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ABSTRACT
It is conventional to calculate the probability of microlensing for a cosmologically distant source

based on the Press-Gunn approximation that the lensing objects are uniformly and randomly distributed
in the intervening space with a constant comoving density. We here investigate more realistic cosmo-
logical microlensing statistics by considering the strong spatial clustering of likely lensing objects with
each other in galaxies and their association with the clumps of dark matter that make up the massive
halos of galaxies. Both cases in which microlensing objects are distributed like the observed starlight in
galaxies and ones in which the extended massive halos themselves are also composed of compact
massive objects capable of acting as microlenses are investigated. The distribution of microlensing optical
depth i along randomly chosen sight lines is calculated, as is the conditional distribution of i along
sight lines near one that is strongly microlensed. Illustrative magniÐcation biases are also considered.
These distributions allow us to calculate both the probability that a high-redshift source will be micro-
lensed in the various scenarios and the likely local i (averaged over nearby sight lines) at which such
microlensing events will occur. Our overall result is that the Press-Gunn approximation is a useful
order-of-magnitude approximation if the massive halos of galaxies are made of dark compact objects,
but that it fails badly and can be qualitatively misleading in the more likely case in which only the
ordinary stellar populations of galaxies are the dominant source of cosmological microlensing events. In
particular, we Ðnd that microlensing by stars is limited to of the order of 1% of high-redshift sources at
any one time. Furthermore, even though only a small fraction of high-redshift sources are multiply
imaged (by galaxies), it is these sources that are most likely to be microlensed by stars. Consequently,
microlensing by stars is usually observed at i near 1 where the simple isolated point mass lens approx-
imation is not appropriate. However, if cold dark matter halos are composed of condensed objects, then
more than 10% of high-redshift sources are microlensed at any given time. The vast majority of these
sources are not multiply imaged, and have i smaller than 0.01.
Subject headings : dark matter È gravitational lensing

1. INTRODUCTION

The mean optical depth to strong gravitational lensing by
compact objects distributed uniformly through the universe
was calculated by Press & Gunn (1973) nearly three decades
ago. The resulting probabilities are often quoted when dis-
cussing the chance that a high-redshift source will be micro-
lensed. In this paper we compute the distributions of
microlensing optical depths obtained when compact objects
are distributed as star light or in the dark halos of galaxies,
and compare the distributions obtained to Press & GunnÏs
uniform result.

Cosmological microlensing was Ðrst discussed by Chang
& Refsdal (1979), Gott (1981), and Young (1981), who
pointed out that the relative motion between stars in other
galaxies and background sources should cause variability in
the observed Ñux, providing an avenue to investigate an
otherwise inaccessible mass regime. This phenomenon was
subsequently observed in the quadruple gravitational lens
Q2237]0305 (Irwin et al. 1989 ; Corrigan et al. 1991). The
idea that most quasar variability results from microlensing
due to cosmologically distributed compact objects has since
been championed by Hawkins (1993). While microlensing is
most readily observed through Ñux variability, there are at
least three other characteristic signatures. First, micro-
lensing can be detected through di†erential magniÐcation of
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emission regions having di†erent scales. For example, in a
thorough study Dalcanton et al. (1994) computed the e†ect
of microlensing by randomly distributed compact objects
on the equivalent widths of quasar lines. From a lack of
variance in equivalent widths between high- and low-
redshift samples, they concluded that stellar mass compact
objects cannot close the universe. Second, microlensing of
gamma-ray bursts can be identiÐed through observation of
a burst that repeats. This phenomenon will arise where the
burst duration is shorter than the characteristic time delay
between the microlensed images. The available catalogs
have been searched for lensed bursts, though none have
identiÐed (Marani et al. 1999). Using the null result, limits
have been placed on the density of randomly distributed
compact objects in various mass ranges between 10~16 and
106 Finally, mirolensing broadens the observed abso-M

_
.

lute brightness distribution of standard candles. Micro-
lensing of high-redshift Type Ia supernovae has been
discussed by Metcalf & Silk (1999) and Wang (1999), and
latter by Goodbar, & (2001) andMo� rtsell, Bergstro� m
Minty, Heavens, & Hawkins (2001), with emphasis on the
utility of forthcoming survey samples.

In this paper we compute the probability that an image of
a high-redshift source is subject to a microlensing optical
depth i. We also Ðnd the probability that a source is micro-
lensed, as well as the conditional probability distribution of
iÏs near the lines of sight to strongly microlensed sources. In
° 2 we consider microlensing by stars, and in ° 3 micro-
lensing by dark compact objects in galactic halos. The
results from these calculations are discussed in ° 4. An
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important objective of the paper is to quantify the suit-
ability of the assumption of randomly distributed objects.
We show that the assumption is reasonable if cold dark
matter (CDM) halos are composed of compact objects
acting as microlenses, but is inapplicable for microlensing
by stars. Unless stated otherwise, we assume a Ðlled-beam
cosmology having )\ 0.3, "\ 0.7, and h \ 0.65 through-
out the paper.

2. THE PROBABILITY OF MICROLENSING BY STARS

2.1. Stellar Microlens Distributions
In this section we describe the probability of microlensing

due to the stellar populations of galaxies. The calculations
assume a universe populated by isolated (meaning no more
than one lensing galaxy along any line of sight) elliptical
and spiral galaxies having luminosities that are distributed
according to Schechter functions of the form
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(1976)
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relations, where p and are the central velocity dispersionsv
cof ellipticals and rotational velocities of spirals, respectively.

The comoving density of galaxies is assumed to be constant,
with values of h3 Mpc~3 forn

pe
\ (1.2^ 0.21) ] 10~2

elliptical and S0 galaxies and n
ps

\ (1.5^ 0.21)
] 10~2 h3 Mpc~3 for spirals (Marzke et al. 1994). The
velocity dispersion of an elliptical galaxy is taken to beL

*km s~1, as is the rotational velocity of anp
*

\ 220 L
*spiral s~1). The constants a and c are given the(v

cp
\ 220

values a \ [1 and c\ 4 for ellipticals, and a \ [0.81 and
c\ 4 for spirals.

The light distributions of elliptical galaxies and of the
bulges of spiral galaxies are well described by the de Vau-
couleurs proÐle. Assuming a constant mass-to-light ratio
(!), the surface mass density is

&
e
(r)\ !&0 103.33*1~(r@R0)1@4+ . (4)

The proÐle has a characteristic radius (in pc) and densityR0(in kg m~2) given approximately by the empirical rela-&0tions (Djorgovski & Davis 1987)

log (hR0)\
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where

kav\ 2.25 log R0] 11.23 . (7)

For computation of the proÐles of bulges in spiral galaxies,
we take the one-dimensional velocity dispersion to be p \
v
c
/J2.
The surface densities of thin disks in spiral galaxies

(normalized to the Milky Way) can be described by a
Kuzmin (1956) disk with surface mass-density of the form
(Keeton & Kochanek 1998)
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where is the scale length of the disk which we assumer
dscales with L1@2 (Bartelmann 2000)
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We assume that the distributions of stars in ellipticals and
spiral bulges have spherical symmetry, and that stellar disks
in spirals are circular. We also assume that the mass-to-light
ratio is constant with radius and takes the same value for
spiral bulges and elliptical galaxies. The term ! is therefore
related to the cosmological density of stars by)
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is the critical density for a bound universe, and M(p) iso
cthe mass of a component with velocity dispersion (or circu-

lar velocity) p. Recent cosmic microwave background
(CMB) measurements (NetterÐeld et al. 2001 ; BOOMER-
ANG experiment) imply a cosmic baryon density of

Accordingly, we take 0.02 as the0.019\ h2)
b
\ 0.026.

maximum value for )
*
.

In contrast to the observed light distribution, obser-
vations of Ñat rotation curves imply that the total mass
distribution is isothermal. We assume the total mass dis-
tribution to be spherically symmetric for both elliptical and
spiral galaxies. The surface mass density of a spherical
singular isothermal halo with central velocity dispersion

at radius m isp
h
\ (3/2)1@2p

&SIS\
p
h
2

2Gm
, (12)

where G is NewtonÏs constant. The corresponding Einstein
radius is
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where c is the speed of light, and are the angularD
s

D
ddiameter distances of the source (at redshift and lens (atz

s
)

redshift respectively, and is the lens-source angularz
d
), D

dsdiameter distance.
In summary, we assume that the bend angle due to gravi-

tational lensing for both elliptical and spiral galaxies is that
of the singular isothermal sphere. However, we assume the
surface mass density of microlenses in elliptical/S0 galaxies
to be described by the de Vaucouleurs proÐle, while in
spiral galaxies the microlenses are distributed as the sum of
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a de Vaucouleurs bulge and a thin Kuzmin disk. Thus, the
galaxies are composed of stars (microlenses) and smooth
dark matter that sum to an isothermal mass distribution.
Below (° 2.2) we describe the calculation for microlensing
probabilities in elliptical/S0 galaxies in some detail. Then in
° 2.3 we discuss the changes necessary for the calculation of
probabilities for spirals.

2.2. Elliptical/S0 Galaxies
2.2.1. T he Distribution of i for Singly Imaged Sources

The microlensing optical depth i is deÐned to be the ratio
of surface mass density & to the critical density
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and the optical depth in stars at a radius m is therefore
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The smooth (dark) component of dimensionless surface
mass density that maintains the isothermal mass distribu-
tion can be written

i
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The presence of continuous matter modiÐes the micro-
lensing probability due to and the e†ective optical depthi
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which is not monotonic in m. The set is the setMmi,in, mi,outNof pairs of radii having the property that the opticalNpairsdepth is larger than i at all Extending themi,in\ m \ mi,out.calculation of Koopmans & Wambsganss (2001) and fol-
lowing Turner, Ostriker, & Gott (1984), we Ðnd the prob-
ability that a beam from a singly imaged (where singly
imaged refers to macrolensing due to the galaxy) source will
pass through a microlensing optical depth (as seen by the
observer) larger than i due to an elliptical galaxy having a
central velocity dispersion between p and p ] *p and a
redshift between and All probabilities are calcu-z
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ential cross section is found as a function of central velocity
dispersion p, and can be written
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where f is the unlensed impact parameter obtained from the
lens equation for a singular isothermal sphere

f\ mi [ m0 , (19)

and is obtained from the expression for look-backdH0 t/dz
time from the present (Carrol, Press, & Turner 1992),
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ity that a beam from a singly imaged source will pass
through a microlensing optical depth between i and
i ] *i due to a galaxy between redshift and isz
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The magniÐcation of a lensed image has the potential to
boost the observed Ñux of a source that is intrinsically faint
above the detection magnitude limit (Gott & Gunnmlim1974 ; Turner 1980), resulting in a bias for highly magniÐed
images. The magniÐcation bias for an image with coordi-
nate ismi

B(mi) 4
N(\mlim] (5/2) log o k(mi) o )

N(\mlim)
. (22)

Since m(i) is multivalued, the magniÐcation bias with
respect to an image being subject to microlensing optical
depth between i and i ] *i due to a galaxy between red-
shift and with a central velocity dispersionz

d
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Note that this neglects magniÐcation bias due to micro-
lensing. Including magniÐcation bias, we Ðnd the probabil-
ity that a singly imaged source will be observed through a
surface mass density between i and i ] *i due to a galaxy
between redshift and for each p :z
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Using equation (24) and the Poisson probability for a
lensing event at optical depth we approximate the con-iML,ditional di†erential probability that a singly imaged, strong-
ly microlensed source will have an optical depth in stars near
the line of sight of between and in a galaxyiML iML] *iMLbetween redshift and for each p :z
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This ignores the contribution of shear. However, at low
surface mass densities, microlensing in the presence of shear
is due to an ensemble of Chang-Refsdal lenses, which have
similar cross sections to point-mass lenses. At normalized
surface mass densities near 1, the Chang-Refsdal diamond
caustic is replaced by a continuous caustic network, which
has a cross section near 1. We therefore feel this approx-
imation to be sufficient for the current purpose.

Finally, the dependences on p and are integrated out ofz
dequations (24) and (25), yielding
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and
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To compute cumulative probabilities, di†erential probabil-
ities are integrated from i to O because asdPi/di ] 0
i ] O. The probability that a singly imaged source is
subject to a microlensing optical depth greater than i is
then
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P
i

=
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Similarly, the probability that a singly imaged microlensed
source will have an optical depth in stars near the line of
sight greater than isiML
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P
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=
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The and as well as anddPi/di Pi([i), dPML/diMLdue to elliptical/S0 galaxies for singly imagedPML([iML)sources are plotted in the left-hand panels of Figures 1
and 2 for and 0.005, and 0.020. Noz

s
\ 3 )

*
\ 0.001,

magniÐcation bias (i.e., was assumed for theseBi \ 1)
plots, but it is discussed in ° 2.6.

2.2.2. T he Distribution of i for Multiply Imaged Sources

The equivalent calculation for multiply imaged (where
multiply imaged refers to macrolensing due to the galaxy)

sources was made by replacing the cross section in equation
(18) with
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which is the probability that a beam from a multiply imaged
source will pass through a microlensing optical depth
smaller than i due to a galaxy between redshift andz

dwith a central velocity dispersion between p andz
d
] *z

dp ] *p. The and as well asdPi/di Pi([i), dPML/diMLand due to elliptical/S0 galaxies for multiplyPML([iML)imaged sources, are plotted in the central panels of Figures
1 and 2 for and 0.005, and 0.020. Here noz

s
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*
\ 0.001,

magniÐcation bias was assumed; this is discussed in ° 2.6.
2.2.3. T he Distribution of i for All Sources

We found anddPi/di, dPML/diML, Pi([i), PML([iML)due to elliptical/S0 galaxies for all sources by summing the
pairs of di†erential and cumulative distributions described
in the previous two subsections for singly and multiply
imaged sources. These are plotted in the right-hand panels
of Figures 1 and 2 for and 0.005, andz

s
\ 3 )

*
\ 0.001,

0.020.

2.3. Spiral Galaxies
For spiral galaxies, the optical depth in stars at a radius m

is calculated from the sum of the bulge and disc surface

FIG. 1.ÈProbability of the microlensing optical depth due to stars in elliptical/S0 galaxies ; shown are di†erential (top) and cumulative (bottom)
probabilities for i. L eft : Singly imaged sources. Center : Multiply imaged sources. Right : All images. The source redshift was and no magniÐcation biasz

s
\ 3

was assumed. Functions are shown for three values of 0.001 (solid lines), 0.005 (dashed lines), and 0.020 (dot-dashed lines). For comparison, the light lines)
*

:
show the corresponding probabilities where is uniformly distributed.)

ep
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FIG. 2.ÈConditional probability of the microlensing optical depth along lines of sight near microlensed images in elliptical/S0 galaxies. Di†erential (top)
and cumulative (bottom) probabilities for i are shown. L eft : Singly imaged sources. Center : Multiply imaged sources. Right : All images. The source redshift
was and no magniÐcation bias was assumed. Functions are shown for three values of 0.001 (solid lines), 0.005 (dashed lines), and 0.020 (dotted lines).z
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For comparison, the light lines show the corresponding probabilities where is uniformly distributed.)
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i is the inclination of the disk (i\ n/2 is face on), and h is the
angle between the image position and the semimajor axis
(subtended at the galactic center). Here and were&0 R0calculated from equations (5) and (6), with p \ v

c
/J3.

The bias (eq. [23]) and cross sectionBi(p, i, i, h)
(eq. [18]) are computed as a function of i(dq/dz

d
)(p, i, i, h)

and h. Since we have assumed that the bend angle is that of
an isothermal sphere, the inclination- and orientation-
averaged bias and cross section are
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Figures 3 and 4 show and as well asdPi/di Pi([i),
and for singly imaged (left-handdPML/diML PML([iML)panels), multiply imaged (center panels), and all (right-hand

panels) sources due to spiral galaxies. The source redshift

was and 0.005, and 0.020. No magniÐ-z
s
\ 3 )

*
\ 0.001,

cation bias was assumed for these plots.

2.4. Variation with Source Redshift
Turner et al. (1984) showed that the probability of multi-

ple imaging by isothermal galaxies is a sensitive function of
source redshift for We therefore expect that(Pz

s
3 z

s
> 1).

microlensing is more likely for high-redshift sources. Figure
5 shows and fordPi/di, dPML/diML, Pi([i), PML([iML)microlensing by the combined elliptical and spiral galaxy
populations for all sources at redshifts 0.3, 1.0, and 3.0.z

s
\

No magniÐcation bias was assumed, and )
*

\ 0.005.

2.5. Variation with Cosmology
Turner (1990) and Fukugita, Futamase, & Kasai (1990)

showed that in a Ñat universe, the presence of a nonzero
cosmological constant signiÐcantly increases the frequency
of multiply imaged gravitationally lensed quasars. We
therefore expect a corresponding increase in the probability
of microlensing. Figure 6 shows dPi/di, dPML/diML,and for microlensing by the combinedPi([i), PML( [ iML)elliptical and spiral galaxy populations for all sources
assuming )] "\ 1 and "\ 0.9, 0.7, and 0.0. No magniÐ-
cation bias was assumed, the source redshift was z

s
\ 3.0,

and )
*

\ 0.005.

2.6. Variation with MagniÐcation Bias
To compute the magniÐcation bias, we use the number-

magnitude relation described by Kochanek (1996),

dN
dm

\ N0 10am m , (35)



FIG. 3.ÈProbability of the microlensing optical depth due to stars in spiral galaxies ; shown are di†erential (top) and cumulative (bottom) probabilities for
i. L eft : Singly imaged sources. Center : Multiply imaged sources. Right : All images. The source redshift was and no magniÐcation bias was assumed.z

s
\ 3

Functions are shown for three values of 0.001 (solid lines), 0.005 (dashed lines), and 0.020 (dotted lines). For comparison, the light lines show the)
*

:
corresponding probabilities where is uniformly distributed.)

sp

FIG. 4.ÈConditional probability of the microlensing optical depth along lines of sight near microlensed images in spiral galaxies. Di†erential (top) and
cumulative (bottom) probabilities for i are shown. L eft : Singly imaged sources. Center : Multiply imaged sources. Right : All images. The source redshift was

and no magniÐcation bias was assumed. Functions are shown for three values of 0.001 (solid lines), 0.005 (dashed lines), and 0.020 (dot-dashed lines).z
s
\ 3 )

*
:

For comparison, the light lines show the corresponding probabilities where is uniformly distributed.)
sp
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FIG. 5.ÈDependence of the probability of microlensing by stars on source redshift. L eft : Di†erential (top) and cumulative (bottom) probabilities for the
microlensing optical depth i. Right : Conditional di†erential (top) and cumulative (bottom) probabilities for the i along lines of sight near microlensed images.

was 0.005, " was 0.7 ()] "\ 1), and no magniÐcation bias was assumed. Functions are shown for three values of 0.3 (solid lines), 1.0 (dashed lines),)
*

z
s
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and 3.0 (dot-dashed lines). For comparison, the light lines show the corresponding probabilities where is uniformly distributed.)
*

where is a normalizing constant and is the logarith-N0 a
mmic slope. To simplify our calculations and to keep the

conclusions as general as possible, we assume that this form
is valid for all sources at redshift fainter than the surveyz

sdepth. As an example, for quasars, and based on data from
Boyle, Shanks, & Peterson (1988) and Hartwick & Schade
(1990), Kockanek (1996) Ðnds that at z

s
\ 3, a

m
D 0.27

below m
B
D 19.

In the present case of an isothermal mass distribution,
equation (22) reduces to
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A K mi

o mi o[ m0
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Figure 7 shows anddPi/di, dPML/diML, Pi([i), PML([iML)for microlensing by the combined elliptical and spiral
galaxy populations for all sources at redshift andz

s
\ 3.0,

assuming MagniÐcation biases were calculated)
*

\ 0.005.
assuming three di†erent values of 0.0 (unbiased ; solida

m
:

lines), 0.2 (dashed lines), and 0.5 (dot-dashed lines).

3. THE PROBABILITY OF MICROLENSING BY CDM HALOS

In this section we assume that dark matter is in the form

of compact objects and calculate the probability of micro-
lensing in the dark halos around galaxies. We assume that
dark matter halos are described by the (NFW) proÐle of
Navarro, Frenk, & White (1995, 1996, 1997). Thus, both the
bend angle due to gravitational lensing, and the surface
mass density of microlenses are described by the projection
of the NFW proÐle. The halos are assumed to be isolated
(meaning no more than one lensing galaxy along any line of
sight), and when combined, to account for a cosmological
density )0 ocrit.Following Bullock et al. (2001), the NFW proÐle has the
following two-parameter functional form for space density
as a function of radius r :
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which yields a microlensing optical depth in compact
objects of (Bartelmann 1996)
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FIG. 6.ÈDependence of the probability of microlensing by stars on cosmology. L eft : Di†erential (top) and cumulative (bottom) probabilities for the
microlensing optical depth i. Right : Conditional di†erential (top) and cumulative (bottom) probabilities for the i along lines of sight near microlensed images.

was 0.005, the source redshift was and no magniÐcation bias was assumed. All cosmologies had )] "\ 1. Functions are shown for four values)
*

z
s
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of " : 0.9 (solid lines), 0.7 (dashed lines), 0.5 (dot-dashed lines), and 0.0 (dotted lines). For comparison, the light lines show the corresponding probabilities where
is uniformly distributed.)

*

where

f (x)\

4

5

6

0
0

1 [
2

Jx2[ 1
tan~1

Sx [ 1

x ] 1
x [ 1 ,

1 [
2

J1 [ x2
tanh~1

S1 [ x
1 ] x

x \ 1 ,

0 x \ 1 ,

(39)

and and are the characteristic density and radius. Theo
s

r
sconcentration of the halo is deÐned as

Cvir\
rvir
r
s

, (40)

where is the radius containing an overdensity of Inrvir *vir.Ñat cosmologies, is dependent on ) and at redshift zero*viris approximated by (Bryan & Norman 1997)

*virD
18n2] 82()[ 1)[ 39()[ 1)2

)
. (41)

The virial mass of the halo isMvir

Mvir\
4n
3

*vir oc
rvir3 , (42)

and to complete the relations between parameters, the char-
acteristic density is

o
s
\ Mvir

4nr
s
3
C
log (1 ] Cvir) [

Cvir
1 ] Cvir

D~1
. (43)

Bullock et al. (2001) studied the density proÐles of a large
sample of halos in a high-resolution N-body simulation.
They assumed a cosmology having )\ 0.3 and "\ 0.7,
and found the following mean relationships :

log
AMvir

h~1
B

D 3.4 log
A Vmax
kms~1

B
] 4.3 , (44)

where is the maximum orbital velocity (occurring atVmax andr D 2.16r
s
),

Cvir D 9
A Mvir
2 ] 1013 h~1 M

_

B~0.13
. (45)

Taking we Ðnd the density proÐle as a func-Vmax \ J2p,
tion of p using equations (37)È(45). Note that the assump-
tion of an unevolving lens population is supported in this
case by Bullock et al., who Ðnd that is quite insensitive tor

sredshift. The NFW halo does not contain Ðnite mass. We
Ðnd that cylinders of radius around all halosRmaxD 1Rvir
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FIG. 7.ÈDependence of the probability of microlensing by stars on the magniÐcation bias. L eft : Di†erential (top) and cumulative (bottom) probabilities for
the microlensing optical depth i. Right : Conditional di†erential (top) and cumulative (bottom) probabilities for the i along lines of sight near microlensed
images. was 0.005, and a source redshift of was assumed. Functions are shown for three values of 0.0 (unbiased, solid lines), 0.2 (dashed lines),)

*
z
s
\ 3.0 a

m
:

and 0.5 (dot-dashed lines). For comparison, the light lines show the corresponding probabilities where is uniformly distributed.)
*

contain enough mass to account for the density and)ocrit,therefore assume to equal zero beyond Thisico Rmax.assumption only a†ects probabilities for i \ 10~3.
The lens equation for an NFW proÐle (Bartelmann 1996 ;

Li & Ostriker 2001) is

g \ m [ a
s
g(m/r

s
)

m
, (46)

where g is the source position (deÐned in the source plane),

g(x)\ 1 [ f (x)] ln
Ax
2
B

, (47)

and

a
s
\ 4o

s
r
s

&crit
. (48)

The critical image radius for multiple imaging is the(mcrit)solution of

dg
dm

[ D
d

D
s
\ 0 , (49)

which yields from equation (46) the critical position (gcrit)inside which a source is multiply imaged, and the resulting

critical impact parameter

mmult \
D

d
D

s
gcrit . (50)

We have repeated the calculations of the previous section
for microlensing due to compact objects in dark matter
halos. Only the cross sections are described below, as the
procedure is analogous to that for microlensing by stars,
with the following di†erences. First, i is more simply
deÐned by

i \ ico , (51)

and decreases monotonically with m. Because m(i) is single
valued, Second, the unlensed impact parameterBi\ B(mi).is now given by

f\ D
d

D
s
g(mi) (52)

together with equation (46).

3.1. T he Distribution of i for Singly Imaged Sources
The probability that a beam from a singly imaged source

will pass through a microlensing optical depth larger than i
due to a galaxy halo with a velocity dispersion between p



No. 1, 2002 COSMOLOGICAL MICROLENSING OPTICAL DEPTHS 27

FIG. 8.ÈDependence of the probability of microlensing by dark compact objects on source redshift. L eft : Di†erential (top) and cumulative (bottom)
probabilities for the microlensing optical depth i. Right : Conditional di†erential (top) and cumulative (bottom) probabilities for the i along lines of sight near
microlensed images. was 0.3, and no magniÐcation bias was assumed. Functions are shown for three values of 0.3 (solid lines), 1.0 (dashed lines), and 3.0)co z

s
:

(dot-dashed lines). For comparison, the light lines show the corresponding probabilities where is uniformly distributed.)co

and p ] *p and a redshift between and isz
d

z
d
] *z

d
dq
dz

d
(p, i)\ dn

dp
*p

cn
H0

dH0 t
dz

K
z/zd

(1] z
d
)3

][max (f, mmult)2[ mmult2 ] . (53)

3.2. T he Distribution of i for Multiply Imaged Sources
The mapping f(m) has 1 or 3 solutions. As m is decreased

from large values to zero, f(m) crosses f\ 0 , reaches f\
when and then increases to f\ 0. This[mmult (m \ mcrit),results in three cases. The probability that a beam from a

multiply imaged source will pass through a microlensing
optical depth smaller than i due to a galaxy halo with a
velocity dispersion between p and p ] *p and a redshift
between and for each p isz

d
z
d
] *z

d
dq
dz

d
(p, i)\ 2

dn
dp

*p
cn
H0

dH0 t
dz

K
z/zd

(1] z
d
)3

]
4
5
6

0
0

mmult2 [ min (f, mmult)2 f[ 0 ,
mmult2 ] max ( o f o , mmult)2 f\ 0 and mi [ mcrit ,
3mmult2 [ max ( o f o , mmult)2 f\ 0 and mi \ mcrit .

(54)

3.3. Variation with Redshift and MagniÐcation Bias
The and for alldPi/di, dPML/diML, Pi([i), PML([iML)sources were found from the pairs of di†erential and cumu-

lative distributions calculated for singly and multiply
imaged sources. Figure 8 shows these for sources at red-
shifts 1.0, and 3.0. No magniÐcation bias wasz

s
\ 0.3,

assumed.
The NFW proÐle is Ñatter than the isothermal sphere in

the central regions, which reduces its relative cross section,
but increases the magniÐcation of multiple images. MagniÐ-
cation bias may therefore be more important. For a circu-
larly symmetric lens, the magniÐcation is

k \
AD

s
D

d

B2 m
g
Adg
dm
B~1

. (55)

The magniÐcation of an image can therefore be calculated
for the NFW proÐle from equation (46). Figure 9 shows

and including mag-dPi/di, dPML/diML, Pi([i), PML([iML)niÐcation biases calculated assuming three di†erent values
of 0.0 (unbiased ; solid lines), 0.2 (dashed lines), and 0.5a

m
:

(dot-dashed lines). Plots are shown for sources at redshift
z
s
\ 3.0.

4. RESULTS AND DISCUSSION

Probability distributions have been computed for the
microlensing optical depth i due to microlensing both by
stars in galaxies, and by compact objects in the dark halos
around galaxies. Multiply imaged sources are generally
subject to larger microlensing optical depth, although there
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FIG. 9.ÈDependence of the probability of microlensing by dark compact objects on magniÐcation bias. L eft : Di†erential (top) and cumulative (bottom)
probabilities for the microlensing optical depth i. Right : Conditional di†erential (top) and cumulative (bottom) probabilities for the i along lines of sight near
microlensed images. was 0.3, and a source redshift of was assumed. Functions are shown for three values of 0.0 (unbiased, solid lines), 0.3)co z

s
\ 3.0 a

m
:

(dashed lines), and 0.5 (dot-dashed lines). For comparison, the light lines show the corresponding probabilities where is uniformly distributed.)co

is some overlap in the distributions for singly and multiply
imaged sources for the cases of microlensing by both stars
and compact objects in CDM halos.

First we discuss some results for the probability of micro-
lensing by stars. Probability distributions were constructed
for both elliptical/S0 and spiral galaxy populations. For
ellipticals we Ðnd that larger cosmological stellar densities
increase the probability of each i, sometimes by a large
amount. For example, the probability of each i is increased
by around an order of magnitude between and)

*
\ 0.001

although the increase is not uniform over all i)
*

\ 0.020,
due to the factor of Naturally, this results in an1/ o 1 [ i

c
o .

overall increase in the probability of microlensing. In addi-
tion, at higher densities microlensing is more likely to be
observed for sources with higher near the line of sightiML(the distribution mode increases with Conversely, our)

*
).

model of spiral galaxies retained a constant mass-to-light
ratio in the disc, but varied the mass-to-light ratio in the
bulge. The di†erential probability for is nearlyiML \ 0.1
independent of suggesting that nearly all microlensing)

*
,

at these optical depths will be due to microlenses located in
the disc. However, there is some variation with for)

*In particular, multiply imaged sources haveiML[ 0.1.
distributions that depend on suggesting that most)

*
,

multiple images created by spiral galaxies are located in the
bulge.

It is rare for a source to be microlensed by stars. Between
about 1% (for and 10% (for of)

*
\ 0.001) )

*
\ 0.020)

high-redshift sources are subject to i [ 0.01 in stars in ellip-
tical galaxies. As a result, only a few tenths of 1% to 1% of
high-redshift sources will be microlensed by stars in ellip-
tical galaxies at any one time. About 1% of high-redshift
sources are subject to i [ 0.01 in stars in spiral galaxies. In
our model, this number is nearly independent of The)

*
.

resulting microlensing rate for high-redshift sources is
around 0.1%, comparable to that in elliptical galaxies for

but lower otherwise.)
*

\ 0.001,
The fraction of sources that are multiply imaged by ellip-

tical galaxies is only around 1%, and the fraction multiply
imaged by spiral galaxies is a factor of D10 smaller.
However, the larger iÏs near the lines of sight to multiple
images mean that in most cases where microlensing by stars
is observed, the source will be multiply imaged. For spiral
galaxies, about 70% of microlensing will be observed in
multiple images, while for ellipticals the discrepancy can be
much larger, particularly if is small. Note that the inclu-)

*sion of angular and Ñux ratio resolution biases will lower
the multiple imaging rate. This will result in a microlensing
rate that is higher in single than multiple images in spirals,
and in ellipticals if is large.)

*The remainder of the discussion on microlensing by stars
refers to combined statistics for ellipticals and spirals. The
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probability distribution for i due to stars is sensitive to the
source redshift. Each value of i is 10È20 times more likely
along a random line of sight to a source at redshift 3.0 than
to a source at redshift 0.3. As a result, sources at redshift 3.0
will be microlensed at a rate more than 100 times that of
sources at redshift 0.3. On the other hand, we Ðnd that
the most likely value of i (D1) is insensitive to source
redshift.

To consider the e†ect of di†erent cosmologies on the rate
of microlensing by stars, we assumed a Ñat universe, and
varied the cosmological constant ". Changing the cosmol-
ogy does not change the form of the probability distribution
for i or the value of its mode, but does change the overall
microlensing rate. Increasing " from 0.0 to 0.9 increases the
likelihood of Ðnding a given i along a random line of sight
by a factor of 5È10. In addition, the chance that a source at
redshift 3.0 is microlensed rises from D0.0015 if "\ 0 to
D0.025 if "\ 0.9.

Turning our attention to microlensing in CDM halos, we
Ðnd that in contrast to microlensing by stars, all sources at
redshift 0.3 are on average subject to normalized surface
mass densities of and all sources at redshift&/&crit[ 0.0005,
3.0 to If the dark matter is composed of&/&crit[ 0.02.
compact objects, then this results in a microlensing rate for
high-redshift sources of more than 10%. The NFW proÐle
describes halos with cores that are Ñatter than those of
isothermal proÐles. The rate of multiple imaging is therefore
lower, and this, combined with the more extended distribu-
tion of mass (compared with the de Vaucouleurs proÐle),
results in microlensing by compact objects in NFW halos
being dominated by singly rather than multiply imaged
sources. In projection, galaxy halos are likely to have some
overlap, and a source can be viewed through more than
one. However, if more than one halo is important, the likely
values of i are low, and so the approximations employed in
the calculations of the microlensing probabilities should
remain valid.

The e†ect of magniÐcation bias on the probability dis-
tribution for i was explored for microlensing both by stars
and by objects in dark halos. We assumed a power-law
form for the source luminosity function with an index a

m(eq. [35]). Steeper forms of the luminosity function boost
the number of multiple images relative to single images, and
for microlensing by stars we Ðnd the curious result that the
increased magniÐcation bias reduces the number of images
subject to large i. This can be attributed to the fact that the
highest values of i occur for image positions inside the
Einstein radius, where the image magniÐcation drops sub-
stantially. In the case of microlensing by stars, the most
likely value of i near the line of sight is insensitive to a

m
.

However, an of 0.5 reduces the total amount of micro-a
mlensing by a factor of 2, which reÑects the importance of the

contribution of multiple images to the statistics of micro-
lensing by stars. For CDM halos, where i(m) is monotonic
and the magniÐcation of the central image is Ðnite, large
values of i are signiÐcantly more common as a result mag-
niÐcation bias. Because we have assumed an NFW proÐle,
which has a low central density compared with an isother-
mal sphere, there are few multiply imaged sources.
However, these sources are signiÐcantly magniÐed. Lumi-
nosity functions with large values of therefore signiÐ-a

mcantly increase the likelihood of observing a source through
a region of large microlensing optical depth. This can be
seen from the spikes in the distributions in Figure 9 (for

In this case (source at redshift 3), the probabilitya
m

\ 0.5).
of a large value of i can be increased more than 100 times in
the presence of a magniÐcation bias due to a luminosity
function with a large The spikes in the distribution cana

m
.

be understood as follows. In the absence of magniÐcation
bias, radial depletion of images occurs near the Einstein
radius where the source position lies near the optical axis,
and at the critical radius for multiple imaging where radial
arcs form. At both radii the large magniÐcations associated
with the depletions result in local probabilities that are very
sensitive to the source luminosity function. Furthermore,
the Einstein radius and the critical radius for multiple
imaging are found in the region where the proÐle is approx-
imately isothermal. The values of i near these radii are
therefore nearly constant with p, resulting in the narrow
peaks seen in Figure 9. The increase in the total probability
for microlensing due to magniÐcation bias is only(a

m
)

about 50%, demonstrating that multiple images are not a
signiÐcant contributor to the microlensing statistics for
NFW halos.

The microlensing optical depth can be computed for
objects distributed randomly in comoving volume (Press &
Gunn 1973 ; Turner et al. 1984). For comparison with our
probability distributions, we have therefore computed the
values of that result from the redistribution of stellariunifand galactic halo mass uniformly in space. For uniformly
distributed matter, the di†erential distributions for micro-
lensing optical depth analogous to those computed in this
paper are delta functions at and the resulting cumula-iunif,tive distributions are step functions. These distributions are
plotted (light lines) in Figures 1È9. In the cases of micro-
lensing both by stars and by dark matter, the clustering
results in a probability distribution for i whose mode is
smaller than This is expected since in the limit of highiunif.clustering, all lines of sight have zero optical depth to
microlensing. However, the distributions have signiÐcant
probability spread over several orders of magnitude in i,
including a long tail extending to large i. As a result, micro-
lensing by stars in galaxies is much more likely (greater than
90%) to be observed in images that have iÏs near the line of
sight larger than (with a most likely value around 1).iunifThe coincidence of multiple imaging and large values of i
(which doubles the chances of observing an image with i),
as well as the presence of smooth (dark) matter results in a
microlensing rate for stars that is about a factor of 3 larger
than that due to a uniform microlens distribution. In con-
trast, microlensing in galactic dark matter halos is most
likely to be observed with iÏs near the line of sight that are
smaller than although the mode lies atop a very broadiunif,peak. This results in a fraction of microlensed sources that
(depending on magniÐcation bias) is lower by nearly a
factor of 2 than for uniformly distributed microlenses.

5. SUMMARY

Probability distributions were computed for the micro-
lensing optical depth i due to microlensing both by stars in
galaxies, and, assuming dark matter to be in the form of
compact objects, by microlenses in the dark halos around
galaxies. These distributions were contrasted with the
values of i in universes having uniformly distributed micro-
lenses. Around 1% of high-redshift sources are microlensed
by stars at any one time. In keeping with the strong lensing
rate, incidences of microlensing by stars will be higher in
elliptical/S0 than in spiral galaxies. Interestingly, multiply



30 WYITHE & TURNER

imaged sources dominate the stellar microlensing statistics,
with less than 50% of microlensing by stars being of singly
imaged (by the galaxy) sources. Our model suggests that in
spiral galaxies, about 30% of microlensing will be in single
images, and that these will be mostly located in the disk,
with microlensed multiple images being located in the
bulge. However, if CDM halos are composed of compact
objects, then more than D1 high-redshift source in 10 is
microlensed at any one time. In addition, the vast majority
of these sources are not multiply imaged. Where compact
objects are distributed in dark galactic halos, the simple
calculation of microlensing probability from uniformly dis-

tributed objects provides reasonable results (to within a
factor of 2). Furthermore, the typical i near lines of sight to
microlensed images in dark matter halos will usually be
comparable to or lower than the uniform value. In contrast,
for microlensing by stars the typical optical depth is signiÐ-
cantly larger than in the uniform case. Even more impor-
tantly, microlensing by stars will usually be observed at
optical depths of the order of 1.
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of an Australian Postgraduate Award.
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