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ABSTRACT
We describe an improved, practical method for constructing galaxy models that match an arbitrary set

of observational constraints, without prior assumptions about the phase-space distribution function
(DF). Our method is an extension of SchwarzschildÏs orbit superposition technique. As in Schwarzs-
childÏs original implementation, we compute a representative library of orbits in a given potential. We
then project each orbit onto the space of observables, consisting of position on the sky and line-of-sight
velocity, while properly taking into account seeing convolution and pixel binning. We Ðnd the com-
bination of orbits that produces a dynamical model that best Ðts the observed photometry and kine-
matics of the galaxy. A new element of this work is the ability to predict and match to the data the full
line-of-sight velocity proÐle shapes. A dark component (such as a black hole and/or a dark halo) can
easily be included in the models.

In an earlier paper (Rix et al.) we described the basic principles and implemented them for the simplest
case of spherical geometry. Here we focus on the axisymmetric case. We Ðrst show how to build galaxy
models from individual orbits. This provides a method to build models with fully general DFs, without
the need for analytic integrals of motion. We then discuss a set of alternative building blocks, the two-
integral and the isotropic components, for which the observable properties can be computed analytically.
Models built entirely from the two-integral components yield DFs of the form f (E, which dependL

z
),

only on the energy E and angular momentum This provides a new method to construct such models.L
z
.

The smoothness of the two-integral and isotropic components also makes them convenient to use in
conjunction with the regular orbits.

We have tested our method by using it to reconstruct the properties of a two-integral model built with
independent software. The test model is reproduced satisfactorily, either with the regular orbits, or with
the two-integral components. This paper mainly deals with the technical aspects of the method, while
applications to the galaxies M32 and NGC 4342 are described elsewhere (van der Marel et al. ; Cretton
& van den Bosch).
Subject headings : black hole physics È galaxies : elliptical and lenticular, cD È

galaxies : kinematics and dynamics È galaxies : structure

1. INTRODUCTION

In order to understand the structure and dynamics of a
galaxy, one needs to measure the total gravitational poten-
tial as well as the phase-space distribution function (DF) of
the constituent stars. The DF speciÐes the distribution of
the stars over position and velocity, and hence provides a
full description of the galaxy. For a particular galaxy, one
needs to explore which combinations of potential and DF
are consistent with the available observations (surface
brightness and kinematics). Several methods have been
devised to tackle this problem.

The direct calculation of the DF generally requires analy-
tic knowledge of the integrals of motion and has been
restricted in the past to a number of special cases : (1) spher-
ical or other integrable potentials (e.g., Dejonghe 1984,
1986 ; Bishop 1987 ; Dejonghe & de Zeeuw 1988 ; Gerhard
1991 ; Hunter & de Zeeuw 1992) ; (2) nearly integrable
systems where perturbation theory can be applied (Saaf
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1968 ; Dehnen & Gerhard 1993) ; or (3) the subset of axisym-
metric models in which the DF is assumed to depend only
on E and (Hunter & Qian 1993, hereafter HQ; DehnenL

z& Gerhard 1994 ; Kuijken 1995 ; Qian et al. 1995, hereafter
Q95 ; Magorrian 1995 ; Merritt 1996b, hereafter M96b).
Numerical calculations of orbits in axisymmetric potentials
have shown that most of the orbits admit a third integral,
which in general is not known analytically (e.g., Ollongren
1962). There is no a priori physical reason to expect the DF
to depend only on the two classical integrals, and in fact,
there are indications for both elliptical galaxies (Binney,
Davies, & Illingworth 1990) and halos of spirals (Morrison,
Flynn, & Freeman 1990) that the DF must depend also on
the third integral. For the solar neighborhood it has been
known for a long time that there must be such a dependence
(e.g., Binney & MerriÐeld 1998).

Schwarzschild (1979, 1982) devised an elegant method to
circumvent our ignorance of analytic integrals of motion
and to build numerically self-consistent equilibrium models
of galaxies. Richstone (1980, 1984) used this technique to
construct axisymmetric scale-free models. It was applied to
a variety of models (spherical, axisymmetric and triaxial) by
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Richstone and collaborators (see, e.g., Richstone & Tre-
maine 1984, 1985 ; Levison & Richstone 1985, 1987 ; Katz &
Richstone 1985). Pfenniger (1984) used SchwarzschildÏs
method to build two-dimensional models of barred galaxies
and Merritt & Fridman (1996) and Merritt (1996a) used it
to build a number of triaxial models with cusps. Zhao
(1996b) modeled the Galactic bar using similar techniques.
SchwarzschildÏs original experiment reproduced self-
consistently a triaxial mass distribution, but as shown by
Pfenniger (1984), one can easily include kinematic con-
straints in the models. Levison & Richstone (1985) modeled
the observed mean line-of-sight velocities V and velocity
dispersions p to estimate the amount of counter-rotation in
some well-observed galaxies.

Recent advances in detector technology have made it
possible to measure full line-of-sight velocity proÐle (VP)
shapes, instead of only the Ðrst two moments V and p (e.g.,
Franx & Illingworth 1988 ; Rix & White 1992 ; van der
Marel & Franx 1993, hereafter vdMF; Kuijken & Merri-
Ðeld 1993). This provides further constraints on the dynami-
cal structure of galaxies. Rix et al. (1997, hereafter R97) took
advantage of this development and extended Schwarzs-
childÏs scheme to model VP shapes. They applied it to
spherical models for the E0 galaxy NGC 2434 and showed
that the observations imply the presence of a dark halo.
Here we consider axisymmetric models and show how to

use the extended Schwarzschild method to construct fully
general three-integral models that can match any set of
kinematic constraints. Independent implementations of the
software were written by N. C. and R. v. d. M. A summary
of this development is given by de Zeeuw (1997). In an
earlier paper (van der Marel et al. 1998, hereafter vdM98;
see also van der Marel et al. 1997b) we applied this model-
ing technique to the compact E3 elliptical M32, for which
previous modeling had suggested the presence of a central
massive black hole (BH) (e.g., Q95 ; Dehnen 1995). Cretton
& van den Bosch (1999) describe an application to the
edge-on S0 galaxy NGC 4342. Other groups are in the
process of developing similar techniques to the one
described here (e.g., Richstone et al. 1997 ; see also : Emsel-
lem, Dejonghe, & Bacon 1999 ; Matthias & Gerhard 1999).

This paper is organized as follows. In ° 2 we describe step
by step how to construct the models (see Fig. 1). We Ðrst
discuss the mass models that we consider (° 2.1). We
describe how we choose a grid in integral space that yields a
representative library of orbits (° 2.2), how these orbits are
calculated numerically (° 2.3), how their properties are
stored on a number of grids (° 2.4), and how we model all
aspects of the data taking and analysis, such as seeing con-
volution, pixel binning, and extraction of VPs (° 2.5). We
then present the method that we employ to determine the
non-negative weight of each orbit (i.e., the number of stars

FIG. 1.ÈFlowchart of the extended Schwarzschild method. We Ðnd the non-negative superposition of the orbits with a least squares algorithm (NNLS).
This combination of orbits reproduces a set of photometric (surface brightness distribution) and kinematic constraints (VPs).
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traveling on each orbit), such that the global superposition
of orbits produces a consistent model that best Ðts the
observations (° 2.6). Last, we discuss how we include
optional smoothness constraints in the models (° 2.7). In ° 3
we describe a set of alternative building blocks, the two-
integral and isotropic components, for which the observable
properties can be computed analytically. The smoothness of
these components makes them a convenient tool to use in
conjunction with the regular orbits described in ° 2. Models
can also be built entirely of these components, to obtain
models with DFs of the form f (E, or f (E). In ° 4 weL

z
)

describe the tests that we have performed to establish the
accuracy of our method. We present our conclusions in ° 5.

2. CONSTRUCTION OF DYNAMICAL MODELS

2.1. Mass Model
We study dynamical models in which all relevant quan-

tities are axisymmetric and symmetric with respect to the
equatorial plane z\ 0. It is sufficient to have the total
gravitational potential, and the forces, $','4'

|
] 'dark,available and tabulated on a grid, such that their values at

any point can be recovered through interpolation. This is
important, because the structure of real galaxies can be very
complicated and is not always well described in terms of
analytical functions.

While the method works for arbitrary radial density pro-
Ðles, it proves convenient for the purpose of presenting and
testing our technique to consider models in which the mass
density of the luminous material, does have an analyti-o

|
,

cal form:

o
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where s is deÐned as s2\ R2] (z/q)2. This is an axisym-
metric generalization of the spherical models studied pre-
viously by, e.g., Dehnen (1993), Tremaine et al. (1994), and
Zhao (1996a), and includes the (a, b) models of Q95 as a
limiting case. The model has a constant axial ratio q that
does not vary with radius. The parameters b and c are
characteristic lengths. At small radii (r > b) the density has
a central cusp with logarithmic slope a (when a \ 0). At
intermediate radii (b > r > c) the density falls o† as o

|
P

ra`cb, while at large radii When(r ? c)o
|

P ra`cb`vd.
viewed at an inclination angle i, the isophotes are ellipses of
axial ratio q@\ (cos2 i] q2 sin2 i)1@2. The luminosity
density is where ! is the average mass-to-lightj\ o

|
/!,

ratio of the luminous material, which we assume to be con-
stant.

For these models, the gravitational potential and the
associated radial and vertical forces can all be obtained
from one-dimensional (usually numerical) integrals (cf.
eqs. [2.10]È[2.12] of Q95). We calculate the potential and
forces in this way and tabulate them on a Ðne polar (r, h)
grid, with logarithmic sampling in radius and linear sam-
pling in the angle. These tabulated values are used for the
subsequent orbit calculations. It is straightforward to add
the contributions from a dark component to the potential
and the forces, as required for models with, e.g., a BH or a
dark halo. In the case of a BH these contributions need not
be tabulated, because they are known analytically.

For density distributions that are not stratiÐed on similar
concentric spheroids one must use more general techniques
to calculate the gravitational potential and the associated

forces. One possibility to determine these, while at the same
time Ðtting a complicated surface brightness distribution, is
to use a Multi-Gaussian Expansion (Emsellem, Monnet, &
Bacon 1994). We do this in our modeling of the S0 galaxy
NGC 4342 (Cretton & van den Bosch 1999). Another possi-
bility is to obtain through nonparametric deprojectiono

|of an observed surface brightness distribution (e.g., Dehnen
1995) and calculate the potential from a multipole or other
expansion (e.g., Hernquist & Ostriker 1992 ; Zhao 1996a).

2.2. Choice of Orbits
The results obtained with our modeling technique should

not depend on the details of the orbit library. To achieve
this, the library must represent the full variety of orbits in
the given potential. In this section we describe how we have
chosen to select orbits in order to fulÐll this requirement.

In axisymmetric models, all orbits conserve at least two
isolating integrals of motion : the energy E and the vertical
component of the angular momentum NumericalL

z
.

studies have shown that many orbits conserve an additional
third isolating integral which is usually not known ana-I3,lytically (see, e.g., Ollongren 1962 ; Innanen & Papp 1977 ;
Richstone 1982 ; Dehnen & Gerhard 1993). These regular
orbits are speciÐed completely by the integrals of motion
and can be labeled by the values of E, andL

z
, I3.For each energy E, there is one circular orbit in the equa-

torial plane, which has radius and velocityR
c

V
c
2\

The angular momentum of this orbit,R
c
(L'/LR)(Rc,0). R

c
V
c
,

is the maximum angular momentum at the given energy :
We sample the energies in the model by adopting aL max(E).

logarithmic grid in Each deÐnes an energy E throughR
c
. R

cthe implicit relation The orbits inE\ '(R
c
, 0)] (1/2)V

c
2.

the model have O). However, it is sufficient toR
c

½ [0,
adopt a grid of that covers only a Ðnite range,N

E
-values

to chosen so as to contain all but a negligibleR
c,min R

c,max,fraction of the total mass of the system. At each energy we
sample the range of possible by adopting a grid inL

z
-values

the quantity (g ½ [[1, 1]). Orbits with bothg 4 L
z
/L max(E)

and are included in the library, but theL
z
[ 0 L

z
\ 0 L

z
\

0 orbits need not be calculated ; they are obtained from the
orbits by reversing the velocity vector at each pointL

z
[ 0

along the orbit. We have calculated orbits for ofNg-values
g, spaced linearly between and where is a smallv1 1 [ v1, v1number. For numerical reasons, the special values g \ 0
(radial orbits) and g \ 1 (the circular orbit in the equatorial
plane) are presumed to be represented by their closest
neighbors on the grid but are not included explicitly.

In an axisymmetric potential the orbit reduces to a two-
dimensional motion in the meridional (R, z) plane in an
e†ective gravitational potential (e.g.,'eff \ '] (1/2)L

z
2/R2

Binney & Tremaine 1987, hereafter BT). For Ðxed (E, L
z
),

the position of a star is restricted to the region bounded by
the ““ zero-velocity curve ÏÏ (ZVC), deÐned as the curve of
values (R, z) that satisfy the equation and henceE\ 'eff,Figure 2 illustrates ZVCs in the meridionalv
R

\ v
z
\ 0.

plane. A regular orbit admits a third isolating integral, I3,that restricts its motion to a subregion of the full region of
phase space accessible at the given (E, This is illustratedL

z
).

in Figure 3, which shows a regular orbit viewed in the
meridional plane. In our method we have chosen a numeri-
cal representation of that can be used to label the orbit.I3Every orbit with touches the ZVC (Ollongren 1962).L

z
D 0

As suggested by Levison & Richstone (1985), we take the R
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FIG. 2.ÈZero velocity curves (ZVCs) are plotted for seven values of L
zuniformly sampled between and at an energy corre-0.05L

z
max 0.95L

z
max

sponding to a circular orbit radius (indicated by the dot). TheR
c
\ 2.0

mass model is the one of our test model of ° 4.1, with no BH.

coordinate of the ““ turning point ÏÏ on the ZVC (i.e., the
intersection of the orbit with the ZVC), denoted by asRzvc,the third parameter to specify the orbit. At every (E, L

z
)

there is exactly one orbit that touches the ZVC at only one
value, of R : the so-called ““ thin tube ÏÏ orbit (see Fig. 3).Rthin,All other regular orbits touch the ZVC for at least two
values of one smaller than and one larger thanRzvc, RthinTo sample the orbits at a given (E, we calculateRthin. L

z
),

trajectories that are started with from the ZVC,v
R

\ v
z
\ 0

FIG. 3.ÈA regular orbit, the thin-tube periodic orbit, and the ZVC
around them in the meridional (R, z) plane for the same mass model as in
Fig. 2. The radii and are indicated (see text). The circularRmin , Rmax Rthinorbit is represented by a black dot. The di†erent starting points on the
ZVC are shown with open dots and the corresponding angles w and wthinare indicated.

at a given radius (this radius determines accordingRzvc vÕto Not every orbit launched in this way neces-vÕ\ L
z
/R).

sarily admits a third integral, since irregular orbits also
touch the ZVC. Our orbit library therefore includes both
regular and irregular orbits, and, as we shall see in ° 2.3, we
have found it unnecessary to distinguish between them in all
our tests and applications to date. To reduce redundancy
in the library it is sufficient to consider only orbits with

where is the radius at which theRzvc ½ [Rthin, Rmax], RmaxZVC intersects the plane z\ 0.
For the orbit library we have chosen to use ofN

I3
-values

Each point on the ZVC is determined withRzvc. (Rzvc, zzvc)the help of an angle w, which is sampled linearly between 0
and (see Fig. 3). For numerical reasons, the specialwthinvalues (thin tube orbit) andRzvc \ Rthin Rzvc \Rmax(equatorial orbit) are presumed to be represented by their
respective closest neighbor on the grid but are not included
explicitly. Finding the starting point for the periodic orbit,

is straightforward (see, e.g., Pfenniger & Friedli 1993).Rthin,It is sufficient to calculate only orbits that are started
from the ZVC with z[ 0. Orbits started with z\ 0 are
obtained from those started with z[ 0 by reversing the sign
of z and at each point along the orbit. Most orbits arev

zthemselves symmetric with respect to the equatorial plane
(see, e.g., Fig. 3), so that this operation is redundant.
However, this is not true for, e.g., the orbits parented by the
1/1 resonance between the R and z-motion (see Fig. 11
below, or Fig. 8 of Richstone 1982). Since we are only inter-
ested in constructing models that are symmetric about the
equatorial plane, we do not view the orbits started with
z[ 0 and z\ 0 from the ZVC as separate building blocks,
but instead we consider only their sum.

The grid in g, completely speciÐes the orbit(R
c
, Rzvc)library. Appropriate choices for the parameters that charac-

terize this grid are discussed in ° 4.

2.3. Orbit Calculation
For each g, we calculate a trajectory, started(R

c
, Rzvc)from the ZVC as described in ° 2.2. We have used several

standard integration algorithms, including the Bulirsch-
Stoer integrator (Press et al. 1992) and the Runge-Kutta-
Fehlberg algorithm (Fehlberg 1968). We have experimented
with both and found equivalent results. The former algo-
rithm was used in vdM98. Here we use the Runge-Kutta-
Fehlberg algorithm.

The results of the orbit calculations were used to approx-
imate the ““ orbital phase-space density ÏÏ for each trajectory.
Each phase point along a calculated orbit was assigned a
weight equal to the time step at that point, divided by the
total integration time.

This procedure results in density distributions in phase
space, and its corresponding spatial densityDFtraj otraj.Orbits were calculated in the meridional plane, but all six
phase space coordinates are needed. The azimuthal velocity

is completely speciÐed. However, for projectionvÕ\ L
z
/R

onto the sky, the azimuthal angle / ½ [0, 2n] is also
required. The distribution of stars over / is homogeneous,
because of the assumed symmetry. The weight at each time
step was therefore divided into a number of equal
““ subweights,ÏÏ and each was assigned a random /. Further-
more, each subweight was divided in two, and one of the
two parts was assigned phase coordinates with (z, multi-v

z
)

plied by [1. This corrects for the fact that only orbits
started with z[ 0 from the ZVC were calculated (cf. ° 2.2).
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The trajectories should be integrated long enough so that
the orbital phase-space densities no longer change signiÐ-
cantly with time. Pfenniger (1984) proposed to check
directly for the convergence of the orbital mass distribution.
However, this may take a very long time, especially for
orbits that are unusually close to a high-order resonance,
for orbits at very large radii or at very small radii close to a
BH, and for irregular orbits (see also Merritt & Fridman
1996). We have used a cruder approach, in which we calcu-
lated each orbit for a Ðxed number (D200) of characteristic
orbital periods. We found this to be sufficient for our
purpose ; longer integrations yield Ðnal models that are not
signiÐcantly di†erent. This is because the ““ noise ÏÏ in our
modeling is dominated by the representation of phase space
through a coarse discrete grid.

Orbits can have sharp edges in both the spatial and
velocity dimensions. We found that a simple scheme to
obtain smoother densities yielded slightly more accurate
results for the Ðnal orbit superposition. To take into
account the fact that each energy E in the orbit catalog
represents all energies in some bin around it[E1, E2](deÐned by the choice of energy grid), a random energy E3
was drawn from the range for each normalized[E1, E2]time step. The corresponding phase coordinates (r, were¿)
then translated to the energy by replacing them byE3

where and are the radii([R3
c
/R

c
]r, [V3

c
/V

c
]¿), R

c
, R3

c
V
c
, V3

cand circular velocities of the circular orbits at the energies E
and respectively. This ““ dithering ÏÏ approach is onlyE3 ,
approximately correct (it assumes that the potential is
locally scale-free) but was found to work well in practice.

2.4. Storing the Orbital Properties
For each orbit we store both the intrinsic properties and

the projected properties. The intrinsic properties are neces-
sary to test for consistency of the Ðnal model. We store otrajon an (r, h) grid in the meridional plane, logarithmic in r and
linear in h ½ [0, n/2]. Angles h [ n/2 need not be stored
separately, because of symmetry with respect to the equato-
rial plane. We also store the lowest order velocity moments
of each orbit i, j\ r, h, /) on the same(otrajSv

i
T, otrajSv

i
v
j
T,

grid, so as to be able to study the intrinsic dynamical struc-
ture of the Ðnal model.

The projected properties are necessary for comparison to
observable quantities, such as the projected surface bright-
ness and line-of-sight VP shapes. Only three coordinates of
phase space are available for comparison with obser-
vations : the projected positions x@, y@ (which we choose to
be aligned with the photometric major and minor axis), and
the line-of-sight velocity, Given an inclinationvlos(4v

z{
).

angle i of the galaxy (i\ 90¡ means edge-on), these are
related to the usual cylindrical coordinates (R, z, /) in the
following way :

x@ \ R sin / ,

y@ \ [R cos i cos /] z sin i ,

vlos \ (v
R

cos /[ vÕ sin /) sin i] v
z
cos i . (2)

To have the projected properties of the orbits accessible, we
store their phase-space densities both on an (r@, h@) grid on
the projected plane of the sky [with similar properties as the
intrinsic (r, h) grid], and on a Cartesian (x@, y@, data cubevlos)(see ° 2.5). The former is used to reconstruct the projected
surface density of the model. The latter is used to model
observed kinematical quantities. The spatial grid size (*x,

*y) of the (x@, y@, cube is chosen to provide 2È5 timesvlos)higher spatial resolution than the pixel size of the available
kinematical observations. If observations with very di†erent
resolution are available for a galaxy (e.g., very high spatial
resolution HST data in the central arcsec, and lower
resolution ground-based data out to an e†ective radius), it
is best to store the data on two or more cubes with di†erent
spatial grid sizes and extents. During the orbit calculations
we then store the phase-space densities simultaneously on
all (x@, y@, cubes. Only the x@º 0 half of each cube needsvlos)to be stored, because each orbit has the same weight at
(x@, y@, as at ([x@, [y@, The size *v of the velocityvlos) [vlos).bins on the (x@, y@, cube(s) must be chosen to provide avlos)proper sampling of the observed VPs. In practice we use
D50È100 bins between where is([Np pmax, Np pmax), pmaxthe largest observed dispersion, and Np \ 4È8.

2.5. Modeling Observed Kinematical Quantities
Point spread function (PSF) convolution is essential

when comparing model quantities with observed kine-
matical quantities in the central regions of galaxies. Seeing
convolution correlates information in the two spatial
dimensions x@, y@, but not invlos :

Fconv(x0@ , y0@ , vlos) \ F? PSF

\
PP

F(x@, y@, vlos)PSF

] (x@[ x0@ , y@ [ y0@ )dx@dy@ , (3)

where F is the function to convolve, PSF is the point spread
function, and is the result of the convolution of F withFconvthe PSF. The Ðnal model is a linear superposition of the
orbits, so the (x@, y@, cubes for each orbit may be individ-vlos)ually convolved with the PSF. As in R97, we do the convol-
ution for each velocity slice efficiently by multiplications in
Fourier space, using Fast Fourier Transforms (e.g., Press et
al. 1992).

Kinematical data is generally obtained either through
small, discrete apertures, along a number of slit-positions,
or may derive from two-dimensional integral Ðeld spectros-
copy (e.g., Bacon et al. 1995). Any setup of this kind can be
simulated by our models, including possible spatial binning
along a slit. For each observational ““ aperture,ÏÏ we choose
the (x@, y@, cube with the most appropriate cell size,vlos)convolve it with the relevant PSF, and bin the results spa-
tially over the aperture size. This yields a one-dimensional
velocity histogram, for each orbit and for each observation.
Examples of such ““ orbital VPs ÏÏ are shown in Figure 4.

Kinematical observations provide information on the
line-of-sight VPs

VP(x@, y@, vlos) \
PPP

DFdv
x{

dv
y{

dz@ , (4)

at di†erent positions (x@, y@) on the projected face of a
galaxy.

In practice, the normalization of VP(x@, y@, is based onvlos)the photometric data. It is often useful to parameterize
observed VPs by a few numbers. A common choice for such
a VP parameterization is the Gauss-Hermite expansion. We
follow the notation of vdMF, in which the VP is represented
as

VP(vlos) \
a(w)
p

;
l/0

N
h
l
H

l
(w) , (5)
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FIG. 4.ÈVPs as a function of line-of-sight velocity (in km s~1) for the two orbits of Fig. 3. The regular and thin orbits are shown in the top and bottomvlospanels, respectively, for viewing through (1A square) cells along the major axis (left) and minor axis (right), respectively. The orbits were not convolved with a
PSF. For each panel, di†erent lines correspond to cells at di†erent distances r from the center : the solid line corresponds to the central cell (r \ 0@@), the dotted
line to r \ 1@@, the short dashed line to r \ 2@@, and the dotÈshort-dashed line to r \ 3@@.

with

w\ vlos [ V
p

, a(w)\ 1

J2n
e~w2@2 . (6)

The are the Gauss-Hermite moments (hereafter GHh
lmoments) deÐned by

h
l
\ 2Jn

P
~=

=
VP(vlos)a(w)H

l
(w)dvlos (l\ 0, . . . , L ) . (7)

Each is a Hermite polynomial (see Appendix A ofH
lvdMF). The quantities V and p characterize the ““ weighting

function,ÏÏ in the integral (7). When describing obser-a(w)H
l
,

vations, V and p are usually taken to be the velocity and
dispersion of the Gaussian that best Ðts the observed VP.
With this choice, h1 4 h24 0.

GH moments of higher order describe deviations from a
Gaussian. Only the moments of order L ¹ 6 are generally
measured from galaxy spectra, due to the Ðnite spectral (and
thus velocity) resolution of the observations.

If we envision galaxies as consisting of orbital building
blocks, then the overall VP measured for a given obser-
vation is just the superposition of the individual orbital
VPs. Similarly, the observed GH moments are just a linear
superposition of the GH moments of the individual orbital
VPs, provided that the observed V and p for the given
observation are used in the weighting function a(w)H

l
(w).

Thus, as described in detail in R97, to Ðt the kinematical
observations we may restrict ourselves to solving a linear
superposition problem for the Gauss-Hermite moments.
The constraints are then that and the withh1\ h2\ 0, h

ll º 3 should equal their observed values. It must be stressed
that this approach is general and assumes neither that the
observed VPs are well described by the lowest order terms
of a GH series nor that the orbital VPs are well described by
the lowest order terms of a GH series. Nonetheless, if a full
nonparametric estimate of the observed VPs is available
there is no need to restrict the analysis to the lowest order
GH moments. Our technique can just as easily Ðt the indi-
vidual velocity bins of the observed VPs.
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2.6. Fitting the Constraints
Constructing a model consists of Ðnding a weighted

superposition of the stellar orbits in the library that repro-
duces two sets of constraints :

1. Consistency constraints for the stellar luminosity dis-
tribution. The model should reproduce the initially
assumed luminous stellar density z) (° 2.1), for eacho

|
(R,

cell of the meridional (r, h) grid, for each cell of the projected
plane (r@, h@) grid, and for each aperture for which there is
kinematical data. In theory, it is sufficient to Ðt only the
meridional plane masses, because projected densities are
then Ðtted automatically. In practice this might not exactly
be the case, because of discretization. To circumvent this,
the projected masses may be included as separate con-
straints. Note that for axisymmetric models the projected
density does not uniquely specify the intrinsic density (e.g.,
Rybicki 1986 ; Gerhard & Binney 1996).

2. Kinematical constraints. The model should reproduce
the observed kinematics of the galaxy, including VP shapes.
As discussed, we express this as a set of linear constraints on
the GH moments of the VPs (R97).

Finding the orbit superposition that best Ðts these con-
straints amounts to solving a linear problem, which can be
written in matrix notation as Bc \ c (R97). The matrix B
contains the mass that each orbit contributes to each rele-
vant intrinsic or projected grid cell, and the GH moments
that each orbit contributes to each kinematical observation.
The vector c contains the mass predicted by z) foro

|
(R,

each relevant intrinsic or projected grid cell, and the
observed GH moments for all kinematical observations ; the
vector c, which is to be solved for, contains the weight of
each orbit, i.e., the total mass of stars on each orbit. These
weights should be non-negative. Using the terminology
introduced in ° 2.5, the basic Schwarzschild equation
becomes

;
j/1

Norbitsc
j
VP

ij
\ VP

i
, (8)

with the individual VP of orbit j at constraint point i,VP
ijand the observed VP for the same constraint point.VP

iThe superposition problem can be expressed as a non-
negative least squares (NNLS) Ðt for the above matrix
equation. We have used the NNLS routine of Lawson &
Hanson (1974) to solve it. The NNLS routine Ðnds a com-
bination of non-negative orbital occupancies (which need
not be unique) that minimizes the usual L2 norm
oo Bc [ c oo . This norm can be viewed as a s2 quantity that
measures the quality of the Ðt to the constraints. The NNLS
routine always Ðnds a best solution. It need not be accept-
able in light of the observations ; this must be assessed
through the s2 of the best Ðt, and by comparison of the
model predictions to the constraints.

As is customary in least squares Ðtting, the model predic-
tions for each constraint and the actual constraint values
(the elements of the vector c) are weighted by the errors in
the constraints. Observational errors are available for the
kinematical constraints. In principle one would like the
consistency constraints to be Ðtted with machine precision.
It turns out that this is generally unfeasible, because of
discretization. It was found that models with no kinematical
constraints could at best simultaneously Ðt both the intrin-
sic and the projected masses with a fractional error of

D5 ] 10~3 (when using D1000 orbits). We therefore
assigned fractional errors of this size to the masses in the
consistency constraints. In principle one would like to
include also the observational surface brightness errors in
the analysis. Unfortunately, this requires the exploration of
a large set of three-dimensional mass densities (that all Ðt
the surface photometry to within the errors), which is pro-
hibitively time consuming.

2.7. Regularization
Our orbit superposition models are not generally smooth

in integral space, as a result of the ““ ill-conditioned ÏÏ
numerical nature of the NNLS matrix equation that is
being solved. There are no physical theories that describe
exactly how smooth the DF of a stellar system should be,
but some degree of smoothness should be expected. Our
technique can be extended in a straightforward manner to
yield smooth solutions by adding linear regularization con-
straints to the NNLS matrix equation (e.g., Press et al.
1992 ; Merritt 1993). This has the same e†ect as the addition
of ““ maximum entropy ÏÏ constraints (Richstone & Tremaine
1988). For linear regularization, each regularization con-
straint must be of the form

;
k

s
k,l c

k
\ 0 ^ * , (9)

thus providing an extra row to the matrix equation. The c
kare the orbital weights that make up the vector c, and l is

the number of the regularization constraint. The parameter
* sets the amount of regularization. Models with *] O
have no regularization, while models with *] 0 give inÐn-
ite weight to the regularization constraints. Alternatively,
one may view this as adding a term j oo Sc oo to the norm
oo Bc [ c oo that is minimized by the NNLS routine, where S
is the matrix with elements and j 4 1/* is a regulari-Ms

k,lNzation parameter (Zhao 1996b).
Many choices are possible for the matrix S, with the only

requirement that the norm oo Sc oo should provide a
measure of the smoothness of the solution. Our choice is
based on the fact that we consider the NNLS solution

to be ““ smooth ÏÏ if the second derivatives of thec(R
c
, g,Rzvc)(unitless) function g, are small. Here thec(R

c
, Rzvc)/c0(Rc

)
““ reference weights ÏÏ are a rough approximation toc0(Rc

)
the energy dependence of the model. These are determined
beforehand, e.g., by studying the spherical isotropic limit of
the given mass density. We view the three-dimensional
numerical grid in integral space as a Cartesian lattice, and
we approximate the second derivatives by second order
divided di†erences (eq. [18.5.10] of Press et al. 1992). We
assume that the distance between adjacent grid points on
the lattice is unity, independent of the Cartesian direction in
which they are adjacent. This (arbitrarily) solves the
problem that the axes of the grid in integral space have
di†erent units and yields three regularization constraints for
each grid point (i, j, l) that is not on a boundary :
[c

i~1,j,l]2c
i,j,l[c

i`1,j,l\0,[c
i,j~1,l]2c

i,j,l[ c
i,j`1,l\0, and [c

i,j,l~1] 2c
i,j,l[ c

i,j,l`1\ 0.

3. TWO-INTEGRAL COMPONENTS AND

ISOTROPIC COMPONENTS

3.1. DeÐnition
Individual regular orbits correspond to building blocks

with a DF proportional to d(E[E0)d(L
z
[L

z,0)d(I3[I3,0),
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FIG. 5.ÈVPs of an individual two-integral component with the same (E, as the orbits in Fig. 3, viewed along the major axis (left) and minor axis (right),L
z
)

respectively. Line types are the same as in Fig. 4. However, unlike in Fig. 4, these VPs were calculated for a point along either axis and were not ““ integrated ÏÏ
over cells.

for given These are not the only building(E0, L
z,0, I3,0).blocks that can be used to construct models. One may also

use ““ two-integral components,ÏÏ which correspond to the
DF

f *E0,Lz,0+d 4 C*E0,Lz,0+ d(E[ E0)d(L
z
[ L

z,0) , (10)

or ““ isotropic components,ÏÏ which correspond to the DF (cf.
Richstone 1982)

f *E0+
d 4 C*E0+ d(E[ E0) . (11)

We choose the normalization coefficients andC*E0,Lz,0+ C*E0+such that the total mass of each component is equal to
unity ; explicit expressions are derived in ° A1.

The two-integral components are smoother building
blocks than the regular orbits, since they Ðll completely the
ZVC and do not have the sharp edges of the regular orbits.
It is useful to view them as a particular combination of all
orbits that could be numerically integrated at the given

both regular orbits that Ðll only a subset of the(E0, L
z,0),area enclosed by the ZVC (therefore admitting three inde-

pendent integrals of motion) and irregular orbits that
occupy a larger area (admitting only two integrals ; note
that an irregular orbit does not necessarily Ðll the entire
phase-space region deÐned by see Merritt &(E0, L

z,0) ;Valluri 1996 for a discussion of the triaxial case). Similarly,
an isotropic component is a weighted combination of all
two-integral components (i.e., all orbits) at the given energy

The region in space occupied by such a component isE0.bounded by the equipotential surface '(R, z)\E0.
The two-integral and isotropic components are useful,

because their properties can be calculated semianalytically.
By using only two-integral components in the NNLS orbit
superposition, one can construct f (E, models for arbi-L

z
)

trary spheroidal potentials. This provides a new and conve-
nient way of constructing such models, which adds to the
several techniques already in existence for this purpose
(Hunter & Qian 1993 ; Dehnen & Gerhard 1994 ; Kuijken
1995 ; Magorrian 1995 ; M96b). Using only isotropic com-
ponents in the NNLS orbit superposition is generally less
useful, because these components follow equipotential sur-

faces, which are rounder than isodensity surfaces. Thus,
they cannot be used to build self-consistent isotropic
axisymmetric models. R97 describe how to use them to
build spherical isotropic models. Alternatively, the two-
integral and isotropic components may be used in the
superposition in conjunction with the regular orbits. This
has two advantages. First, these components are smoother,
and their inclusion therefore reduces numerical noise that
arises from the discrete representation of phase space (see
also Zhao 1996b). Second, addition of these components
provides a way to include all irregular orbits in the models.

3.2. Velocity ProÐles
The VP of a two-integral component is obtained by sub-

stitution of the DF of equation (10) into equation (4). The
resulting integral may be written as

VP*E0,Lz,0+(x@, y@, vlos) \ C*E0,Lz,0+
P

dz@J*E0,Lz,0+ , (12)

where

J*E,Lz+4
K L(v

x{
, v

y{
)

L(E, L
z
)
K
*E,Lz+

(13)

is the Jacobian for the change of variables from to(v
x{
, v

y{
)

(E, In ° A2 we give an explicit expression for this Jaco-L
z
).

bian. The integration in equation (12) extends over those z@
for which there exist velocities such that E(x@, y@, z@,(v

x{
, v

y{
)

and y@, z@, Simi-v
x{
, v

y{
, vlos) \ E0 L

z
(x@, v

x{
, v

y{
, vlos) \ L

z,0.larly, the VP for an isotropic component may be written as

VP*E0+(x@, y@, vlos) \ C*E0+
P

dz@
P

dL
z
J*E0,Lz+ . (14)

The projected density for a two-integral or isotropic com-
ponent, at projected position (x@, y@), is obtained as the inte-
gral of VP(x@, y@, overvlos) vlos.Equations (12) and (14) can be used to calculate the VPs
of the two-integral and isotropic components through
numerical quadratures, without the need for calculating
orbital trajectories. The only difficulty lies in Ðnding the
domain of integration in z@. We illustrate this for the case of
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an edge-on system (i\ 90¡). In this case J*E0,Lz,0+ \ (z@v
y{
)~1,

with

v
y{

\
S

2(E0[ ')[
AL

z,0] x@vlos
z@

B2[ vlos2 (15)

(cf. eqs. [A13] and [A14]). We will refer to the expression
under the square root as W . The integration in equation
(12) extends over those z@ for which W º 0. We Ðnd the
roots of W numerically. We start by Ðnding the roots of

This gives an interval that encom-2(E0[ ') [ vlos2 \ 0.
passes all real roots of W , because 2(E0[ ') [ vlos2 º W .
Then we subdivide this interval in many (D100È1000) small
segments, and check whether the sign of W di†ers at the
ends of each segment. If it does, we Ðnd the root between
these two points through bisection. The continuity of the
resulting VP was used to check whether all required inte-
gration domains in z@ were found. For the potentials studied
here, we typically Ðnd two or four roots.

The VP calculation for edge-on isotropic components is
less complicated. The Jacobian is quadratic in and can beL

zwritten as One canJ*E0,Lz+\ [(L
z
`[ L

z
)(L

z
[ L

z
~)]~1@2.

show that and are real if InL
z
~ L

z
` 2(E0[ ') [ vlos2 º 0.

this case the integral over in equation (14) extends fromdL
zto and is always equal to n. Thus, if there is aL

z
~ L

z
` zmax@

for which then2(E0 [ ')[ vlos2 \ 0,

VP*E0+(x@, y@, vlos)\ 2nC*E0+ zmax@ . (16)

If there is no such (i.e., if exceeds the escape velocityzmax@ vlosat the tangent point), then y@,VP*E0+(x@, vlos)\ 0.
Figure 5 shows examples of the VP of a two-integral

component along the major and minor axes of an edge-on
system.

4. TESTS

4.1. T he Test Model
The most useful tests for our axisymmetric implementa-

tion are those for which the results can be compared to
analytical results, or to semianalytical or numerical results
that were obtained with an independent algorithm. Models
with f (E, DFs have been widely studied in the past ÐveL

z
)

years (e.g., Evans 1993, 1994 ; Hunter & Qian 1993 ; Dehnen
& Gerhard 1994 ; Evans & de Zeeuw 1994 ; Kuijken 1995 ;
Q95 ; Magorrian 1995 ; M96b). Their properties can be
derived semianalytically, and a variety of algorithms and
numerical implementations have been presented to derive
the DF f (E, that generates a given luminous massL

z
)

density in a given potential '(R, z). These modelso
|

(R, z)
therefore provide an ideal test case. Here we present two
tests where we use our method to reproduce the properties
of an edge-on f (E, model.L

z
)

We consider a model with a luminous mass density of the
form (1), with parameters : a \ [1.435, b \ [0.423,
c\ v\ 2.0, d \ [1.298, q \ 0.73,b \ 0A.55, c\ 102A.0,

pc~3 (for ano0\ j0!M
_
/L

_,V, j0\ 0.463 ] 105L
_,Vassumed distance of 0.7 Mpc). We calculate the potential of

the test model, under the assumption that'4'
|

] 'dark,!\ 2.5, and with the option of a nuclear BH ('dark\
of mass All these param-[GMBH/r) MBH \ 3 ] 106 M

_
.

eters are based on the application of our technique to the
case of the galaxy M32, which was presented in vdM98.
This analogy with M32 was chosen mainly to demonstrate
the accuracy of our method for a realistic galaxy model.

The luminous mass density and potential '(R, z)o
|
(R, z)

determine uniquely only the even part of the DF,feven(E, L
z
)

f (E, For our test model weL
z
) 4 feven(E, L

z
) ] fodd(E, L

z
).

specify (arbitrarily) the extreme case that fodd(E, L
z
)\

for and that forfeven(E, L
z
) L

z
[ 0, fodd(E, L

z
) \ [feven(E, L

z
)

[and by deÐnition, 0)\ 0]. Thus, the f (E,L
z
\ 0 fodd(E, L

z
)

test model is ““ maximally rotating ÏÏ : all the stars are rotat-
ing in the same sense and have L

z
[ 0.

First, the unique f (E, DF of the test model was calcu-L
z
)

lated using the approach described in vdM98. We will refer
to the resulting DF as (for Hunter & Qian 1993). TheDFHQkinematical predictions (VPs, GH moments, etc.) for the
test model DF were subsequently calculated using the
expressions and software of Q95. The Jeans equations were
used as in Cretton & van den Bosch (1999) to compute the
intrinsic second-order velocity moments andSvÕ2T Sv

r
2T \

in the meridional plane. Our tests in °° 4.2 and 4.3 areSvh2Taimed at assessing how well our algorithm can reproduce
the test model properties thus calculated with independent
methods. This allows us to test all key aspects of the orbit
model construction, including the sampling of integral
space, orbit calculation, discreteness e†ects of the spatial
grids, projection into the data cubes, seeing convolution,
and the NNLS algorithm. Hence, it is no great drawback
that our tests are restricted to two-integral models.

4.2. Reproducing the Test Model with
Two-integral Components

We Ðrst describe tests of the extended Schwarzschild
technique with only two-integral components. We used an
(E, grid as described in ° 2.2, withL

z
) N

E
\ 70, R

c,min \
10~4.2 arcsec, arcsec, andR

c,max \ 104.2 Ng\ 19, v1\ 0.01.
Only components with were included in the super-L

z
[ 0

position ; the resulting models are therefore by deÐnition
maximally rotating with a DF of the form f (E, The DFL

z
).

is determined uniquely by the mass density. Kinematical
constraints are therefore not required in the NNLS Ðt, but
only constraints on the consistency of the stellar luminosity
distribution (see ° 2.6). For these, the polar (r, h) and (r@, h@)
grids in the meridional plane and on the projected plane of
the sky (see ° 2.4) were chosen to have 16 bins in the radial
coordinate between and andR

c,min R
c,max, Nh \Nh{ \ 7

bins in the angular coordinate (a rather modest resolution,
but similar tests with Ðner grids yielded similar accuracies).
We semianalytically (eq. [4-140b] of BT) calculated the iso-
tropic DF f (E) for the spherical version of the test model,
and used the corresponding masses on our energy grid as
reference weights for the regularization (see ° 2.7).

The NNLS algorithm yields the mass on each (E, gridL
z
)

cell, i.e., the integral of dM/dE over the grid cell. It doesdL
znot directly yield the DF f (E, which by deÐnition is theL

z
),

density in the six-dimensional phase space. However, for a
two-integral model there is a simple relation between
dM/dE and the DF f (E, as derived in ° B1. WithdL

z
L
z
),

equation (B3) the NNLS Ðt provides an estimate of the DF,
which we will denote We compare it with onDFNNLS. DFHQthe same grid, but to avoid possible border e†ects, we
restrict the comparison to the energy grid pointsN

E
\ 50

with between 10~3 and 103 arcsec (see Figs. 6 and 7 forR
cthe test models with and without a central BH, respectively).

The DFs agree well over 10 and 20 orders of magnitude,
respectively. The inserts show the percentage errors in the
DF calculation. Note that the largest errors occur at grid
points that carry little mass, e.g., at large radii. The orbit
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FIG. 6.ÈDF f (E, for the test model with a 3 ] 106 BH described in ° 4.1. The DF from the semianalytical HQ algorithm and from the extendedL
z
) M

_Schwarzschild technique, using only two-integral components, are plotted as function of the component number. The components run in order of energy, and
in order of for each energy ; this causes the jagged appearance of the curves. The two curves mostly overlap in the comparison interval (dashed lines). TheL

zinsert shows the relative di†erence (in percent) between the two DFs. The agreement between the two methods of calculating the DF is acceptable.

library in these Ðgures is numbered as follows. For each
value of of the energy, runs monotonically fromR

c
(E)

j
L
zto covering (\19 here) components. TheL

z,min L
z,max, Ngnext orbit corresponds to of etc. This choiceL

z,min R
c
(E)

j`1,
of numbering causes the jagged appearance of the DF. Q95
plotted f (E, and f (E, as a function of EL

z
\ 0) L

z
\ L

z,max)(see their Fig. 8), and such curves would appear as
envelopes in Figures 6 and 7.

To assess the inÑuence of smoothing on the accuracy with
which our technique recovers the DF, we have studied the
dependence of the rms logarithmic residual

rmslog DF4
C 1
N

E
Ng

;
i/1

NE
;
j/1

Ng
(log DFNNLS [ log DFHQ)2

D1@2
,

(17)

on the regularization parameter * (see ° 2.7). When * tends
to zero, the regularization constraints receive inÐnite
weight. This yields a very smooth DF, but one that does not
Ðt the consistency (mass) constraints very well, and there-
fore does not approximate very well. At the otherDFHQextreme, when * is very large there is hardly any smoothing,
and the mathematically ill-conditioned nature of the
problem yields a very jagged solution that also does not
match Figure 8 shows for the followingDFHQ. rmslog DF(*)

three cases : (a) the case in which only the masses on the
meridional plane (r, h) grid are included as constraints in the
NNLS Ðt ; (b) the case in which only the masses on the
projected plane (r@, h@) grid are included as constraints ; and
(c) the case in which both are included as constraints. In
principle, deprojection of the projected mass density is
unique for an edge-on system, so these approaches should
recover equivalent results. However, this is not true in prac-
tice because of discretization e†ects. In all three cases,

has a minimum near log *B 2.0, which is thus thermslog DFoptimum smoothing. The value of at the minimumrmslog DFis only mildly di†erent for the di†erent cases, but case (a)
yields the slightly better results. We have therefore adopted
case (a) for all our further test calculations. The minimum

is D0.02 ; this corresponds to a 5% rms di†erencermslog DFbetween and The mass-weighted rms di†er-DFNNLS DFHQ.
ence,

rmsDF\
GPP

DFHQ
CDFNNLS [ DFHQ

DFHQ

D2
d3xd3¿

NPP
DFHQ d3xd3¿

H1@2
, (18)

for the model with the optimum smoothing is also D5%.
This level of accuracy in the determination of the DF is
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FIG. 7.ÈSimilar to Fig. 6, but for the same model without a central BH

similar to that obtained with other techniques (see Gerhard
et al. 1998 ; Matthias & Gerhard 1999).

Figure 9 compares the predictions for the meridional
plane velocity moments to the results of the Jeans equa-
tions, for the model without a BH and with the optimum
smoothing. The top and bottom row of the Ðgure show

and respectively. We plot separa-SvÕ2T1@2 Sv
r
2T1@2\ Svh2T1@2,

tely each angular sector of the polar grid in the meridional
plane. In each row, the Ðrst panel is closest to the symmetry
axis and the last one is closest to the equatorial plane. Solid
lines show predictions of the extended Schwarzschild tech-
nique, and dashed lines the results obtained from the Jeans
equations. The model predictions were interpolated
between the (E, grid points to get smoother results.L

z
)

Overall the agreement is very good, and better than 1%.
This is better than the D5% agreement in the DF, because
the velocity moments are integrals over the DF (such that
errors tend to cancel). The errors in the velocity moments
are largest near the symmetry axis, since in the extended
Schwarzschild technique only a few components with very
low can reach this region of the meridional plane.L

zHowever, the errors are always km s~1.[2

4.3. Reproducing the Test Model with Regular Orbits
The next step in our testing procedure is to try to repro-

duce the properties of the test model with regular orbits,
rather than two-integral components. The Ðrst obvious

question is whether we can give the orbit superposition
algorithm constraints that force it to generate a model with
a DF of the form f (E, which can then be compared toL

z
),

the distribution function calculated as in ° 4.1. Unfor-DFHQtunately, there is no set of simple linear kinematic con-
straints that force the NNLS algorithm to produce an
f (E, model. One can certainly impose the necessary con-L

z
)

ditions that and but these condi-Sv
r
2T \ Svh2T Sv

r
vhT \ 0,

tions are not sufficient ; an f (E, model is fully determinedL
z
)

only by constraints on all its higher order velocity moments
(e.g., Magorrian & Binney 1994).

We therefore restrict ourselves here to a simpler test. We
calculate an orbit library in the gravitational potential of
the test model but do not do a subsequent NNLS Ðt.
Instead, we Ðx the orbital weights to those appropriatec

jfor an f (E, model and merely calculate the projectedL
z
)

kinematical quantities for some observational test setup,
given these orbital weights. The results are compared to the
same quantities but now calculated from as describedDFHQin ° 4.1. This tests all of the important parts of our method
that were not already tested by the calculations in ° 4.2,
namely the orbit calculation, the projection into data cubes
and VPs, and the seeing convolution.

The main difficulty with this test is that it requires know-
ledge of the orbital weights for an f (E, model, i.e., of theL

z
)

di†erential mass density on the grid ofdM/dE dL
z
dRzvc,quantities (E, that we use to sample orbit space (cf.L

z
, Rzvc)
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FIG. 8.ÈThe rms logarithmic residual for the test model ofrms log DFFig. 7, as function of the logarithm of the regularization parameter *. The
residual measures the di†erence between the DF as calculated with the
semianalytical HQ algorithm, and as calculated with the extended
Schwarzschild technique, using only two-integral components. The di†er-
ent line types indicate the cases in which only masses in the meridional
plane are included as consistency constraints (dotted line), in which only
projected plane masses are included (dashed line), or in which both are
included (solid line with dots).

° 2.2). This is not as straightforward as the calculation of
dM/dE described in ° B1. In fact, the orbital weights candL

zonly be easily calculated if an explicit expression exists for
the third integral, which is not the case for our test model.

However, if the model has a central BH then at small radii,
or high energies, the potential is Keplerian and spherical (as
it is at large radii, or low energies, because of the Ðnite mass
of the model). In this potential, all the integrals of motion
are known, and these limits are therefore analytically trac-
table.

At high energies (small radii) the test model reduces to a
scale-free axisymmetric mass density cusp with an f (E, L

z
)

DF in a spherical Kepler potential. This limit was studied
analytically by de Bruijne, van der Marel, & de Zeeuw
(1996). In this limit, the normalized distribution of mass
over (g, at Ðxed energy, which we will denote as h(g,Rzvc/Rc

)
is a known function that is independent of energy.Rzvc/Rc

),
An explicit expression for h(g, is derived in ° B2. WeRzvc/Rc

)
use this result to approximate the di†erential mass density
of our test model, restricting ourselves to the case with a
3 ] 106 BH. First, we calculate the di†erential massM

_density of the model over energy alone : G(E) 4 dM/dE\
where is obtained from/ [dM/dE dL

z
] dL

z
; dM/dE dL

zequation (B3). Then, we assume that the distribution of
mass over at Ðxed energy is always the same as in(L

z
, Rzvc)the high-energy limit, so that

dM
dEdg d(Rzvc/Rc

)
\ G(E)h(g, Rzvc/Rc

) . (19)

This relation is only correct at asymptotically high energies.
We found it was sufficiently good at energies with R

c
(E)[

which is where the mass density of the model is a pure0A.5,
power law and where the potential is Keplerian.

For our test we picked an observational test-setup with
the same set of eight square apertures, roughly aligned on
the major axis, as used by van der Marel et al. (1997a) in
their HST observations of M32 (see their Fig. 3). These
apertures all lie at projected radii so most of theR[ 0A.5,
light seen in these apertures originates from stars with ener-

FIG. 9.ÈComparison of meridional plane velocity moments, calculated either with the extended Schwarzschild technique using only two-integral
components (solid curves), or with the Jeans equations (dashed curves), for the model of Fig. 7. The top and bottom row of panels show andSvÕ2T1@2

respectively. The meridional (r, h) plane is divided in seven sectors. In each row, the Ðrst panel is the sector closest to the symmetry axis andSv
r
2T1@2\Svh2T1@2,

the last panel is the sector closest to the equatorial plane. The discrepancies are largest near the symmetry axis but are acceptable everywhere.
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gies for which our approximation of the di†erential mass
distribution is adequate. We chose the same PSF as in van
der Marel et al. (1997a), which is a sum of three Gaussians
that approximates the HST PSF. Subsequently, we picked
a grid in (E, space with andL

z
, Rzvc) N

E
\ 20, Ng \ 7,

and we calculated an orbit library for this grid.N
I3

\ 7,
Then Ðnally we calculated orbital weights from equation
(19) by integrating at each point of our (E, grid theL

z
, Rzvc)approximation over the correspond-dM/[dE dg d(Rzvc/Rc

)]
ing grid cell. Predictions for the projected kinematics then
follow by superposing the VPs for individual orbits in the
library as in equation (8).

Figure 10 shows the results thus obtained for the kine-
matical quantities V , p, . . . , As mentioned in ° 1,h3, h6.independent software implementations of the extended Sch-
warzschild method were programmed by both N. C. and R.
v. d. M. Dotted curves in the Ðgure show the results from N.
C.Ïs software, while dashed curves show the results from R.
v. d. M.Ïs software. For comparison, solid curves show the
results obtained by direct integration over the known

using the (completely independent) software of Q95DFHQ,
as described in ° 4.1. The rms di†erence between the di†er-
ent predictions is D2 km s~1 in V and p, and D0.01 in the
Gauss-Hermite moments. Kinematical data typically have
larger observational errors than this, so the numerical accu-
racy of our method is entirely adequate for modeling real
galaxies.

Finally, let us say a few words about the orbits in the
library for this test model. Figure 11 shows the orbits in the
library at the energy corresponding to Figure 12R

c
\ 0A.25.

shows the orbits at the same in the same model, but nowR
c
,

without a BH. The orbits are all regular and have a stable
periodic parent. The parents were determined using
surfaces-of-section (see also : Richstone 1982 ; Lees &
Schwarzschild 1992 ; Evans 1994 ; Evans, & deHa� fner,
Zeeuw 1997) and are indicated in the Ðgures. Most orbits in
Figures 11 and 12 are tubes and are parented by the thin
tube. Orbits that are not tubes are indicated. A minority of
the low o g o orbits in Figure 12 is parented by higher order
resonances, such as the 3 :2 and 4 :3 (being the ratio of the

FIG. 10.ÈKinematical predictions for the edge-on f (E, test model with a 3] 106 BH discussed in ° 4.3. The kinematical apertures are the same asL
z
) M

_for the HST observations of M32 by van der Marel et al. (1997a). They are aligned along the major axis. Data points are plotted equidistantly along the
abscissa. Dotted and dashed curves are predictions obtained with the extended Schwarzschild technique, using the software of Cretton and van der Marel,
respectively. The solid curves show predictions obtained from direct integration over the DF, using the software of Q95. The three curves agree well,
demonstrating the numerical accuracy of the orbit superposition technique.
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FIG. 11.ÈExamples of orbits at the energy with in the test model of ° 4.1 for the case with a 3 ] 106 BH. The axes for each orbit are inR
c
\ 0A.25, M

_units of Each line corresponds to a di†erent value of o g o and each column to a di†erent value of the third integral. The ratio of the R- and z-frequencies forR
c
.

the parent orbit is indicated for those orbits that are not parented by the thin tube.

R- and z-frequencies of the parent). By contrast, most of the
low o g o orbits in Figure 11 is parented by the 1 :1 resonance.
Thus, the orbital structure of the models with and without
BH is very clearly di†erent. An analysis of the orbital struc-
ture of these models as a function of the BH mass is beyond
the scope of the present paper but does seem worth further
study.

5. CONCLUDING REMARKS

In this paper we have described an extension of
SchwarzschildÏs method for building anisotropic axisym-
metric dynamical models of galaxies. We compute a set of
orbits in a given mass model and Ðnd the non-negative
superposition of these orbits that best reproduces a set of
(photometric and kinematic) constraints. Our method
includes the full VP shape as kinematic constraint. We

parameterize the VP using a GH expansion so that it is
speciÐed by a few numbers. The modeling method is valid
for any kind of parametric (or nonparametric) VP represen-
tation and properly takes into account the observational
setup (seeing convolution, pixel binning, error on each
constraint). We obtain smooth models by imposing a regu-
larization scheme in integral space.

R97 have described in detail several aspects of this
method and applied it to the spherical case. However, it is
not restricted to this simple geometry, and we have
described here the axisymmetric extension. The mass model
used to compute the orbit library may be complex : it can
have a central density cusp, a stellar disk, a central black
hole or an extended dark halo. Applications of our code to
the Ñattened systems M32 and NGC 4342 were presented in
vdM98 and Cretton & van den Bosch (1999).
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FIG. 12.ÈSimilar to Fig. 11, but now for the same model without a central BH

We have also devised a new semianalytic method for
constructing simpler dynamical models, for which the DF
has the special form DF \ f (E, or DF\ f (E). TheseL

z
)

DFs are obtained by using NNLS with analytic building
blocks for which the VPs are obtained by one-dimensional
quadratures. This technique is general and does not require
the density to be expressed analytically as a function of the
potential but can be used with any complex mass model.
Previous techniques assuming DF\ f (E, that are alsoL

z
)

free of this condition include those of Hunter & Qian (1993),
Dehnen & Gerhard (1994), Kuijken (1995), Magorrian
(1995), and M96b.

We have tested our new method by having it reproduce
the properties of f (E, models for which the DF andL

z
)

projected properties can be calculated with independent
algorithms. This allowed us to test all aspects of the super-
position method, including the sampling of integral space,
orbit calculation, discreteness e†ects of the spatial grids,

projection into the data cubes, seeing convolution, and the
NNLS algorithm. Tests with only two-integral components
reproduced the DF with a mass-weighted rms accuracy of

and the meridional plane velocity moments to better[5%,
than 2 km s~1. Tests with a regular orbit library indicated
accuracies in the projected quantities of D2 km s~1 in V
and p, and 0.01 in the GH moments. All the tests that we
have done indicate that the accuracy of our method is ade-
quate for the interpretation of kinematical data obtained
with realistic setups.

Our technique can be extended to triaxiality. Several
parts of the method will be unaltered for this geometry : the
use of projected quantities, e.g., VP(x@, y@, the Ðttingvlos),procedure, the seeing convolution, etc. However, the orbital
structure is much richer than in the axisymmetric case. New
orbit families appear (e.g., box orbits) as well as numerous
chaotic regions associated with resonances. During the
numerical integration of a trajectory in such a mass model,
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all six phase-space coordinates need to be computed, since
there is no azimuthal symmetry. Consequently, the comput-
ing overhead is signiÐcantly higher for triaxial geometries.
Work along these lines is in progress.
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APPENDIX A

CONSTRUCTION OF f (E, AND f (E)-COMPONENTSL
z
)-

A1. NORMALIZATION

To determine the normalization coefficients and in the deÐnitions of the two-integral and isotropic com-C*E0,Lz,0+ C*E0+ponents (eqs. [10] and [11]), we seek expressions for the total mass of a single component. The phase-space volume in
cylindrical coordinates is We used3xd3¿\ R2 dRd/ dz dR0 d/5 dz5 .

R0 2\ 2[E[ '(R, z)][ L
z
2

R2[ z5 2 , /5 \ L
z

R2 , (A1)

to switch, at Ðxed (R, z), from the variables to (E, We then Ðnd for the total mass of a two-integral component :(R0 , z5 ) L
z
).

m*E0,Lz,0+4
P

d3x d3¿f *E0,Lz,0+d \
P

R2 dR
P

d/
P

dz
P dE

R0
P dL

z
R2
P

dz5 f *E0,Lz,0+d . (A2)

Upon substitution of from equation (10), the integration over /, E and becomes trivial, and we obtainf *E0,Lz,0+d L
z

m*E0,Lz,0+ \ 4nC*E0,Lz,0+
PP

dRdz
P G

2[E0[ '(R, z)][ L
z,02

R2 [ z5 2
H~1@2

dz5 . (A3)

The integral over extends over the region where is deÐned as the root of the expression in the square root.dz5 o z5 o¹ z5 max, z5maxTherefore,

m*E0,Lz,0+\ 8nC*E0,Lz,0+
PP

dRdz
P
0

z5 max dz5
Jz5 max2 [ z5 2

\ 4n2C*E0,Lz,0+
PP

dRdz , (A4)

where the remaining double integral is over the region for which This is exactly the regionE0[ '(R, z) [ (L
z,02 /2R2) º 0.

bounded by the ZVC at the given where is the e†ective gravitational potential at the given'eff,0(R, z)¹ E0 (E0, L
z,0), 'eff,0To obtain we chooseL

z,0. m*E0,Lz,0+\ 1,

C*E0,Lz,0+\
C
4n2
P
'eff,0

(R,z)¹ E0
P

dRdz
D~1 \

C
2n2

Q
ZVC*E0,Lz,0+

(Rdz [ z dR)
D~1

, (A5)

where the second equality was obtained with a variant of StokesÏ theorem.
Following similar arguments, we obtain for the mass of an isotropic component :

m*E0+4
P

d3x d3¿f *Ed 0+\ 8nC*E0+
PP

dRdz
P

dL
z

P
0

z5 max dz5
Jz5max2 [ z5 2

\ 4n2C*E0+
P
'eff(R,z)yE0

PP
dRdz dL

z
,

where the e†ective gravitational potential z) is a function of at Ðxed (R, z). Evaluation of the integral over yields'eff(R, L
z
, dL

z

m*E0+\ 8J2n2C*E0+
P
'(R,z)yE0

P
RJE0[ '(R, z)dRdz . (A6)

To obtain we choosem*E0+\ 1,

C*E0+\
C
8J2n2

P
'(R,z)yE0

P
RJE0[ '(R, z)dRdz

D~1
. (A7)

For the special case of a spherical potential, '\ '(r), we have

m*E0+\ 16J2n2C*E0+
P
'(r)yE0

r2JE0[ '(r)dr , (A8)
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which can be recognized as the ““ density-of-states ÏÏ function for an isotropic spherical system (BT). Calculations for spherical
components with DFs proportional to were presented in Appendix A of R97.d(E[ E0)d(L [ L 0)

A2. VELOCITY PROFILES

We derive here the Jacobian J for the transformation from to (E, which enters into the expressions for the VPs(v
x{
, v

y{
) L

z
),

of two-integral and isotropic components (eqs. [12] and [14]). The energy is

E\ 12(vx{2 ] v
y{
2 ] vlos2 ) ] '(x@, y@, z@) . (A9)

For inclination angle i,

x \ [y@ cos i ] z@ sin i, z\ y@ sin i ] z@ cos i , (A10)

and the angular momentum is therefore

L
z
\ xv

y
[ yv

x
\ v

x{
([y@ cos i ] z@ sin i) ] v

y{
(x@ cos i) [ vlos(x@ sin i) . (A11)

This yields for the Jacobian

J \ o x@v
x{

cos i ] y@v
y{

cos i [ z@v
y{

sin i o~1 , (A12)

in which and are functions of E and determined byv
x{

v
y{

L
z

v
x{

\ L
z
[ v

y{
x@ cos i] vlos x@ sin i

[ y@ cos i] z@ sin i
, v

y{
2 \ 2(E[ ') [ v

x{
2 [ vlos2 . (A13)

Substitution of in the expression for yields a quadratic equation forv
x{

v
y{
2 v

y{
:

av
y{
2 ] bv

y{
] c\ 0 , (A14)

where

a \ ([y@ cos i] z@ sin i)2] (x@ cos i)2 , (A16)

b \ [2(L
z
] vlos x@ sin i)x@ cos i ,

c\ vlos2 ([y@ cos i] z@ sin i)2] (L
z
] vlosx@ sin i)2[ 2(E[ ')([y@ cos i ] z@ sin i)2 .

Therefore,

v
y{

\ 2(L
z
] vlos x@ sin i)x@ cos i ^ J*

2[([y@ cos i ] z@ sin i)2] (x@ cos i)2] , (A17)

with *4 b2[ 4ac. Equations (A13), (A14), and (A17) deÐne the Jacobian J.

APPENDIX B

RELATION BETWEEN ORBITAL WEIGHTS AND THE DF

FOR AN f (E, MODELB1. dM/dE dL
z

L
z
)

For a two-integral model there is a simple relation between the di†erential mass density dM/dE and the DF f (E, TodL
z

L
z
).

derive this relation (see also Vandervoort 1984) we write the trivial identity

f (E, L
z
)\
PP

f (E0, L
z,0)( f *E0,Lz,0+d /C*E0,Lz,0+)dE0 dL

z,0 , (B1)

where and are as deÐned in equation (10). The total mass of the system isf *E0,Lz,0+d C*E0,Lz,0+
M 4

P
d3x d3¿f (E, L

z
) \
PP

f (E0, L z,0)(m*E0,Lz,0+/C*E0,Lz,0+)dE0 dL
z,0 , (B2)

where the second identity follows upon substitution of equation (B1), exchange of the integration order, and use of the
deÐnition of from equation (A2). Substitution of equations (A4) and (A5), relabeling of the integration variables fromm*E0,Lz,0+to (E, and di†erentiation then yields(E0, L z,0) L

z
),

dM/dE dL
z
\ f (E, L

z
) ]
C
2n2

Q
ZVC*E, Lz+

(Rdz [ z dR)
D

. (B3)

The mass weight for a cell in integral space isc
j

c
j
\
P
cellj

P dM
dEdL

z
dE dL

z
. (B4)
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B2. SCALE-FREE DENSITY IN A KEPLER POTENTIAL

We summarize here the asymptotic case of a scale-free axisymmetric density in a spherical Kepler potential, which was
discussed in detail by de Bruijne et al. (1996). We adopt the same units as in that paper. In those units, and ( \ 1/r,o

|
\ s~m

where s is deÐned as in equation (1) by s2\ R2] (z/q)2, with q the axial ratio. The associated eccentricity is e\ (1 [ q2)1@2. It
is convenient to work with the integrals of motion

E\ [E , g2 4 L
z
2/L max2 (E) , f24 L2/L max2 (E) , (B5)

where E is the binding energy, g2 ½ [0, 1] and f2 ½ [g2, 1]. The unique (even) two-integral DF is

DF(E, g2) \ C0 g(E) j(e2g2) , (B6)

where

C0\ qm
2nB(m [ 1/2, 3/2)

, g(E)\Em~3@2 , j(e2g2) \3F2
Am
2

,
m ] 1

2
,
m ] 2

2
;
1
2

,
2m [ 1

2
; e2g2

B
. (B7)

The special functions B and are the beta-function and a generalized hypergeometric function, respectively. Upon3F2substitution of m \ [a this yields the limit of our test model (° 4.1) ; upon substitution of m \ [a [ (bc)[ (dv), itR
c
] 0

yields the limit.R
c
] O

We wish to calculate the mass weight contained in a cell number j of integral space (see eq. [8]). According toc
jequations (35) and (37) of de Bruijne et al., this is given by

c
j
\
PP

cellj

P
dE dg2 df2w(E, g2, f2)DF(E, g2) , w(E, g2, f2) \n3

4
E~5@2(g2)~1@2(f2)~1@2 . (B8)

In the Kepler potential the binding energy is related to the circular radius according to The ZVC at a givenE\ 1/(2R
c
).

g2) is therefore deÐned by(R
c
,

1 \ 2R
c

r
[
AR

c
g

R
B2

. (B9)

A particle on the ZVC has and Therefore, we have f2\ (rg/R)2. Combined with thev
r
\ vh \ 0, L2\ r2vÕ2 L

z
2\ R2vÕ2.expression for the ZVC this yields

f2\
C 2g(Rzvc/Rc

)
g2] (Rzvc/Rc

)2
D2

, (B10)

which is a one-to-one relation if is chosen between g and 1] (1/g2)1@2. Substitution of the DF from equation (B6)(Rzvc/Rc
)

into equation (B8), and transformation to the variables g ½ [0, 1] and yieldslog R
c
, (Rzvc/Rc

) ½ [g, 1 ] J1 [ g2]
dM

d(log R
c
) dg d(Rzvc/Rc

)
\ 2C0 n3

AR
c

2
B3~m

g j(e2g2)
G g2[ (Rzvc/Rc

)2
[g2] (Rzvc/Rc

)2]2
H

. (B11)

Hence, the normalized distribution of mass over (g, at Ðxed energy, which we will denote as h(g, isRzvc/Rc
) Rzvc/Rc

),
independent of energy. In particular :

h
A
g,

Rzvc
R

c

B
\ 2g j(e2g2)

G g2[ (Rzvc/Rc
)2

[g2] (Rzvc/Rc
)2]2
H

]
AP

0

1
dg2j(e2g2)

P
g

1`S1~g2
d
ARzvc

R
c

BG g2 [ (Rzvc/Rc
)2

[g2] (Rzvc/Rc
)2]2
HB~1

. (B12)
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