretion has halted, sets Teff , and reheats the WD.

We begin in x 2 by explaining the physics of heating within
the accreted envelope and how it differs from heating in the
deep core (discussed in Appendix A). Since these WDs are
accreting at rates low enough that the accumulated hydrogen
burns unstably, we also need to carefully track the accumulated
mass of material and account for the additional energy source of
slow nuclear simmering near the base of the accreted layer. This
is significant since the layer accumulates and eventually
triggers the CN. The calculation of Mign for a fixed Tc is
explained in x 3 (closely comparing with the original Fujimoto
1982 work), where we also exhibit the importance of the 3He
content in the accreting material.

Our method of finding the equilibrium WD core temperature
(Townsley&Bildsten 2002) is explained in x 4 and improves on
that of Iben, Fujimoto, & MacDonald (1992a) by allowing the
accreted envelope mass to change through the CN cycle. We
show that early in the cycle, when the mass of the newly
accreted layer is small, compressional heating is small and the
WD cools. Later in the cycle, the accreted layer becomes thick
enough that compressional heating along with nuclear simmer-
ing heats the core. Thus, the core cools at low accumulated
masses and is heated prior to unstable ignition. Using CN
ignition conditions to determine the maximum mass of the
overlying freshly accreted shell, we then find the steady-state,
(i.e., cooling equals heating throughout the CN cycle) core
temperature Tc;eq as a function of hM_ i and M. We close x 4 by
showing that for hM_ iP 10�9 M� yr�1 the WD reaches this
equilibrium after accreting an amount of mass less than its own
and that in CVs with PorbP2 hr the accretion rate changes
slowly enough that the WD should always be near the
equilibrium given by hM_ i and M.

Having found the core temperatures, we then predict the
amount of mass that needs to accumulate on the WD in order to
unstably ignite the accumulated hydrogen as a function of hM_ i
andM. Our work is compared with previous calculations in x 5,
where we find very large differences with others due to their
lack of knowledge of Tc. We also compare our predictions of
Mign with those few measures of the ejected masses in CNs of
known orbital period. Within the confines of this limited
comparison, we find that the ejected masses are comparable
with the amount accumulated. The equilibrium also yields
powerful relations between the WD surface temperature and its
accretion rate and mass. These allow tests of binary evolution
models as well as measures of the masses of these WDs; a
comparison to the accumulated observations of effective
temperatures in the DN systems is being published separately
(Townsley & Bildsten 2003). We close with a summary and
discussion of future work, especially the seismology of these
accreting WDs.

2. ATMOSPHERIC MODEL INCLUDING ACCRETION

Starting with Mestel (1952), single-WD atmospheres have
been characterized by a relation between the surface luminosity
L and the core temperature Tc (e.g., Wood 1995; Hansen 1999;
Chabrier et al. 2000; Salaris et al. 2000). This is one of two
components (the other being the thermal content of the core)
needed for evolutionary calculations of a cooling WD. In this
case the atmosphere extends to the location where electron
conduction forces the core to be isothermal. This occurs at
Menv ¼ 5� 10�5 M� for Tc ¼ 4� 106 K and M ¼ 0:6 M�

when L ¼ 3� 10�4 L� (see Fig. 1 in Fontaine, Brassard, &
Bergeron 2001).

In an accreting WD, energy is released in the atmosphere by
the slow downward motion of matter in the gravitational field
and by a slow rate of hydrogen fusion. This internal energy
release modifies the L-Tc relation, giving an accreting WD a
higher value of L than a nonaccretor of the same Tc. The L-Tc
relation of nonaccreting WDs depends on the surface gravity g,
which is set by the mass M, and on the composition of the
envelope (which fixes the opacity), typically split into layers of
pure H and He. The WD mass enters in much the same way in
the accreting case, but the composition also determines the local
energy release in the envelope. We parameterize composition
by the mass of the freshly accreted layer Macc, which has the
composition of the donor star. We use a solar composition with
mass fractions XH ¼ 0:709, X4He ¼ 0:271, XC ¼ 0:009, and
XO ¼ 0:011. Since 3He will prove important as an ignition
trigger (see discussion in x 3) at low values of hM_ i, we will
showmodels with X3He ¼ 0:001 and 0.005, the lower and upper
limits on expected values for the accreted material (e.g.,
D’Antona &Mazzitelli 1982; Iben & Tutukov 1984). Interior to
this layer we assume a C/O core. As material is accreted at a
time-averaged rate hM_ i, Macc varies from zero (immediately
after a CN event) to some maximumMign just before ignition of
the next CN. Thus three parameters, M, Macc, and hM_ i, lead to
an L-Tc relation.

Because of the deposition of energy in the envelope, the
surface luminosity is not equal to the thermal energy lost by the
degenerate core. However, the atmospheric model provides not
only L at the surface but also the luminosity Lcore, which enters
the bottom of the atmosphere from the core. This luminosity
couples the envelope model to the thermal content of the core,
determining the temporal evolution of Tc. As we will show,
when Tc is low, the envelope heats the degenerate core and
Lcore < 0.

2.1. Thin-Shell Approximation

As a spherical, gravitationally self-bound object accretes
matter, it undergoes structural changes that we divide into two
types: (1) global structural changes that affect the core radius
and (2) internal movements of material. See Nomoto (1982)
and Appendix A for a discussion of the distinction between
these terms. In the outer parts of the WD, the two effects are
largely decoupled; material moves through the envelope
and down into a deeper reservoir, and the WD radius and the
gravitational field in which the envelope exists are set by the
total WD mass. This is particularly useful for the case of low
values of hM_ i, where the global changes happen extremely
slowly and can therefore be safely neglected. Our treatment of
the core is presented in Appendix A, where we show that the
energy release in the envelope dominates that in the core by a
factor of ’5.

Within a thin shell near the surface, accreted material enters
at the top and displaces preexisting material that moves ‘‘out’’
of the shell, deeper into the star. With the assumption that the
radius and total stellar mass, and thus g, are fixed on the
timescale being considered, the local heat equation becomes

T
Ds

Dt
¼ T

@s

@t
þ Tvr

@s

@r
¼ � dL

dMr

þ �N ; ð1Þ

where �N is the nuclear burning rate, s is the entropy per gram,
and vr ¼ �hM_ i=4�r2� is the downward speed of material
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motion in response to accretion. If a fluid element loses entropy
as it is compressed, then that liberated energy is carried away by
heat transport. The thermal structure of the envelope determines
the two spatial derivatives and the nuclear energy input in
equation (1). Thus @s=@t, the time evolution of the entropy
field, depends on the current thermal structure and hM_ i. A
thermal structure for which @s=@t ¼ 0 is a static state for the
envelope. If a higher value of hM_ i were applied without
changing the thermal structure, a local buildup of heat would
occur,@s=@t > 0, becauseof the increaseof jvrjwithout a change
in dL=dMr. A lower value of hM_ i leads to a corresponding
cooling of the envelope. When the entropy advection term
dominates over the nuclear burning term, this static state is
stable because L has a stronger temperature dependence than s
in both degenerate and nondegenerate regimes. However, when
�N dominates over the advection, a thermal instability is likely,
leading to a CN explosion.

The radial derivative is evaluated from the envelope
structure. We work in pressure coordinates and define m_ ¼
hM_ i=4�r2, so

Tvr
ds

dr
¼ gm_T

ds

dP
¼ gm_cPT

P

d ln T

d lnP
�rad

� �
; ð2Þ

where cP ¼ Tð@s=@TÞP is the specific heat at constant pressure
and rad ¼ ð@ ln T=@ lnPÞs. The entropy advection is given by
how much the temperature gradient differs from the adiabat. In
the static state, the gradient of the luminosity itself is then

dL

dP
¼ hM_ icP

dT

dP
� @T

@P

� �
s

� �
� 4�r2�N

g
; ð3Þ

which we use with the equations for heat transport and
hydrostatic equilibrium to solve for both the structure and
luminosity in the envelope, resulting in values of L and Lcore that
depend on values of Tc,M, hM_ i, andMacc. The contribution to L
from accretion is the heat not advected with the material and is
referred to in the literature as ‘‘compressional heating.’’
Although this choice of words is unfortunate since the action
occurring is more like cooling, we use this common term in our
discussions. In all the calculations presented here we use a fixed
R for the last term in equation (3), that of a zero temperature
WD: 8.8, 5.7, and 4:1� 108 cm for M ¼ 0:6, 1.0, and 1:2 M�,
respectively. As a single point check, matching the bottom of
the envelope and the outer edge of a finite-temperature core
model yields R ¼ 8:9� 108 cm for M ¼ 0:6 M�, hM_ i ¼
6� 10�11 M� yr�1, and Macc ¼ 1:4� 10�4 M�. By dropping
the nuclear burning term and making a few other simplifying
assumptions, equation (3) can be integrated analytically to
obtain an approximate luminosity L � 3hM_ ikTc=�mp (see
Appendix B), where k is Boltzmann’s constant, mp is the
proton mass, and � ’ 0:6 is the mean molecular weight of the
freshly accreted envelope.

SinceMacc changes with time asMaccðtÞ ¼ hM_ i�t, the static
envelope structure is an approximation to the evolution. For this
method to be accurate, we want the neglected term to be small,
namely, j@s=@tjTjvr @s=@rj. Evaluating at a fixed pressure
and using equation (2) gives

@T

@t

����
����T T

�acc
rad �

d ln T

d lnP

����
���� ; ð4Þ

where �acc ¼ P=gm_ is the accretion time. Dropping the
temperature gradient (good in the conductive regions), finite
differencing, and setting �t ¼ �acc leads to the condition
�T=TT2=5, where �T is the temperature change at the
envelope base during accumulation. As will be shown in x 4, the
evolution ofMacc takes place at constant Tc, so this condition is
always satisfied and our static structures are an excellent
approximation for the accumulating envelope.
Now we wish to consider the effect of the outer boundary

condition on the structure of the envelope. To determine this
we compare the thermal cooling time of an outer layer,
�th ¼ �McPT=L, to the time to accrete that layer, �acc ¼
�M=hM_ i. Here�M is the mass of the (thin) outer layer being
considered, T is the temperature of the layer, and L is the
overall luminosity, which is driven mostly by energy released
from deeper layers, L � cphM_ iTc. Thus the ratio �th=�acc �
T=Tc, so that where TTTc in the outer layers, the material
can cool much more quickly than it is being accreted and
therefore has no influence over the thermal structure of deeper
layers. In other words, the entropy of the outer envelope is
determined by the luminosity flowing through it rather than by
any external boundary condition. The condition TTTc is
sometimes violated during a DN event, where either the high
external radiation field (Pringle 1988) or the more rapid
accretion (Sion 1995; Godon & Sion 2002) temporarily
modifies the outermost layers of the WD envelope. However,
this heat does not penetrate to depths critical for the WD core
but only to a depth where the thermal time is of order the
duration of the DN outburst and is the likely cause of the
fading Teff seen following a DN outburst (see Sion 1999 for a
review).
In addition to the downward motion due to accretion, the

heavier helium ions will sink with respect to the overall flow.
While we have not included this effect, we estimate here when
it is important. The drift velocity of the He ions is vdrift ’
2mpgD=kT , where D is the thermal diffusion coefficient (see
Deloye & Bildsten 2002). This is to be compared with
the downward velocity of the fluid due to accretion, vacc ¼
hM_ i=4�R2�. In the simplest approximation, Coulomb
scattering off protons dominates and D ¼ 0:024��1T

5=2
7 ��1

4

cm2 s�1 (Alcock & Illarionov 1980), where T7 ¼
T=107 K, �4 ¼ �=104 g cm�3, and � is the Coulomb
logarithm. For vdrift < vacc this yields the relationship
hM_ i > 10�11 M� yr�1T3=2

7
ðM=0:6 M�Þ��1, so that for our

lowest accretion rate, 10�11 M� yr�1, where T7 ¼ 0:4, only
the high-mass models deserve further scrutiny. Below this
accretion rate, the energy release due to sedimentation of the
helium in the accreted material can be a moderate fraction of
that released due to compression. For our M ¼ 1:0 M� model
with hM_ i ¼ 10�11 M� yr�1, the conditions at the base of the
H/He layer when Macc ¼ 0:90Mign are � ¼ 1:4� 104 g cm�3

and T ¼ 4:1� 106 K, so that the Coulomb coupling parameter
� ¼ 2. Diffusion coefficients in this gas-liquid crossover
regime have yet to be authoritatively calculated. Using the
fitting form of Iben & MacDonald (1985), which is very
similar to the canonical results of Paquette et al. (1986) in this
regime (See Iben, Fujimoto, & MacDonald 1992b), we obtain
vdrift=vacc ¼ 1:3. However, using the liquid diffusion results of
Wallenborn & Baus (1978), we obtain vdrift=vacc ¼ 0:38.
Regardless of this uncertainty, it is clear that in future work
diffusion needs to be considered for M � 1:0 M� and hM_ i �
10�11 M� yr�1. As inferred from the amount of sedimentation
found by Iben et al. (1992b), this limit is at a higher value of
hM_ i when a higher value of Tc is assumed.
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2.2. Accreting Envelope

We now present results from the envelope models, inves-
tigating how hM_ i andMacc determine the L-Tc relationship. The
outer boundary is atP ¼ 1010 ergs cm�3 in the upper edge of the
radiative layers. We set the temperature there to that of a
radiative zero solution for L ¼ 4�R2�SBT

4
eff . Then equation (3)

and the other structure equations are integrated inward, keeping
track of LðPÞ and TðPÞ, to P ¼ gMacc=4�R

2, the base of the
accreted layer. Interior to this, L ¼ Lcore is taken to be constant
and the integration is continued, using a pure carbon
composition for simplicity, until P ¼ 40Pign, where Pign ¼
gMign=4�R

2 and Mign is found consistently at each value of
hM_ i. A value of P ¼ 2� 1020 ergs cm�3 is used for the M ¼
0:6 M� demonstrations in this section, corresponding to the
Mign value for an equilibrated model at hM_ i ¼ 10�10 M� yr�1.
We label the temperature at the point where we stop the
integration ‘‘Tc,’’ interior to which the core is isothermal. The
equation of state for the electrons and ions was taken from
analytical approximations of Paczyński (1983), with Coulomb
corrections from Farouki & Hamaguchi (1993). The radiative
opacities from OPAL (Iglesias & Rogers 1996) and the
conductivities of Itoh et al. (1983) were used. Nuclear reaction
rates and energies are from Caughlan & Fowler (1988), with
screening enhancement factors for high density from Ichimaru
(1993), which also appear in Ogata, Iyetomi, & Ichimaru
(1991).

The above treatment of the outer edge of the C/O core
provides a reasonable approximation to the evolution of this
region during a CN cycle without the complications of explicit
simulation. At 40Pign the temperature change due to adiabatic
compression is 1%. Under this approximation in the
equilibrium state discussed in x 4, fluid elements near the
base of the accreted layer move on paths for which they must
lose entropy during the CN cycle, i.e., ones more shallow than
the adiabat in the T-P plane. Deeper fluid elements move on
paths for which they must gain entropy, steeper than the
adiabat. This exchange is consistent with our expectation for
the actual evolution, and since it only contributes peripherally
by setting the gross temperature excursion from Tc at the base
of the accreted layer, the accuracy of a more sophisticated
treatment is not considered worth its price in complexity at
this point. The fraction of the core affected by the CN cycle in
this treatment is also roughly consistent with that expected on
energetic grounds. For example, a luminosity of 10�3 L�
delivers enough energy in the interval between CNs, �106 yr,
to raise the temperature of the outer 10�3 M� of the core by
106 K (�10%); this mass coordinate corresponds to a pressure
of just under 1020 ergs cm�3.

The relationship between L and Tc for several values of hM_ i
are shown in Figure 1 for a 0:6 M� WD (R ¼ 8:76� 108 cm)
with Macc ¼ 5� 10�5 M�. This Macc value is less than the CN
ignition mass for most of the range of hM_ i values and is
comparable to the hydrogen layers on cooling WDs. All the
demonstration curves in this section are for X3He ¼ 0:001.
Shown for reference (dotted line) is the L-Tc relation for
an isolated 0:6 M� WD with pure layers of mass MH ¼ 6 �
10�5 M� and MHe ¼ 6� 10�3 M� (Hansen 1999). The
corresponding relation for our envelope model, with
hM_ i ¼ 0, is shown as the dashed line and provides an initial
comparison to previous work. The offset from the cooling
WD is due to the H/He envelope being more opaque than that
of pure hydrogen. The slightly larger divergence for 107 K <
Tc < 2� 107 K is likely due to the radiative-conductive

transition point lying below the outer H-rich layer, a location
where the cooling model has a thick layer of helium, whereas
our envelope is pure carbon. The sharp change in the dotted
line at L < 10�4 L� is due to surface convection extending
down into the conductive regions, commonly termed ‘‘con-
vective coupling’’ (Fontaine et al. 2001). To avoid this
complication, we have restricted ourselves to L > 10�4 L�,
where the outer convective layer need not be modeled directly
to determine the L-Tc relation.

2.3. Parameter Dependences of White Dwarf Luminosities

We now discuss how the L-Tc relation changes under active
accretion. It is only for low values of hM_ i and high values of Tc
that the luminosity flowing through the envelope is dominated
by the hot core. The value of Tc below which the energy release
due to accretion becomes important is determined by hM_ i;
higher values release energy faster via compressional heating
and therefore their luminosity becomes dominated by accretion
at a higher value of Tc. Thus in Figure 1, while there is a large
area of the curve at hM_ i ¼ 10�11 M� yr�1 for which core
cooling dominates at this value of Macc, there is little such area
at hM_ i ¼ 10�9:4 M� yr�1. The upturn in the luminosity at
Tck 3� 107 K is due to energy released from fusion of 3He, a
species not present in abundance in the cooling models. The
onset of the nuclear energy source is quite sensitive to Macc

since the conditions (T, �) at the base of the H/He layer
dominate this effect (see x 3 for details).

The other major feature of the L-Tc curve is the minimum
value of L for a given hM_ i. In this situation the envelope
determines its own temperature and the surface luminosity
becomes independent of Tc. There is a temperature inversion
in the envelope: the temperature rises inward through the

Fig. 1.—Exiting surface luminosity L as a function of core temperature Tc
for a 0:6 M� WD. The accumulated H/He layer has a mass
Macc ¼ 5� 10�5 M�. Various accretion rates are shown as labeled solid lines
with hM_ i ¼ 10�11, 10�10:4, 10�10, and 10�9:4 M� yr�1. The dashed line has
hM_ i ¼ 0, and the dotted line is the L-Tc relation of an isolated cooling DAWD
with pure layers of mass MH ¼ 6� 10�5 M� and MHe ¼ 6� 10�3 M�
(Hansen 1999).
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radiative layer, flattens out when conduction becomes
dominant, passes through a value Tmax, and then decreases
toward the core. The energy liberated by compression goes
into the core as well as coming out the surface. This lower
limit, LðTc ! 0Þ, is shown in Figure 2 as a function of hM_ i.
The upper solid curve is for M ¼ 0:6 M� and Macc ¼ 5 �
10�5 M�. Raising Macc does not change the relation—a curve
for Macc ¼ 10�4 M� is indistinguishable—except to reduce
the maximum L at which such a self-supported envelope state
can exist. A higher Macc leads to a higher density at the base of
the accreted layer and causes fusion to become important at
lower envelope temperatures and luminosities.

The dotted line is a rough approximation found by identi-
fying Tmax with the core temperature of a cooling WD, giving
L / T2:5

maxM , and by assuming that those losses are matched by
compressional heating, so that L � 3hM_ ikTmax=�mp (from Ap-
pendix B). Putting these together and using the point at hM_ i ¼
10�11 M� yr�1 to set the constant gives LðhM_ iÞ ¼ 1:08 �
10�4 L�ðhM_ i=10�11 M� yr�1Þ5=3ðM=0:6 M�Þ�2=3 (do t t e d
line). Calibrating the cooling luminosity separately from the
hM_ i ¼ 0 curve in Figure 1 gives a prefactor that differs from
this by less than a factor of 2, demonstrating that the estimate
from Appendix B is good for low values of hM_ i. While the
L / hM_ i 5=3 dependence is fairly well matched at low values
of hM_ i, the full calculation gives increasingly lower
luminosities at higher values of hM_ i because when fusion
provides some of the energy, Tmax need not be as high, so the
luminosity is less. The lower solid line gives LðTc ! 0Þ for
M ¼ 1:0 M� and is fairly consistent with ð1:0=0:6Þ�2=3

times
the M ¼ 0:6 M� curve, shown as the dashed line. The M ¼
1:0 M� curve follows L / hM_ i5=3 to higher values of hM_ i
than that for M ¼ 0:6 M�.

Finally, we explore the dependence of the L-Tc relation on
Macc. Generally, the energy released by compression in the

envelope should increase with Macc because of the lower value
of � for H/He relative to C/O as it appears in the compressional
heating term (see eq. [3]). Energy from hydrogen fusion should
also increase withMacc. The upper curves in Figure 3 show L for
Macc values of 0.5, 1, 3, and 5� 10�4 M� for a 0:6 M� WD
accreting at hM_ i ¼ 10�10:4 M� yr�1. This accretion rate,
�4� 10�10 M� yr�1, is characteristic of gravitational-wave–
driven accretion for DNs below the period gap (Kolb & Baraffe
1999). Also shown for comparison is hM_ i ¼ 10�11 M� yr�1.
As Macc is increased from 0.5 to 1� 10�4 M�, three important
features are apparent. At TcP 3� 106 K the exiting surface
luminosity L is nearly unchanged because the additional energy
released in the envelope is transported into the core with a
negligible rise in Tmax. For 3� 106 KPTcP 107 K, Tc is high
enough that the additional compressional heating energy is
forced outward and acts as an additive factor on top of the
cooling luminosity, and there is a small increase across this
range. At Tck1:5� 107 K, the density has become high
enough that the large amount of energy released by fusion
has destabilized the envelope at these temperatures. This is
discussed further in x 3.
The crossover behavior in Tc between core heating at low

values of Tc and cooling at higher values can be seen directly in
Figure 4, which shows Lcore, the luminosity exiting the core into
the base of the accreted layer. In order to maintain a logarithmic
scale, two panels are displayed: the top one displays positive
Lcore values and therefore core cooling, and the bottom one
displays negative Lcore values to show core heating. When
increasing Macc from 0.5 to 1� 10�4 M� (solid and dashed
curves, respectively) the core heating increases at TcP 4�
106 K. The core cooling, present at higher temperatures, remains
fixed with this Macc increase; the additional compressional
heating is increasing L. Note that at a single Tc ’ 4–5� 106 K,

Fig. 2.—Surface luminosity as a function of hM_ i for very cold WD cores.
The upper solid line is for M ¼ 0:6 M� and the lower solid line is for
M ¼ 1:0 M�, both with Macc ¼ 5� 10�5 M�. The dashed line shows the
values for the top solid line scaled by ð1:0=0:6Þ�2=3

in order to demonstrate
that our analytic WD mass dependence is close to correct. The dotted line is
the analytical approximation discussed in the text.

Fig. 3.—WD surface luminosity L as a function of Tc for various
accumulated layer masses. The upper set of solid lines all have hM_ i ¼
10�10:4 M� yr�1 andMacc ¼ 0:5, 1, 3, and 5� 10�4 M� as indicated. The lower
set of solid lines has hM_ i ¼ 10�11 M� yr�1 andMacc ¼ 3; 5, and 9� 10�4 M�.
The WD mass is 0:6 M� for all cases. The dotted line is the L-Tc relation of an
isolated cooling DA WD with pure layers of mass MH ¼ 6� 10�5 M� and
MHe ¼ 6� 10�3 M� (Hansen 1999).
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both core-heating and core-cooling envelope states are
available, depending on the value of Macc.

Our survey of parameters is now complete, and in x 4 we use
Lcore to discuss the thermal evolution of the C/O core. Of the
parameters discussed, hM_ i will be an independent variable
while Tc will be found from hM_ i and M. However, Macc has a
maximum value set by the stability of the envelope, which we
now discuss.

3. CALCULATING THE IGNITION MASS

The accreted mass Macc increases until a thermonuclear
instability causes a CN explosion at Macc ¼ Mign, which
depends principally on the temperature in the accreted layer.
There are two ignition modes: (1) a traditional thin-shell
instability created by the temperature sensitivity of thermonu-
clear reactions and (2) a global instability of the envelope
relevant when �condT�f-f (T P 8� 106 K here). The mode
giving the lower value of Mign is the active mode, and each is
elaborated below.

The instability manifests in the L-Tc relation as a turning
point, or a maximum Tc as a function of L, as seen earlier in
Figure 3. A general discussion of the relationship between
turning points and stability in thin-shell accretion appears in
Paczyński (1983). Because of the large heat capacity of the
core and the choice of the lower boundary as described in
x 2.2, Tc is essentially constant while Macc increases and the
turning point moves to lower temperatures. If we define Mign

ðTcÞ to be the value of Macc at which the turning point
happens at Tc, the envelope structures with Macc < MignðTcÞ
form a connected quasi-static sequence at constant Tc
terminating at Mign. Evolution forward in time from this
envelope state must be followed in a fully time-dependent

fashion rather than quasi-statically, and so we consider this
terminus the ignition point of the CN explosion. The envelope
is assumed to have switched to a ‘‘high,’’ burning state, about
which we will make two assumptions: (1) it is short-lived and
therefore of small thermal importance to the core, and (2)
during it, most or all of the accreted material is ejected. The
thick solid curves in Figure 5 show the conditions at the base
of the accreted layer at ignition for the models equilibrated in
the manner discussed in x 4 for two values of M. Two values
of X3He are shown at each M, representing the range expected
in CVs.

The lower dot-dashed line in Figure 5 gives the division
between radiative and conductive heat transport, where
�f-f ¼ �cond. Above this line radiation dominates the heat
transfer at the base of the accreted layer and the instability is
well predicted by a traditional thin-shell instability criterion.
Since the scale height of the envelope h ¼ P=�gTR, it has a
positive heat capacity and is therefore subject to a thermal
instability that occurs when the inequality

@�cool
@T

� �
P

<
@�nuc
@T

� �
P

ð5Þ

is satisfied at the base of the accreted material. Here �nuc is the
energy generated by the fast component of nuclear burning; the
important chains are 12Cðp; �Þ13N (the first step of CNO),
1Hðp; 	þ
ÞDð p; �Þ3He (the first two steps of the p-p chains),
3Heð3He; 2pÞ4He, and 3Heð�; �Þ7Beðe�; 
Þ7Liðp; �Þ4He
(Clayton 1983). To represent local cooling due to heat transfer,
we define

�cool �
g2

P2

4acT4

3�
; ð6Þ

Fig. 4.—Luminosity Lcore entering the accreted layer from the core below
as a function of Tc for various accumulated layer masses Macc on a 0:6 M�
WD. The top panel shows the rate of core cooling (Lcore) and the bottom the
rate of heating (�Lcore). The accretion rate is set at hM_ i ¼ 10�10:4 M� yr�1,
and Macc takes values of 0.5, 1, 3, and 5�10�4 M� as indicated. For clarity the
curves have been truncated at the turning point seen at high values of Tc in
Fig. 3.

Fig. 5.—Conditions at the base of the H/He accreted layer at ignition of a
CN for M ¼ 0:6 M� and M ¼ 1:2 M�. The thin solid curves are the local
condition given by eq. (5), the dotted curves are the global ignition condition
given by L�ðTb=108 KÞ2:5ðM=0:6 M�Þ ¼ Mign�N ð�b; TbÞ, and the thick curves
are the actual conditions found for equilibrated models. The dashed lines are
the base conditions from ignition calculations by Fujimoto (1982).
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reflecting the rate at which a thermal perturbation on the size of
the pressure scale height h damps out. The use of division by
the scale height in lieu of a derivative to form �cool is commonly
termed a ‘‘one-zone approximation.’’ See Paczyński (1983) for
an in-depth example. Equation (5) further approximates that
the pressure response to a small temperature perturbation is
negligible, a good approximation when hTR. This ignition
condition is identical to that used by Fujimoto, Hanawa, &
Miyaji (1981) to study X-ray bursts, although our notation is
somewhat different. When the inequality of equation (5) is
satisfied, thermal perturbations will grow since there is not
sufficient cooling to halt the nuclear runaway. We evaluate the
derivatives using our full equation of state and � to obtain a
maximum temperature at a given density for the base of H/He
layer, shown as the thin solid curves in Figure 5 for the two
values of X3He. When the base temperature in the H/He layer
exceeds this value, ignition occurs. This agrees with the
location of the turning point in the L-Tc relations in the radiative
regime (see Fig. 3).

In the radiative regime the opacity is due to free-free
absorption, and at moderate temperatures the triggering nuclear
reaction is 3He þ 3He fusion. Both the heating and the cooling
can be well approximated by power laws, so that the ignition
condition can be written in closed form. Expanding �nuc about
T ¼ 107 K and using an ideal-gas equation of state, equation (5)
becomes

�ignk1:2� 103 g cm�3T�3:21
7

X3

0:001

� ��1=2

g
1=2
8 ; ð7Þ

where T7 ¼ T=107 K and g8 ¼ g=108 cm s�2, matching the
radiative portion of the curves shown in Figure 5.

When the base of the envelope becomes degenerate, i.e.,
when �condT�f-f , the turning point happens at a lower value
of Macc than the one-zone model predicts, as shown by the
divergence of the thick lines in Figure 5 from the thin lines of
the one-zone prediction. The second ignition mode has
become important and involves an interaction between the
radiative and conductive regions in the envelope. In order to
clarify the envelope state in this global ignition mode, we now
present how this maximum Tc arises from a simple analytical
model when the base of the accreted layer is in the conductive
region. Define Tb as the temperature at the base of the accreted
layer; the location of the point of transition to conduction at
the bottom of the radiative layer leads to L ¼ L0ðTb=T0Þ2:5,
where L0 and T0 are fiducial parameters. Using a coefficient Kb

to characterize the thermal conduction, the heat coming from
the core is Lcore ¼ KbðTc � TbÞ=zbc, where zbc is the distance
below the base of the accreted layer at which T ¼ Tc and we
ignore the dependence of K on temperature and density. If the
nuclear heating during accumulation is approximated by
LN ¼ �N ð�b; TbÞMacc, where �b is the density at the base of the
accreted layer derived from Pb ¼ gMign=4�R

2, these quanti-
ties are related by L ¼ Lcore þ LN, neglecting compressional
heating, or

Tc ’ T0
L

L0

� �0:4

þ zbc

K

� L�Macc�N j7�106K

T0

7� 106 K

� �5:2
L

L0

� �2:1
" #

: ð8Þ

Here we have taken Tb ¼ T0ðL=L0Þ1=2:5 and expanded �N
about T ¼ 7� 106 K so as to quantify the temperature
dependence of the burning rate in the regime of interest; only
the pþ p ! 3He reaction chain is included at this low
temperature. For low luminosities, Tc increases with L, but
eventually the nuclear heating becomes strong enough that a
maximum Tc is reached. With the outer temperature boundary
of the conductive region set by the radiative-conductive
transition and the inner temperature boundary fixed by the
thermal inertia of the core, the heat released by nuclear
processes cannot be transported out of the conductive region
and therefore builds up rapidly, leading to an explosion.
A simple approximation of the maximum of equation (8) is

obtained by finding when the opposing terms L and Macc�N are
comparable. This gives the simple form L0ðTb=T0Þ2:5
ðM=0:6 M�Þ ¼ Mign�N ð�b; TbÞ. This expresses that Mign is the
accumulated mass for which the outgoing luminosity is wholly
provided by nuclear burning, giving a maximal envelope state
before CN runaway. By expanding �N at the lowest T point of
the solid line for M ¼ 0:6 M�, T ¼ 4:36� 106 K, and � ¼
5:7� 103 g cm�3, using only the p-p reaction as above but
including the screening correction, we obtain �N / T 5:73�1:17.
The dotted line shown in Figure 5 is this form with the
prefactor adjusted to fit the lowest temperature point of our
actual envelope calculation for M ¼ 0:6 M� (lower thick
solid lines). Using an L-Tb relation fitted to the hM_ i ¼ 0 line
in Figure 1 gives a result that is parallel and only a factor of 2
lower in density, mostly because of neglecting the inward-
bound heat from the dropped term.
The dashed lines in Figure 5 give the results found by

Fujimoto (1982) for M ¼ 0:6 M� (lower line) and 1:2 M�
(upper line). Our results are consistent with these in the
demonstration of two ignition modes. The largest difference is
due to our inclusion of 3He in the accreted matter as a nuclear
energy source. Our calculation of ignition with X3 ¼ 0 is
roughly 5% higher in temperature than that of Fujimoto (1982)
in the radiation-transport–dominated regime. Much of this 5%
discrepancy is likely from our updated opacities.

4. THE THERMAL EQUILIBRIUM OF THE WHITE
DWARF CORE

Section 2 introduced the envelope models that provide
LðMacc; hM_ i; Tc;MÞ. These same models also provide
LcoreðMacc; hM_ i; Tc;MÞ, the luminosity passing through the
base of the envelope from the core. The variation of Lcore with
Macc at several values of Tc and two accretion rates is shown in
Figure 6. Each of these curves extend in Macc to the CN
ignition1 and make clear the amount of heat exchanged between
the envelope and the WD core over the CN cycle, with core
cooling occurring at low values of Macc and core heating at
high values. This allows us to calculate an equilibrium core
temperature Tc;eq, where the heating and cooling of the core
are equal over the CN cycle (Townsley & Bildsten 2002). At the
onset of accretion in the binary, the WD core has Tc < Tc;eq and
is heated during the CN cycle. We now find the time it takes to
reach Tc;eq at a given value of hM_ i.
At low values of hM_ i any long-term compression (ex-

pansion) of theWD core due to mass gain (loss) has little impact
on the envelope (see Appendix A). Hence, for simplicity, we
assume that the accumulated mass is ejected in a CN, keeping

1 The CN explosion has a negligible effect on the thermal content of the
core because of its short duration compared to the envelope accumulation time.
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M constant. We begin by defining an average core heating rate
presuming that M and Tc are constant while Macc changes,

hLcoreiðhM_ i; Tc;MÞ ¼ 1

tCN

Z tCN

0

Lcore MaccðtÞ; hM_ i; Tc;M
� �

dt :

ð9Þ

Using this hLcorei to make statements about the WD’s evolution
implicitly assumes that the star’s only memory of the CN cycle
is the net heat gained or lost during it; otherwise, it returns to a
state identical to that at the same stage in the previous cycle.
Figure 7 shows the dependence of hLcorei on Tc for several
accretion rates. We find that hLcorei increases with Tc from two
effects: (1) the cooling luminosity is greater at higher values of
Tc, causing stronger core cooling for small values of Macc, and
(2) the maximum Macc is larger at lower values of Tc, allowing
for a longer period of core heating when Macc is large. The
equilibrium point where hLcorei ¼ 0 for M ¼ 0:6 M� and
hM_ i ¼ 10�10:4 M� yr�1 is Tc � 5:5� 106 K. For Tc � Tc;eq,
the envelope transitions from a state that allows the core to
cool at low values of Macc to a state that heats the core at high
values. The positive slope of hLcorei at Tc � Tc;eq implies that
the equilibrium state is stable; i.e., a higher value of Tc at the
same value of hM_ i causes the core to radiate and lower its
temperature. The figure also makes clear that Tc;eq increases
with hM_ i in order to maintain equilibrium under the additional
heat deposition.

The specific heat of the liquid WD core is �3k=�imp, where
�i � 14 is the ion mean molecular weight (see Appendix A).
When Tc < Tc;eq, the core is heated by the envelope at the rate
shown in Figure 7, allowing for a simple integration of

hLcorei � � 3kM

�imp

dTc

dt
; ð10Þ

to yield the time to reach the equilibrium. For a comparison
that does not depend on the initial Tc, we approximate
hLcorei � ðTc � Tc;eqÞðdL=dTcÞ0, where the derivative is eval-
uated at the equilibrium point, giving the form Tc�
Tc;eq ¼ ðTin � Tc;eqÞe�t=� , where � ¼ 3kM=�impðdL=dTcÞ0.
This e-folding time is 0.22, 0.32, 0.45, and 1.9 Gyr for
hM_ i ¼ 10�8, 10�9, 10�10, and 10�11 M� yr�1, respectively. If
hM_ i changes on a timescale shorter than this, Tc will not be
maintained at its equilibrium value. In previous work (Bildsten
& Townsley 2003), we estimated ðdL=dTcÞ0 � 3khM_ i=2�emp.
This estimate matches the results from the full envelope
calculations at hM_ i � a few� 10�11 M� yr�1, but the actual
hM_ i dependence is much weaker than estimated because of
complications introduced by the varying ignition mechanism
and nuclear energy source. For example, heating of the core is
relatively less efficient at hM_ ik 2� 10�10 M� yr�1 when the
base of the accreted layer never becomes conductive.

The reheating time at a constant hM_ i from a reasonable
starting temperature can be calculated directly from equation
(10) and the curves in Figure 7 for all but the highest accretion
rates. The time for the core of a 0:6 M� C/O WD to heat up
from 2:5� 106 K, corresponding to a cooling age of 4 Gyr
(Salaris et al. 2000), to 90% of the equilibrium temperature is
0.7, 0.9, and 2.4 Gyr for 10�9, 10�10, and 10�11 M� yr�1,
respectively. The mass that must be transferred in the binary in
each of these cases is thus 0.7, 0.09, and 0:024 M�. The latter
values are quite reasonable expected fluxes in terms of
evolution of CVs (see Howell et al. 2001), and thus WDs in
CVs with 1.3 hr < Porb < 2 hr are expected to be in
equilibrium. However, the flux necessary at 10�9 M� yr�1 is
quite high, so that systems with Porb > 3 hr are unlikely to
have reached equilibrium. This will be mitigated to some
degree by the fact that all of the �0:4 M� transferred above
the period gap occurs at hM_ i > 10�9 M� yr�1 (Howell et al.
2001), which has stronger core heating. A system that comes
into contact at Porb � 6 hr should be coming approximately
into equilibrium when Porb ’ 3 hr, just above the period gap.

Fig. 6.—Luminosity exiting the WD core as a function of Macc for several
values of Tc as indicated in units of 106 K. All curves have M ¼ 0:6 M�; the
solid curves have hM_ i ¼ 10�10:4 M� yr�1, while the dashed ones have hM_i ¼
10�10:2 M� yr�1.

Fig. 7.—Time-averaged luminosity escaping from the core during the
accretion of matter up to a CN event. The curves have hM_ i as indicated in
units of M� yr�1, and MWD ¼ 0:6 M�.
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We defer a detailed calculation and discussion relating the
evolution of the interacting binary and the thermal state of the
WD to a companion paper (Townsley & Bildsten 2003).

5. CLASSICAL NOVAE IGNITION MASSES

The principal outcome of our calculations is the equilibrium
temperature at which the heating and cooling of the WD core
are balanced over the CN cycle. Once this equilibrium has
been reached, observable quantities do not depend on the age
of the WD but rather on M and hM_ i, which are determined by
the evolution of the binary system.

The top panel of Figure 8 shows Tc;eq for a range of hM_ i
values. Curves for three values of M are shown, two for each
with X3He ¼ 0:005 and 0.001, the upper and lower limits on
expected values for the accreted material (e.g., D’Antona &
Mazzitelli 1982; Iben & Tutukov 1984). The dependence of
Tc;eq on these parameters is complicated because of the fact that
two transitions are taking place over this broad range of
accretion rates. There are three regimes. (1) At hM_ ik 3�
10�10 M� yr�1, the thermonuclear runaway is well described
by a one-zone model, and the dominant nuclear fuel triggering
the explosion is 3He; Tc;eq increases with hM_ i in order to
balance the higher rate of heat deposition in the envelope.
Larger X3He causes the CN explosion to happen sooner, thus
truncating the heating phase relative to lower X3He and leading
to a lower Tc;eq. The lower limit of this regime depends on M
since higher gravity provides a more stable envelope in the one-
zone model. (2) At 3� 10�11P hM_ i=ðM� yr�1ÞP 3� 10�10,
the one-zone model of ignition is no longer sufficient (see x 3),
but the dominant nuclear heat source is still 3He. The contrast
in Tc;eq withM has become quite small, while the dependence on
X3He remains. (3) At hM_ iP 3� 10�11 M� yr�1, the dependence
on X3He is mostly gone and the dominant nuclear heating source
is p-p.

While Tc is not directly observable, the resulting ignition
massesMign can be compared to measured ejection masses. The
bottom panel of Figure 8 shows Mign for the equilibrated stars.
This is the first self-consistent evaluation of the CN ignition
mass, since we use our calculated Tc;eqðhM_ iÞ. The ignition
mass decreases as the mass of the WD increases. This
dependence is familiar from previous work but is usually
stated as the contrast expected for a constant ignition pressure,
Pign � GMMign=4�R

4, yielding Mign / R4=M . Clearly, the
ignition pressure for a fixed mass is not constant, since Tc
changes with hM_ i; thus, the simple scaling does not hold.
The contrast in nuclear energy contributions is clearly

demonstrated; 3He triggering has a pronounced effect on Mign

at hM_ i > 10�10 M� yr�1 and barely any for hM_ i < 4�
10�11 M� yr�1, where p-p is the dominant contributor. Our
Mign values with X3He ¼ 0:001 are one-half to one-fourth of
those found by Fujimoto (1982; see his Fig. 7), the fraction
decreasing with increasing hM_ i. This difference is surprisingly
small given that his hM_ i values were order-of-magnitude esti-
mates, in contrast to our self-consistent calculations. The grid
of CN simulation results in Prialnik & Kovetz (1995) includes
values of Mign (their macc) for M ¼ 0:65, 1.0, and 1:25 M�
and hM_ i ¼ 10�10, 10�9, and 10�8 M� yr�1, with Tc ¼ 107 K.
For M ¼ 0:6 and 1:0 M� at 10�8 and 10�9 M� yr�1, we
find about one-half of their Mign for X3He ¼ 0:001, whereas
at 10�10 M� yr�1, again with X3He ¼ 0:001, we find 1, 1.4,
and 3.1 times their Mign at M ¼ 0:6, 1.0, and 1:2 M�,
respectively. We understand these differences as follows. At
hM_ i ¼ 10�10 M� yr�1 our equilibrium temperature is less than
107 K, thus leading to larger ignition masses. Second, our
inclusion of 3He in the accreted material decreases Mign with
respect to calculations that include only CNO enrichment,
leading to our lower Mign values at the higher accretion rates
where Tc;eq is close to 107 K and somewhat counteracting the
affect of the lower Tc values at hM_ i ¼ 10�10 M� yr�1.
Our calculations of Mign agree quite well with those of

MacDonald (1984) for hM_ iP 10�10:5 M� yr�1. This is where
p-p burning dominates and the base of the accreted layer is
degenerate at ignition. However, his Tc;eq values were not
reported. At larger hM_ i � 10�9 to 10�8 M� yr�1, our Mign

values are nearly a factor of 10 lower than MacDonald’s. This
discrepancy is larger than can be explained by 3He ignition.
As discussed in MacDonald (1983), the ‘‘cold’’ models
utilized in MacDonald (1984) leave out one of three ignition
conditions. The omitted condition turns out to be quite similar
to the one-zone condition and therefore essential at these
higher values of hM_ i.
Accumulated masses are not directly measurable, but the

mass ejected in a CN,Mej, is known for many systems. A robust
comparison between Mign and Mej would tell us whether the
WD mass is increasing or decreasing on long timescales during
accretion. Because Mign depends on hM_ i, we must estimate
hM_ i for a given CN system, requiring us to know the orbital
period and to make some presumption about its relationship to
hM_ i. For Porb < 2 hr, hM_ i is that given by angular momentum
loss due to gravitational radiation (Kolb & Baraffe 1999). For
Porb > 3 hr mass transfer is driven by magnetic braking. To
approximate the standard model as presented in, e.g., Howell
et al. (2001), we have used two values, hM_ i ¼ 10�9 M� yr�1

at Porb ¼ 3 hr and hM_ i ¼ 10�8 M� yr�1 at Porb ¼ 6 hr. A cross-
comparison between Mign and Mej is shown in Figure 9,
which shows Mign for M ¼ 0:6 and 1:0 M� and X3He ¼ 0:001
and 0.005. The five Mej points, which have large errors, are
those systems where both the orbital period and ejected mass

Fig. 8.—Equilibrium core temperature and mass of the accreted layer at CN
ignition, Mign, as a function of the time-averaged accretion rate hM_ i. Curves
are shown for three WD masses M and two different mass fractions of 3He at
each value of M.
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are known. One of these systems, V1974 Cyg, has a kine-
matic WD mass estimate of 0.75–1.07 M� (Retter, Leibowitz,
& Ofek 1997). Other estimates are less certain. Because of the
small number of points, large errors, and lack of measured WD
masses, the comparison to the current data set is not
definitive, but the values do roughly agree, pointing out that
most of the accreted mass is ejected during the CN event. We
have not found overwhelming evidence for excavation of the
WD.

There are now over 50 CNs with measured orbital periods
(Warner 2002). Our ignition masses will allow for a
calculation of the CN orbital period distribution when com-
bined with CV evolution. For example, the tenfold contrast
in ignition mass above and below the period gap makes
the CN occurrence rate nearly a factor of 100 lower below
the period gap than above. Currently, 10% of the CNs are
below the period gap; if these systems all suffer the same
selection effects, then the implied population below the pe-
riod gap is 10 times the number of systems above the period
gap.

Our envelope models also predict Teff ¼ ðL=4�R2�SBÞ1=4,
which increases with Macc. Figure 10 shows, as a function of
hM_ i for Tc ¼ Tc;eq, the range of Teff traversed between Macc ¼
0:05Mign and 0:95Mign for M ¼ 0:6, 1.0, and 1:2 M�. We find
that the surface flux L does not depend strongly on mass, and
thus roughly Teff / R�1=2. Short horizontal lines with this
dependence are shown for comparison. The WD Teff has been
measured for a number of DN systems when the disk is in
quiescence (Sion 1999), and a detailed comparison to such

measurements is being published separately (Townsley &
Bildsten 2003).

6. CONCLUSION AND DISCUSSION

A quasi-static WD envelope model has been used to find the
equilibrium core temperature Tc;eq of an accretingWD under the
approximation that exactly the accreted layer is ejected in each
CN outburst. Such an equilibrium can be reached in P1 Gyr,
allowing for CVs to come close to equilibrium by the time they
reach Porb ’ 3 hr and insuring equilibration for Porb < 2 hr.
Having solved for Tc;eq, it is then possible to predict the CN
ignition massMign and the thermal contribution to the WD Teff .
This is the first determination of Mign that utilizes a WD state
determined from hM_ i and the cooling and heating of the core
during the CN buildup, making it fully self-consistent. When
comparing with several papers from the CN literature (Fujimoto
1982; Prialnik & Kovetz 1995; MacDonald 1984), we find that
the inclusion of 3He leads to lower values of Mign for hM_ ik
10�10 M� yr�1 and that for values of hM_ i below this, the
particular author’s assumption concerning Tc, which we
calculate consistently, is a determining factor. When compared
with observed ejected masses, our Mign values are compatible
with Mej ’ Mign. Had this comparison favored either Mej >
Mign or the opposite, the equilibrium would take place at some
Tc such that Lcore has the value appropriate for the implied
secular change in core mass, which can be calculated using the
formalism presented in Appendix A.

Over 20 DNs have been observed in quiescence, when the
accretion rate is low, the WD photosphere is detected, and Teff
is measured. The theoretical work presented here is compared
to these observations in Townsley & Bildsten (2003), allowing
us to constrain the WD mass and the time-averaged accretion
rate hM_ i. We show there, for systems with PorbP2 hr, that if
hM_ i is given by gravitational radiation losses alone, then the
WD masses are greater than 0:8 M�. An alternative con-
clusion is that the masses are closer to 0:6 M� and hM_ i is 3–
4 times larger than that expected from gravitational radiation
losses.

It is well known that an isolatedWDwill pulsate when its Teff
value is in the approximate range 11,000–12,000 K (Bergeron

Fig. 9.—Comparison of our predicted CN ignition masses Mign with
measurements of CN ejected masses for systems that have a measured orbital
period in Warner (2002). The ejected mass references are as follows: V1974
Cyg, Gehrz et al. (1998); QU Vul, Shin et al. (1998); V1668 Cyg, Gehrz et al.
(1998); V1425 Aql, Lyke et al. (2001); and V838 Her, Gehrz et al. (1998). The
two lines at each value of M as indicated are for X3He ¼ 0:001 and 0.005,
giving larger and smaller values, respectively, of Mign. At low periods, hM_ i is
that expected from gravitational radiation (Kolb & Baraffe 1999), and at
Porb ¼ 3 and 6 hr, we use hM_ i ¼ 10�9 and 10�8 M� yr�1, respectively, which
is approximately the value expected above the period gap due to magnetic
braking (Howell et al. 2001).

Fig. 10.—Ranges of WD Teff as a function of accretion rate for WD mass
M ¼ 0:6, 1.0, and 1:2 M� (bottom to top). The minimum is evaluated when
Macc ¼ 0:05Mign and the maximum when Macc ¼ 0:95Mign. For comparison,
in 1 Gyr a 0.6 or 1.0 M� isolated WD cools to Teff ¼ 9� 103 or 14� 103 K,
respectively (Salaris et al. 2000).
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et al. 1995). While a difference in the atmospheric composi-
tion—H/He mixture under accretion versus pure hydrogen in
the nonaccreting case—will shift this range, it is likely that
a similar pulsation mechanism will be active in accreting
WDs. Our calculations indicate that accreting WDs with M ¼
0:6–1:0 M� should be near this range when hM_ i ¼ a few �
10�11 M� yr�1 (see Fig. 10). This value of hM_ i is typical of
those expected in CVs when accretion is driven by emission of
gravitational radiation, Porb < 2 hr (Kolb & Baraffe 1999). In
fact, one system, GW Lib, has been found that does exhibit
precisely this type of variability (van Zyl et al. 2000; Szkody
et al. 2002). Using the interior models developed here, we are
now undertaking a seismological study of these systems. This
offers the tantalizing possibility of facilitating measurement
of the WD mass and spin and determination of gross internal
structural features such as the size of the accreted layer.
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APPENDIX A

THE THERMAL STATE OF THE UNDERLYING WHITE DWARF

The thermal state of the WD core can affect the envelope structure through the heat flow into or out of it on the evolutionary
times we are considering. Because of varying ejected mass in CN outbursts, we do not actually know whether the WD core is
increasing or decreasing in mass. However, we show here that for a C/O core, the compression or decompression rate of the WD
core will have little impact on the overall envelope calculations. This is less clear for those WDs with pure helium cores that are
likely present in binaries below the period gap (e.g., Howell et al. 2001). Our discussion follows closely the insights of Nomoto &
Sugimoto (1977), Nomoto (1982), and Hernanz et al. (1988).

The WDs of interest here consist mostly of 12C and 16O, so we construct the deep interior (far beneath the freshly accreted
hydrogen and helium) using the degenerate electron equation of state for �e ¼ 2, neglecting the small 22Ne fraction. The ions
completely dominate the thermodynamics and thermal conductivity of the liquid WD interior. For a classical one-component
plasma with ion separation a defined by a3 ¼ 3=4�ni, where ni ¼ �=Amp, the importance of Coulomb physics for the ions is
measured by

� � ðZeÞ2

akT
¼ 57:7�

1=3
6

107 K

T

� �
Z

8

� �2
16

A

� �1=3

; ðA1Þ

where �6 ¼ �=106 g cm�3. We work in the liquid regime, � < 175 (Potekhin & Chabrier 2000 and references therein). For a 0.6
or 1.2 M� pure oxygen WD, this requires that the core temperature Tc exceed 5 or 16� 106 K, respectively (this is within the
range expected for the low-mass WDs from x 5). Following the recent work of DeWitt, Slattery, & Chabrier (1996) and
Chabrier & Potekhin (1998), we use the linear sum rule to evaluate the Coulomb energy in the mixed liquid phase and the
resulting specific heat cV . We then integrate throughout the stellar model to find the total heat capacity of the white dwarf,
CV ¼

R
cV dM , as a function of the isothermal WD temperature. In agreement with Potekhin & Chabrier (2000), we find that CV

is nearly that of a classical crystal, CV ¼ 3kðM=�impÞ, for temperatures in the range of the melting value and slightly above
and below.

Fig. 11.—Thermal conduction time (tcond in eq. [A2]) from the exterior of a
pure carbon WD to an interior mass point. The curves are for isothermal WDs
(T ¼ 107 K) with masses M ¼ 0:4, 0.6, 0.8, 1.0, and 1:2 M�.
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Electron conduction dominates the heat transport in the deep liquid WD interior, and we use the work of Yakovlev & Urpin
(1980) for our estimates of the thermal conductivity K when electron-ion collisions dominate. For an isothermal WD, the time it
takes for conduction to transport heat from the outside edge R to an interior radius r is

tcond ¼
1

4

Z R

r

cV

�K

� �1=2

� dr

" #2

; ðA2Þ

as shown by Henyey & L’Ecuyer (1969). This is simply a slightly more sophisticated version of what Nomoto & Sugimoto (1977)
call �h ¼ cV�H

2
p=K, the time for heat transport across a pressure scale height Hp. Since cV is nearly independent of temperature, the

main T scaling of tcond is from the conductivity, yielding tcond / 1=T . Figure 11 plots tcond as a function of the mass location within
pure, isothermal (T ¼ 107 K) carbon WDs of masses M ¼ 0:4; 0:6; 0:8; 1:0, and 1.2 M�. The timescale is only slightly different
for pure oxygen WDs.

The compression of the WD interior is adiabatic if accretion compresses it on a timescale much shorter than tcond � ð2 4Þ�
107ð107 K=TÞ yr. To relate the compression rate to M_, we start at the WD core and write d ln �c=dt ¼ ðd ln �c=d lnMÞd lnM=dt
(e.g., Nomoto 1982). For a low-mass WD, � ¼ d ln �c=d lnM ¼ 2, but � increases as M approaches the Chandrasekhar mass,
having values of � ¼ 3:27; 4:26; 6:17; and 10:71 for M ¼ 0:6; 0:8; 1:0; and 1:2 M�. For example, the accretion rate required to
adiabatically compress the interior of a 0:8 M� WD when T ¼ 107 K is greater than 6� 10�9 M� yr�1. Simulations for rates this
rapid have been carried out (e.g., Nomoto & Iben 1985) and clearly show the central adiabatic compression. Since the ions
dominate the entropy there, we calculate the adiabat in the liquid state using the internal energy given by Chabrier & Potekhin
(1998) to find

d ln T

d ln �

� �
ad

� 0:91þ 0:14�1=3

1:22þ 0:41�1=3
; ðA3Þ

within 1% of the adiabat given by Hernanz et al. (1988) for � > 1 to crystallization. For accretion rates where the compression time
and conduction time are comparable, there is clearly time for heat to be transported but not adequate time for maintaining an
isothermal core.

However, for M_T6� 10�9 M� yr�1, there is time for the core to remain isothermal under the compression (Hernanz et al.
1988), simplifying the treatment of the WD core for the values of M_ of most interest to us. Unlike our treatment of the atmosphere,
for the deep interior we need to account for the changing global structure of the WD. Nomoto (1982) showed that this is greatly
simplified by rewriting the entropy equation in terms of the variable q ¼ Mr=M , whereMr is the mass interior to r andM is the total
mass. Under accretion, we relate q_=q ¼ M_r=Mr �M_=M and rewrite the time derivative as d=dt ¼ @=@tjq þ q_@=@qjt. In the entropy
equation, we want the Lagrangian time derivative d=dtjMr

, so that q_ ¼ �qM_=M and the entropy equation simply becomes

T
@s

@t

� �
q

�T
d lnM

dt

@s

@ ln q

� �
t

¼ � @Lr
@Mr

ðA4Þ

under the action of compression. Integrating this equation tells us the luminosity exiting the surface of the WD core

L ¼ d lnM

d ln t

Z M

0

T
@s

@ ln q

� �
t

dMr �
Z M

0

T
@s

@t

� �
q

dMr ; ðA5Þ

as clearly written by Nomoto & Sugimoto (1977).
The advantage to writing the terms in this manner becomes apparent once we use

ds ¼ k

�imp

ad ln T � bd ln �ð Þ ; ðA6Þ

where a ¼ 1:22þ 0:41�1=3 and b ¼ 0:91þ 0:14�1=3 are presumed to be roughly constant throughout the WD. If the ions were an
ideal gas, we would have a ¼ 3=2 and b ¼ 1. Presuming that the WD core is always isothermal at T ¼ Tc, equation (A5) then
becomes

L
�imp

kTc
¼ � d lnM

dt

Z M

0

b
d ln �

d ln q

� �
t

dMr � aM
d ln Tc

dt
þ
Z M

0

b
d ln �

d lnM

� �
q

d lnM

dt
dMr : ðA7Þ

We can rewrite this more clearly by regrouping terms to obtain

Lþ aMk

�imp

dTc

dt
¼ � bkTc

�imp

d lnM

dt

Z M

0

d ln �

d ln q

� �
t

� d ln �

d lnM

� �
q

" #
dMr : ðA8Þ
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The term d ln �=d lnM jq is the generalization of the piece discussed earlier in the context of the central point. It gives the
compression rate at a fixed mass coordinate q due to accretion. Nomoto (1982) showed that it is independent of q within the deep
interior, so that � ¼ d ln �c=d lnM � d ln �=d lnM jq and equation (A8) becomes

Lþ aMk

�imp

dTc

dt
¼ �bkTc

�imp

dM

dt
� bkTc

�imp

d lnM

dt

Z M

0

Mrd ln � ; ðA9Þ

where the last term becomes large near the surface and is evaluated in Appendix B as part of the outer envelope integration (see eq.
[B3]). At � � 80, a ¼ 3 and b ¼ 1:5, so for a M ¼ 0:8 M� WD we get the simple relation for compression of the deep interior of
the WD

Lþ aMk

�imp

dTc

dt
¼ 6:4kTc

�imp

dM

dt
; ðA10Þ

implying that the core can remain at a fixed temperature during compression from accretion as long as the exiting luminosity is

Lcore ¼
6:4kTc
�imp

dM

dt
: ðA11Þ

Comparison of this with the corresponding estimate for the accreted layers from Appendix B, equation (B4), demonstrates that
even if the WD core is accumulating mass on a secular timescale (i.e., no ejection of matter), then, since �i � 14, such an exiting
luminosity as Lcore would be a small perturbation on the thermal state of the envelope. This statement would change for a helium
WD, where �i ¼ 4, in which case the core luminosity could modify the envelope structure.

APPENDIX B

ANALYTICAL ENVELOPE INTEGRATION

Here we present the integration of equation (3) from x 2 using a simple model for a WD consisting of a radiative outer envelope
and a degenerate deeper layer that is isothermal. Dropping the nuclear burning and the time derivative term from equation (1) leads
to the integral

L ¼ M_
� 	 Z P

0

T
ds

dP
dP : ðB1Þ

To allow a simple integration, in the envelope we make the approximation that the luminosity is constant with depth and that the
opacity has the form � / �T�3:5 so that P2 / T8:5. The entropy of an ideal gas is s ¼ k ln ðT3=2=�Þ=�mp, which can be expressed in
terms of pressure alone, allowing evaluation of ds=dP, and

Lenv ¼ 0:41
k

�mp

M_
� 	 Z

T
dP

P
¼ 1:75 M_

� 	 kTc

�mp

; ðB2Þ

where P2 / T 8:5 has been used to evaluate the integral, the term from the outer boundary has been dropped, and the pressure at the
inner boundary (the transition to degeneracy) has been written in terms of Tc.

The degenerate section is nearly isothermal and the entropy is completely in the ions, so that s ¼ k ln ðT3=2=�Þ=�imp, and the
density is related to the pressure by P / �5=3 from the surrounding nonrelativistic degenerate electrons. From this ds=dP can be
evaluated, but some limits must be chosen. The lower limit is the pressure at which the transition to degeneracy occurs; this is
simply Ptr ¼ T 5=2

c in cgs units for a solar mixture. The upper limit is the pressure at the base of the accreted envelope
Pbase ¼ gMacc=4�R

2. From our results, at hM_ i ¼ 10�10 M� yr�1, Tc ¼ 8� 106 K and Mign ¼ 3� 10�4 M�. Using these values
gives Ptr ¼ 1:8� 1017 ergs cm�3 and Pbase ¼ 6:5� 1018 ergs cm�3 and thus

Ldeg ¼
3

5

kTc

�imp

M_
� 	 Z

d lnP ¼ 2:15 M_
� 	 kTc

�imp

: ðB3Þ

Although the limits taken actually depend on Tc, they appear in a logarithm, so only the strongest temperature dependence is shown
explicitly. Using �=�i ¼ 0:6=1:3 for solar material to eliminate �i and adding the luminosity from the nondegenerate and
degenerate portions of the accreted layer gives

L �
3 M_
� 	

kTc

�mp

: ðB4Þ

This fiducial estimate of the compressional heating proves helpful in our analytic understanding of our initial results.
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