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ABSTRACT
We study the expected redshift evolution of galaxy cluster abundance between in di†erent0 [ z[ 3

cosmologies, including the e†ects of the cosmic equation of state parameter w4 p/o. Using the halo
mass function obtained in recent large-scale numerical simulations, we model the expected cluster yields
in a 12 deg2 Sunyaev-Zeldovich e†ect (SZE) survey and a deep 104 deg2 X-ray survey over a wide range
of cosmological parameters. We quantify the statistical di†erences among cosmologies using both the
total number and redshift distribution of clusters. Provided that the local cluster abundance is known to
a few percent accuracy, we Ðnd only mild degeneracies between w and either or h. As a result, both)

msurveys will provide improved constraints on and w. The degeneracy from both surveys is com-)
m

)
m
-w

plementary to those found either in studies of cosmic microwave background (CMB) anisotropies or of
high-redshift supernovae (SNe). As a result, combining these surveys together with either CMB or SNe
studies can reduce the statistical uncertainty on both w and to levels below what could be obtained)

mby combining only the latter two data sets. Our results indicate a formal statistical uncertainty of B3%
(68% conÐdence) on both and w when the SZE survey is combined with either the CMB or SN data ;)

mthe large number of clusters in the X-ray survey further suppresses the degeneracy between w and both
and h. Systematics and internal evolution of cluster structure at the present pose uncertainties above)

mthese levels. We brieÑy discuss and quantify the relevant systematic errors. By focusing on clusters with
measured temperatures in the X-ray survey, we reduce our sensitivity to systematics such as nonstandard
evolution of internal cluster structure.
Subject headings : cosmology : observations È cosmology : theory È galaxies : clusters : general

1. INTRODUCTION

It has long been realized that clusters of galaxies provide
a uniquely useful probe of the fundamental cosmological
parameters. The formation of the large-scale dark matter
(DM) potential wells of clusters is likely independent of
complex gasdynamical processes, star formation, and feed-
back, and involve only gravitational physics. As a result, the
abundance of clusters and their distribution in redshiftNtotdN/dz should be determined purely by the geometry of the
universe and the power spectrum of initial density Ñuctua-
tions. Exploiting this relation, the observed abundance of
nearby clusters has been used to constrain the amplitude p8of the power spectrum on cluster scales to an accuracy of
D25% (e.g., White, Efstathiou, & Frenk 1993 ;Viana &
Liddle 1996). The value of in these studies depends on thep8assumed underlying cosmology, especially on the density
parameters and Subsequent works (Bahcall & Fan)

m
)".

1998 ; Blanchard & Bartlett 1998 ; Viana & Liddle 1999)
have shown that the redshift-evolution of the observed
cluster abundance places useful constrains on these two
cosmological parameters.

In the above studies, the equation of state for the "-
component has been implicitly assumed to be p \ wo with
w\ [1. The recent suggestion that w might be di†erent
from [1, or even redshift dependent (Turner & White
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1997 ; Caldwell, Dave, & Steinhardt 1998) has inspired
several studies of cosmologies with a component of dark
energy. From a particle physics point of view, such w[ [1
can arise in a number of theories (see Freese, Adams, &
Frieman 1987 ; Ratra & Peebles 1988 ; Turner & White
1997 ; Caldwell, Dave, & Steinhardt 1998 and references
therein). It is therefore of considerable interest to search for
possible astrophysical signatures of the equation of state,
especially those that distinguish w\ [1 from w[ [1.
Wang et al. (2000) have summarized current astrophysical
constraints that suggest while recent[1 ¹w[ [0.2 ;
observations of Type Ia SNe suggest the stronger constraint

(Perlmutter, Turner, & White 1999a).w[ [0.6
The galaxy cluster abundance provides a natural test of

models that include a dark energy component with wD
because w directly a†ects the linear growth of Ñuctua-[1,

tions as well as the cosmological volume element dV /D
z
,

dzd). Furthermore, because of the dependence of the
angular diameter distance on w, the experimental detec-d

Ation limits for individual clusters, e.g., from the Sunyaev-
Zeldovich e†ect (SZE) decrement or the X-ray luminosity,
depend on w. Wang & Steinhardt (1998, hereafter WS98)
studied the constraints on w from a combination of mea-
surements of the cluster abundance and cosmic microwave
background (CMB) anisotropies. Their work has shown
that the slope of the comoving abundance dN/dz between
0 \ z\ 1 depends sensitively on w, an e†ect that can break
the degeneracies between w and combinations of other pa-
rameters (h, ), n) in the CMB anisotropy alone.

Here we consider in greater detail the constraints on w,
and other cosmological parameters, from cluster abundance
evolution. Our main goals are (1) to quantify the statistical
accuracy to which models can be distinguishedwD [1
from standard " cold dark matter (CDM) cosmologies
using cluster abundance evolution ; (2) to assess these accu-
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racies in two speciÐc cluster surveys : a deep SZE survey
(Carlstrom et al. 2000) and a large solid angle X-ray survey,
and (3) to contrast constraints from cluster abundance to
those from CMB anisotropy measurements and from lumi-
nosity distances to high-redshift supernovae (Schmidt et al.
1998 ; Perlmutter et al. 1999b).

Our work di†ers from the analysis of WS98 in several
ways. We examine the surface density of clusters dN/dzd),
rather than the comoving number density n(z). This is
important from an observational point of view, because the
former, directly measurable quantity inevitably includes the
additional cosmology-dependence from the volume element
dV /dzd). We incorporate the cosmology-dependent mass-
limits expected from both types of surveys. Because the SZE
survey has a nearly z-independent sensitivity, we Ðnd that
high-redshift clusters at z[ 1 yield useful constraints, in
addition to those studied by WS98 in the range 0 \ z\ 1.
Finally, we quantify the statistical signiÐcance of di†erences
in the models by applying a combination of a Kolmogorov-
Smirnov (KS) and a Poisson test to dN/dzd), and obtain
constraints using a grid of models for a wide range of
cosmological parameters.

This paper is organized as follows. In ° 2 we describe the
main features of the proposed SZE and X-ray surveys rele-
vant to this work. In ° 3 we brieÑy summarize our modeling
methods and assumptions. In ° 4 we quantify the e†ect of
individual variations of w and of other parameters on
cluster abundance and evolution. In ° 5 we obtain the con-
straints on these parameters by considering a grid of di†er-
ent cosmological models. In ° 6 we discuss our results and
the implications of this work. Finally, in ° 7 we summarize
our conclusions.

2. CLUSTER SURVEYS

The observational samples available for studies of cluster
abundance evolution will improve enormously over the
coming decade. The present samples of tens of intermediate
redshift clusters (e.g., Gioia et al. 1990 ; Vikhlinin et al. 1998)
will be replaced by samples of thousands of intermediate
redshift and hundreds of high redshift (z[ 1) clusters. At a
minimum, the analysis of the European Space Agency
X-ray Multimirror Mission (XMM) archive for serendip-
itously detected clusters will yield hundreds, and perhaps
thousands of new clusters with emission weighted mean
temperature measurements (Romer et al. 2001). Dedicated
X-ray and SZE surveys could likely surpass the XMM
sample in areal coverage, number of detected clusters or
redshift depth. The imminent improvement of distant
cluster data motivates us to estimate the cosmological
power of these future surveys. Note that in practice, the only
survey details we utilize in our analyses are the virial mass
of the least massive, detectable cluster (as a function of red-
shift and cosmological parameters), and the solid angle of
the survey. We include here a brief description of two repre-
sentative surveys.

2.1. A Sunyaev-Zeldovich E†ect Survey
The SZE survey we consider is that proposed by Carls-

trom and collaborators (Carlstrom et al. 2000). This inter-
ferometric survey is particularly promising, because it will
detect clusters more massive than D2 ] 1014 nearlyM

_
,

independent of their redshift. Combined, this low mass
threshold and its redshift independence produce a cluster
sample that extends, depending on cosmology, to redshifts

zD 3. The proposed survey will cover 12 deg2 in a year ; it
will be carried out using ten 2.5 m telescopes and an 8 GHz
bandwidth digital correlator operating at cm wavelengths
(Mohr et al. 1999). The detection limit as a function of
redshift and cosmology for this survey hasMmin(z, )

m
, h)

been studied using mock observations of simulated galaxy
clusters (Holder et al. 2000), and we draw on those results
here.

Optical and near infrared follow[up observations will
be required to determine the redshifts of SZE clusters.
Given the relatively small solid angle of the survey, it will be
straightforward to obtain deep, multiband imaging. We
expect that the spectroscopic follow[up will require access
to a multiobject spectrograph on a 10 m class telescope. The
ongoing development of infrared spectrographs may greatly
enhance our ability to e†ectively measure redshifts for the
most distant clusters detected in the SZE survey.

2.2. A Deep, L arge Solid Angle X-Ray Survey
We also consider the cosmological sensitivity of a large

solid angle, deep X-ray imaging survey. The characteristics
of our survey are similar to those of a proposed Small
Explorer class mission, called the Cosmology Explorer,
spearheaded by G. Ricker and D. Lamb. The survey depth
is 3.6] 106 cm2s at 1.5 keV, and the coverage is 104 deg2
(approximately half the available unobscured sky). We
assume that the imaging characteristics of the survey are
sufficient to allow separation of the 10% clusters from the
90% AGNs and galactic stars. We focus on clusters which
produce 500 detected source counts in the 0.5 :6.0 keV band,
sufficient to reliably estimate the emission weighted mean
temperature in a survey of this depth (the external and
internal backgrounds sum to D1.4 counts arcmin2).

To compute the number of photons detected from a
cluster of a particular Ñux, we assume the clusters emit
Raymond-Smith spectra (Raymond & Smith 1977) with 13solar abundance, and we model the e†ects of Galactic
absorption using a constant column density of nH \ 4

cm~2. The metallicity and Galactic absorption we] 1020
have chosen are representative for a cluster studied in
regions of high Galactic latitude ; when analyzing a real
cluster one would, of course, use the Galactic appropri-nHate at the location of the cluster. Cluster metallicities vary,
but for the 0.5 :6 keV band, line emission contributes very
little Ñux for clusters with temperatures above 2 keV. For
example, if the cluster metallicity were doubled to solar,23the conversion between Ñux and the observed counts in the
0.5 :6 keV band for this particular survey would vary by
D1.4% and D0.1% for Raymond-Smith spectral models
with temperatures kT \ 2 and 10 keV, respectively. We
assume that the detectors have a quantum efficiency similar
to the ACIS detectors (Bautz et al. 1998 ; Chartas et al. 1998)
on the Chandra X-ray Observatory, and the energy depen-
dence of the mirror e†ective area mimics that of the mirror
modules on ABRIXAS (Friedrich et al. 1998).

The X-ray survey could be combined with the Sloan
Digital Sky Survey (SDSS) to obtain redshifts for the
clustersÈthe redshift distribution of the clusters which
produce 500 photons in the survey described above is well
sampled at the SDSS photometric redshift limit.

2.3. Determining the Survey L imiting Mass Mmin
For our analysis, the most important aspect of both

surveys is the limiting halo mass as aMmin(z, )
m
, w, h),
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FIG. 1.ÈLimiting cluster virial masses for detection in the X-ray(M180)survey (upper pair of curves) and in the SZE survey (lower pair of curves).
The solid curves show the mass limit in our Ðducial Ñat "CDM model,
with w\ [1, and h \ 0.65, and the dotted curves show the)

m
\ 0.3,

masses in the same model except with w\ [0.5.

function of redshift and cosmological parameters. More
speciÐcally, we seek the relation between the detection limit
of the survey, and the corresponding limiting ““ virial mass.ÏÏ
In our modeling below, we will be using the mass function
of dark halos obtained in large-scale cosmological simula-
tions (Jenkins et al. 2000). In these simulations, halos are
identiÐed as those regions whose mean spherical over-
density exceeds the Ðxed value (with respect todo/o

b
\ 180

the background density and irrespective of cosmology ;o
b
,

see discussion below). In what follows, we adopt the same
deÐnition for the mass of dark halos associated with galaxy
clusters.

In the X-ray survey, follows from the cluster X-rayMminluminosityÈvirial mass relation and the details of the
survey. We adopt the relation between virial mass and tem-
perature obtained in hydrodynamical simulations by Bryan
& Norman (1998),

Mvir \ a
T 3@2

E(z)J*
c
(z)

, (1)

where is the Hubble parameter at redshift z,H(z)\ H0E(z)
a \ 1.08 is a normalization determined from the hydrody-
namical simulations, and is the enclosed overdensity*

c(relative to the critical density) that deÐnes the cluster virial
region. The normalization a is found to be relatively insensi-
tive to cosmological parameters, and the redshift evolution
of equation (1) appears to be consistent with the hydrody-
namical simulations in those models where it has been
tested (Bryan & Norman 1998). Here we assume that equa-
tion (1) holds in all cosmologies with the same value of a
(see ° 6.2 for a discussion of the e†ects of errors in the
mass-temperature relation) and use the Ðtting formulae for

provided by WS98, which includes the case*
c

wD [1.
Finally, we convert from equation (1) to the massMvir M180

enclosed within the spherical overdensity of do/o \ 180
(with respect to the background density), assuming that the
halo proÐle is well described by the NFW model with con-
centration c\ 5 (Navarro, Frenk, & White 1997, hereafter
NFW).

We next utilize equation (1), together with the relation
between bolometric luminosity and temperature found by
Arnaud & Evrard (1999), to Ðnd the limiting mass of a
cluster that produces 500 photons in the 0.5 :6.0 keV band
in a survey exposure. For these calculations we assume that
the luminosity-temperature relation does not evolve with
redshift, consistent with the currently available obser-
vations (Mushotzky & Scharf 1997 ; relaxing this assump-
tion is discussed below in ° 6).

For an interferometric SZE survey, the relevant observ-
able is the cluster visibility V , which is the Fourier trans-
form of the cluster SZE brightness distribution on the sky as
seen by the interferometer. The visibility is proportional to
the total SZE Ñux decrement Sl,

V P Sl(M, z) P fICM
MST

e
T
n

d
A
2(z)

, (2)

where is the electron density weighted mean tem-ST
e
T
nperature, M is the virial mass, is the intraclusterfICMmedium mass fraction and is the angular diameter dis-d

Atance. We normalize this relation using mock observations
of numerical cluster simulations (see Mohr & Evrard 1997
and Mohr, Mathiesen, & Evrard 1999) carried out in three
di†erent cosmological models, including noise character-
istics appropriate to the proposed SZE array (see Holder et
al. 2000 for more details). The intracluster medium (ICM)
mass fraction is set to in all three cosmologicalfICM\ 0.12
models. This mass fraction is consistent with analyses of
X-ray emission from well-deÐned samples if kmH0\ 65
s~1 Mpc~1, our Ðducial value. Note that we use the same

in all our cosmological models rather thanfICM \ 0.12
varying it with the scaling appropriate for analyses ofH0cluster X-ray emission. In the discussion that follows, this
choice allows us to focus solely on the cosmological dis-
criminatory power of cluster surveys ; naturally, in inter-
preting a real cluster survey one would likely allow tofICMvary with H0.Note that for a Ñux-limited survey, the limiting mass in
equation (2) is sensitive to cosmology through its depen-
dence on and the deÐnition of the virial mass M. Wed

Aadopt the simulation-normalized value of in ourMmin* (z)
Ðducial cosmology as a template, and then we rescale this
relation to determine in the model of interest usingMmin(z)the relation

Mmin(z) \ Mmin* (z)
h*
h
C hd

A
(z)

h*d
A
*(z)
D6@5

. (3)

Here the superscripted asterisk refers to quantities in the
"CDM reference cosmology, and we have used the scaling
of virial mass with temperature (eq. [1]) : WeM P ST

e
T
n
3@2.

tested this scaling by comparing it to mock observations in
simulations of two di†erent cosmologies (open CDM and
standard CDM) and found that agreement was better than
D10% in the redshift range 0\ z\ 3. Finally, in the
numerical simulations used to calibrate equation (2), the
halo mass was deÐned to be the total mass enclosed within a
region whose mean spherical interior density is 200 times
the critical density. As in the X-ray case, we convert Mmin(z)
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from equation (3) to the desired mass by assumingM180that the halo proÐle follows NFW with concentration
c\ 5.

The mass limits we derive for both surveys are shown in
the redshift range 0 \ z\ 3 in Figure 1, both for "CDM
and for a w\ [0.5 universe. The SZE mass limit is nearly
independent of redshift, and changes little with cosmology.
As a result, the cluster sample can extend to zB 3. In com-
parison, the X-ray mass limit is a stronger function of w,
and it rises rapidly with redshift. For the X-ray survey con-
sidered here the number of detected clusters beyond zB 1 is
negligible.

These mass limits incorporate some simplifying assump-
tions that have not been tested in detail (although we con-
sider small variations of the mass limits below). Our goal is
to capture the scaling with cosmological parameters and
redshift as best as presently possible. However, we empha-
size that further theoretical studies of the sensitivities of
these scalings to, for example, energy injection during
galaxy formation will be critical to interpreting the survey
data. In the case of the X-ray survey, the cluster sample will
have measured temperatures, allowing the limiting mass to
be estimated independent of the cluster luminosity. In the
case of the SZE survey, deep X-ray follow[up or multi-
frequency SZE follow[up observations should yield direct
measurements of the limiting mass.

3. ESTIMATING THE CLUSTER SURVEY YIELD

To derive cosmological constraints from the observed
number and redshift distribution of galaxy clusters, the fun-
damental quantity we need to predict is the comoving
cluster mass function. The Press-Schechter formalism (Press
& Schechter 1974 ; hereafter PS), which directly predicts this
quantity in any cosmology, has been shown to be in reason-
ably good agreement (i.e., to within a factor of 2) with
results of N-body simulations, in cosmologies and halo
mass ranges where it has been tested (Lacey & Cole 1994 ;
Gross et al 1998 ; Lee & Shandarin 1999). Numerical simu-
lations have only recently reached the large size required to
accurately determine the mass function of the rarest, most
massive objects, such as galaxy clusters with M [ 1015 M

_
.

In this paper, we adopt the halo mass function found in a
series of recent large-scale cosmological simulations by
Jenkins et al. 2000. The results of these simulations are
particularly well-suited for the present application. The
large simulated volumes allow a statistically accurate deter-
mination of the halo mass function ; for halo masses of inter-
est here, to better than Note that this is the[30%.
estimated maximum systematic error in the simulations ; the
Poisson errors, and the errors in the quoted Ðtting formu-
lae, are only D10% and 20%, respectively. In addition, the
mass function is computed in three di†erent cosmologies at
a range of redshifts and found to obey a simple ““ universal ÏÏ
Ðtting formula. Although this does not guarantee that the
same scaling holds in other, untested cosmologies, we make
this simplifying assumption in the present paper. In the
future, the validity of this assumption has to be tested by
studying the numerical mass function across a wider range
of cosmologies.

Generally, the simulation mass function predicts a signiÐ-
cantly larger abundance of massive clusters than does the
PS formula. For sake of deÐniteness, we note that in the
simulations, halos are identiÐed as those regions whose
mean spherical overdensity exceeds the Ðxed value do/o

b
\

with respect to the background density This is some-180 o
b
.

what di†erent from the typical halo deÐnition within the
context of the PS formalism, where the overdensity, relative
to the critical density, is taken to be that of a collapsing
spherical top-hat at virialization.

Following Jenkins et al. 2000, we assume that the com-
oving number density (dn/dM)dM of clusters at redshift z
with mass M ^ dM/2 is given by the formula,

dn
dM

(z, M) \ [0.315
o0
M

1
p
M

dp
M

dM
exp [[o 0.61

[log (D
z
p
M
) o 3.8) , (4)

where is the rms density Ñuctuation, computed on mass-p
Mscale M from the present-day linear power spectrum

(Eisenstein & Hu 1998), is the linear growth function,D
zand is the present-day mass density. The directly observ-o0able quantity, i.e., the average number of clusters with mass

above at redshift z^ dz/2 observed in a solid angle d)Mminis then simply given by

dN
dzd)

(z) \
A dV
dzd)

(z)
P
Mmin(z)

=
dM

dn
dM
B

, (5)

where dV /dzd) is the cosmological volume element, and
is the limiting mass as discussed in ° 2.3. EquationsMmin(z)(4) and (5) depend on the cosmological parameters through

and dV /dzd), in addition to the mild dependence ofo0, Dz
,

on these parameters through the power spectrump
M(although the dependence on the power-spectrum is more

pronounced in the X-ray survey, where the limiting mass
varies strongly with redshift). Note that the comoving abun-
dance dn/dM is exponentially sensitive to the growth func-
tion We use convenient expressions for dV /dzd) andD

z
. D

zin open and Ñat cosmologies available in the literature)"(Peebles 1980 ; Carroll, Press, & Turner 1992 ; Eisenstein
1996). In the case of cosmologies with we havewD [1,
evaluated dV /dzd) numerically, but used the Ðtting formu-
lae for obtained by WS98, which are accurate to betterD

zthan 0.3% for the cases of constant wÏs considered here.

3.1. Normalizing to L ocal Cluster Abundance
To compute dN/dzd) from equation (5), we must choose

a normalization for the density Ñuctuations This isp
M

.
commonly expressed by the present epoch, linearlyp8 ;
extrapolated rms variation in the density Ðeld Ðltered on
scales of 8h~1 Mpc. To be consistent in our analysis, we
choose the normalization for each cosmology by Ðxing the
local cluster abundance above a given mass Mnm \ 1014h~1

In all models considered, we set the local abundance toM
_

.
be 1.03] 10~5(h/0.65)3 Mpc~3, the value derived in our
Ðducial "CDM model (see below). We have chosen to nor-
malize using the local cluster abundance (up to a factor h3)
above mass rather than above a particular emissionMnmweighted mean temperature because this removes thekTnm,
somewhat uncertain cosmological sensitivity of the virial
mass temperature (M- relation from the normalizationT

x
)

process ; spherical top-hat calculations suggest a signiÐcant
o†set in the normalization of the open and ÑatM-T

x
)

m
\

models, which hydrodynamical simulations do not seem0.3
to reproduce (Evrard, Metzler, & Navarro 1996 ; Bryan &
Norman 1998 ; Viana & Liddle 1999).

An alternative approach to the above is to regard as ap8““ free-parameter,ÏÏ on equal footing with the other parame-
ters we let Ñoat below. This possibility will be discussed
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further in ° 6. Here we note that our normalization
approach is sensible, because the number density of nearby
clusters can be measured to within a factor of h3, and the
masses of nearby clusters can be measured directly through
several independent means ; these include the assumption of
hydrostatic equilibrium and using X-ray images and ICM
temperature proÐles, weak lensing, or galaxy dynamical
mass estimates. The only cosmological sensitivity of these
mass estimators is their dependence on the Hubble param-
eter h ; we include this h dependence when normalizing our
cosmological models. Note that previous derivations of p8(e.g., Viana & Liddle 1993 ; Pen 1998) in various cosmol-
ogies from the local cluster abundance N([ kT ) above a
Ðxed threshold temperature yielded a con-kTminD 7keV
straint with the approximate scaling We Ðndp8)

m
1@2B 0.5.

a similar relation when varying away from our Ðducial)
mcosmology ; however, we note that if a D5 times smaller

threshold temperature were used, the constrained com-
bination would be quite di†erent, Sincep8)

m
D constant.

our adopted normalization is based on mass, rather than
temperature, in general, we Ðnd still di†erent scalings. As an
example, when h \ 0.65 and w\ [1 are kept Ðxed, our
normalization procedure translates into p8()m

/0.3)0.85 B
0.9.

3.2. Fiducial Cosmological Model
The parameters we choose for of our Ðducial cosmo-

logical model are ()", )m, h, p8, n)\ (0.7,0.3,0.65,0.9,1).
This Ñat "CDM model is motivated as a ““ best-Ðt ÏÏ model
that produces a local cluster abundance consistent with
observations (Viana & Liddle 1999), and satisÐes the
current constraints from CMB anisotropy (Lange et al.
2000, see also White, Scott, & Pierpaoli 2000), high-z SNe,
and other observations (Bahcall et al. 1999). We have
assumed a baryon density of consistent with)

b
h2\ 0.02,

recent D/H measurements (e.g., Burles & Tytler 1998). Note
that the power spectrum index n is not important for the
analysis presented here, because we normalize on cluster
scales and we Ðnd that this minimizes the e†ect ofp8,varying n on the density Ñuctuations relevant to cluster
formation.

4. EXPLORING THE COSMOLOGICAL SENSITIVITY

In this section, we describe how variations of the individ-
ual parameters ), w, and h, as well as the cosmological
dependence of the limiting mass a†ect the clusterMmin,abundance and redshift distribution. This will be useful in
understanding the results of the next section, when a full
grid of di†erent cosmologies is considered. We then describe
our method of quantifying the statistical signiÐcance of dif-
ferences between the distributions dN/dz in a pair of di†er-
ent cosmologies.

4.1. Single Parameter Variations
The surface density of clusters more massive than Mmindepends on the assumed cosmology mainly through the

growth function D(z) and volume element dV /dzd), as well
as through the cosmology dependence of the limiting mass

itself. In the approach described in ° 3, once a cosmol-Mminogy is speciÐed, the normalization of the power spectrum p8is found by keeping the abundance of clusters at z\ 0 con-
stant. We therefore consider only three ““ free ÏÏ parameters,
w, h, specifying the cosmology. We assume the universe)m,
to be either Ñat or open with()

Q
\ 1 [ )

m
), )

Q
\ 0.

4.1.1. Changing )
m

The e†ects of changing are demonstrated in Figure 2.)
mThe curves correspond to a Ñat "CDM universe with

(h \ 0.65, w\ [1), and (dotted curve),)
m

\ 0.27 )
m

\ 0.30
(solid curve), and (short-dashed curve). In addi-)

m
\ 0.33

tion, the long-dashed curves show the same three models
(top to bottom), assuming open CDM with The top)" \ 0.
left-hand panel shows the total number of clusters in a 12
deg2 Ðeld, detectable down to the constant SZE decrement

As discussed in ° 2.3 above, a constant implies aSmin. Sminredshift and cosmology-dependent limiting mass InMmin.the SZE case, we Ðnd that if we had not included this e†ect,
the sensitivity to would have been somewhat stronger.)

mSeveral conclusions can be drawn from Figure 2. Overall,
the top left-hand panel shows that a decrease in )

mincreases the number of clusters (and vice versa) at all red-
shifts. Note that the dependence is strong, for instance, a
10% decrease in increases the total number of clusters)

mby D30% in either "CDM or OCDM cosmologies. As
emphasized by Bahcall & Fan (1998), Viana & Liddle (1999)
and others, this makes it possible to estimate an upper limit
on using current, sparse data on cluster abundances (i.e.,)

monly a few high-z clusters). A second important feature seen
in the top left-hand panel is that the shape of the redshift
distribution is not changed signiÐcantly, a conclusion that
holds both in "CDM and OCDM. Finally, the remaining
three panels reveal that the e†ects of arise mainly from)

mthe changes in the comoving abundance (bottom left-hand
panel). In Ñat "CDM, has relatively little e†ect on the)

mvolume or the growth function, and the comoving abun-
dance is determined by the value of that keeps the localp8abundance constant at z\ 0 (we Ðnd forp8\ 0.83 )

m
\

and for In addition, we Ðnd that0.33 p8\ 1.00 )
m

\ 0.27).
the change in the shape of the underlying power spectrum
with enhances the di†erences caused by (when we)

m
)

martiÐcially keep the power spectrum at its shape,)
m

\ 0.3
we Ðnd for We also note that thep8\ 0.84 )

m
\ 0.33).

volume element and the comoving abundance act in the
same direction : a lower increases both the comoving)

mabundance and the volume element. In OCDM, the growth
function has a larger e†ect, and relative to "CDM, the
redshift distribution is much Ñatter.

4.1.2. Changing w

The e†ects of changing w are demonstrated in Figure 3.
The Ðgure shows models with and with()

m
\ 0.3, h \ 0.65)

three di†erent wÏs : w\ [1 (solid curve), w\ [0.6 (dotted
curve), and w\ [0.2 (short-dashed curve). In addition, we
show the result from an open CDM model with ()\ 0.3,
h \ 0.65 ; long-dashed curve). The Ðgure reveals that
increasing w above w\ [1 causes the slope of the redshift
distribution above zB 0.5 to Ñatten, increasing the number
of high-z clusters. Furthermore, ““ opening ÏÏ the universe has
an e†ect similar to increasing w. The other three panels
demonstrate the reason for these scalings. The top right-
hand panel shows that the growth function is Ñatter in
higher w models, signiÐcantly increasing the comoving
number density of high-redshift clusters (bottom left-hand
panel). The volume element (bottom right-hand panel) has
the opposite behavior, in the sense the volume in higher w
models is smaller, which tends to balance the increase in the
comoving abundance caused by the growth function in the
range but for higher redshifts, the growth func-0 \ z[ 0.5 ;
tion ““ wins.ÏÏ An important conclusion seen from Figure 3 is
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FIG. 2.ÈE†ect of changing when all other parameters are held Ðxed. The four panels show (clockwise from upper left) the surface density of clusters at)
mredshift z, the linear growth function, the volume element in units of Mpc3 sr~1 redshift~1, and the comoving cluster abundance. The solid curve shows our

Ðducial Ñat "CDM model, with w\ [1, and h \ 0.65. Also shown are models with )\ 0.27 (dotted curve) ; )\ 0.33 (short-dashed curve) ; and)
m

\ 0.3,
OCDM models with )\ 0.27, 0.30, 0.33 (long-dashed curves, top to bottom).

that both the total number of clusters as well as the shape of
their redshift distribution, signiÐcantly depends on w. We
also note that in the SZE case, our sensitivity to w has been
enhanced by the cosmological dependence of the mass limit
(opposite to what we found for the which we)

m
-sensitivity,

found was weakened by the same e†ect).
4.1.3. Changing h

Figure 4 demonstrates the e†ects of changing h. Three
"CDM models are shown with and()

m
\ 0.30, w\[1),

h \ 0.55 (dotted curve), h \ 0.65 (solid curve), and h \ 0.80
(short-dashed curves). The long-dashed curves correspond to
OCDM models with the same parameters (top to bottom).
Comparing the top right-hand panel with that of Figure 2,
the qualitative behavior of dN/dz under changes in h and

are similar : decreasing h increases the total number of)
mclusters but does not considerably change their redshift dis-

tribution. However, the sensitivity to h is signiÐcantly less :
the total number of clusters is seen to increase by D25%
only when h is decreased by the same percentage. Note that
the growth function is not e†ected by h, and the h sensitivity
is driven by our normalization process, which Ðxes the
abundance at z\ 0 (see ° 3.1). Since the volume scales as
P h~3, we Ðx the comoving abundance to be proportional

to P h3. As a result, dN/dzd) is nearly independent of h. In
fact, the entire h-dependence is attributable to the small
change caused by h in the shape of the power spectrum (for
a pure power-law spectrum, there would be no h-
dependence, and the three curves for the Ñat universe in the
top left-hand panel of Fig. 4 would look identical).

4.1.4. Abundances in the X-Ray Survey

The evolution of the cluster abundance and its sensitivity
to and w in the X-ray survey are shown in Figure 6.)

mBecause of the much larger solid angle surveyed, the
numbers of clusters is signiÐcantly larger than in the SZE
case, despite the higher limiting mass (see Fig. 1). Neverthe-
less, the general trends that can be identiÐed in the X-ray
sample are similar to those in the SZE case. Raising w
increases the total number of clusters and Ñattens their red-
shift distribution. As in the SZE survey, raising decreases)

mthe total number of clusters.

4.2. E†ects of the L imiting Mass Function
Finally, we examine the extent to which the above con-

clusions depend on the cosmology and redshift-dependence
of the limiting mass Mmin.
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FIG. 3.ÈE†ect of changing w when all other parameters are held Ðxed. The solid curve shows our Ðducial Ñat "CDM model, with w\ [1, and)
m

\ 0.3,
h \ 0.65. The dotted curve is the same model with w\ [0.6, the short-dashed curve with w\ [0.2, and the long-dashed curve is an open CDM model with
)

m
\ 0.3.

4.2.1. T he SZE Survey

We Ðrst compute cluster abundances above the Ðxed
mass characteristic of the SZE surveyMmin\ 1014h~1 M

_
,

detection threshold in the range of cosmologies and red-
shifts considered here. The results are shown in Figure 5 :
the bottom panels show the surface density and comoving
abundance when is changed (the models are the same as)

min Fig. 2), and the top panels show the same quantities
under changes in w (the cosmological models are the same
as in Fig. 3). A comparison between Figures 5 and 3 gives an
idea of the importance of the mass limit. The general trend
seen in Figure 3 remains true, i.e., increasing w Ñattens the
redshift distribution at high-z. However, when a constant

is assumed, the ““ pivot point ÏÏ moves to slightly higherMminredshift, and the total number of clusters becomes less sensi-
tive to w. Similar conclusions can be drawn from a compari-
son of Figure 2 with the bottom two panels of Figure 5 :
under changes in the general trends are once again)

msimilar, but the di†erences between the di†erent models are
ampliÐed when a constant is used. In summary, weMminconclude that in the SZE case (1) the variation of the mass
limit with redshift and cosmology has a secondary impor-

tance, and (2) it weakens the dependence, but strength-)
mens the w dependence.

4.2.2. T he X-Ray Survey

In comparison to the SZE survey, the X-ray mass limit is
not only higher, but is also signiÐcantly more dependent on
cosmology (see Fig. 1). On the other hand, the X-ray sample
goes out only to the relatively low redshift z\ 1, where the
growth functions in the di†erent cosmologies diverge rela-
tively little. This suggests that in the X-ray case the mass
limit is more important than in the SZE survey. In order to
separate the e†ects of the changing mass limit from the
change in the growth function and the volume element, in
Figure 7 we show the sensitivity of dN/dz to changes in )

mand w, without including the e†ects from the mass limit. The
same models are shown as in Figure 6, except we have
artiÐcially kept the mass limit at its value in the Ðducial
cosmology. The Ðgure reveals that essentially all of the w-
sensitivity seen in Figure 6 is caused by the changing mass
limit ; when is kept Ðxed, the cluster abundancesMminchange very little. On the other hand, comparing the
bottom panels of Figures 6 and 7 shows that including the
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FIG. 4.ÈE†ect of changing h when all other parameters are held Ðxed. The "CDM model of Fig. 3 is shown (solid curve) together with models with
h \ 0.55 (dotted curve) ; h \ 0.80 (short-dashed curve) ; and OCDM models with h \ 0.55, 0.65, 0.80 (long-dashed curves, top to bottom).

scaling of the mass limit somewhat reduces the depen-)
mdence, just as in the SZE case.

4.3. Overview of Cosmological Sensitivity
In summary, we conclude that changes in w modify both

the normalization and the shape of the redshift distribution
of clusters, while changes in or h e†ect essentially only)

mthe overall amplitude. This suggests that changes in w
cannot be fully degenerate with changes in either or h (or)

ma combination), making it possible to measure w from
cluster abundances alone. These conclusions hold either for
clusters above a Ðxed detection threshold in and SZE or
X-ray survey, or for a sample of clusters above a Ðxed mass.
We Ðnd that the sensitivity to arises mostly through the)

mgrowth function, both in the SZE and X-ray surveys. This
sensitivity is slightly weakened by the scaling of the limiting
mass with We Ðnd that the w sensitivity is alsoMmin )

m
.

dominated by the growth function in the SZE survey, which
goes out to relatively high redshifts ; but the sensitivity to w
is enhanced by the w-dependence of In comparison,Mmin.in the X-ray survey, which only probes relatively low red-
shifts, nearly all of the w-sensitivity is caused by the
cosmology-dependence of the limiting mass, rather than the
growth function.

5. CONSTRAINTS ON COSMOLOGICAL PARAMETERS

We derive cosmological constraints by considering a
three-dimensional grid of models in and w. As)

m
, h,

described above, we Ðrst Ðnd in each model, so that allp8models are normalized to produce the same local cluster
abundance at z\ 0. We then compute dN/dzd) in these
models for 0.5¹ h ¹ 0.9, and0.2¹)

m
¹ 0.5,

[1 ¹ w¹ [0.2. The range for w corresponds to that
allowed by current astrophysical observations (Wang et al.
2000) ; although recent observations of Type Ia SNe suggest
the stronger constraint (Perlmutter et al. 1999a).w[ [0.6

5.1. Comparing dN/dz in Two Di†erent Cosmologies
The main goal of this paper is to quantify the accuracy to

which w can be measured in future SZE and X-ray surveys.
To do this, we must answer the following question : given a
hypothetical sample of clusters (with measuredNtotredshifts) obeying the distribution of the test modeldNA/dz
(A) cosmology, what is the probability that thePtot(A, B)
same sample of clusters is detected in the Ðducial (B) cos-
mology, with distribution We have seen in ° 4.1dNB/dz?
that the overall amplitude, and the shape of dN/dz are both
important. Motivated by this, we deÐne
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FIG. 5.ÈE†ect of changing w (upper panels) or (lower panels) when all other parameters are held Ðxed, including the mass limit. The types of the curves)
mcorrespond to the di†erent models in the SZE survey, as shown in Figs. 2 and 3.

Ptot(A, B)\ P0(A, B)] P
z
(A, B) , (6)

where is the probability of detecting clustersP0(A, B) NA,totwhen the mean number is and is the prob-NB,tot, P
z
(A, B)

ability of measuring the redshift distribution of model (A) if
the true parent distribution is that of model (B). We assume

is given by the Poisson distribution, and we use theP0Kolmogorov-Smirnov (KS) test to compute (PressP
z
(A, B)

et al. 1992). The main advantage of this approach, when
compared to the usual s2 tests, is that we do not need to bin
the data in redshift.

For reference, it is useful to quote here some examples for
the probabilities, taking as()

m
\ 0.3, h \ 0.65, w\[1)

the Ðducial (B) model. For example, closest to this model in
Figure 3 is the one with w\ [0.6. For this case, we Ðnd

and for a total probability ofP0\ 0.25 P
z
\ 0.1 Ptot\In other words, the two cosmologies could be distin-0.025.

guished at a likelihood of 1.2 p using only the total number
of clusters, at 1.6 p using only the shape of the redshift
distribution, and at the 2.3 p level using both pieces of
information. In this case, the distinction is made primarily
by the di†erent redshift distributions, rather than the total
number of detected clusters. Taking the CDM)

m
\ 0.33"

cosmology from Figure 2 as another example for model (A),

we Ðnd (\2.7 p), (\0.3 p), and aP0\ 0.0075 P
z
\ 0.78

total probability of (\2.8 p). Not surprisingly,Ptot \ 0.0058
the shape of the redshift distribution does not add signiÐ-
cantly to the statistical di†erence between these two models,
which di†er primarily by the total number of clusters.

5.2. Expectations from the Sunyaev-Zeldovich Survey
Figure 8 shows contours of 1, 2, and 3 p for the total

probability for models when compared to the ÐducialPtotÑat "CDM model. For reference, we note that the total
number of clusters in the SZE survey in our Ðducial model
is B100, located between 0\ z\ 3. The three panels show
three di†erent cross sections of the investigated three-
dimensional parameter space, taken at constant)

m
, h, w

values of h \ 0.55, 0.65, and 0.80, spanning the range of
values preferred by other observations. The most striking
feature in this Ðgure is the direction of the contours, which
turn upward in the plane and become narrower forw, )

mlarger values of w. We Ðnd that the trough of maximum
probability for Ðxed h \ 0.65 is well described by

()
m

[ 0.3)(w] 1)~5@2 \ 0.1 , (7)

with further constant shifts in caused by changing h. The)
m^3 p width enclosed by the contours around this relation is
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FIG. 6.ÈE†ect of changing w (upper panels) or (lower panels) when all other parameters are held Ðxed in the X-ray survey. Note the much larger)
mnumbers of clusters in comparison to the SZE survey. In the top panel, the curves correspond to w\ [1 (solid curve), w\ [0.6 (dotted curve) and w\ [0.2

(dashed curve). In the bottom panel, the curves correspond to (solid curve), (dotted curve) and (dashed curve).)
m

\ 0.3 )
m

\ 0.27 )
m

\ 0.33

relatively narrow in (^10%). In a "CDM case, even)
mwhen a large range of values is considered for h

(0.45\ h \ 0.90), the constraint follows ;0.26[)
m

[ 0.36
when is considered, the allowed range widens towD [1

On the other hand, a wide range of values0.27[)
m

[ 0.41.
of w is seen to be consistent with w\ [1 : the largest value
shown, wB [0.2, is approximately 3 p away from w\ [1,
and w\ [0.6 is allowed at 1 p. Note that h is not well
determined, i.e., the contours look similar for all three
values of h, and 1 p models exist for any value of h in the
range This is not surprising, as Figure 40.5[ h [ 0.9.
shows dN/dzd) is insensitive to the value of h, with only a
mild h-dependence through the nonÈpower-law shape of
the power spectrum.

5.3. Expectations from the X-Ray Survey
The total number of clusters in the X-ray survey in our

Ðducial model is B1000, 10 times that in the SZE survey ;
all X-ray clusters are located between 0\ z\ 1. Figure 9
contains expectations for the X-ray survey ; we show con-
tours of 1, 2, and 3 p probabilities relative to the Ðducial
"CDM model. The qualitative features are similar to that
in the SZE case, but owing to the larger number of clusters,

the constraints are signiÐcantly stronger and the contours
are narrower. However, the contours extend further along
the w-axis, and the largest value of w allowed at a probabil-
ity better than 3 p is w[ [0.2 (assuming that the values of

and h are not known). Although the contours are nar-)
mrower than in the SZE case, assuming that h and w are

unknown, the allowed range of is similar to that in the)
mSZE case, Note that because of the shape0.26[)

m
[ 0.42.

and direction of the likelihood contours, a knowledge of h
would not signiÐcantly improve this constraint (although if
h is found to be low, then the lower limit in would)

mincrease). Finally, assuming that both h and are known)
mto high accuracy (B3%), the allowed 3 p range on w could

be reduced to [1 ¹ w[ [0.85.

6. RESULTS AND DISCUSSION

6.1. Total Number versus the Redshift Distribution
Our main results are presented in Figures 8 and 9, which

show the probabilities of various models relative to a Ðdu-
cial "CDM model in the SZE and X-ray surveys. As
demonstrated by these Ðgures, the cluster data determine a
combination of and w. In the absence of external con-)

mstraints on and h, w as large as [0.2 di†ers from)
m
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FIG. 7.ÈE†ect of changing w (upper panels) or (lower panels) when all other parameters are held Ðxed in an X-ray survey, and the survey mass limit is)
mheld Ðxed at its Ðducial value, irrespective of cosmology. A comparison with Fig. 6 shows that nearly all of the w-sensitivity is accounted for by the

cosmology-dependence of the limiting mass. On the other hand, the is caused mostly by the growth function.)
m
-sensitivity

w\ [1 by 3 p, while w\ [0.6 would be 1 p away from
our Ðducial "CDM cosmology. Owing to the larger
number of clusters in the X-ray survey, the constrained
combination of and w is signiÐcantly narrower than in)

m

the SZE survey ; the direction of the contours is also some-
what di†erent. As a result, analysis of the X-ray survey
could distinguish a wB [0.85 model from "CDM at 3 p
signiÐcance, provided that is known to an accuracy of)

m

FIG. 8.ÈContours of 1, 2, and 3 p likelihood for di†erent models when they are compared to a Ðducial Ñat "CDM model with and h \ 0.65,)
m

\ 0.3
using the SZE survey. The three panels show three di†erent cross sections of constant total probability at Ðxed values of h (0.55, 0.65, and 0.80) in the
investigated three-dimensional parameter space.)

m
, w, h
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FIG. 9.ÈContours of 1, 2, and 3 p likelihood for models when they are compared to a Ðducial Ñat "CDM model, as in Fig. 8, but for the X-ray survey

D3% from other studies.
It is interesting to ask whether these constraints arise

mainly from the total number of detected clusters, or from
their redshift distribution. To address this issue, in Figure
10 we show separate likelihood contours for the probability

(total number of clusters, left-hand panels), and for theP0probability (shape of redshift distribution, right-handP
zpanels). In the SZE case, the contours of likelihood from the

shape information alone are broad, and adding these con-
straints to the Poisson probability plays almost no role in
the range (the contours of and are veryw[ [0.7 Ptot P0similar). However, at larger w, the shape becomes increas-
ingly important. Adding in this information signiÐcantly
reduces the allowed region relative to the Poisson probabil-
ity alone at It is the combination of the andwZ [0.7. P0contours that allows ruling out at the 3 p level.P
z

wZ [0.2
Note that the di†erence in shapes arises mostly from the
high-redshift clusters (see Fig. 3).(zZ 1)

FIG. 10.ÈLikelihood contours of 1, 2, and 3 p probabilities as in Figs. 8
and 9, but when only the total number of clusters (left-hand panels) or only
the redshift distributions (right-hand panels) are used to compute the likeli-
hoods between two models.

In the X-ray case (Fig. 10, bottom panels), the situation is
di†erent, because the contours of and are both muchP0 P

znarrower. As a result, the contours for the combined likeli-
hood are somewhat reduced, but they still reach to
wB [0.2 (at D2 p). Note that as in the SZE survey, the
redshift distribution (of clusters primarily in the 0 \ z\ 1
range) plays an important role. As Figures 4 and 2 show, the
total number of clusters can be adjusted by changing )

mand h. In terms of the total number of clusters, w is therefore
degenerate both with and h : raising w lowers the total)

mnumber, but this can always be o†set by a change in )
mand/or h. The bottom left-hand panel in Figure 10 reveals

that based on alone, w\ [0.2 (and cannotP0 )
m

\ 0.43)
be distinguished from "CDM even at the 1 p level. On the
other hand, the middle panel in Figure 9 shows that when
the shape information is added, follows to 2 pw[ [0.2
signiÐcance.

6.2. Discussion of Possible Systematic Uncertainties
Our results imply that the cluster abundances in the SZE

and X-ray surveys can provide useful constraints on cosmo-
logical parameters, based on statistical di†erences expected
among di†erent cosmologies. The purpose of this section is
to summarize and quantify the various systematic uncer-
tainties that can a†ect these constraints.

Knowledge of the L imiting Mass conclusionsMmin.ÈOur
above are dependent on the chosen limiting mass, which is a
function of both redshift and cosmology. From the dis-
cussion in ° 4.1 we have seen that the limiting mass plays a
secondary role in the SZE survey, where the bulk of the
constraint comes from the growth function. In comparison,
we Ðnd that plays an important role in the X-rayMminsurvey. To demonstrate the importance of the mass limit
explicitly, in Figure 11 we show the likelihood contours in
the plane when the variations of the limiting mass)

m
-w

with cosmology are not taken into account. Not sur-
prisingly, this makes the contours somewhat narrower, but
nearly parallel to wÈthis is consistent with our Ðnding in
Figure 7 that the mass limit accounts for nearly all of the
w-dependence, but it reduces the dependence. Figure 11)

mdemonstrates the need to accurately know the limiting mass
and its cosmological scaling, in the X-ray survey.Mmin,Because our proposed cluster sample will have measured

X-ray temperatures, the uncertainty in our knowledge of
the limiting mass will likely be dominated by the theoretical
uncertainties of the M-T relation. In order to quantify the
e†ect of such errors, we have performed a set of simple
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FIG. 11.ÈLikelihood contours for a Ðxed h \ 0.65 in the X-ray survey,
as in the middle panel of Fig. 9, but zooming in for clarity. The added
(nearly horizontal) contours shows the allowed region when variations of
the limiting mass with cosmology are not taken into account.

modiÐcations to our modeling of the constraints from the
X-ray survey. In all cases, we adopt the same M-T relations
as we did before (see eq. [1]). However, in the Ðducial
model, we use a limiting mass that is altered by either ^5%
or ^10% from the mass inferred from this M-T relation.
This mimics a situation where the theoretical M-T relation

we apply is either 5% or 10% away from the relation in the
real universe. In a second set of calculations, we mimic a
situation where the slope of the M-T relation is incorrectly
modeled ; i.e., we alter this slope in the Ðducial model to
a \ 1.5^ 0.05. The deviations to the likelihood contours
caused by these o†sets are demonstrated in Figure 12,
which shows the e†ects of the o†set in the M-T normal-
ization, and in Figure 13, which shows the e†ects of the
o†sets in the slope. As the Ðgures reveal, the contours shift
relatively little under these changes. We conclude that the
results we derive are robust, as long as we can predict the
M-T relation to within D10%.

In our approach, we have attempted to utilize the whole
observed cluster sample, down to the detection threshold :
we had to therefore include the above cosmological depen-
dencies. In principle, measured cluster velocity dispersions
and X-ray temperatures (both of which are cosmology
independent) could be utilized to improve the constraints,
i.e., by selecting subsamples that maximize the di†erences
between models. Further work is needed to clarify the feasi-
bility of this approach, as well as to quantify the accuracy to
which the dependence of on h, w, and z can beMmin )

m
,

predicted.
Evolution of Internal Cluster Structure.ÈFurther work is

also required to test the cluster structural evolution models
we use. For the X-ray survey, we have assumed that the
cluster luminosity-temperature relation does not evolve,
consistent with current observations (Mushotzky & Scharf
1997), and in the SZE survey, we have adopted the structur-
al evolution found in state of the art hydrodynamical simu-
lations. Because of the sensitivity of the survey yields to the
limiting mass, cluster structural evolution that changes the
observability of high redshift clusters can introduce system-
atic errors in cosmological constraints : for example, both

FIG. 12.ÈMiddle panels show the likelihood contours for a Ðxed h \ 0.65 in the X-ray survey, as in Fig. 9. The upper and lower panels show the
deviations in the contours caused by either a^ 5% or a ^ 10% o†set in the M-T normalization.
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FIG. 13.ÈMiddle panels show the likelihood contours for a Ðxed h \ 0.65 in the X-ray survey, as in Fig. 9. The other two panels show the deviations
caused by an o†set in the slope M P T a.

low cosmologies and positive evolution of the cluster)
mluminosity-temperature relation increase the cluster yield in

an X-ray survey. SZE surveys are generally less sensitive to
evolution than X-ray surveys, because the X-ray luminosity
is heavily dependent on the core structure (e.g., the presence
or absence of cooling instabilities), whereas the SZE visibil-
ity depends on the integral of the ICM pressure over the
entire cluster (eq. [2]). We are testing these assertions with a
new suite of hydrodynamical simulations in scenarios where
galaxy formation at high-redshift preheats the intergalactic
gas before it collapses to form clusters (Bialek, Evrard, &
Mohr 2001 ; Mohr et al. 2001, in preparation). However,
most importantly, we emphasize that because of the sensi-
tivity of X-ray surveys to evolution, we have only used those
clusters that produce enough photons to measure an emis-
sion weighted mean temperature. In this case, one can
directly extract the minimum temperature of detectedT

lim
(z)

clusters as a function of redshift. Correctly interpreting such
a survey requires mapping using the mass-Tlim(z)] Mlim(z)
temperature relation ; the evolution of the mass-
temperature relation is less sensitive to the details of
preheating than the luminosity-temperature relation. Thus,
in a survey constructed in this manner, it should be possible
to disentangle the cosmological e†ects from those caused by
the evolution of cluster structure.

Cluster Mass Function.ÈIn our treatment, we have relied
on the mass function inferred from large-scale numerical
simulations of Jenkins et al. (2000). Although we do not
expect the results presented here to change qualitatively,
changes in dN/dM by up to the quoted accuracy of D30%
could a†ect the exact shape of the likelihood contours
shown in Figures 8 and 9. It is important to test the scaling
of the mass function with cosmological parameters in future
simulations. We have further ignored the e†ects of galaxy
formation and feedback on the limiting mass. In principle,
the relation between the cluster SZE decrement and virial
mass in the lowest mass clusters could be a†ected by these
processes. In addition, the dependence of both the SZE
decrement and the X-ray Ñux likely exhibits a nonnegligible
intrinsic scatter. The SZE decrement to virial mass relation
is found to have a small scatter in numerical simulations
(Metzler 1998), and to cause a negligible increase in the total
cluster yields (Holder et al. 1999). However, the presence of
scatter could e†ectively lower the limiting masses in our
treatment of the X-ray survey.

L ocal Cluster Abundance.ÈPerhaps the most critical
assumption is that the local cluster abundance is known to
high accuracy. We have used this assumption to determine

i.e., to eliminate one free parameterÈe†ectively assign-p8,ing ““ inÐnite weight ÏÏ to the cluster abundance near z\ 0.
This approach is appropriate for several reasons. The
cosmological parameters make little di†erence to the cluster
abundance at zB 0, other than the volume being pro-
portional to h~3. Similarly, the study of local cluster masses
is cosmologically independent (up to a factor of h). In a 104
deg2 survey, we Ðnd that the total number of clusters
between 0\ z\ 0.1, down to a limiting mass of
2 ] 1014h~1 is B2500 ; with a random error of onlyM

_^2%. We have experimented with our models, assuming
that the normalization at z\ 0 is incorrectly determined by
a fraction of 2%. In Figure 14 we show the shift in the usual
likelihood contour in the X-ray survey, caused by errors in
the local abundance at this level. As the Ðgure shows, the
shift is relatively small (by about the width of the 1 p
region). In similar calculations with errors of ^4%, we Ðnd
shifts that are approximately twice as signiÐcant. We con-
clude that for our normalization procedure to be valid, the
local cluster abundance has to be known to an accuracy of
about [10%.

Although such an accuracy can be achieved by only
D600 nearby clusters (which can be provided, for example,
by an analysis of the SDSS data or perhaps the 2MASS
survey), it is interesting to consider a di†erent approach,
where is treated as another free parameter in addition top8and w. The result of such a calculation over a four-)

m
, h,

dimensional grid is displayed in Figure 15. This Ðgure
shows the likelihood contours along the slice h \ 0.65
through this parameter space, but in projection along the p8axis ; to be compared directly with the middle panel of
Figure 9. Allowing to vary results in a range of valuesp8and considerably expands the allowed0.70\p8\ 0.97,
likelihood region. The shape of the contours stay nearly
unchanged, but their widths along the direction expand)

mby approximately a factor of D4, and their lengths along
the w direction increase by about a factor of 2. We conclude
that our constraints would be signiÐcantly weakened
without the local normalization (but would still be poten-
tially useful when combined with other data ; see below).

More General Cosmologies.ÈIn ° 5, we restricted our
range of models to Ñat CDM models. We Ðnd that the
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FIG. 14.ÈMiddle panel shows the likelihood contours for a Ðxed h \ 0.65 in the X-ray survey, as in Fig. 9. The left- and right-hand panels show the
deviations in the contours caused by a ^2% o†set in the local cluster abundance determination.

redshift distribution of clusters in open CDM models typi-
cally resembles that in models with high w. This is demon-
strated in Figure 3 : both in the w\ [0.2 and the OCDM
model, the redshift distributions are Ñatter and extend to
higher z than in "CDM. We Ðnd that OCDM models with
suitably adjusted values of and h are typically difficult to)

mdistinguish from those with but the Ñat shape ofwZ [0.5,
dN/dzd) makes OCDM easily distinguishable from
"CDM. Note that open CDM models appear inconsistent
with the recent CMB anisotropy data from the Boomerang
and Maxima experiments (e.g., Lange et al. 2000 ; White,
Scott, & Pierpaoli 2000 ; Bond et al. 2000). A broader study
of di†erent cosmological models, including those with both
dark energy and curvature, time-dependent w, and those
with non-Gaussian initial conditions could reveal new
degeneracies, and will be studied elsewhere.

6.3. Clusters versus CMB Anisotropy and High-z SNe
A useful generic feature of the likelihood contours pre-

sented here is their di†erence from those expected in CMB

FIG. 15.ÈLikelihood contours for a Ðxed h \ 0.65 in the X-ray survey,
as in Fig. 9 ; however, we here considered as a free parameter rather thanp8Ðxing its value based on the local abundance. Models with outside thep8range resulted in likelihoods worse than 3p.0.7\p8 \ 0.97

anisotropy or supernovae data. Two di†erent cosmologies
produce the same location (spherical harmonic index lpeak)for the Ðrst Doppler peak for the CMB temperature anisot-
ropy, provided they have the same comoving distance to the
surface of last scattering (see Wang & Steinhardt 1998 ;
White 1998 ; Huey et al. 1999). Note that this is only the
most prominent constraint that can be obtained from the
CMB data, with considerable more information once the
location and height of the second and higher Doppler peaks
are measured. Similarly ; the apparent magnitudes of the
observed SNe constrain the luminosity distance tod

L
(z)

(Schmidt et al. 1998 ; Perlmutter et al. 1999b). In0 ¹ z[ 1
general, both of these types of observations will determine a
combination of cosmological parameters that is di†erent
from the cluster constraints derived here.

In Figure 16 we zoom in on the relevant region of the
plane in the X-ray survey, and compare the cluster)

m
-w

constraints to those expected from CMB anisotropy or

FIG. 16.ÈLikelihood contours for a Ðxed h \ 0.65 as in Fig. 9, but
zooming in for clarity. Also shown are combinations of w and that keep)

mthe spherical harmonic index l of the Ðrst Doppler peak in the CMB
anisotropy data constant to within ^1% (dashed lines) and combinations
that keep the luminosity distance to redshift z\ 1 constant to the same
accuracy.
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high-z SNe. The three dashed curves correspond to the
CMB constraints : the middle curve shows a combination of

and w that produces the constant obtained in)
m

lpeak B 243
our Ðducial "CDM model (using the Ðtting formulae from
White 1998 for the physical scale the other twokpeak) ;dotted curves bracket a ^1% range around this value.
Similarly, the dotted curves correspond to the constraints
from SNe. The middle curve shows a line of constant atd

Lz\ 1 that agrees with the "CDM model ; the two other
curves produce a that di†ers from the Ðducial value byd

L^1%. As the Ðgures show, the lines of CMB and SNe
parameter degeneracies run somewhat unfavorably parallel
to each other ; however, both of those degeneracies are
much more complementary to the direction of the param-
eter degeneracy in cluster abundance studies. In particular,
the maximum allowed value of w, using both the CMB or
SNe data, is wB [0.8 ; while this is reduced to wB [0.95
when the cluster constraints are added. Note that in Figure
16, we have assumed a Ðxed value of h \ 0.65 ; however, we
Ðnd that relaxing this assumption does not signiÐcantly
change the above conclusion. The CMB and SNe con-
straints depend more sensitively on h than the cluster con-
straints do : as a result, the conÐdence regions do not
overlap signiÐcantly even in the three-dimensional (w,

space.)
m
, h)

The high complementarity of the cluster constraint to
those from the other two methods can be understood based
on the discussions in ° 4.1. To remain consistent with the
CMB and SNe Ia constraints, an increase in w must be
coupled with a decrease in however, both increasing w)

m
;

and lowering raises the number of detected clusters. To)
mkeep the total number of clusters constant, an increase in w

must be balanced by an increase in Note that this state-)
m
.

ment is true both for the SZE and the X-ray surveys. Com-
bining the cluster constraints with the CMB and SNe Ia
constraints will therefore likely result in improved estimates
of the cosmological parameters, and we do not expect this
conclusion to rely on the details of the two surveys con-
sidered here. Furthermore, we emphasize that the SZE and
X-ray surveys result in similar, but not identical, likelihood
contoursÈimplying that it will be useful to combine SZE
and X-ray cluster data.

7. CONCLUSIONS

We studied the expected evolution of galaxy cluster
abundance from in di†erent cosmologies, includ-0 [ z[ 3
ing the e†ects of variations in the cosmic equation of state
parameter w4 p/o. By considering a range of cosmological
models, we quantiÐed the accuracy to which w, and h)

m
,

can be determined in the future, using a 12 deg2 Sunyaev-

Zeldovich E†ect survey and a deep 104 deg2 X-ray survey.
In our analysis, we have assumed that the local cluster
abundance is known accurately : we Ðnd that in practice, an
accuracy of D5% is sufficient for our results to be valid.

We Ðnd that raising w signiÐcantly Ñattens the redshift
distribution, which cannot be mimicked by variations in
either h, which a†ect essentially only the normalization)

m
,

of the redshift distribution. As a result, both surveys will be
able to improve present constraints on w. In the plane,)

m
-w

both the SZE and X-ray surveys yield constraints that are
highly complementary to those obtained from the CMB
anisotropy and high-z SNe. Note that the SZE and X-ray
surveys are themselves somewhat complementary. In com-
bination with these data, the SZE survey can determine
both w and to an accuracy of B10% at 3 p signiÐcance.)

mFurther improvements will be possible from the X-ray
survey. The large number of clusters further alleviates the
degeneracy between w and both and h, and, as a result,)

mthe X-ray sample can determine w to B10% and to)
mB5% accuracy, in combination with either the CMB or the

SN data.
Our work focuses primarily on the statistics of cluster

surveys. We have provided an estimate of the scale of
various systematic uncertainties. Further work is needed to
clarify the role of these uncertainties, arising especially from
the analytic estimates of the scaling of the mass limits with
cosmology, the dependence of the cluster mass function on
cosmology, and our neglect of issues such as galaxy forma-
tion in the lowest mass clusters. However, our Ðndings
suggest that, in a Ñat universe, the cluster data lead to tight
constraints on a combination of and w, especially valu-)

mable because of their high complementarity to those
obtained from the CMB anisotropy or Hubble diagrams
using SNe as standard candles.
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