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ABSTRACT
Using a new grid of models of cooling white dwarfs, we calculate isochrones and luminosity functions

in the Johnson-Kron/Cousins and Hubble Space Telescope (HST ) Ðlter sets for systems containing old
white dwarfs. These new models incorporate a nongray atmosphere that is necessary to properly describe
the e†ects of molecular opacity at the cool temperatures of old white dwarfs. The various functions cal-
culated and extensively tabulated and plotted are meant to be as utilitarian as possible for observers, so
all results are listed in quantities that observers will obtain. The tables and plots developed should even-
tually prove critical in interpreting the results of HST Ïs Advanced Camera observations of the oldest
white dwarfs in nearby globular clusters, in understanding the results of searches for old white dwarfs in
the Galactic halo, and in determining ages for star clusters using white dwarfs. As a practical application
we demonstrate the use of these results by deriving the white dwarf cooling age of the old Galactic
cluster M67.
Subject headings : galaxy : globular clusters : general È stars : evolution È stars : interiors È

stars : luminosity function, mass function È stars : white dwarfs

1. INTRODUCTION

The search for and use of old white dwarfs in determining
the ages and star formation histories in stellar systems was
given an important lift recently with the publication of new
sets of models of cooling white dwarfs (Hansen 1998, 1999 ;
Saumon & Jacobson 1999). These models included nongray
atmospheres that are critical in understanding the lumi-
nosity and emergent spectrum of white dwarfs whose tem-
peratures fall below 4000 K. It is the atmosphere that
regulates changes in the white dwarfÏs largely isothermal
core and, hence, its cooling time. Also, the behavior of the
atmosphere is strongly dependent on its composition, par-
ticularly the amount of hydrogen and helium (helium does
not form molecules, whereas hydrogen does at cool
temperatures). Hydrogen molecules thus provide a dra-
matic opacity source that must be included in the modeling
in order to understand the emergent Ñux from the star.
Therefore, careful treatment of the physics is essential to
properly interpret the luminosities and colors of old white
dwarfs.

As an added incentive, the recent microlensing results in
the direction of the Magellanic Clouds (Alcock et al. 1997a,
1997b ; Renault et al. 1997) suggest that a sizeable fraction
(perhaps half or even larger) of the dark matter in the
Galactic halo could be tied up in stellar objects with masses
near 0.5 This suggests old white dwarfs as the likelyM

_
.

candidate, although other possibilities remain (neutron
stars, primordial black holes, or other exotica). Although all
of these candidates for the Galactic dark matter have their
problems, numerous searches are now under way to
attempt to locate these objects, and there already exists a
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few possible old white dwarf candidates in the Hubble Deep
Field (Ibata et al. 1999) and general Ðeld of the Galaxy
(Harris et al. 1999). All the searches for old white dwarfs
must be guided by appropriate cooling models, isochrones,
and luminosity functions. In this paper we present all of the
above as an aid in directing these endeavors. The com-
pilations here are much more extensive than those in Chab-
rier (1999) and use a di†erent set of models, notably those of
Hansen. The tables and plots are all in the observers plane
in the Johnson-Kron/Cousins V RI color system or the
Hubble Space Telescope (HST ) system, and attempts have
been made to make the data as utilitarian for observers as
possible. For this reason we have presented not just the
cooling models, but have developed white dwarf isochrones
and luminosity functions both for clusters and for the
Galactic halo. These are the quantities that will actually be
observed when the Advanced Camera for Surveys on HST
eventually penetrates the faint end of the white dwarf
cooling sequence in a globular cluster or when a wide-area,
ground-based survey detects a sizeable sample of old halo
white dwarfs.

2. THE WHITE DWARF COOLING MODELS

The white dwarf models presented here are based on the
code of Hansen & Phinney (1998). The addition of new
atmospheric models (Hansen 1998, 1999) has led to a
revision of the cooling ages and observational appearance
of old white dwarfs and it is these that we will use. The only
models we present are those for C-O cores (without separa-
tion energy) and with hydrogen-rich atmospheres. Chemical
separation may lengthen the ages slightly (Salaris et al.
1997 ; Hansen 1999). As such, the omission of this contribu-
tion represents the most conservative assumption, that is
the fastest cooling. It is only for hydrogen-rich atmospheres
that the white dwarfs remain bright (brighter than M

V
\

18) for times comparable to the Hubble time. This is due to
the strong opacity of molecular hydrogen. The helium-rich
models, which do not possess this opacity source, cool
much more rapidly and become fainter than on aM

V
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timescale less than 6 Gyr. Because of the strongly non-
blackbody colors of cool hydrogen-rich white dwarfs
caused by the hydrogen molecules redistributing the emer-
gent Ñux, the stars actually become bluer in V [I when Teffdrops below about 3500 K. At this point there is little
change in as the stars evolve but the V RI colorsM

Vbecome very di†erent from those of black bodies of any
temperature and these colors may be a key to the discovery
of old white dwarfs.

In Figure 1 we illustrate the e†ect that the added H2opacity has on the observed cooling track of a 0.5 C-OM
_core, H-rich (DA) white dwarf. Here we compare the

cooling sequence for such a model by Hansen with an
extrapolated model using WoodÏs (1992), (1995) interiors
and Bergeron, Wesemael, & BeauchampÏs (1995) atmo-
spheres. Down to an of about 16 (age slightly older thanM

V7 Gyr for both models), both sets of models agree quite well,
but as the star gets cooler and more molecules are able to
form, the e†ect of the molecular opacity increases and the
two models di†er enormously. In V [I, old white dwarfs
are blue, not red.

Table 1 contains these new cooling models in Johnson/
Kron-Cousins V RI and Table 2 contains these in the HST
Ðlters, while Figure 2 plots the V [I cooling sequencesM

V
,

from Table 1. The colors can be quite di†erent in these two
di†erent Ðlter sets since the strong opacity producesH2sharp Ñux peaks in the emergent white dwarf spectrum. The
colors measured by the observer, then, depend critically on
the positions of the transmission peaks of the Ðlters. The
HST colors are calculated using the Holtzmann et al. (1995)
bandpasses and the transformations they use to express
Ñuxes in V , R, and I.

The mass range in the models varies from 0.5È0.9 M
_and the sequences all begin at about an age of 0.2 Gyr since

FIG. 1.ÈNew 0.5 white dwarf cooling model of Hansen (1998,M
_1999) compared with a similar mass model constructed from the interiors

of Wood (1992) and Bergeron et al. (1995) atmospheres (W-B). The main
di†erences appeared around 8 Gyr, where the e†ects of atmospheric H2opacity become important.

TABLE 1

WHITE DWARF COOLING MODELS : C-O CORES, HYDROGEN

ATMOSPHERES, JOHNSON-KRON/COUSINS FILTERS

Age
(Gyr) Teff M

V
V [R V [I

0.5 M
_

0.123 . . . . . . 15095.03 10.790 0.044 [0.009
0.135 . . . . . . 14654.43 10.860 0.024 [0.010
0.149 . . . . . . 14222.96 10.932 0.011 [0.005
0.164 . . . . . . 13780.73 11.013 0.012 0.009
0.180 . . . . . . 13337.02 11.102 0.027 0.032
0.198 . . . . . . 12906.18 11.194 0.042 0.053
0.218 . . . . . . 12488.92 11.288 0.052 0.068
0.240 . . . . . . 12085.52 11.383 0.058 0.085
0.264 . . . . . . 11691.84 11.479 0.065 0.110
0.291 . . . . . . 11305.23 11.576 0.076 0.139
0.320 . . . . . . 10926.06 11.674 0.094 0.163
0.352 . . . . . . 10555.34 11.775 0.117 0.180
0.387 . . . . . . 10193.22 11.883 0.135 0.197
0.426 . . . . . . 9840.420 12.001 0.139 0.223
0.469 . . . . . . 9498.634 12.121 0.140 0.260
0.516 . . . . . . 9167.637 12.235 0.158 0.296
0.567 . . . . . . 8846.488 12.361 0.166 0.315
0.624 . . . . . . 8537.167 12.519 0.168 0.349
0.686 . . . . . . 8237.403 12.691 0.180 0.394
0.755 . . . . . . 7948.685 12.859 0.193 0.423
0.831 . . . . . . 7671.349 13.000 0.214 0.448
0.914 . . . . . . 7404.970 13.139 0.240 0.484
1.005 . . . . . . 7149.014 13.279 0.267 0.532
1.106 . . . . . . 6902.436 13.421 0.284 0.577
1.215 . . . . . . 6667.564 13.562 0.292 0.614
1.325 . . . . . . 6463.478 13.693 0.302 0.645
1.435 . . . . . . 6285.780 13.813 0.320 0.674
1.544 . . . . . . 6132.283 13.923 0.340 0.702
1.654 . . . . . . 6000.452 14.024 0.359 0.729
1.764 . . . . . . 5887.130 14.115 0.376 0.757
1.873 . . . . . . 5787.598 14.198 0.391 0.783
1.983 . . . . . . 5698.339 14.275 0.404 0.807
2.093 . . . . . . 5616.067 14.347 0.415 0.829
2.202 . . . . . . 5539.106 14.415 0.425 0.849
2.312 . . . . . . 5466.304 14.479 0.433 0.868
2.421 . . . . . . 5397.410 14.541 0.441 0.885
2.531 . . . . . . 5333.680 14.598 0.447 0.900
2.641 . . . . . . 5272.595 14.653 0.453 0.913
2.750 . . . . . . 5216.421 14.705 0.459 0.926
2.860 . . . . . . 5153.561 14.763 0.464 0.939
2.970 . . . . . . 5093.876 14.819 0.470 0.951
3.079 . . . . . . 5045.101 14.866 0.475 0.961
3.189 . . . . . . 5006.260 14.903 0.479 0.968
3.299 . . . . . . 4970.547 14.938 0.483 0.975
3.408 . . . . . . 4938.016 14.970 0.486 0.981
3.518 . . . . . . 4913.123 14.995 0.489 0.986
3.628 . . . . . . 4893.929 15.015 0.491 0.990
3.737 . . . . . . 4876.708 15.032 0.493 0.993
3.847 . . . . . . 4860.749 15.048 0.495 0.996
3.957 . . . . . . 4841.101 15.068 0.497 1.001
4.066 . . . . . . 4820.696 15.089 0.499 1.004
4.176 . . . . . . 4799.458 15.110 0.502 1.008
4.286 . . . . . . 4775.066 15.135 0.505 1.013
4.395 . . . . . . 4746.954 15.164 0.508 1.018
4.505 . . . . . . 4715.784 15.196 0.512 1.025
4.614 . . . . . . 4680.278 15.232 0.516 1.033
4.724 . . . . . . 4648.286 15.266 0.520 1.040
4.834 . . . . . . 4619.301 15.297 0.524 1.047
4.943 . . . . . . 4589.228 15.329 0.528 1.055
5.053 . . . . . . 4555.379 15.366 0.532 1.064
5.163 . . . . . . 4522.656 15.401 0.537 1.073
5.272 . . . . . . 4489.496 15.438 0.541 1.083



TABLE 1ÈContinued

Age
(Gyr) Teff M

V
V [R V [I

5.382 . . . . . . . 4458.713 15.472 0.545 1.092
5.492 . . . . . . . 4430.572 15.503 0.549 1.101
5.601 . . . . . . . 4404.640 15.533 0.552 1.110
5.711 . . . . . . . 4381.141 15.559 0.555 1.117
5.821 . . . . . . . 4357.899 15.586 0.558 1.125
5.930 . . . . . . . 4333.108 15.614 0.562 1.133
6.040 . . . . . . . 4305.524 15.645 0.565 1.141
6.150 . . . . . . . 4277.585 15.676 0.569 1.149
6.259 . . . . . . . 4246.783 15.711 0.574 1.158
6.369 . . . . . . . 4215.137 15.746 0.578 1.166
6.478 . . . . . . . 4181.689 15.783 0.583 1.174
6.588 . . . . . . . 4150.566 15.817 0.587 1.180
6.698 . . . . . . . 4120.335 15.849 0.592 1.185
6.807 . . . . . . . 4088.863 15.882 0.596 1.188
6.917 . . . . . . . 4056.221 15.916 0.601 1.190
7.027 . . . . . . . 4023.599 15.949 0.606 1.191
7.136 . . . . . . . 3990.353 15.982 0.611 1.189
7.246 . . . . . . . 3954.138 16.017 0.617 1.185
7.356 . . . . . . . 3920.099 16.049 0.622 1.179
7.465 . . . . . . . 3887.626 16.080 0.627 1.174
7.575 . . . . . . . 3853.812 16.113 0.632 1.168
7.685 . . . . . . . 3819.187 16.148 0.636 1.163
7.794 . . . . . . . 3784.345 16.185 0.641 1.159
7.904 . . . . . . . 3749.789 16.224 0.645 1.157
8.014 . . . . . . . 3714.956 16.266 0.648 1.158
8.123 . . . . . . . 3675.609 16.317 0.651 1.163
8.233 . . . . . . . 3641.318 16.364 0.654 1.170
8.343 . . . . . . . 3610.248 16.407 0.655 1.176
8.452 . . . . . . . 3576.533 16.453 0.657 1.179
8.562 . . . . . . . 3540.475 16.500 0.658 1.175
8.671 . . . . . . . 3504.480 16.541 0.659 1.162
8.781 . . . . . . . 3471.429 16.573 0.660 1.139
8.891 . . . . . . . 3438.031 16.601 0.661 1.107
9.000 . . . . . . . 3404.297 16.625 0.662 1.067
9.110 . . . . . . . 3370.412 16.648 0.662 1.023
9.220 . . . . . . . 3335.544 16.671 0.661 0.976
9.329 . . . . . . . 3301.808 16.695 0.660 0.932
9.439 . . . . . . . 3269.609 16.720 0.657 0.892
9.549 . . . . . . . 3236.274 16.749 0.653 0.853
9.658 . . . . . . . 3203.143 16.779 0.648 0.816
9.768 . . . . . . . 3170.244 16.811 0.642 0.780
9.878 . . . . . . . 3141.138 16.840 0.636 0.747
9.987 . . . . . . . 3110.630 16.872 0.629 0.710
10.097 . . . . . . 3080.182 16.904 0.622 0.671
10.207 . . . . . . 3050.325 16.935 0.614 0.630
10.316 . . . . . . 3022.236 16.965 0.606 0.587
10.426 . . . . . . 2998.492 16.989 0.599 0.547
10.536 . . . . . . 2973.438 17.015 0.591 0.501
10.636 . . . . . . 2940.729 17.046 0.581 0.436
10.800 . . . . . . 2907.066 17.075 0.571 0.363
10.965 . . . . . . 2873.790 17.097 0.560 0.286
11.513 . . . . . . 2755.530 17.109 0.529 [0.019
12.061 . . . . . . 2631.510 17.038 0.506 [0.345
12.609 . . . . . . 2500.087 17.029 0.490 [0.599
13.158 . . . . . . 2371.128 17.198 0.474 [0.698
13.706 . . . . . . 2243.651 17.428 0.443 [0.763
14.254 . . . . . . 2118.142 17.631 0.394 [0.869
14.802 . . . . . . 2003.111 17.804 0.341 [0.986

0.6 M
_

0.177 . . . . . . . 14843.15 11.101 0.032 [0.010
0.195 . . . . . . . 14366.82 11.174 0.014 [0.008
0.215 . . . . . . . 13898.19 11.253 0.010 0.003
0.236 . . . . . . . 13438.67 11.341 0.023 0.027
0.260 . . . . . . . 12990.45 11.435 0.040 0.050
0.286 . . . . . . . 12551.13 11.532 0.051 0.066

TABLE 1ÈContinued

Age
(Gyr) Teff M

V
V [R V [I

0.315 . . . . . . 12122.97 11.631 0.058 0.083
0.346 . . . . . . 11708.42 11.730 0.065 0.109
0.381 . . . . . . 11307.59 11.829 0.076 0.139
0.419 . . . . . . 10920.09 11.928 0.094 0.164
0.461 . . . . . . 10547.16 12.028 0.118 0.180
0.507 . . . . . . 10186.72 12.135 0.136 0.197
0.558 . . . . . . 9838.626 12.250 0.139 0.224
0.614 . . . . . . 9503.302 12.368 0.139 0.259
0.675 . . . . . . 9180.363 12.478 0.158 0.294
0.743 . . . . . . 8870.609 12.596 0.166 0.314
0.817 . . . . . . 8573.980 12.745 0.167 0.344
0.899 . . . . . . 8289.914 12.905 0.178 0.386
0.989 . . . . . . 8016.144 13.068 0.189 0.418
1.087 . . . . . . 7751.372 13.203 0.207 0.440
1.196 . . . . . . 7497.785 13.333 0.230 0.470
1.316 . . . . . . 7263.138 13.458 0.256 0.510
1.448 . . . . . . 7054.518 13.575 0.276 0.549
1.592 . . . . . . 6865.231 13.684 0.286 0.583
1.750 . . . . . . 6688.593 13.791 0.291 0.611
1.908 . . . . . . 6536.831 13.886 0.297 0.634
2.066 . . . . . . 6400.791 13.970 0.308 0.655
2.224 . . . . . . 6276.921 14.059 0.321 0.675
2.382 . . . . . . 6158.933 14.143 0.336 0.696
2.540 . . . . . . 6047.026 14.227 0.353 0.719
2.698 . . . . . . 5945.456 14.307 0.368 0.742
2.856 . . . . . . 5848.571 14.386 0.382 0.767
3.013 . . . . . . 5754.589 14.465 0.396 0.792
3.171 . . . . . . 5661.967 14.545 0.409 0.817
3.329 . . . . . . 5572.308 14.623 0.421 0.841
3.487 . . . . . . 5495.300 14.699 0.430 0.861
3.645 . . . . . . 5412.929 14.765 0.439 0.881
3.803 . . . . . . 5328.751 14.840 0.448 0.901
3.961 . . . . . . 5256.578 14.905 0.455 0.917
4.119 . . . . . . 5198.637 14.958 0.460 0.930
4.277 . . . . . . 5134.595 15.017 0.466 0.943
4.434 . . . . . . 5076.699 15.072 0.472 0.955
4.592 . . . . . . 5039.023 15.108 0.476 0.962
4.750 . . . . . . 5005.241 15.140 0.479 0.968
4.908 . . . . . . 4968.070 15.176 0.483 0.976
5.066 . . . . . . 4928.367 15.215 0.487 0.983
5.224 . . . . . . 4894.569 15.248 0.491 0.989
5.382 . . . . . . 4866.263 15.276 0.494 0.995
5.540 . . . . . . 4840.229 15.302 0.497 1.000
5.698 . . . . . . 4815.657 15.326 0.500 1.005
5.856 . . . . . . 4787.219 15.355 0.503 1.010
6.013 . . . . . . 4756.879 15.385 0.507 1.016
6.171 . . . . . . 4725.292 15.417 0.511 1.023
6.329 . . . . . . 4691.195 15.452 0.515 1.030
6.487 . . . . . . 4656.167 15.489 0.519 1.038
6.645 . . . . . . 4622.911 15.524 0.524 1.046
6.803 . . . . . . 4590.039 15.559 0.528 1.055
6.961 . . . . . . 4556.122 15.595 0.532 1.064
7.119 . . . . . . 4517.374 15.637 0.537 1.074
7.277 . . . . . . 4476.308 15.682 0.543 1.087
7.435 . . . . . . 4430.533 15.733 0.549 1.101
7.592 . . . . . . 4381.882 15.787 0.555 1.117
7.750 . . . . . . 4338.176 15.836 0.561 1.131
7.908 . . . . . . 4293.258 15.887 0.567 1.145
8.066 . . . . . . 4243.015 15.943 0.574 1.159
8.224 . . . . . . 4192.182 15.999 0.581 1.172
8.382 . . . . . . 4138.105 16.057 0.589 1.182
8.540 . . . . . . 4087.839 16.111 0.596 1.188
8.698 . . . . . . 4034.327 16.165 0.604 1.191
8.856 . . . . . . 3975.993 16.222 0.613 1.187
9.013 . . . . . . 3920.523 16.275 0.622 1.180
9.171 . . . . . . 3869.634 16.324 0.629 1.171
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TABLE 1ÈContinued

Age
(Gyr) Teff M

V
V [R V [I

9.329 . . . . . . . 3818.512 16.375 0.636 1.163
9.487 . . . . . . . 3763.022 16.435 0.643 1.157
9.645 . . . . . . . 3707.316 16.501 0.649 1.159
9.803 . . . . . . . 3647.716 16.581 0.653 1.169
9.961 . . . . . . . 3592.017 16.658 0.656 1.178
10.119 . . . . . . 3541.803 16.723 0.658 1.175
10.277 . . . . . . 3487.057 16.784 0.660 1.151
10.435 . . . . . . 3434.827 16.828 0.662 1.103
10.592 . . . . . . 3385.314 16.863 0.662 1.043
10.750 . . . . . . 3336.989 16.895 0.661 0.978
10.908 . . . . . . 3284.393 16.933 0.658 0.910
11.066 . . . . . . 3232.627 16.977 0.652 0.849
11.224 . . . . . . 3182.985 17.024 0.644 0.794
11.382 . . . . . . 3131.988 17.075 0.634 0.736
11.540 . . . . . . 3084.716 17.124 0.623 0.677
11.698 . . . . . . 3031.762 17.180 0.609 0.602
11.856 . . . . . . 2981.371 17.232 0.594 0.516
12.013 . . . . . . 2938.354 17.273 0.581 0.431
12.157 . . . . . . 2926.146 17.283 0.577 0.405
12.631 . . . . . . 2776.846 17.341 0.534 0.038
13.026 . . . . . . 2651.867 17.276 0.509 [0.295
13.421 . . . . . . 2516.529 17.246 0.491 [0.576
13.815 . . . . . . 2375.756 17.416 0.474 [0.696
14.052 . . . . . . 2293.782 17.566 0.458 [0.733
14.289 . . . . . . 2208.270 17.713 0.431 [0.789
14.526 . . . . . . 2124.721 17.847 0.397 [0.863
14.763 . . . . . . 2041.982 17.972 0.359 [0.946
15.000 . . . . . . 1961.336 18.092 0.321 [1.030

0.7 M
_

0.242 . . . . . . . 14913.46 11.342 0.035 [0.010
0.266 . . . . . . . 14418.44 11.416 0.016 [0.008
0.292 . . . . . . . 13931.65 11.496 0.010 0.002
0.322 . . . . . . . 13450.78 11.587 0.023 0.026
0.354 . . . . . . . 12976.53 11.685 0.040 0.051
0.389 . . . . . . . 12507.30 11.788 0.051 0.068
0.428 . . . . . . . 12044.80 11.895 0.059 0.087
0.471 . . . . . . . 11613.16 11.998 0.067 0.116
0.519 . . . . . . . 11211.43 12.097 0.079 0.146
0.570 . . . . . . . 10830.39 12.195 0.100 0.168
0.628 . . . . . . . 10466.15 12.294 0.123 0.183
0.690 . . . . . . . 10116.31 12.399 0.138 0.201
0.759 . . . . . . . 9780.568 12.512 0.138 0.229
0.835 . . . . . . . 9462.165 12.623 0.141 0.264
0.919 . . . . . . . 9166.861 12.723 0.159 0.296
1.011 . . . . . . . 8894.094 12.826 0.167 0.313
1.112 . . . . . . . 8643.276 12.948 0.166 0.335
1.223 . . . . . . . 8414.625 13.073 0.173 0.368
1.346 . . . . . . . 8197.749 13.198 0.181 0.399
1.480 . . . . . . . 7980.196 13.326 0.191 0.421
1.628 . . . . . . . 7769.401 13.432 0.206 0.438
1.791 . . . . . . . 7559.454 13.539 0.224 0.461
1.970 . . . . . . . 7338.874 13.655 0.247 0.496
2.168 . . . . . . . 7121.523 13.774 0.270 0.537
2.382 . . . . . . . 6908.543 13.895 0.284 0.575
2.597 . . . . . . . 6708.771 14.014 0.290 0.608
2.812 . . . . . . . 6526.905 14.128 0.298 0.635
3.027 . . . . . . . 6344.902 14.248 0.313 0.664
3.242 . . . . . . . 6148.930 14.385 0.338 0.698
3.457 . . . . . . . 5954.893 14.533 0.366 0.740
3.672 . . . . . . . 5794.888 14.665 0.390 0.781
3.887 . . . . . . . 5661.806 14.779 0.409 0.817
4.102 . . . . . . . 5540.478 14.885 0.425 0.849
4.317 . . . . . . . 5440.402 14.973 0.436 0.874
4.532 . . . . . . . 5347.771 15.056 0.446 0.896
4.747 . . . . . . . 5263.535 15.132 0.454 0.915

TABLE 1ÈContinued
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(Gyr) Teff M

V
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4.961 . . . . . . . 5208.143 15.183 0.459 0.927
5.176 . . . . . . . 5163.271 15.224 0.464 0.937
5.391 . . . . . . . 5123.507 15.261 0.467 0.945
5.606 . . . . . . . 5075.434 15.306 0.472 0.955
5.821 . . . . . . . 5041.870 15.338 0.475 0.961
6.036 . . . . . . . 5007.492 15.371 0.479 0.968
6.251 . . . . . . . 4971.232 15.405 0.483 0.975
6.466 . . . . . . . 4929.016 15.446 0.487 0.983
6.681 . . . . . . . 4882.581 15.491 0.492 0.992
6.896 . . . . . . . 4834.008 15.539 0.498 1.001
7.111 . . . . . . . 4785.358 15.587 0.503 1.011
7.326 . . . . . . . 4729.533 15.643 0.510 1.022
7.540 . . . . . . . 4671.635 15.702 0.517 1.035
7.755 . . . . . . . 4611.470 15.764 0.525 1.049
7.970 . . . . . . . 4549.051 15.830 0.533 1.065
8.185 . . . . . . . 4480.140 15.905 0.542 1.086
8.400 . . . . . . . 4409.324 15.983 0.551 1.108
8.615 . . . . . . . 4337.092 16.064 0.561 1.131
8.830 . . . . . . . 4258.954 16.151 0.572 1.155
9.045 . . . . . . . 4168.789 16.250 0.585 1.176
9.260 . . . . . . . 4088.764 16.335 0.596 1.188
9.475 . . . . . . . 4001.292 16.424 0.609 1.190
9.690 . . . . . . . 3906.217 16.514 0.624 1.177
9.904 . . . . . . . 3812.124 16.607 0.637 1.162
10.198 . . . . . . 3716.670 16.715 0.648 1.158
10.334 . . . . . . 3627.638 16.835 0.654 1.173
10.549 . . . . . . 3531.468 16.962 0.658 1.173
10.764 . . . . . . 3446.799 17.045 0.661 1.116
10.979 . . . . . . 3355.300 17.109 0.662 1.003
11.194 . . . . . . 3265.593 17.175 0.656 0.887
11.409 . . . . . . 3174.044 17.258 0.643 0.784
11.624 . . . . . . 3076.448 17.359 0.621 0.666
11.839 . . . . . . 2987.764 17.451 0.596 0.528
12.054 . . . . . . 2909.311 17.523 0.571 0.368
12.269 . . . . . . 2829.705 17.566 0.548 0.177
12.483 . . . . . . 2748.437 17.557 0.527 [0.038
12.698 . . . . . . 2660.447 17.506 0.511 [0.273
12.913 . . . . . . 2571.178 17.466 0.498 [0.480
13.128 . . . . . . 2485.013 17.490 0.488 [0.618
13.343 . . . . . . 2406.382 17.589 0.479 [0.681
13.558 . . . . . . 2323.072 17.737 0.465 [0.719
13.773 . . . . . . 2244.531 17.877 0.444 [0.763
13.988 . . . . . . 2168.899 18.002 0.416 [0.822
14.203 . . . . . . 2101.429 18.107 0.387 [0.885
14.418 . . . . . . 2031.461 18.213 0.354 [0.957
14.633 . . . . . . 1964.061 18.313 0.322 [1.027
14.847 . . . . . . 1849.694 18.488 0.271 [1.140
15.062 . . . . . . 1695.594 18.748 0.218 [1.252

0.8 M
_

0.347 . . . . . . . 14827.20 11.607 0.032 [0.010
0.382 . . . . . . . 14318.27 11.684 0.013 [0.007
0.420 . . . . . . . 13825.06 11.767 0.012 0.007
0.463 . . . . . . . 13339.78 11.860 0.027 0.032
0.509 . . . . . . . 12852.63 11.962 0.044 0.056
0.560 . . . . . . . 12350.56 12.073 0.054 0.073
0.616 . . . . . . . 11862.71 12.187 0.062 0.098
0.677 . . . . . . . 11417.10 12.294 0.072 0.131
0.745 . . . . . . . 11005.48 12.397 0.089 0.159
0.820 . . . . . . . 10629.32 12.496 0.112 0.177
0.902 . . . . . . . 10304.04 12.588 0.131 0.191
0.992 . . . . . . . 10025.96 12.675 0.139 0.208
1.091 . . . . . . . 9771.160 12.762 0.138 0.230
1.200 . . . . . . . 9515.225 12.851 0.139 0.258
1.321 . . . . . . . 9257.279 12.938 0.152 0.287
1.453 . . . . . . . 8984.493 13.034 0.169 0.310

321
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TABLE 1ÈContinued

Age
(Gyr) Teff M

V
V [R V [I

1.598 . . . . . . . 8644.942 13.191 0.166 0.334
1.758 . . . . . . . 8304.034 13.380 0.177 0.384
1.934 . . . . . . . 8015.659 13.551 0.189 0.418
2.127 . . . . . . . 7761.395 13.679 0.207 0.439
2.340 . . . . . . . 7494.761 13.815 0.230 0.470
2.574 . . . . . . . 7179.554 13.983 0.264 0.526
2.831 . . . . . . . 6841.066 14.175 0.287 0.587
3.112 . . . . . . . 6563.108 14.346 0.296 0.630
3.393 . . . . . . . 6299.760 14.519 0.318 0.671
3.673 . . . . . . . 6051.851 14.698 0.352 0.718
3.954 . . . . . . . 5847.120 14.861 0.382 0.767
4.235 . . . . . . . 5678.406 15.004 0.407 0.812
4.515 . . . . . . . 5530.119 15.133 0.426 0.852
4.796 . . . . . . . 5441.573 15.212 0.436 0.874
5.077 . . . . . . . 5337.787 15.304 0.447 0.899
5.358 . . . . . . . 5273.102 15.363 0.453 0.913
5.638 . . . . . . . 5218.652 15.412 0.458 0.925
5.919 . . . . . . . 5162.725 15.464 0.464 0.937
6.200 . . . . . . . 5112.481 15.511 0.468 0.947
6.480 . . . . . . . 5060.477 15.559 0.473 0.958
6.761 . . . . . . . 5003.271 15.613 0.479 0.969
7.042 . . . . . . . 4933.282 15.679 0.487 0.982
7.323 . . . . . . . 4859.581 15.750 0.495 0.996
7.603 . . . . . . . 4780.419 15.828 0.504 1.012
7.884 . . . . . . . 4693.962 15.915 0.515 1.030
8.165 . . . . . . . 4595.114 16.017 0.527 1.053
8.445 . . . . . . . 4486.675 16.133 0.541 1.084
8.726 . . . . . . . 4363.449 16.270 0.558 1.123
9.007 . . . . . . . 4234.122 16.414 0.575 1.161
9.287 . . . . . . . 4099.712 16.560 0.595 1.187
9.568 . . . . . . . 3946.773 16.711 0.618 1.184
9.849 . . . . . . . 3783.074 16.873 0.641 1.159
10.130 . . . . . . 3615.818 17.086 0.655 1.175
10.410 . . . . . . 3446.500 17.280 0.661 1.116
10.691 . . . . . . 3292.242 17.388 0.659 0.920
10.972 . . . . . . 3116.982 17.551 0.631 0.718
11.252 . . . . . . 2936.514 17.735 0.580 0.427
11.533 . . . . . . 2772.573 17.799 0.533 0.026
11.814 . . . . . . 2589.899 17.704 0.500 [0.441
12.095 . . . . . . 2432.296 17.784 0.482 [0.665
12.375 . . . . . . 2310.931 17.993 0.462 [0.724
12.656 . . . . . . 2233.273 18.130 0.440 [0.771
12.937 . . . . . . 2072.729 18.385 0.374 [0.914

0.9 M
_

0.484 . . . . . . . 14710.72 11.894 0.026 [0.010
0.532 . . . . . . . 14165.67 11.977 0.010 [0.004
0.586 . . . . . . . 13649.91 12.068 0.016 0.015
0.644 . . . . . . . 13163.69 12.164 0.034 0.042
0.709 . . . . . . . 12697.61 12.264 0.048 0.061
0.779 . . . . . . . 12290.85 12.355 0.055 0.076
0.857 . . . . . . . 11933.71 12.437 0.061 0.093
0.943 . . . . . . . 11587.54 12.519 0.067 0.118
1.038 . . . . . . . 11255.32 12.601 0.078 0.143
1.141 . . . . . . . 10931.75 12.683 0.093 0.163
1.256 . . . . . . . 10560.71 12.781 0.117 0.179
1.381 . . . . . . . 10125.64 12.909 0.137 0.201
1.519 . . . . . . . 9716.503 13.046 0.138 0.236
1.671 . . . . . . . 9381.225 13.161 0.145 0.273
1.839 . . . . . . . 9062.250 13.270 0.166 0.305
2.023 . . . . . . . 8757.424 13.398 0.165 0.322
2.225 . . . . . . . 8434.758 13.569 0.172 0.365
2.447 . . . . . . . 8057.051 13.788 0.187 0.414
2.692 . . . . . . . 7663.667 13.990 0.214 0.449
2.961 . . . . . . . 7291.167 14.184 0.252 0.505
3.258 . . . . . . . 6939.941 14.380 0.283 0.570

TABLE 1ÈContinued
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3.583 . . . . . . . 6595.978 14.586 0.294 0.625
3.939 . . . . . . . 6267.617 14.802 0.322 0.677
4.294 . . . . . . . 5977.769 15.016 0.363 0.735
4.649 . . . . . . . 5737.974 15.213 0.398 0.796
5.005 . . . . . . . 5560.277 15.367 0.422 0.844
5.360 . . . . . . . 5475.945 15.442 0.432 0.866
5.715 . . . . . . . 5342.835 15.560 0.446 0.898
6.070 . . . . . . . 5254.616 15.639 0.455 0.917
6.426 . . . . . . . 5174.179 15.712 0.463 0.935
6.781 . . . . . . . 5091.327 15.788 0.470 0.952
7.136 . . . . . . . 4992.645 15.880 0.480 0.971
7.491 . . . . . . . 4857.250 16.010 0.495 0.997
7.847 . . . . . . . 4712.883 16.153 0.512 1.026
8.202 . . . . . . . 4532.780 16.340 0.535 1.070
8.557 . . . . . . . 4326.192 16.569 0.563 1.135
8.912 . . . . . . . 4081.319 16.835 0.597 1.189
9.268 . . . . . . . 3789.772 17.122 0.640 1.159
9.623 . . . . . . . 3471.486 17.515 0.660 1.139
9.978 . . . . . . . 3155.130 17.767 0.639 0.763
10.334 . . . . . . 2889.188 18.027 0.565 0.322
10.689 . . . . . . 2700.601 18.020 0.518 [0.168
11.044 . . . . . . 2571.432 17.954 0.498 [0.479
11.399 . . . . . . 2374.063 18.132 0.474 [0.697
11.755 . . . . . . 1855.517 18.968 0.273 [1.135

it takes this long for the white dwarfs to lose the imprint of
their initial conditions. The models terminate when Teffdrops below about 2000 K, which is the limit of the opacity
tables used.

Figure 3 plots the color-color diagram in the Johnson/
Kron-Cousins photometric system for a white dwarf of
mass 0.7 with ages indicated along the sequence. TheM

_

FIG. 2.ÈCooling sequences for C-O core, hydrogen-rich white dwarfs
of varying mass. The lines shown are for Johnson-Kron/Cousins Ðlters.
Constant ages of 5 and 12 Gyr are indicated on the diagram.



TABLE 2

THE WHITE DWARF COOLING MODELS : C-O CORES,
HYDROGEN ATMOSPHERES, HST FILTERS

Age
(Gyr) Teff M

V
V [R V [I

0.5 M
_

0.123 . . . . . . 15095.03 10.774 [0.034 [0.110
0.135 . . . . . . 14654.43 10.873 [0.012 [0.060
0.149 . . . . . . 14222.96 10.971 0.009 [0.012
0.164 . . . . . . 13780.73 11.071 0.029 0.031
0.180 . . . . . . 13337.02 11.167 0.044 0.065
0.198 . . . . . . 12906.18 11.250 0.050 0.081
0.218 . . . . . . 12488.92 11.324 0.046 0.083
0.240 . . . . . . 12085.52 11.404 0.048 0.087
0.264 . . . . . . 11691.84 11.504 0.063 0.108
0.291 . . . . . . 11305.23 11.616 0.085 0.141
0.320 . . . . . . 10926.06 11.725 0.102 0.176
0.352 . . . . . . 10555.34 11.825 0.109 0.205
0.387 . . . . . . 10193.22 11.930 0.119 0.233
0.426 . . . . . . 9840.420 12.056 0.142 0.265
0.469 . . . . . . 9498.634 12.191 0.170 0.300
0.516 . . . . . . 9167.637 12.312 0.184 0.335
0.567 . . . . . . 8846.488 12.440 0.210 0.375
0.624 . . . . . . 8537.167 12.604 0.234 0.420
0.686 . . . . . . 8237.403 12.775 0.233 0.452
0.755 . . . . . . 7948.685 12.938 0.243 0.486
0.831 . . . . . . 7671.349 13.076 0.262 0.528
0.914 . . . . . . 7404.970 13.223 0.292 0.580
1.005 . . . . . . 7149.014 13.380 0.330 0.643
1.106 . . . . . . 6902.436 13.535 0.359 0.701
1.215 . . . . . . 6667.564 13.681 0.377 0.749
1.325 . . . . . . 6463.478 13.813 0.393 0.786
1.435 . . . . . . 6285.780 13.936 0.411 0.820
1.544 . . . . . . 6132.283 14.049 0.430 0.854
1.654 . . . . . . 6000.452 14.154 0.449 0.889
1.764 . . . . . . 5887.130 14.249 0.468 0.926
1.873 . . . . . . 5787.598 14.336 0.486 0.961
1.983 . . . . . . 5698.339 14.417 0.502 0.993
2.093 . . . . . . 5616.067 14.492 0.518 1.022
2.202 . . . . . . 5539.106 14.563 0.532 1.047
2.312 . . . . . . 5466.304 14.631 0.546 1.069
2.421 . . . . . . 5397.410 14.695 0.558 1.088
2.531 . . . . . . 5333.680 14.754 0.570 1.104
2.641 . . . . . . 5272.595 14.812 0.581 1.119
2.750 . . . . . . 5216.421 14.865 0.591 1.131
2.860 . . . . . . 5153.561 14.926 0.602 1.145
2.970 . . . . . . 5093.876 14.984 0.613 1.158
3.079 . . . . . . 5045.101 15.033 0.622 1.169
3.189 . . . . . . 5006.260 15.073 0.628 1.178
3.299 . . . . . . 4970.547 15.110 0.635 1.186
3.408 . . . . . . 4938.016 15.144 0.640 1.194
3.518 . . . . . . 4913.123 15.170 0.645 1.201
3.628 . . . . . . 4893.929 15.191 0.648 1.205
3.737 . . . . . . 4876.708 15.210 0.651 1.210
3.847 . . . . . . 4860.749 15.227 0.654 1.214
3.957 . . . . . . 4841.101 15.248 0.658 1.219
4.066 . . . . . . 4820.696 15.270 0.661 1.225
4.176 . . . . . . 4799.458 15.293 0.665 1.230
4.286 . . . . . . 4775.066 15.319 0.669 1.237
4.395 . . . . . . 4746.954 15.350 0.674 1.245
4.505 . . . . . . 4715.784 15.384 0.680 1.254
4.614 . . . . . . 4680.278 15.423 0.686 1.264
4.724 . . . . . . 4648.286 15.458 0.692 1.274
4.834 . . . . . . 4619.301 15.491 0.697 1.282
4.943 . . . . . . 4589.228 15.525 0.703 1.291
5.053 . . . . . . 4555.379 15.563 0.709 1.302
5.163 . . . . . . 4522.656 15.600 0.715 1.312
5.272 . . . . . . 4489.496 15.638 0.721 1.323
5.382 . . . . . . 4458.713 15.674 0.727 1.333
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5.492 . . . . . . . 4430.572 15.706 0.733 1.342
5.601 . . . . . . . 4404.640 15.736 0.738 1.350
5.711 . . . . . . . 4381.141 15.764 0.742 1.358
5.821 . . . . . . . 4357.899 15.791 0.747 1.365
5.930 . . . . . . . 4333.108 15.819 0.752 1.373
6.040 . . . . . . . 4305.524 15.851 0.757 1.381
6.150 . . . . . . . 4277.585 15.884 0.763 1.389
6.259 . . . . . . . 4246.783 15.919 0.770 1.398
6.369 . . . . . . . 4215.137 15.955 0.776 1.406
6.478 . . . . . . . 4181.689 15.993 0.784 1.414
6.588 . . . . . . . 4150.566 16.028 0.791 1.421
6.698 . . . . . . . 4120.335 16.062 0.798 1.426
6.807 . . . . . . . 4088.863 16.097 0.806 1.431
6.917 . . . . . . . 4056.221 16.133 0.814 1.435
7.027 . . . . . . . 4023.599 16.168 0.823 1.438
7.136 . . . . . . . 3990.353 16.203 0.832 1.440
7.246 . . . . . . . 3954.138 16.240 0.842 1.440
7.356 . . . . . . . 3920.099 16.275 0.852 1.440
7.465 . . . . . . . 3887.626 16.309 0.861 1.439
7.575 . . . . . . . 3853.812 16.345 0.870 1.438
7.685 . . . . . . . 3819.187 16.382 0.879 1.438
7.794 . . . . . . . 3784.345 16.422 0.886 1.439
7.904 . . . . . . . 3749.789 16.462 0.893 1.442
8.014 . . . . . . . 3714.956 16.505 0.898 1.447
8.123 . . . . . . . 3675.609 16.557 0.902 1.455
8.233 . . . . . . . 3641.318 16.604 0.903 1.464
8.343 . . . . . . . 3610.248 16.647 0.904 1.470
8.452 . . . . . . . 3576.533 16.692 0.905 1.474
8.562 . . . . . . . 3540.475 16.738 0.906 1.473
8.671 . . . . . . . 3504.480 16.781 0.909 1.462
8.781 . . . . . . . 3471.429 16.815 0.913 1.442
8.891 . . . . . . . 3438.031 16.845 0.918 1.413
9.000 . . . . . . . 3404.297 16.873 0.924 1.378
9.110 . . . . . . . 3370.412 16.900 0.930 1.340
9.220 . . . . . . . 3335.544 16.927 0.935 1.299
9.329 . . . . . . . 3301.808 16.955 0.939 1.261
9.439 . . . . . . . 3269.609 16.983 0.942 1.229
9.549 . . . . . . . 3236.274 17.015 0.942 1.198
9.658 . . . . . . . 3203.143 17.048 0.941 1.169
9.768 . . . . . . . 3170.244 17.082 0.937 1.140
9.878 . . . . . . . 3141.138 17.113 0.933 1.114
9.987 . . . . . . . 3110.630 17.146 0.927 1.086
10.097 . . . . . . 3080.182 17.180 0.919 1.054
10.207 . . . . . . 3050.325 17.213 0.909 1.019
10.316 . . . . . . 3022.236 17.244 0.899 0.982
10.426 . . . . . . 2998.492 17.269 0.889 0.947
10.536 . . . . . . 2973.438 17.296 0.877 0.906
10.636 . . . . . . 2940.729 17.329 0.861 0.847
10.800 . . . . . . 2907.066 17.359 0.843 0.779
10.960 . . . . . . 2873.790 17.383 0.825 0.706
11.513 . . . . . . 2755.530 17.401 0.772 0.415
12.061 . . . . . . 2631.510 17.336 0.738 0.103
12.609 . . . . . . 2500.087 17.329 0.710 [0.139
13.158 . . . . . . 2371.128 17.497 0.674 [0.232
13.706 . . . . . . 2243.651 17.731 0.628 [0.289
14.254 . . . . . . 2118.142 17.946 0.574 [0.383
14.802 . . . . . . 2003.111 18.134 0.521 [0.487

0.6 M
_

0.177 . . . . . . . 14843.15 11.102 [0.021 [0.081
0.195 . . . . . . . 14366.82 11.205 0.002 [0.028
0.215 . . . . . . . 13898.19 11.307 0.024 0.020
0.236 . . . . . . . 13438.67 11.406 0.042 0.058
0.260 . . . . . . . 12990.45 11.494 0.050 0.080
0.286 . . . . . . . 12551.13 11.571 0.047 0.083
0.315 . . . . . . . 12122.97 11.653 0.047 0.086
0.346 . . . . . . . 11708.42 11.754 0.062 0.106
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0.381 . . . . . . 11307.59 11.869 0.085 0.141
0.419 . . . . . . 10920.09 11.979 0.102 0.176
0.461 . . . . . . 10547.16 12.078 0.109 0.205
0.507 . . . . . . 10186.72 12.182 0.119 0.233
0.558 . . . . . . 9838.626 12.306 0.143 0.265
0.614 . . . . . . 9503.302 12.438 0.169 0.299
0.675 . . . . . . 9180.363 12.555 0.184 0.334
0.743 . . . . . . 8870.609 12.675 0.208 0.372
0.817 . . . . . . 8573.980 12.829 0.232 0.415
0.899 . . . . . . 8289.914 12.989 0.233 0.447
0.989 . . . . . . 8016.144 13.148 0.239 0.477
1.087 . . . . . . 7751.372 13.279 0.255 0.515
1.196 . . . . . . 7497.785 13.413 0.280 0.560
1.316 . . . . . . 7263.138 13.552 0.313 0.615
1.448 . . . . . . 7054.518 13.682 0.343 0.667
1.592 . . . . . . 6865.231 13.799 0.363 0.709
1.750 . . . . . . 6688.593 13.909 0.376 0.745
1.908 . . . . . . 6536.831 14.006 0.387 0.773
2.066 . . . . . . 6400.791 14.096 0.398 0.798
2.224 . . . . . . 6276.921 14.182 0.412 0.822
2.382 . . . . . . 6158.933 14.269 0.426 0.847
2.540 . . . . . . 6047.026 14.355 0.442 0.876
2.698 . . . . . . 5945.456 14.438 0.458 0.906
2.856 . . . . . . 5848.571 14.521 0.475 0.939
3.013 . . . . . . 5754.589 14.604 0.492 0.973
3.171 . . . . . . 5661.967 14.688 0.509 1.006
3.329 . . . . . . 5572.308 14.770 0.526 1.037
3.487 . . . . . . 5495.300 14.842 0.540 1.061
3.645 . . . . . . 5412.929 14.918 0.556 1.084
3.803 . . . . . . 5328.751 14.996 0.571 1.105
3.961 . . . . . . 5256.578 15.064 0.584 1.122
4.119 . . . . . . 5198.637 15.119 0.594 1.135
4.277 . . . . . . 5134.595 15.181 0.606 1.149
4.434 . . . . . . 5076.699 15.238 0.616 1.162
4.592 . . . . . . 5039.023 15.276 0.623 1.170
4.750 . . . . . . 5005.241 15.310 0.629 1.178
4.908 . . . . . . 4968.070 15.348 0.635 1.187
5.066 . . . . . . 4928.367 15.389 0.642 1.197
5.224 . . . . . . 4894.569 15.424 0.648 1.205
5.382 . . . . . . 4866.263 15.454 0.653 1.213
5.540 . . . . . . 4840.229 15.481 0.658 1.219
5.698 . . . . . . 4815.657 15.508 0.662 1.226
5.856 . . . . . . 4787.219 15.538 0.667 1.234
6.013 . . . . . . 4756.879 15.571 0.673 1.242
6.171 . . . . . . 4725.292 15.605 0.678 1.251
6.329 . . . . . . 4691.195 15.642 0.684 1.261
6.487 . . . . . . 4656.167 15.680 0.691 1.271
6.645 . . . . . . 4622.911 15.717 0.697 1.281
6.803 . . . . . . 4590.039 15.754 0.703 1.291
6.961 . . . . . . 4556.122 15.792 0.709 1.302
7.119 . . . . . . 4517.374 15.836 0.716 1.314
7.277 . . . . . . 4476.308 15.883 0.724 1.327
7.435 . . . . . . 4430.533 15.935 0.733 1.342
7.592 . . . . . . 4381.882 15.991 0.742 1.358
7.750 . . . . . . 4338.176 16.042 0.751 1.371
7.908 . . . . . . 4293.258 16.094 0.760 1.385
8.066 . . . . . . 4243.015 16.151 0.770 1.399
8.224 . . . . . . 4192.182 16.209 0.782 1.412
8.382 . . . . . . 4138.105 16.270 0.794 1.423
8.540 . . . . . . 4087.839 16.325 0.806 1.431
8.698 . . . . . . 4034.327 16.383 0.820 1.437
8.856 . . . . . . 3975.993 16.444 0.836 1.440
9.013 . . . . . . 3920.523 16.501 0.852 1.440
9.171 . . . . . . 3869.634 16.555 0.866 1.439
9.329 . . . . . . 3818.512 16.610 0.879 1.438
9.487 . . . . . . 3763.022 16.673 0.891 1.441
9.645 . . . . . . 3707.316 16.741 0.899 1.448
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9.803 . . . . . . . 3647.716 16.821 0.903 1.462
9.961 . . . . . . . 3592.017 16.897 0.905 1.473
10.119 . . . . . . 3541.780 16.962 0.906 1.473
10.277 . . . . . . 3487.057 17.025 0.911 1.452
10.435 . . . . . . 3434.827 17.073 0.919 1.410
10.592 . . . . . . 3385.314 17.113 0.927 1.357
10.750 . . . . . . 3336.989 17.151 0.935 1.301
10.908 . . . . . . 3284.393 17.195 0.941 1.243
11.066 . . . . . . 3232.627 17.243 0.942 1.195
11.224 . . . . . . 3182.985 17.294 0.939 1.151
11.382 . . . . . . 3131.988 17.348 0.931 1.106
11.540 . . . . . . 3084.716 17.400 0.920 1.059
11.698 . . . . . . 3031.762 17.458 0.902 0.995
11.856 . . . . . . 2981.371 17.513 0.881 0.920
12.013 . . . . . . 2938.354 17.556 0.860 0.842
12.157 . . . . . . 2926.146 17.566 0.853 0.818
12.631 . . . . . . 2776.846 17.633 0.780 0.471
13.026 . . . . . . 2651.867 17.573 0.743 0.151
13.421 . . . . . . 2516.529 17.546 0.713 [0.117
13.815 . . . . . . 2375.756 17.715 0.675 [0.230
14.052 . . . . . . 2293.782 17.866 0.647 [0.262
14.289 . . . . . . 2208.270 18.019 0.613 [0.312
14.526 . . . . . . 2124.721 18.161 0.577 [0.377
14.763 . . . . . . 2041.982 18.296 0.539 [0.451
15.000 . . . . . . 1961.336 18.427 0.501 [0.525

0.7 M
_

0.242 . . . . . . . 14913.46 11.338 [0.025 [0.090
0.266 . . . . . . . 14418.44 11.444 [0.000 [0.034
0.292 . . . . . . . 13931.65 11.549 0.023 0.016
0.322 . . . . . . . 13450.78 11.652 0.041 0.057
0.354 . . . . . . . 12976.53 11.744 0.050 0.080
0.389 . . . . . . . 12507.30 11.825 0.047 0.083
0.428 . . . . . . . 12044.80 11.915 0.048 0.088
0.471 . . . . . . . 11613.16 12.026 0.067 0.114
0.519 . . . . . . . 11211.43 12.141 0.090 0.150
0.570 . . . . . . . 10830.39 12.246 0.104 0.184
0.628 . . . . . . . 10466.15 12.343 0.111 0.211
0.690 . . . . . . . 10116.31 12.447 0.122 0.239
0.759 . . . . . . . 9780.568 12.570 0.148 0.271
0.835 . . . . . . . 9462.165 12.694 0.171 0.303
0.919 . . . . . . . 9166.861 12.800 0.185 0.335
1.011 . . . . . . . 8894.094 12.905 0.206 0.369
1.112 . . . . . . . 8643.276 13.031 0.229 0.405
1.223 . . . . . . . 8414.625 13.158 0.235 0.434
1.346 . . . . . . . 8197.749 13.282 0.233 0.456
1.480 . . . . . . . 7980.196 13.406 0.241 0.482
1.628 . . . . . . . 7769.401 13.508 0.254 0.512
1.791 . . . . . . . 7559.454 13.617 0.273 0.548
1.970 . . . . . . . 7338.874 13.743 0.302 0.596
2.168 . . . . . . . 7121.523 13.877 0.334 0.650
2.382 . . . . . . . 6908.543 14.009 0.359 0.700
2.597 . . . . . . . 6708.771 14.132 0.374 0.741
2.812 . . . . . . . 6526.905 14.247 0.387 0.775
3.0277 . . . . . . 6344.902 14.369 0.404 0.808
3.242 . . . . . . . 6148.930 14.511 0.428 0.850
3.457 . . . . . . . 5954.893 14.665 0.457 0.903
3.672 . . . . . . . 5794.888 14.802 0.485 0.958
3.887 . . . . . . . 5661.806 14.922 0.509 1.006
4.102 . . . . . . . 5540.478 15.033 0.532 1.047
4.317 . . . . . . . 5440.402 15.126 0.551 1.077
4.532 . . . . . . . 5347.771 15.211 0.567 1.101
4.747 . . . . . . . 5263.535 15.290 0.583 1.121
4.961 . . . . . . . 5208.143 15.343 0.593 1.133
5.176 . . . . . . . 5163.271 15.386 0.601 1.143
5.391 . . . . . . . 5123.507 15.425 0.608 1.152
5.606 . . . . . . . 5075.434 15.472 0.616 1.162
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5.821 . . . . . . . 5041.870 15.506 0.622 1.170
6.036 . . . . . . . 5007.492 15.540 0.628 1.178
6.251 . . . . . . . 4971.232 15.577 0.635 1.186
6.466 . . . . . . . 4929.016 15.620 0.642 1.197
6.681 . . . . . . . 4882.581 15.668 0.650 1.208
6.896 . . . . . . . 4834.008 15.719 0.659 1.221
7.111 . . . . . . . 4785.358 15.770 0.668 1.234
7.326 . . . . . . . 4729.533 15.830 0.678 1.250
7.540 . . . . . . . 4671.635 15.892 0.688 1.267
7.755 . . . . . . . 4611.470 15.958 0.699 1.285
7.970 . . . . . . . 4549.051 16.028 0.710 1.304
8.185 . . . . . . . 4480.140 16.106 0.723 1.326
8.400 . . . . . . . 4409.324 16.186 0.737 1.349
8.615 . . . . . . . 4337.092 16.269 0.751 1.372
8.830 . . . . . . . 4258.954 16.359 0.767 1.395
9.045 . . . . . . . 4168.789 16.461 0.787 1.417
9.260 . . . . . . . 4088.764 16.550 0.806 1.431
9.475 . . . . . . . 4001.292 16.644 0.829 1.439
9.690 . . . . . . . 3906.217 16.742 0.856 1.440
9.904 . . . . . . . 3812.124 16.842 0.880 1.438
10.119 . . . . . . 3716.670 16.955 0.898 1.446
10.334 . . . . . . 3627.638 17.074 0.904 1.467
10.549 . . . . . . 3531.468 17.201 0.907 1.471
10.764 . . . . . . 3446.799 17.289 0.917 1.421
10.979 . . . . . . 3355.300 17.363 0.932 1.322
11.194 . . . . . . 3265.593 17.438 0.942 1.225
11.409 . . . . . . 3174.044 17.529 0.938 1.144
11.624 . . . . . . 3076.448 17.635 0.918 1.050
11.839 . . . . . . 2987.764 17.732 0.884 0.930
12.054 . . . . . . 2909.311 17.808 0.844 0.784
12.269 . . . . . . 2829.705 17.854 0.803 0.603
12.483 . . . . . . 2748.437 17.849 0.770 0.397
12.698 . . . . . . 2660.447 17.803 0.745 0.172
12.913 . . . . . . 2571.178 17.765 0.725 [0.025
13.128 . . . . . . 2485.013 17.790 0.706 [0.157
13.343 . . . . . . 2406.382 17.888 0.685 [0.216
13.558 . . . . . . 2323.072 18.036 0.658 [0.250
13.773 . . . . . . 2244.531 18.180 0.628 [0.289
13.988 . . . . . . 2168.899 18.311 0.597 [0.341
14.203 . . . . . . 2101.429 18.424 0.566 [0.397
14.418 . . . . . . 2031.461 18.539 0.534 [0.460
14.633 . . . . . . 1964.061 18.648 0.503 [0.523
14.847 . . . . . . 1849.694 18.837 0.451 [0.623
15.062 . . . . . . 1695.594 19.108 0.388 [0.721

0.8 M
_

0.347 . . . . . . . 14827.20 11.609 [0.021 [0.080
0.382 . . . . . . . 14318.27 11.718 0.004 [0.023
0.420 . . . . . . . 13825.06 11.824 0.027 0.026
0.463 . . . . . . . 13339.78 11.925 0.044 0.065
0.509 . . . . . . . 12852.63 12.016 0.049 0.082
0.560 . . . . . . . 12350.56 12.103 0.046 0.083
0.616 . . . . . . . 11862.71 12.207 0.054 0.096
0.677 . . . . . . . 11417.10 12.330 0.078 0.131
0.745 . . . . . . . 11005.48 12.447 0.099 0.169
0.820 . . . . . . . 10629.32 12.546 0.108 0.199
0.902 . . . . . . . 10304.04 12.636 0.115 0.224
0.992 . . . . . . . 10025.96 12.724 0.128 0.247
1.091 . . . . . . . 9771.160 12.820 0.149 0.272
1.200 . . . . . . . 9515.225 12.920 0.169 0.298
1.321 . . . . . . . 9257.279 13.014 0.180 0.324
1.453 . . . . . . . 8984.493 13.114 0.200 0.360
1.598 . . . . . . . 8644.942 13.274 0.229 0.405
1.758 . . . . . . . 8304.034 13.465 0.233 0.445
1.934 . . . . . . . 8015.659 13.631 0.239 0.478
2.127 . . . . . . . 7761.395 13.755 0.255 0.513
2.340 . . . . . . . 7494.761 13.895 0.280 0.561
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2.574 . . . . . . . 7179.554 14.082 0.326 0.636
2.831 . . . . . . . 6841.066 14.291 0.365 0.714
3.112 . . . . . . . 6563.108 14.465 0.385 0.768
3.393 . . . . . . . 6299.760 14.642 0.409 0.817
3.673 . . . . . . . 6051.851 14.826 0.442 0.875
3.954 . . . . . . . 5847.120 14.997 0.475 0.940
4.235 . . . . . . . 5678.406 15.147 0.506 1.000
4.515 . . . . . . . 5530.119 15.282 0.534 1.050
4.796 . . . . . . . 5441.573 15.364 0.550 1.076
5.077 . . . . . . . 5337.787 15.460 0.569 1.103
5.358 . . . . . . . 5273.102 15.521 0.581 1.118
5.638 . . . . . . . 5218.652 15.573 0.591 1.131
5.919 . . . . . . . 5162.725 15.626 0.601 1.143
6.200 . . . . . . . 5112.481 15.675 0.610 1.154
6.480 . . . . . . . 5060.477 15.726 0.619 1.166
6.761 . . . . . . . 5003.271 15.783 0.629 1.179
7.042 . . . . . . . 4933.282 15.853 0.641 1.196
7.323 . . . . . . . 4859.581 15.929 0.654 1.214
7.603 . . . . . . . 4780.419 16.012 0.668 1.236
7.884 . . . . . . . 4693.962 16.104 0.684 1.260
8.165 . . . . . . . 4595.114 16.212 0.702 1.290
8.445 . . . . . . . 4486.675 16.334 0.722 1.324
8.726 . . . . . . . 4363.449 16.475 0.746 1.363
9.007 . . . . . . . 4234.122 16.623 0.772 1.401
9.287 . . . . . . . 4099.712 16.773 0.803 1.430
9.568 . . . . . . . 3946.773 16.936 0.845 1.440
9.849 . . . . . . . 3783.074 17.110 0.887 1.439
10.130 . . . . . . 3615.818 17.325 0.904 1.469
10.410 . . . . . . 3446.500 17.524 0.917 1.421
10.691 . . . . . . 3292.242 17.649 0.940 1.251
10.972 . . . . . . 3116.982 17.825 0.928 1.092
11.252 . . . . . . 2936.514 18.018 0.859 0.838
11.533 . . . . . . 2772.573 18.090 0.778 0.460
11.814 . . . . . . 2589.899 18.003 0.729 0.011
12.095 . . . . . . 2432.296 18.084 0.692 [0.202
12.375 . . . . . . 2310.931 18.293 0.653 [0.255
12.656 . . . . . . 2233.273 18.434 0.624 [0.296
12.937 . . . . . . 2072.729 18.705 0.553 [0.423
13.217 . . . . . . 2218.510 18.456 0.618 [0.305

0.9 M
_

0.484 . . . . . . . 14710.72 11.903 [0.015 [0.066
0.532 . . . . . . . 14165.67 12.019 0.012 [0.006
0.586 . . . . . . . 13649.91 12.130 0.034 0.042
0.644 . . . . . . . 13163.69 12.228 0.048 0.074
0.709 . . . . . . . 12697.61 12.310 0.048 0.083
0.779 . . . . . . . 12290.85 12.381 0.046 0.083
0.857 . . . . . . . 11933.71 12.458 0.052 0.092
0.943 . . . . . . . 11587.54 12.548 0.068 0.116
1.038 . . . . . . . 11255.32 12.644 0.088 0.146
1.141 . . . . . . . 10931.75 12.734 0.102 0.175
1.256 . . . . . . . 10560.71 12.830 0.109 0.204
1.381 . . . . . . . 10125.64 12.956 0.122 0.238
1.519 . . . . . . . 9716.503 13.107 0.153 0.277
1.671 . . . . . . . 9381.225 13.234 0.175 0.311
1.839 . . . . . . . 9062.250 13.348 0.193 0.350
2.023 . . . . . . . 8757.424 13.478 0.219 0.388
2.225 . . . . . . . 8434.758 13.654 0.235 0.432
2.447 . . . . . . . 8057.051 13.869 0.237 0.472
2.692 . . . . . . . 7663.667 14.067 0.263 0.529
2.961 . . . . . . . 7291.167 14.276 0.309 0.608
3.258 . . . . . . . 6939.941 14.492 0.356 0.693
3.583 . . . . . . . 6595.978 14.705 0.382 0.762
3.939 . . . . . . . 6267.617 14.925 0.413 0.824
4.294 . . . . . . . 5977.769 15.146 0.453 0.896
4.649 . . . . . . . 5737.974 15.353 0.495 0.979
5.005 . . . . . . . 5560.277 15.515 0.528 1.041
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5.360 . . . . . . . 5475.945 15.593 0.544 1.067
5.715 . . . . . . . 5342.835 15.715 0.568 1.102
6.070 . . . . . . . 5254.616 15.798 0.584 1.123
6.426 . . . . . . . 5174.179 15.874 0.599 1.141
6.781 . . . . . . . 5091.327 15.954 0.613 1.159
7.136 . . . . . . . 4992.645 16.051 0.631 1.181
7.491 . . . . . . . 4857.250 16.188 0.655 1.215
7.847 . . . . . . . 4712.883 16.341 0.681 1.255
8.202 . . . . . . . 4532.780 16.539 0.713 1.309
8.557 . . . . . . . 4326.192 16.774 0.753 1.375
8.912 . . . . . . . 4081.319 17.050 0.808 1.432
9.268 . . . . . . . 3789.772 17.359 0.885 1.439
9.623 . . . . . . . 3471.486 17.757 0.913 1.442
9.978 . . . . . . . 3155.130 18.039 0.935 1.127
10.334 . . . . . . 2889.188 18.312 0.834 0.741
10.689 . . . . . . 2700.601 18.315 0.755 0.273
11.044 . . . . . . 2571.432 18.253 0.725 [0.025
11.399 . . . . . . 2374.063 18.431 0.675 [0.231
11.755 . . . . . . 1855.517 19.317 0.453 [0.618

wild deviations from blackbody colors are evident in this
diagram as the oldest and coolest white dwarfs get dramat-
ically bluer in the V [I color and somewhat bluer in V [R.

3. WHITE DWARF ISOCHRONES

When white dwarfs are observed in an open or globular
cluster, it is not strictly correct to compare their location in
the cluster color-magnitude diagram with a theoretical
cooling sequence of some mass as has generally been done

FIG. 3.ÈV [R, V [I color-color diagram for 0.7 hydrogen-richM
_white dwarfs in Johnson-Kron/Cousins Ðlters. When opacity becomesH2important for ages older than about 8 Gyr, the colors strongly deviate

from those of blackbodies.

in the past (e.g., Richer et al. 1995, 1997, 1998 ; Cool, Piotto,
& King 1996 ; Renzini et al.1996). The reason for this is that
the oldest white dwarfs in these clusters have evolved from
the most massive stars originally in the cluster (up to the
maximum mass that produces white dwarfs), and because
more massive progenitors produce more massive remnants,
the older white dwarfs should be more massive. This has
generally not been a problem with the clusters observed
thus far, since the range in white dwarf masses has been
relatively small, and since the initial mass function of clus-
ters is expected to yield fewer massive stars and, hence, few
massive white dwarfs. However, when large ground-based
telescopes or HST eventually penetrate the termination
point of the white dwarf cooling sequence in a globular
cluster, and thus cover a wide range in white dwarf masses,
it will be extremely important to have white dwarf iso-
chrones ready to interpret the data as opposed to just
cooling sequences for some mass.

For these reasons we have calculated isochrones for white
dwarfs in star clusters with a wide range in age. All the
isochrones shown are derived from solar metallicity models.
The isochrones were constructed by (1) beginning with a
white dwarf mass of 0.9 the maximum mass model thatM

_
,

we had available ; (2) using an initial-Ðnal mass relation
constructed from HerwigÏs (1995) data at the high-mass end
mated to the results from Gibson et al. (1999) for M67 and
M4 at the low-mass end to determine the mass of the main-
sequence progenitor. (In using these data we are mixing
metal-rich and metal-poor relations, however, and that is all
that can be done for the moment if we wish to stick with
empirical results.) (3) The stellar evolutionary models of
Dominguez et al. (1999) were then employed to determine
the lifetime of the main-sequence star up to the end of(Ams)the asymptotic giant branch (AGB). (4) The age of the white
dwarf was then simply where the age ofTiso[ Ams, Tisowas
the isochrone that we calculated. (5) The absolute magni-
tude and color of the white dwarf of interest was then
obtained from the cooling model for a white dwarf of mass
0.9 and age (6) We then decremented theM

_
Tiso[Ams.mass, interpolating within the models, and repeated the

process until a white dwarf mass of 0.5 was reached (theM
_minimum white dwarf mass model available), at which

point the calculations were halted.
Figure 4 illustrates these isochrones for a range of ages

likely to be of interest in any application. The hook to the
blue in the isochrones for ages less than about 7 Gyr is not
due to the e†ects of opacity (these stars are too hot forH2to form), but is caused by the fact that the white dwarfsH2at the bottoms of these curves come from massive main-
sequence stars. These produce heavier white dwarfs that
follow cooling sequences that lie below those of lighter
degenerates (more massive white dwarfs have smaller
radii, thus are less luminous at a given temperature).
The e†ect of the opacity is seen only in those older thanH28 Gyr.

Figure 5 illustrates some detail for the 11 Gyr isochrone,
showing the mass of the white dwarf itself and that of its
main-sequence precursor. Tables 3 and 4 list selected iso-
chrones in both the Johnson-Kron/Cousins system and in
the HST Ðlters. The columns in these tables are the white
dwarf mass the mass of the progenitor and(M

_
), (M

_
), Teff,V [R, and V [I of the white dwarf. Details of theM

V
,

initial-Ðnal mass relation that we used can be obtained from
these tables.
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FIG. 4.ÈWhite dwarf isochrones in Johnson-Kron/Cousins Ðlters. Iso-
chrone ages are indicated.

4. CLUSTER WHITE DWARF LUMINOSITY FUNCTIONS

The white dwarf luminosity function in a star cluster, in
the absence of dynamical evolution, contains information
on the initial mass function (IMF) and age of the cluster. In
fact, it will eventually be possible to use the white dwarf
luminosity function in an old star cluster (e.g., a globular
cluster) to extend the observed main-sequence mass func-
tion up to massive stars that many billions of years ago
evolved into white dwarfs (Richer et al. 1997).

FIG. 5.ÈDetails of the 11 Gyr white dwarf isochrone indicating white
dwarf and precursor masses.

TABLE 3

WHITE DWARF ISOCHRONES : C-O CORES, HYDROGEN ATMOSPHERES,
JOHNSON-KRON/COUSINS FILTERS

WD Mass MS Mass WD T eff
(M

_
) (M

_
) (K) M

V
V [R V [I

1 Gyr

0.6590077 . . . . . . 2.4217548 10911 12.08 0.0988 0.1583
0.6674698 . . . . . . 2.5204812 10623 12.18 0.1075 0.1788
0.6795970 . . . . . . 2.6579666 10367 12.28 0.1206 0.1940
0.6980980 . . . . . . 2.8661022 10163 12.38 0.1358 0.2002
0.8300148 . . . . . . 3.7059693 11038 12.48 0.0981 0.1500
0.8961619 . . . . . . 4.1469267 11840 12.45 0.0642 0.0999
0.9000000 . . . . . . 4.1818182 11886 12.45 0.0620 0.0975

2 Gyr

0.5930743 . . . . . . 1.6525180 10178 12.12 0.1346 0.2004
0.5944701 . . . . . . 1.6688181 9884 12.22 0.1399 0.2214
0.5960071 . . . . . . 1.6867498 9608 12.32 0.1408 0.2480
0.5978213 . . . . . . 1.7079153 9334 12.42 0.1488 0.2781
0.5999605 . . . . . . 1.7328720 9065 12.52 0.1612 0.3023
0.6021966 . . . . . . 1.7589603 8834 12.62 0.1662 0.3181
0.6043859 . . . . . . 1.7845019 8647 12.72 0.1666 0.3371
0.6067719 . . . . . . 1.8123393 8479 12.82 0.1718 0.3618
0.6095369 . . . . . . 1.8445967 8313 12.92 0.1787 0.3847
0.6128131 . . . . . . 1.8828200 8152 13.02 0.1857 0.4020
0.6176407 . . . . . . 1.9391419 7973 13.12 0.1975 0.4154
0.6241702 . . . . . . 2.0153186 7802 13.22 0.2107 0.4337
0.6337733 . . . . . . 2.1273555 7656 13.32 0.2250 0.4589
0.6510722 . . . . . . 2.3291762 7560 13.42 0.2312 0.4782
0.7356074 . . . . . . 3.1506320 7870 13.46 0.2041 0.4281
0.8192829 . . . . . . 3.6428404 8373 13.41 0.1783 0.3781
0.8772036 . . . . . . 3.9835504 8833 13.32 0.1702 0.3280
0.9000000 . . . . . . 4.1818182 9011 13.29 0.1661 0.3084

4 Gyr

0.5597911 . . . . . . 1.2642281 9857 12.15 0.1410 0.2283
0.5601979 . . . . . . 1.2689759 9569 12.25 0.1481 0.2502
0.5606154 . . . . . . 1.2738463 9308 12.35 0.1505 0.2736
0.5610509 . . . . . . 1.2789266 9065 12.45 0.1545 0.3003
0.5615260 . . . . . . 1.2844702 8829 12.55 0.1661 0.3290
0.5620330 . . . . . . 1.2903853 8612 12.65 0.1735 0.3464
0.5625564 . . . . . . 1.2964909 8411 12.75 0.1793 0.3646
0.5631193 . . . . . . 1.3030588 8216 12.85 0.1858 0.3847
0.5637120 . . . . . . 1.3099730 8038 12.95 0.1959 0.4109
0.5643516 . . . . . . 1.3174357 7866 13.05 0.2064 0.4345
0.5650667 . . . . . . 1.3257784 7692 13.15 0.2181 0.4576
0.5659418 . . . . . . 1.3359878 7508 13.25 0.2309 0.4784
0.5669364 . . . . . . 1.3475916 7327 13.35 0.2439 0.5017
0.5680758 . . . . . . 1.3608843 7150 13.45 0.2580 0.5278
0.5694031 . . . . . . 1.3763689 6979 13.55 0.2741 0.5566
0.5710011 . . . . . . 1.3950127 6816 13.65 0.2905 0.5865
0.5729676 . . . . . . 1.4179555 6662 13.75 0.3025 0.6145
0.5754015 . . . . . . 1.4463511 6515 13.85 0.3108 0.6404
0.5785170 . . . . . . 1.4826978 6375 13.95 0.3184 0.6647
0.5825599 . . . . . . 1.5298655 6242 14.05 0.3291 0.6872
0.5877787 . . . . . . 1.5907517 6118 14.15 0.3430 0.7084
0.5946285 . . . . . . 1.6706655 6002 14.25 0.3590 0.7298
0.6041758 . . . . . . 1.7820514 5907 14.35 0.3746 0.7538
0.6174150 . . . . . . 1.9365081 5827 14.45 0.3861 0.7761
0.6373649 . . . . . . 2.1692568 5763 14.55 0.3939 0.7910
0.6794081 . . . . . . 2.6558415 5757 14.65 0.3946 0.7903
0.7685893 . . . . . . 3.3446428 5896 14.75 0.3753 0.7563
0.8477993 . . . . . . 3.8105842 6136 14.77 0.3438 0.7061
0.9000000 . . . . . . 4.1818182 6331 14.76 0.3172 0.6675

6 Gyr

0.5460852 . . . . . . 1.1043257 9725 12.16 0.1436 0.2410



TABLE 3ÈContinued

WD Mass MS Mass WD T eff
(M

_
) (M

_
) (K) M

V
V [R V [I

0.5465165 . . . . . . 1.1093589 9186 12.36 0.1543 0.2845
0.5469649 . . . . . . 1.1145911 8735 12.56 0.1675 0.3380
0.5474689 . . . . . . 1.1204708 8328 12.76 0.1822 0.3754
0.5480539 . . . . . . 1.1272956 7948 12.96 0.2017 0.4193
0.5487206 . . . . . . 1.1350742 7595 13.16 0.2270 0.4701
0.5495923 . . . . . . 1.1452432 7232 13.36 0.2528 0.5188
0.5506661 . . . . . . 1.1577708 6884 13.56 0.2780 0.5716
0.5520665 . . . . . . 1.1741095 6569 13.76 0.3085 0.6276
0.5539508 . . . . . . 1.1960931 6282 13.96 0.3338 0.6825
0.5565609 . . . . . . 1.2265437 6018 14.16 0.3595 0.7354
0.5600036 . . . . . . 1.2667085 5771 14.36 0.3896 0.7859
0.5644768 . . . . . . 1.3188961 5547 14.56 0.4189 0.8384
0.5709858 . . . . . . 1.3948344 5342 14.76 0.4457 0.8915
0.5814442 . . . . . . 1.5168488 5150 14.96 0.4658 0.9380
0.6056783 . . . . . . 1.7995797 4998 15.16 0.4802 0.9698
0.7308424 . . . . . . 3.1226025 5098 15.36 0.4703 0.9500
0.8765881 . . . . . . 3.9799298 5277 15.56 0.4532 0.9125
0.9000000 . . . . . . 4.1818182 5304 15.60 0.4506 0.9069

10 Gyr

0.5323001 . . . . . . 0.9434999 9592 12.17 0.1463 0.2535
0.5325008 . . . . . . 0.9458429 9063 12.37 0.1581 0.2958
0.5326989 . . . . . . 0.9481537 8639 12.57 0.1691 0.3471
0.5329189 . . . . . . 0.9507210 8246 12.77 0.1844 0.3863
0.5331854 . . . . . . 0.9538293 7863 12.97 0.2064 0.4278
0.5334888 . . . . . . 0.9573690 7502 13.17 0.2355 0.4814
0.5338629 . . . . . . 0.9617344 7142 13.37 0.2618 0.5348
0.5343096 . . . . . . 0.9669459 6801 13.57 0.2823 0.5867
0.5348562 . . . . . . 0.9733223 6487 13.77 0.3123 0.6404
0.5355448 . . . . . . 0.9813563 6202 13.97 0.3429 0.6958
0.5364376 . . . . . . 0.9917722 5943 14.17 0.3714 0.7528
0.5375502 . . . . . . 1.0047529 5697 14.37 0.4006 0.8071
0.5389025 . . . . . . 1.0205297 5466 14.57 0.4280 0.8590
0.5405271 . . . . . . 1.0394832 5250 14.77 0.4536 0.9094
0.5431643 . . . . . . 1.0702500 5044 14.97 0.4767 0.9573
0.5466219 . . . . . . 1.1105885 4848 15.17 0.4977 0.9986
0.5512312 . . . . . . 1.1643639 4663 15.37 0.5198 1.0416
0.5585138 . . . . . . 1.2493272 4490 15.57 0.5420 1.0850
0.5678283 . . . . . . 1.3579974 4319 15.77 0.5654 1.1143
0.5797717 . . . . . . 1.4973369 4164 15.97 0.5858 1.1520
0.6005202 . . . . . . 1.7394026 4029 16.17 0.6055 1.1905
0.6382178 . . . . . . 2.1792073 3910 16.37 0.6232 1.1735
0.7150974 . . . . . . 3.0299846 3887 16.57 0.6270 1.1746
0.7751725 . . . . . . 3.3833678 3830 16.77 0.6348 1.1660
0.8138217 . . . . . . 3.6107156 3731 16.97 0.6402 1.1285
0.8370207 . . . . . . 3.7471805 3604 17.17 0.6431 1.0667
0.8608766 . . . . . . 3.8875091 3473 17.37 0.6450 0.9990
0.8852748 . . . . . . 4.0479524 3336 17.57 0.6460 0.9257
0.9000000 . . . . . . 4.1818182 3252 17.69 0.6462 0.8773

12 Gyr

0.5280815 . . . . . . 0.8942830 9551 12.17 0.1471 0.2574
0.5282357 . . . . . . 0.8960833 9026 12.37 0.1592 0.2993
0.5283858 . . . . . . 0.8978338 8609 12.57 0.1697 0.3500
0.5285520 . . . . . . 0.8997735 8221 12.77 0.1851 0.3897
0.5287552 . . . . . . 0.9021440 7837 12.97 0.2077 0.4304
0.5289877 . . . . . . 0.9048563 7475 13.17 0.2379 0.4847
0.5292703 . . . . . . 0.9081535 7114 13.37 0.2646 0.5397
0.5296050 . . . . . . 0.9120583 6775 13.57 0.2838 0.5914
0.5300088 . . . . . . 0.9167697 6462 13.77 0.3133 0.6443
0.5305109 . . . . . . 0.9226270 6179 13.97 0.3451 0.6995
0.5311526 . . . . . . 0.9301137 5921 14.17 0.3747 0.7574
0.5319464 . . . . . . 0.9393746 5678 14.37 0.4037 0.8128
0.5329101 . . . . . . 0.9506175 5446 14.57 0.4306 0.8648
0.5340257 . . . . . . 0.9636335 5228 14.78 0.4557 0.9144
0.5358703 . . . . . . 0.9851539 5022 14.98 0.4789 0.9617

TABLE 3ÈContinued

WD Mass MS Mass WD T eff
(M

_
) (M

_
) (K) M

V
V [R V [I

0.5382041 . . . . . . 1.0123816 4824 15.18 0.5003 1.0032
0.5409172 . . . . . . 1.0440337 4637 15.38 0.5231 1.0475
0.5447784 . . . . . . 1.0890818 4459 15.58 0.5461 1.0953
0.5489003 . . . . . . 1.1371699 4278 15.78 0.5711 1.1281
0.5534137 . . . . . . 1.1898269 4095 15.98 0.5967 1.1435
0.5580600 . . . . . . 1.2440329 3935 16.18 0.6150 1.1764
0.5644956 . . . . . . 1.3191151 3756 16.38 0.6343 1.1502
0.5742476 . . . . . . 1.4328886 3572 16.58 0.6494 1.0773
0.5846065 . . . . . . 1.5537420 3447 16.78 0.6527 1.0902
0.6009637 . . . . . . 1.7445763 3345 16.89 0.6620 0.9902
0.6140871 . . . . . . 1.8976825 3265 16.98 0.6561 0.8901
0.6358945 . . . . . . 2.1521029 3178 17.11 0.6432 0.7900
0.6699392 . . . . . . 2.5492901 3095 17.27 0.6256 0.6899
0.7033720 . . . . . . 2.9254347 3034 17.40 0.6098 0.5895
0.7124349 . . . . . . 3.0143231 2990 17.44 0.5982 0.4893
0.7220160 . . . . . . 3.0706821 2947 17.48 0.5873 0.3893
0.7315430 . . . . . . 3.1267236 2904 17.52 0.5765 0.2893
0.7410831 . . . . . . 3.1828418 2861 17.55 0.5658 0.1888
0.7506197 . . . . . . 3.2389394 2818 17.58 0.5552 [0.0882
0.7601411 . . . . . . 3.2949479 2775 17.61 0.5447 [0.0123
0.7696420 . . . . . . 3.3508353 2732 17.63 0.5343 [0.1124
0.7791937 . . . . . . 3.4070216 2688 17.66 0.5239 [0.2129
0.7887459 . . . . . . 3.4632114 2645 17.68 0.5136 [0.3130
0.7983199 . . . . . . 3.5195287 2601 17.70 0.5033 [0.4131
0.7999000 . . . . . . 3.5288235 2594 17.71 0.5016 [0.4295

14 Gyr

0.5247511 . . . . . . 0.8554292 9519 12.18 0.1477 0.2605
0.5248749 . . . . . . 0.8568733 8996 12.38 0.1601 0.3021
0.5249939 . . . . . . 0.8582622 8585 12.58 0.1701 0.3522
0.5251257 . . . . . . 0.8597995 8202 12.78 0.1856 0.3924
0.5252877 . . . . . . 0.8616899 7818 12.98 0.2086 0.4324
0.5254741 . . . . . . 0.8638640 7453 13.18 0.2397 0.4872
0.5256982 . . . . . . 0.8664793 7093 13.38 0.2668 0.5434
0.5259620 . . . . . . 0.8695561 6756 13.58 0.2850 0.5950
0.5262772 . . . . . . 0.8732345 6443 13.78 0.3140 0.6473
0.5266652 . . . . . . 0.8777604 6162 13.98 0.3466 0.7023
0.5271570 . . . . . . 0.8834984 5905 14.18 0.3771 0.7608
0.5277630 . . . . . . 0.8905681 5663 14.38 0.4062 0.8171
0.5284941 . . . . . . 0.8990983 5431 14.58 0.4326 0.8691
0.5293290 . . . . . . 0.9088379 5213 14.78 0.4571 0.9181
0.5307185 . . . . . . 0.9250493 5007 14.98 0.4804 0.9648
0.5324652 . . . . . . 0.9454268 4808 15.18 0.5021 1.0064
0.5343252 . . . . . . 0.9671271 4620 15.38 0.5252 1.0513
0.5368506 . . . . . . 0.9965900 4440 15.58 0.5485 1.1012
0.5393552 . . . . . . 1.0258109 4257 15.78 0.5738 1.1369
0.5420318 . . . . . . 1.0570376 4067 15.98 0.6011 1.1457
0.5445807 . . . . . . 1.0867754 3898 16.18 0.6207 1.1687
0.5474384 . . . . . . 1.1201149 3731 16.38 0.6358 1.1670
0.5504041 . . . . . . 1.1547140 3580 16.51 0.6475 1.0669
0.5544903 . . . . . . 1.2023866 3405 16.71 0.6468 0.9900
0.5591135 . . . . . . 1.2563238 3257 16.89 0.6364 0.8898
0.5616498 . . . . . . 1.2859142 3192 16.95 0.6300 0.7897
0.5645764 . . . . . . 1.3200579 3128 17.00 0.6230 0.6896
0.5680684 . . . . . . 1.3607979 3060 17.05 0.6121 0.5895
0.5723963 . . . . . . 1.4112904 2989 17.12 0.5966 0.4894
0.5764596 . . . . . . 1.4586957 2929 17.18 0.5810 0.3892
0.5829595 . . . . . . 1.5345271 2876 17.24 0.5658 0.2892
0.5882234 . . . . . . 1.5959402 2835 17.28 0.5540 0.1890
0.5934374 . . . . . . 1.6567700 2795 17.31 0.5417 0.0886
0.5993974 . . . . . . 1.7263031 2758 17.33 0.5306 [0.0114
0.6037684 . . . . . . 1.7772976 2721 17.32 0.5234 [0.1121
0.6084082 . . . . . . 1.8314286 2682 17.31 0.5161 [0.2130
0.6139288 . . . . . . 1.8958362 2641 17.31 0.5087 [0.3160
0.6208082 . . . . . . 1.9760957 2593 17.32 0.5021 [0.4163
0.6303409 . . . . . . 2.0873110 2536 17.35 0.4948 [0.5166



OLD WHITE DWARFS 329

TABLE 3ÈContinued

WD Mass MS Mass WD T eff
(M

_
) (M

_
) (K) M

V
V [R V [I

0.6443202 . . . . . . 2.2504019 2466 17.42 0.4858 [0.6167
0.6703429 . . . . . . 2.5538571 2363 17.62 0.4708 [0.6929
0.6999000 . . . . . . 2.8863750 2277 17.82 0.4529 [0.7450

16 Gyr

0.5220250 . . . . . . 0.8236246 9493 12.18 0.1483 0.2631
0.5221275 . . . . . . 0.8248206 8972 12.38 0.1609 0.3044
0.5222252 . . . . . . 0.8259609 8565 12.58 0.1705 0.3541
0.5223332 . . . . . . 0.8272210 8186 12.78 0.1860 0.3946
0.5224668 . . . . . . 0.8287794 7801 12.98 0.2093 0.4341
0.5226211 . . . . . . 0.8305793 7436 13.18 0.2411 0.4893
0.5228051 . . . . . . 0.8327258 7076 13.38 0.2686 0.5465
0.5230206 . . . . . . 0.8352406 6740 13.58 0.2860 0.5980
0.5232763 . . . . . . 0.8382233 6428 13.78 0.3145 0.6498
0.5235888 . . . . . . 0.8418688 6148 13.98 0.3478 0.7046
0.5239825 . . . . . . 0.8464631 5892 14.18 0.3789 0.7635
0.5244664 . . . . . . 0.8521081 5651 14.38 0.4081 0.8204
0.5250479 . . . . . . 0.8588926 5420 14.58 0.4343 0.8726
0.5257050 . . . . . . 0.8665578 5201 14.78 0.4583 0.9212
0.5268077 . . . . . . 0.8794236 4995 14.98 0.4816 0.9673
0.5281924 . . . . . . 0.8955785 4796 15.18 0.5035 1.0088
0.5295801 . . . . . . 0.9117678 4607 15.38 0.5268 1.0541
0.5314036 . . . . . . 0.9330417 4427 15.58 0.5502 1.1053
0.5331566 . . . . . . 0.9534935 4244 15.78 0.5756 1.1430
0.5350151 . . . . . . 0.9751758 4050 15.98 0.6037 1.1488
0.5367307 . . . . . . 0.9951920 3876 16.18 0.6245 1.1641
0.5384677 . . . . . . 1.0154570 3715 16.38 0.6378 1.1747
0.5402541 . . . . . . 1.0362977 3563 16.52 0.6490 1.0747
0.5420950 . . . . . . 1.0577747 3423 16.65 0.6494 0.9746
0.5445959 . . . . . . 1.0869519 3259 16.85 0.6350 0.8830
0.5461626 . . . . . . 1.1052299 3177 16.93 0.6252 0.7829
0.5473633 . . . . . . 1.1192380 3117 16.98 0.6161 0.6826
0.5487182 . . . . . . 1.1350458 3058 17.03 0.6065 0.5824
0.5501318 . . . . . . 1.1515376 3000 17.06 0.5955 0.4820
0.5516765 . . . . . . 1.1695592 2941 17.11 0.5818 0.3819
0.5531557 . . . . . . 1.1868170 2886 17.14 0.5690 0.2818
0.5545879 . . . . . . 1.2035250 2837 17.16 0.5567 0.1817
0.5566888 . . . . . . 1.2280360 2789 17.18 0.5456 0.0810
0.5581895 . . . . . . 1.2455444 2746 17.20 0.5356 [0.0198
0.5597393 . . . . . . 1.2636253 2702 17.21 0.5253 [0.1199
0.5614798 . . . . . . 1.2839314 2656 17.23 0.5149 [0.2207
0.5633927 . . . . . . 1.3062481 2609 17.24 0.5067 [0.3218
0.5654198 . . . . . . 1.3298975 2563 17.24 0.4985 [0.4225
0.5679091 . . . . . . 1.3589398 2508 17.25 0.4906 [0.5231
0.5707399 . . . . . . 1.3919654 2450 17.27 0.4816 [0.6232
0.5778270 . . . . . . 1.4746480 2324 17.46 0.4621 [0.7232
0.5851052 . . . . . . 1.5595602 2221 17.66 0.4346 [0.7830
0.5948751 . . . . . . 1.6735429 2111 17.86 0.3916 [0.8767
0.6050298 . . . . . . 1.7920148 2013 18.03 0.3464 [0.9767
0.6136000 . . . . . . 1.8920000 1931 18.18 0.3100 [1.0573

White dwarf luminosity functions for di†erent ages were
constructed in the following manner : (1) The isochrones
and the initial-Ðnal mass relation were used to set the
maximum and minimum main-sequence masses for a
cluster of a particular age. (2) Based on the IMF used, a
random extraction of a main-sequence mass in this range
was made, yielding a white dwarf mass from the initial-Ðnal
mass relation. (3) From the isochrones, the of this whiteM

Vdwarf was then obtained. (4) This was repeated 1000 times
and eventually renormalized to 100 white dwarfs for each
cluster.

TABLE 4

WHITE DWARF ISOCHRONES : C-O CORES, HYDROGEN

ATMOSPHERES, HST FILTERS

WD Mass MS Mass WD T eff
(M

_
) (M

_
) (K) M

V
V [R V [I

1 Gyr

0.6590077 . . . . . . 2.4217045 10911 12.12 0.0963 0.1729
0.6666745 . . . . . . 2.5112022 10646 12.22 0.1112 0.1971
0.6779121 . . . . . . 2.6390110 10396 12.32 0.1207 0.2191
0.6964207 . . . . . . 2.8472329 10176 12.42 0.1220 0.2356
0.7538974 . . . . . . 3.2582202 10369 12.52 0.1245 0.2211
0.8259034 . . . . . . 3.6817845 10988 12.52 0.0936 0.1711
0.8746027 . . . . . . 3.9682513 11584 12.49 0.0668 0.1210
0.9000000 . . . . . . 4.1818182 11886 12.47 0.0544 0.0963

2 Gyr

0.5930743 . . . . . . 1.6525297 10178 12.17 0.1223 0.2354
0.5943966 . . . . . . 1.6679598 9898 12.27 0.1389 0.2607
0.5957853 . . . . . . 1.6841618 9645 12.37 0.1579 0.2858
0.5973714 . . . . . . 1.7026667 9396 12.47 0.1751 0.3116
0.5993549 . . . . . . 1.7258075 9133 12.57 0.1877 0.3400
0.6016215 . . . . . . 1.7522503 8886 12.67 0.2072 0.3708
0.6036453 . . . . . . 1.7758617 8709 12.77 0.2223 0.3971
0.6059239 . . . . . . 1.8024451 8535 12.87 0.2297 0.4189
0.6085466 . . . . . . 1.8330437 8366 12.97 0.2295 0.4369
0.6117063 . . . . . . 1.8699067 8204 13.07 0.2327 0.4548
0.6160999 . . . . . . 1.9211651 8026 13.17 0.2426 0.4783
0.6219882 . . . . . . 1.9898622 7852 13.27 0.2585 0.5064
0.6298521 . . . . . . 2.0816081 7704 13.37 0.2750 0.5355
0.6422131 . . . . . . 2.2258190 7592 13.47 0.2874 0.5595
0.7268909 . . . . . . 3.0993580 7824 13.54 0.2578 0.5094
0.7947399 . . . . . . 3.4984698 8193 13.52 0.2374 0.4592
0.8449665 . . . . . . 3.7939204 8574 13.45 0.2168 0.4092
0.8973798 . . . . . . 4.1579986 8990 13.38 0.1983 0.3592
0.9000000 . . . . . . 4.1818182 9011 13.37 0.1975 0.3568

4 Gyr

0.5597911 . . . . . . 1.2642288 9857 12.21 0.1429 0.2653
0.5601795 . . . . . . 1.2687610 9581 12.31 0.1598 0.2928
0.5605712 . . . . . . 1.2733303 9333 12.41 0.1786 0.3199
0.5609692 . . . . . . 1.2779742 9106 12.51 0.1957 0.3464
0.5614226 . . . . . . 1.2832633 8879 12.61 0.2022 0.3709
0.5619195 . . . . . . 1.2890612 8660 12.71 0.2135 0.3971
0.5624375 . . . . . . 1.2951036 8454 12.81 0.2270 0.4240
0.5629850 . . . . . . 1.3014917 8259 12.91 0.2425 0.4523
0.5635564 . . . . . . 1.3081583 8084 13.01 0.2491 0.4764
0.5641749 . . . . . . 1.3153739 7911 13.11 0.2575 0.5011
0.5648408 . . . . . . 1.3231422 7744 13.21 0.2678 0.5267
0.5656700 . . . . . . 1.3328165 7564 13.31 0.2826 0.5575
0.5666039 . . . . . . 1.3437116 7385 13.41 0.2983 0.5896
0.5676505 . . . . . . 1.3559223 7210 13.51 0.3146 0.6226
0.5688071 . . . . . . 1.3694165 7050 13.61 0.3341 0.6578
0.5701672 . . . . . . 1.3852844 6898 13.71 0.3538 0.6930
0.5718050 . . . . . . 1.4043916 6751 13.81 0.3722 0.7273
0.5738363 . . . . . . 1.4280905 6606 13.91 0.3879 0.7605
0.5764118 . . . . . . 1.4581377 6466 14.01 0.4010 0.7922
0.5797481 . . . . . . 1.4970612 6331 14.11 0.4133 0.8211
0.5840709 . . . . . . 1.5474936 6203 14.21 0.4263 0.8466
0.5896278 . . . . . . 1.6123244 6082 14.31 0.4401 0.8704
0.5969144 . . . . . . 1.6973352 5975 14.41 0.4545 0.8978
0.6068493 . . . . . . 1.8132419 5887 14.51 0.4706 0.9300
0.6206434 . . . . . . 1.9741725 5813 14.61 0.4849 0.9575
0.6424870 . . . . . . 2.2290149 5755 14.71 0.4944 0.9724
0.6972379 . . . . . . 2.8564263 5781 14.81 0.4875 0.9629
0.7898159 . . . . . . 3.4695056 5935 14.90 0.4614 0.9128
0.8467203 . . . . . . 3.8042371 6132 14.90 0.4350 0.8625
0.9000000 . . . . . . 4.1818182 6331 14.88 0.4072 0.8124
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6 Gyr

0.5460852 . . . . . . 1.1043264 9725 12.22 0.1514 0.2782
0.5464968 . . . . . . 1.1091299 9207 12.42 0.1870 0.3343
0.5469215 . . . . . . 1.1140845 8776 12.62 0.2091 0.3844
0.5474209 . . . . . . 1.1199103 8361 12.82 0.2286 0.4339
0.5479915 . . . . . . 1.1265670 7985 13.02 0.2539 0.4894
0.5486267 . . . . . . 1.1339779 7642 13.22 0.2786 0.5458
0.5494340 . . . . . . 1.1433972 7290 13.42 0.3115 0.6116
0.5504228 . . . . . . 1.1549328 6957 13.62 0.3433 0.6780
0.5516499 . . . . . . 1.1692483 6651 13.82 0.3799 0.7449
0.5533000 . . . . . . 1.1885000 6368 14.02 0.4128 0.8118
0.5555781 . . . . . . 1.2150778 6106 14.22 0.4444 0.8787
0.5586196 . . . . . . 1.2505614 5860 14.42 0.4786 0.9381
0.5625558 . . . . . . 1.2964846 5636 14.62 0.5147 0.9983
0.5676213 . . . . . . 1.3555822 5432 14.82 0.5514 1.0645
0.5755913 . . . . . . 1.4485656 5242 15.02 0.5866 1.1235
0.5887972 . . . . . . 1.6026343 5067 15.22 0.6180 1.1648
0.6319979 . . . . . . 2.1066416 4970 15.42 0.6352 1.1872
0.8109065 . . . . . . 3.5935675 5198 15.62 0.5949 1.1356
0.9000000 . . . . . . 4.1818182 5304 15.75 0.5758 1.1116

10 Gyr

0.5323001 . . . . . . 0.9435001 9592 12.24 0.1599 0.2914
0.5324932 . . . . . . 0.9457538 9081 12.44 0.1955 0.3490
0.5326829 . . . . . . 0.9479671 8671 12.64 0.2163 0.3985
0.5329036 . . . . . . 0.9505425 8272 12.84 0.2312 0.4451
0.5331642 . . . . . . 0.9535824 7890 13.04 0.2575 0.5015
0.5334506 . . . . . . 0.9569235 7545 13.24 0.2876 0.5634
0.5337941 . . . . . . 0.9609317 7201 13.44 0.3232 0.6321
0.5342103 . . . . . . 0.9657863 6870 13.64 0.3529 0.6981
0.5347051 . . . . . . 0.9715596 6562 13.84 0.3862 0.7616
0.5353225 . . . . . . 0.9787621 6283 14.04 0.4209 0.8273
0.5361152 . . . . . . 0.9880106 6027 14.24 0.4557 0.8995
0.5371152 . . . . . . 0.9996777 5787 14.44 0.4923 0.9664
0.5383239 . . . . . . 1.0137788 5558 14.64 0.5299 1.0251
0.5397144 . . . . . . 1.0300012 5344 14.84 0.5674 1.0834
0.5417004 . . . . . . 1.0531711 5145 15.04 0.6037 1.1428
0.5447329 . . . . . . 1.0885509 4953 15.24 0.6383 1.1921
0.5483986 . . . . . . 1.1313166 4771 15.44 0.6709 1.2393
0.5538420 . . . . . . 1.1948239 4600 15.64 0.7024 1.2888
0.5611549 . . . . . . 1.2801409 4434 15.84 0.7352 1.3336
0.5707668 . . . . . . 1.3922793 4273 16.04 0.7702 1.3695
0.5834725 . . . . . . 1.5405119 4129 16.24 0.7969 1.4130
0.6061341 . . . . . . 1.8048982 3995 16.44 0.8319 1.4377
0.6493436 . . . . . . 2.3090092 3899 16.64 0.8563 1.4393
0.7254460 . . . . . . 3.0908587 3877 16.84 0.8637 1.4399
0.7850599 . . . . . . 3.4415288 3821 17.04 0.8775 1.4399
0.8167890 . . . . . . 3.6281707 3715 17.24 0.8900 1.4094
0.8393441 . . . . . . 3.7608475 3591 17.44 0.9013 1.3642
0.8625105 . . . . . . 3.8971204 3464 17.64 0.9123 1.3139
0.8861326 . . . . . . 4.0557510 3331 17.84 0.9227 1.2587
0.9000000 . . . . . . 4.1818182 3252 17.95 0.9289 1.2229

12 Gyr

0.5280815 . . . . . . 0.8942831 9551 12.24 0.1625 0.2955
0.5282301 . . . . . . 0.8960178 9043 12.44 0.1980 0.3535
0.5283741 . . . . . . 0.8976983 8639 12.64 0.2185 0.4028
0.5285411 . . . . . . 0.8996465 8245 12.84 0.2321 0.4485
0.5287406 . . . . . . 0.9019731 7862 13.04 0.2583 0.5050
0.5289592 . . . . . . 0.9045246 7516 13.24 0.2901 0.5684
0.5292177 . . . . . . 0.9075395 7175 13.44 0.3265 0.6382
0.5295297 . . . . . . 0.9111793 6845 13.64 0.3559 0.7042
0.5298984 . . . . . . 0.9154814 6537 13.84 0.3881 0.7667
0.5303506 . . . . . . 0.9207566 6259 14.04 0.4229 0.8320
0.5309223 . . . . . . 0.9274263 6004 14.24 0.4585 0.9048
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0.5316378 . . . . . . 0.9357743 5766 14.44 0.4958 0.9738
0.5324952 . . . . . . 0.9457772 5538 14.64 0.5337 1.0329
0.5334681 . . . . . . 0.9571282 5324 14.84 0.5713 1.0895
0.5348260 . . . . . . 0.9729697 5123 15.04 0.6076 1.1475
0.5369654 . . . . . . 0.9979294 4931 15.24 0.6422 1.1974
0.5392862 . . . . . . 1.0250054 4747 15.44 0.6751 1.2459
0.5422623 . . . . . . 1.0597272 4572 15.64 0.7074 1.2974
0.5459798 . . . . . . 1.1030972 4400 15.84 0.7415 1.3453
0.5501212 . . . . . . 1.1514135 4226 16.04 0.7812 1.3792
0.5545215 . . . . . . 1.2027512 4056 16.24 0.8188 1.4080
0.5591840 . . . . . . 1.2571463 3901 16.44 0.8422 1.4448
0.5659783 . . . . . . 1.3364132 3722 16.64 0.8822 1.4115
0.5750427 . . . . . . 1.4421647 3559 16.84 0.9106 1.3848
0.5861803 . . . . . . 1.5721035 3432 17.04 0.9100 1.3983
0.6026827 . . . . . . 1.7646315 3333 17.16 0.9358 1.2982
0.6209553 . . . . . . 1.9778114 3232 17.29 0.9409 1.1981
0.6559784 . . . . . . 2.3864147 3124 17.49 0.9286 1.0981
0.7017486 . . . . . . 2.9071719 3042 17.67 0.9050 0.9981
0.7114238 . . . . . . 3.0083756 2994 17.72 0.8858 0.8981
0.7217185 . . . . . . 3.0689324 2948 17.76 0.8674 0.7977
0.7319287 . . . . . . 3.1289926 2902 17.80 0.8493 0.6972
0.7420417 . . . . . . 3.1884808 2857 17.84 0.8314 0.5972
0.7521698 . . . . . . 3.2480577 2811 17.87 0.8136 0.4967
0.7622353 . . . . . . 3.3072663 2765 17.90 0.7960 0.3967
0.7723390 . . . . . . 3.3667000 2720 17.93 0.7784 0.2962
0.7824188 . . . . . . 3.4259927 2674 17.96 0.7609 0.1961
0.7925459 . . . . . . 3.4855642 2628 17.99 0.7434 0.0958
0.7999000 . . . . . . 3.5288235 2594 18.01 0.7307 0.0231

14 Gyr

0.5247511 . . . . . . 0.8554292 9519 12.24 0.1646 0.2988
0.5248706 . . . . . . 0.8568232 9012 12.44 0.2000 0.3572
0.5249852 . . . . . . 0.8581606 8613 12.64 0.2203 0.4063
0.5251176 . . . . . . 0.8597051 8224 12.84 0.2328 0.4513
0.5252773 . . . . . . 0.8615680 7840 13.04 0.2590 0.5077
0.5254522 . . . . . . 0.8636095 7493 13.24 0.2920 0.5725
0.5256567 . . . . . . 0.8659953 7154 13.44 0.3292 0.6430
0.5259030 . . . . . . 0.8688688 6824 13.64 0.3583 0.7091
0.5261927 . . . . . . 0.8722485 6518 13.84 0.3897 0.7709
0.5265440 . . . . . . 0.8763461 6240 14.05 0.4245 0.8357
0.5269828 . . . . . . 0.8814661 5987 14.25 0.4606 0.9089
0.5275293 . . . . . . 0.8878421 5750 14.45 0.4984 0.9795
0.5281819 . . . . . . 0.8954559 5523 14.65 0.5365 1.0389
0.5289220 . . . . . . 0.9040901 5308 14.85 0.5741 1.0944
0.5299217 . . . . . . 0.9157529 5107 15.05 0.6104 1.1509
0.5315627 . . . . . . 0.9348982 4915 15.25 0.6450 1.2014
0.5332201 . . . . . . 0.9542348 4730 15.45 0.6781 1.2506
0.5351798 . . . . . . 0.9770971 4554 15.65 0.7106 1.3031
0.5376172 . . . . . . 1.0055335 4381 15.85 0.7450 1.3523
0.5401187 . . . . . . 1.0347182 4203 16.05 0.7856 1.3871
0.5426530 . . . . . . 1.0642852 4025 16.25 0.8278 1.4095
0.5451153 . . . . . . 1.0930116 3866 16.45 0.8520 1.4445
0.5480984 . . . . . . 1.1278144 3694 16.65 0.8800 1.4288
0.5522686 . . . . . . 1.1764673 3497 16.85 0.9174 1.3316
0.5562356 . . . . . . 1.2227481 3344 17.05 0.9122 1.2998
0.5601245 . . . . . . 1.2681189 3232 17.17 0.9060 1.1996
0.5630193 . . . . . . 1.3018916 3161 17.24 0.9024 1.0996
0.5667049 . . . . . . 1.3448906 3085 17.31 0.8971 0.9995
0.5716530 . . . . . . 1.4026186 3001 17.39 0.8810 0.8994
0.5764075 . . . . . . 1.4580871 2929 17.46 0.8588 0.7992
0.5841944 . . . . . . 1.5489347 2872 17.53 0.8330 0.6991
0.5889515 . . . . . . 1.6044343 2829 17.57 0.8117 0.5987
0.5946709 . . . . . . 1.6711601 2787 17.61 0.7888 0.4983
0.6007104 . . . . . . 1.7416216 2748 17.62 0.7719 0.3968
0.6052376 . . . . . . 1.7944390 2708 17.61 0.7603 0.2955
0.6105900 . . . . . . 1.8568830 2666 17.61 0.7481 0.1896
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0.6167991 . . . . . . 1.9293230 2621 17.61 0.7363 0.0889
0.6251188 . . . . . . 2.0263864 2566 17.63 0.7241 [0.0113
0.6369736 . . . . . . 2.1646925 2501 17.68 0.7089 [0.1114
0.6631969 . . . . . . 2.4706302 2388 17.87 0.6775 [0.2115
0.6915188 . . . . . . 2.7920861 2299 18.07 0.6487 [0.2617
0.6999000 . . . . . . 2.8863750 2277 18.12 0.6410 [0.2732

16 Gyr

0.5220250 . . . . . . 0.8236249 9493 12.25 0.1663 0.3015
0.5221241 . . . . . . 0.8247811 8987 12.45 0.2017 0.3602
0.5222183 . . . . . . 0.8258805 8592 12.65 0.2218 0.4092
0.5223267 . . . . . . 0.8271454 8207 12.85 0.2334 0.4536
0.5224588 . . . . . . 0.8286865 7822 13.05 0.2594 0.5099
0.5226035 . . . . . . 0.8303738 7475 13.25 0.2935 0.5757
0.5227710 . . . . . . 0.8323285 7138 13.45 0.3313 0.6470
0.5229725 . . . . . . 0.8346789 6808 13.65 0.3603 0.7131
0.5232087 . . . . . . 0.8374353 6502 13.85 0.3909 0.7743
0.5234925 . . . . . . 0.8407453 6225 14.05 0.4258 0.8387
0.5238442 . . . . . . 0.8448491 5972 14.25 0.4623 0.9121
0.5242804 . . . . . . 0.8499382 5738 14.45 0.5003 0.9837
0.5248006 . . . . . . 0.8560072 5511 14.65 0.5388 1.0439
0.5253913 . . . . . . 0.8628982 5296 14.85 0.5764 1.0984
0.5261685 . . . . . . 0.8719655 5095 15.05 0.6126 1.1538
0.5274889 . . . . . . 0.8873703 4903 15.25 0.6472 1.2044
0.5287587 . . . . . . 0.9021851 4718 15.45 0.6803 1.2540
0.5301863 . . . . . . 0.9188405 4541 15.65 0.7129 1.3070
0.5319590 . . . . . . 0.9395221 4367 15.85 0.7474 1.3572
0.5336880 . . . . . . 0.9596934 4189 16.05 0.7881 1.3927
0.5354291 . . . . . . 0.9800066 4008 16.25 0.8329 1.4117
0.5370542 . . . . . . 0.9989652 3845 16.45 0.8587 1.4437
0.5388653 . . . . . . 1.0200956 3680 16.65 0.8803 1.4416
0.5408353 . . . . . . 1.0430785 3518 16.80 0.9142 1.3416
0.5432124 . . . . . . 1.0708113 3345 17.00 0.9205 1.2741
0.5456577 . . . . . . 1.0993393 3202 17.17 0.9031 1.1741
0.5470217 . . . . . . 1.1152526 3132 17.24 0.8921 1.0738
0.5485402 . . . . . . 1.1329685 3066 17.30 0.8825 0.9737
0.5501230 . . . . . . 1.1514348 3000 17.34 0.8702 0.8735
0.5518948 . . . . . . 1.1721059 2933 17.39 0.8513 0.7732
0.5535000 . . . . . . 1.1908335 2873 17.43 0.8333 0.6731
0.5550897 . . . . . . 1.2093803 2821 17.46 0.8135 0.5728
0.5572854 . . . . . . 1.2349968 2772 17.48 0.7955 0.4726
0.5588558 . . . . . . 1.2533171 2726 17.50 0.7772 0.3722
0.5605487 . . . . . . 1.2730683 2680 17.52 0.7583 0.2719
0.5624857 . . . . . . 1.2956667 2631 17.53 0.7419 0.1718
0.5646125 . . . . . . 1.3204797 2581 17.53 0.7271 0.0679
0.5670211 . . . . . . 1.3485799 2527 17.54 0.7134 [0.0328
0.5698071 . . . . . . 1.3810831 2469 17.56 0.6990 [0.1332
0.5758562 . . . . . . 1.4516554 2356 17.70 0.6674 [0.2333
0.5829396 . . . . . . 1.5342955 2250 17.90 0.6302 [0.2893
0.5914128 . . . . . . 1.6331493 2146 18.10 0.5871 [0.3605
0.6022097 . . . . . . 1.7591135 2040 18.30 0.5390 [0.4526
0.6130919 . . . . . . 1.8860727 1936 18.50 0.4914 [0.5456
0.6136000 . . . . . . 1.8920000 1931 18.51 0.4893 È0.5496

Figure 6 illustrates such luminosity functions for a Salpe-
ter IMF [n(m)P m~a, where a \ 2.35 ; solid line] and a
much Ñatter IMF (a \ 1.3 ; dashed line), which is more in
line with the steepest IMFs being found at the low-mass end
in globular clusters (Piotto and Zoccali 1999). The main
feature to note in this diagram is the manner in which the
peak of the cluster white dwarf luminosity function marches
toward lower luminosity as the cluster age increases. This is
then a potentially powerful technique for determining
cluster ages that is largely independent of isochrone Ðtting

to the turno† region of a cluster. As can be seen, the e†ect of
even a radical change in the IMF slope has a rather small
inÑuence on the morphology of the white dwarf luminosity
function, and it appears that this is unlikely to be a sensitive
method of investigating cluster IMFs. For this reason we
only tabulate functions for Salpeter IMFs.

These luminosity functions are listed in Table 5 for those
in Johnson-Kron/Cousins Ðlters and in Table 6 for those
calculated in the HST Ðlter set. In these tables the number
of white dwarfs is normalized to 100 and the columns are,
respectively, the absolute V magnitude of the middle of the
bin, the number of white dwarfs in that bin, the cumulative
number of white dwarfs, and the mean mass of the white
dwarfs and of the progenitors.

As a last point regarding white dwarf luminosity func-
tions in clusters, we inquire whether information about the
age of a cluster can be obtained if the turnover in the white
dwarf luminosity function is not observed, but only if a
bright portion (e.g., to is seen. This, of course, hasM

V
\ 15)

potential practical applications since the termination points
of white dwarf sequences will only be possible to observe in
the nearest globular clusters even with HST and the
Advanced Camera for Surveys. To investigate this, in
Figure 7 we superimpose synthetic white dwarf luminosity
functions for 10, 12, and 14 Gyr old clusters. The numbers
of white dwarfs indicated are those expected from a single
WFPC2 Ðeld at six core radii from the center of the globu-
lar cluster M4. If the functions in Figure 7 are compared
down to it becomes clear that virtually no usefulM

V
\ 15,

information is obtained regarding the age of the cluster. The
turnover in the luminosity function must be observed in
order to constrain the cluster age.

5. THE WHITE DWARF COOLING AGE OF M67

In an earlier paper Richer et al. (1998) presented and
discussed the observed white dwarf luminosity function in
the open cluster M67, which has a turno† age of about 4
Gyr (Montgomery, Marschall, & Janes 1993). Here we
compare this function with synthetic luminosity functions
in order to derive the white dwarf cooling age of the cluster.
In the previous paper we did not have access to such syn-
thetic functions, so the current derivation of the cluster
cooling age will supercede the results in the earlier paper.

Figure 8 displays the observed cumulative white dwarf
luminosity function in M67 from Richer et al. (1998 ; heavy
solid line) compared with synthetic luminosity functions for
clusters with ages of 3, 4, and 5 Gyr. The synthetic functions
have been shifted to represent a cluster with an apparent V
distance modulus of 9.59 (Montgomery et al. 1993), and
they have been normalized to contain the same number of
white dwarfs that are observed in the cluster (58). All of the
synthetic functions have Salpeter IMFs, but the actual
choice of the IMF, within rather broad limits, has little
e†ect on the Ðnal results as could be deduced from Figure 6.
From the faint end of the luminosity function seen in M67,
it is clear that the cooling age of the cluster is larger than 3
Gyr but less than 4 Gyr. This is somewhat younger than the
cluster turno† whose best estimate is currently near 4 Gyr
(Montgomery et al. 1993).

Nevertheless, this result indicates that a properly con-
structed synthetic white dwarf luminosity function com-
pared with data should be a robust and reliable age
indicator, and that it will be an important tool in estab-
lishing ages for old clusters in the Galaxy.

We note in passing that the observed white dwarf lumi-
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FIG. 6.ÈDi†erential luminosity functions for white dwarfs in clusters of varying ages. The solid lines are for Salpeter IMFs (a \ 2.35), while the dashed
lines are for signiÐcantly Ñatter IMFs (a \ 1.3).

nosity function in M67 has a well-populated tail of stars to
high luminosity, many more stars than are predicted by the
models. Varying the IMF, even by a rather large amount,
could not make the Ðt of the synthetic function to the obser-
vations signiÐcantly better since the precursor mass range
among the bright M67 white dwarfs is quite small. The
origin of this tail is not currently understood, but might be
related to the high binary fraction in the cluster (see Richer
et al. 1998 for further discussion) or to some deÐciency in
the cooling models, which overestimates the true rate of
cooling of young white dwarfs. If the binary scenario is
correct, the excess number of bright white dwarfs could be
produced by making a relatively large number of helium-
core white dwarfs via truncated stellar evolution. Such
objects fade less rapidly than C-O white dwarfs since they
have a greater heat capacity per unit mass.

6. THE WHITE DWARF LUMINOSITY FUNCTIONS IN THE

GALACTIC HALO

The microlensing experiments in the direction of the
LMC seem to be indicating that 60%^ 20% of the dark

matter in the Galactic halo is tied up in objects0.5~0.2`0.3M
_(Alcock et al. 1997a, 1997b ; Renault et al. 1997). This natu-

rally suggests old white dwarfs, although other possibilities
exist (e.g., neutron stars, primordial black holes). The possi-
bility that white dwarfs are important contributors to the
Galactic dark matter has been considered for some time
now (Larson 1986 ; Silk 1991 ; Carr 1994), but with the
microlensing results this scenario has taken on increased
viability.

Chabrier (1999), Chabrier, Segretain, & (1996),Me� ra
Gibson & Mould (1997), and Adams & Laughlin (1996)
have all pointed out that if, indeed, this scenario is correct,
the IMF of the white dwarf precursors could not have had a
Salpeter form, but might have been more Gaussian in shape
and peaked near 2.7 For this reason we have calcu-M

_
.

lated halo luminosity functions for both Salpeter IMFs and
those of the form with'(m) \ exp~(m@m)b1 m~b2, m\ 2.7,

and (Chabrier et al. 1996).b1\ 2.2, b2\ 5.75
Under this scenario, old white dwarfs will be plentiful in

the Galactic halo, but difficult to detect because of theirin-
trinsic faintness. The local number of such objects can be
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TABLE 5

WHITE DWARF CLUSTER LUMINOSITY FUNCTIONS :
SALPETER IMF, JOHNSON-KRON/COUSINS FILTERS

M
V

Number of WDs Cumulative Number MMS MWD
2 Gyr

12.25 . . . . . . 8.30E]00 8.30E]00 1.68918 0.59622
12.75 . . . . . . 1.66E]01 2.49E]01 1.80524 0.60616
13.25 . . . . . . 7.51E]01 1.00E]02 2.75499 0.71432

4 Gyr

12.25 . . . . . . 2.80E]00 2.80E]00 1.27107 0.56038
12.75 . . . . . . 4.70E]00 7.50E]00 1.29520 0.56245
13.25 . . . . . . 5.60E]00 1.31E]01 1.33988 0.56628
13.75 . . . . . . 1.56E]01 2.87E]01 1.44236 0.57506
14.25 . . . . . . 3.21E]01 6.08E]01 1.76255 0.60250
14.75 . . . . . . 3.92E]01 1.00E]02 2.81084 0.71192

6 Gyr

12.25 . . . . . . 1.50E]00 1.50E]00 1.10844 0.54644
12.75 . . . . . . 1.90E]00 3.40E]00 1.12036 0.54746
13.25 . . . . . . 3.30E]00 6.70E]00 1.14067 0.54920
13.75 . . . . . . 6.90E]00 1.36E]01 1.17995 0.55257
14.25 . . . . . . 1.06E]01 2.42E]01 1.25152 0.55870
14.75 . . . . . . 2.22E]01 4.64E]01 1.41787 0.57296
15.25 . . . . . . 4.99E]01 9.63E]01 2.27274 0.65292
15.75 . . . . . . 3.70E]00 1.00E]02 3.95566 0.86951

8 Gyr

12.25 . . . . . . 9.00E[01 9.00E[01 1.01184 0.53816
12.75 . . . . . . 8.00E[01 1.70E]00 1.01993 0.53885
13.25 . . . . . . 3.10E]00 4.80E]00 1.03195 0.53988
13.75 . . . . . . 4.10E]00 8.90E]00 1.05335 0.54172
14.25 . . . . . . 6.40E]00 1.53E]01 1.08678 0.54458
14.75 . . . . . . 9.90E]00 2.52E]01 1.16717 0.55147
15.25 . . . . . . 3.35E]01 5.87E]01 1.41758 0.57294
15.75 . . . . . . 3.87E]01 9.74E]01 2.43038 0.66703
16.25 . . . . . . 2.60E]00 1.00E]02 3.96584 0.86806

10 Gyr

12.25 . . . . . . 5.00E[01 5.00E[01 0.94536 0.53246
12.75 . . . . . . 8.00E[01 1.30E]00 0.95139 0.53298
13.25 . . . . . . 1.80E]00 3.10E]00 0.95895 0.53362
13.75 . . . . . . 3.10E]00 6.20E]00 0.97363 0.53488
14.25 . . . . . . 4.30E]00 1.05E]01 1.00014 0.53715
14.75 . . . . . . 9.20E]00 1.97E]01 1.04563 0.54105
15.25 . . . . . . 1.38E]01 3.35E]01 1.14265 0.54937
15.75 . . . . . . 2.15E]01 5.50E]01 1.35909 0.56792
16.25 . . . . . . 3.33E]01 8.83E]01 1.99388 0.62266
16.75 . . . . . . 8.50E]00 9.68E]01 3.11420 0.73475
17.25 . . . . . . 2.40E]00 9.92E]01 3.83451 0.85149
17.75 . . . . . . 8.00E[01 1.00E]02 4.06340 0.88630

12 Gyr

12.25 . . . . . . 7.00E[01 7.00E[01 0.89574 0.52821
12.75 . . . . . . 1.20E]00 1.90E]00 0.90027 0.52859
13.25 . . . . . . 2.10E]00 4.00E]00 0.90554 0.52905
13.75 . . . . . . 2.20E]00 6.20E]00 0.91663 0.53000
14.25 . . . . . . 4.00E]00 1.02E]01 0.93442 0.53152
14.75 . . . . . . 7.40E]00 1.76E]01 0.96880 0.53447
15.25 . . . . . . 1.02E]01 2.78E]01 1.02203 0.53903
15.75 . . . . . . 1.08E]01 3.86E]01 1.12981 0.54827
16.25 . . . . . . 1.29E]01 5.15E]01 1.28046 0.56118
16.75 . . . . . . 2.31E]01 7.46E]01 1.61569 0.58992
17.25 . . . . . . 2.25E]01 9.71E]01 2.42684 0.65994
17.75 . . . . . . 2.90E]00 1.00E]02 3.28954 0.75922

14 Gyr

12.25 . . . . . . 5.00E[01 5.00E[01 0.85643 0.52484

TABLE 5ÈContinued

M
V

Number of WDs Cumulative Number MMS MWD
12.75 . . . . . . 5.00E[01 1.00E]00 0.85980 0.52513
13.25 . . . . . . 8.00E[01 1.80E]00 0.86610 0.52567
13.75 . . . . . . 1.70E]00 3.50E]00 0.87292 0.52625
14.25 . . . . . . 3.00E]00 6.50E]00 0.88707 0.52746
14.75 . . . . . . 5.10E]00 1.16E]01 0.91355 0.52973
15.25 . . . . . . 1.01E]01 2.17E]01 0.95535 0.53332
15.75 . . . . . . 1.13E]01 3.30E]01 1.02764 0.53951
16.25 . . . . . . 9.50E]00 4.25E]01 1.10176 0.54586
16.75 . . . . . . 1.52E]01 5.77E]01 1.23283 0.55710
17.25 . . . . . . 3.56E]01 9.33E]01 1.73916 0.60050
17.75 . . . . . . 6.70E]00 1.00E]02 2.60490 0.67500

16 Gyr

12.25 . . . . . . 5.00E[01 5.00E[01 0.82458 0.52211
12.75 . . . . . . 1.80E]00 2.30E]00 0.82673 0.52229
13.25 . . . . . . 1.40E]00 3.70E]00 0.83176 0.52272
13.75 . . . . . . 1.80E]00 5.50E]00 0.83864 0.52331
14.25 . . . . . . 3.00E]00 8.50E]00 0.85037 0.52432
14.75 . . . . . . 4.30E]00 1.28E]01 0.86894 0.52591
15.25 . . . . . . 8.80E]00 2.16E]01 0.90262 0.52880
15.75 . . . . . . 9.00E]00 3.06E]01 0.95273 0.53309
16.25 . . . . . . 8.20E]00 3.88E]01 1.00550 0.53761
16.75 . . . . . . 1.20E]01 5.08E]01 1.07851 0.54387
17.25 . . . . . . 3.01E]01 8.09E]01 1.28297 0.56140
17.75 . . . . . . 1.43E]01 9.52E]01 1.63110 0.59124
18.25 . . . . . . 4.80E]00 1.00E]02 1.82482 0.60784

determined simply from the local dark matter density
(0.0079 pc~3) (Alcock et al. 1997a ; Chabrier &M

_
Me� ra

1997 ; Gould, Flynn, & Bahcall 1996) and the mean white
dwarf mass through(SMWDT)

local number WDs pc~3 \ 0.0079
SMwdT

.

FIG. 7.ÈSynthetic white dwarf luminosity functions in the HST Ðlters
for clusters with ages of 10, 12, and 14 Gyr. The numbers of white dwarfs
are those expected in the Galactic globular cluster M4 in a single WFPC2
Ðeld at 6 core radii from the cluster center (see Richer et al. 1997).



TABLE 6

WHITE DWARF CLUSTER LUMINOSITY FUNCTIONS : SALPETER IMF, HST
FILTERS

M
V

Number of WDs Cumulative Number MMS MWD
2 Gyr

12.25 . . . . . . 6.60E]00 6.60E]00 1.68163 0.59557
12.75 . . . . . . 1.43E]01 2.09E]01 1.77834 0.60386
13.25 . . . . . . 7.91E]01 1.00E]02 2.70997 0.70790

4 Gyr

12.25 . . . . . . 2.60E]00 2.60E]00 1.27030 0.56031
12.75 . . . . . . 4.30E]00 6.90E]00 1.29223 0.56219
13.25 . . . . . . 5.00E]00 1.19E]01 1.33101 0.56552
13.75 . . . . . . 1.01E]01 2.20E]01 1.40760 0.57208
14.25 . . . . . . 2.60E]01 4.80E]01 1.60390 0.58891
14.75 . . . . . . 5.20E]01 1.00E]02 2.59579 0.68561

6 Gyr

12.25 . . . . . . 1.10E]00 1.10E]00 1.10713 0.54633
12.75 . . . . . . 2.10E]00 3.20E]00 1.11809 0.54726
13.25 . . . . . . 2.80E]00 6.00E]00 1.13740 0.54892
13.75 . . . . . . 5.20E]00 1.12E]01 1.16906 0.55163
14.25 . . . . . . 9.50E]00 2.07E]01 1.22398 0.55634
14.75 . . . . . . 1.71E]01 3.78E]01 1.35109 0.56724
15.25 . . . . . . 4.74E]01 8.52E]01 1.92879 0.61968
15.75 . . . . . . 1.48E]01 1.00E]02 3.34459 0.78385

8 Gyr

12.25 . . . . . . 7.00E[01 7.00E[01 1.01130 0.53811
12.75 . . . . . . 8.00E[01 1.50E]00 1.01752 0.53864
13.25 . . . . . . 2.70E]00 4.20E]00 1.02987 0.53970
13.75 . . . . . . 3.40E]00 7.60E]00 1.04710 0.54118
14.25 . . . . . . 6.60E]00 1.42E]01 1.07852 0.54387
14.75 . . . . . . 7.00E]00 2.12E]01 1.14127 0.54925
15.25 . . . . . . 2.07E]01 4.19E]01 1.28268 0.56137
15.75 . . . . . . 4.90E]01 9.09E]01 1.98810 0.62571
16.25 . . . . . . 9.10E]00 1.00E]02 3.59036 0.81067

10 Gyr

12.25 . . . . . . 3.00E[01 3.00E[01 0.94439 0.53238
12.75 . . . . . . 8.00E[01 1.10E]00 0.94968 0.53283
13.25 . . . . . . 1.50E]00 2.60E]00 0.95673 0.53343
13.75 . . . . . . 2.90E]00 5.50E]00 0.97046 0.53461
14.25 . . . . . . 3.40E]00 8.90E]00 0.99072 0.53635
14.75 . . . . . . 6.90E]00 1.58E]01 1.02812 0.53955
15.25 . . . . . . 1.18E]01 2.76E]01 1.09306 0.54512
15.75 . . . . . . 1.77E]01 4.53E]01 1.25496 0.55900
16.25 . . . . . . 2.70E]01 7.23E]01 1.62699 0.59089
16.75 . . . . . . 2.26E]01 9.49E]01 2.49231 0.66880
17.25 . . . . . . 2.90E]00 9.78E]01 3.57085 0.80704
17.75 . . . . . . 2.20E]00 1.00E]02 3.96886 0.87262

12 Gyr

12.25 . . . . . . 7.00E[01 7.00E[01 0.89574 0.52821
12.75 . . . . . . 9.00E[01 1.60E]00 0.89969 0.52855
13.25 . . . . . . 2.10E]00 3.70E]00 0.90449 0.52896
13.75 . . . . . . 2.00E]00 5.70E]00 0.91433 0.52980
14.25 . . . . . . 3.20E]00 8.90E]00 0.92902 0.53106
14.75 . . . . . . 5.00E]00 1.39E]01 0.95437 0.53323
15.25 . . . . . . 1.08E]01 2.47E]01 0.99901 0.53706
15.75 . . . . . . 9.50E]00 3.42E]01 1.08715 0.54461
16.25 . . . . . . 1.08E]01 4.50E]01 1.20676 0.55487
16.75 . . . . . . 1.61E]01 6.11E]01 1.40608 0.57195
17.25 . . . . . . 2.50E]01 8.61E]01 1.92714 0.61661
17.75 . . . . . . 1.38E]01 9.99E]01 2.81984 0.69915
18.25 . . . . . . 1.00E[01 1.00E]02 3.52773 0.79971

TABLE 6ÈContinued

M
V

Number of WDs Cumulative Number MMS MWD
14 Gyr

12.25 . . . . . . 5.00E[01 5.00E[01 0.85643 0.52484
12.75 . . . . . . 5.00E[01 1.00E]00 0.85980 0.52513
13.25 . . . . . . 6.00E[01 1.60E]00 0.86560 0.52562
13.75 . . . . . . 1.70E]00 3.30E]00 0.87179 0.52615
14.25 . . . . . . 2.10E]00 5.40E]00 0.88315 0.52713
14.75 . . . . . . 3.30E]00 8.70E]00 0.90085 0.52864
15.25 . . . . . . 9.00E]00 1.77E]01 0.93688 0.53173
15.75 . . . . . . 9.60E]00 2.73E]01 0.99254 0.53650
16.25 . . . . . . 1.08E]01 3.81E]01 1.06377 0.54261
16.75 . . . . . . 1.05E]01 4.86E]01 1.15726 0.55062
17.25 . . . . . . 1.92E]01 6.78E]01 1.34489 0.56670
17.75 . . . . . . 3.01E]01 9.79E]01 1.96724 0.62007
18.25 . . . . . . 2.10E]00 1.00E]02 2.79347 0.69165

16 Gyr

12.25 . . . . . . 4.00E[01 4.00E[01 0.82438 0.52209
12.75 . . . . . . 1.70E]00 2.10E]00 0.82641 0.52226
13.25 . . . . . . 1.20E]00 3.30E]00 0.83068 0.52263
13.75 . . . . . . 1.40E]00 4.70E]00 0.83576 0.52307
14.25 . . . . . . 2.30E]00 7.00E]00 0.84529 0.52388
14.75 . . . . . . 3.60E]00 1.06E]01 0.85856 0.52502
15.25 . . . . . . 7.40E]00 1.80E]01 0.88746 0.52750
15.75 . . . . . . 8.20E]00 2.62E]01 0.93028 0.53117
16.25 . . . . . . 8.10E]00 3.43E]01 0.97729 0.53520
16.75 . . . . . . 9.50E]00 4.38E]01 1.03547 0.54018
17.25 . . . . . . 2.12E]01 6.50E]01 1.15537 0.55046
17.75 . . . . . . 2.05E]01 8.55E]01 1.40733 0.57206
18.25 . . . . . . 1.44E]01 9.99E]01 1.72568 0.59934
18.75 . . . . . . 1.00E[01 1.00E]02 1.88973 0.61341

FIG. 8.ÈCumulative M67 white dwarf luminosity function (heavy solid
line) compared with synthetic functions of ages 3, 4, and 5 Gyr, all with
Salpeter IMFs. The location of the break in the M67 luminosity function
and the general Ðt to the synthetic functions suggest a white dwarf cooling
age for M67 somewhat older than 3 Gyr, but less than 4 Gyr.
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TABLE 7

HALO WHITE DWARF LUMINOSITY FUNCTIONS : CHABRIER

IMF, JOHNSON-KRON/COUSINS FILTERS

V WD deg~2 Cumulative Number

10 Gyr MWD \ 0.64 M
_

17.75 . . . . . . 1.75E[02 1.75E[02
18.25 . . . . . . 0.00E]00 1.75E[02
18.75 . . . . . . 1.75E[02 3.50E[02
19.25 . . . . . . 6.99E[02 1.05E[01
19.75 . . . . . . 1.57E[01 2.62E[01
20.25 . . . . . . 2.62E[01 5.24E[01
20.75 . . . . . . 4.72E[01 9.96E[01
21.25 . . . . . . 9.79E[01 1.97E]00
21.75 . . . . . . 2.38E]00 4.35E]00
22.25 . . . . . . 4.25E]00 8.60E]00
22.75 . . . . . . 8.55E]00 1.71E]01
23.25 . . . . . . 1.63E]01 3.34E]01
23.75 . . . . . . 3.19E]01 6.54E]01
24.25 . . . . . . 6.21E]01 1.27E]02
24.75 . . . . . . 1.28E]02 2.56E]02
25.25 . . . . . . 2.59E]02 5.15E]02
25.75 . . . . . . 5.14E]02 1.03E]03
26.25 . . . . . . 1.01E]03 2.04E]03
26.75 . . . . . . 1.99E]03 4.03E]03
27.25 . . . . . . 3.94E]03 7.97E]03
27.75 . . . . . . 7.76E]03 1.57E]04

14 Gyr MWD \ 0.62 M
_

19.75 . . . . . . 1.75E[02 1.75E[02
20.25 . . . . . . 6.99E[02 8.74E[02
20.75 . . . . . . 8.74E[02 1.75E[01
21.25 . . . . . . 1.22E[01 2.97E[01
21.75 . . . . . . 5.59E[01 8.56E[01
22.25 . . . . . . 8.39E[01 1.70E]00
22.75 . . . . . . 1.96E]00 3.65E]00
23.25 . . . . . . 3.57E]00 7.22E]00
23.75 . . . . . . 7.52E]00 1.47E]01
24.25 . . . . . . 1.45E]01 2.92E]01
24.75 . . . . . . 2.99E]01 5.91E]01
25.25 . . . . . . 5.82E]01 1.17E]02
25.75 . . . . . . 1.18E]02 2.35E]02
26.25 . . . . . . 2.34E]02 4.69E]02
26.75 . . . . . . 4.60E]02 9.28E]02
27.25 . . . . . . 9.09E]02 1.84E]03
27.75 . . . . . . 1.79E]03 3.63E]03

16 Gyr MWD \ 0.59 M
_

19.75 . . . . . . 1.75E[02 1.75E[02
20.25 . . . . . . 5.24E[02 6.99E[02
20.75 . . . . . . 0.00E]00 6.99E[02
21.25 . . . . . . 1.22E[01 1.92E[01
21.75 . . . . . . 3.15E[01 5.07E[01
22.25 . . . . . . 7.69E[01 1.28E]00
22.75 . . . . . . 1.35E]00 2.62E]00
23.25 . . . . . . 2.59E]00 5.21E]00
23.75 . . . . . . 5.47E]00 1.07E]01
24.25 . . . . . . 9.86E]00 2.05E]01
24.75 . . . . . . 2.16E]01 4.21E]01
25.25 . . . . . . 4.04E]01 8.25E]01
25.75 . . . . . . 8.49E]01 1.67E]02
26.25 . . . . . . 1.66E]02 3.34E]02
26.75 . . . . . . 3.31E]02 6.65E]02
27.25 . . . . . . 6.45E]02 1.31E]03
27.75 . . . . . . 1.26E]03 2.57E]03

TABLE 8

HALO WHITE DWARF LUMINOSITY FUNCTIONS : CHABRIER

IMF, HST FILTERS

V No. WD deg~2 Cumulative Number

10 Gyr MWD \ 0.64 M
_

17.75 . . . . . . 1.75E[02 1.75E[02
18.25 . . . . . . 0.00E]00 1.75E[02
18.75 . . . . . . 0.00E]00 1.75E[02
19.25 . . . . . . 6.99E[02 8.74E[02
19.75 . . . . . . 1.05E[01 1.92E[01
20.25 . . . . . . 1.75E[01 3.67E[01
20.75 . . . . . . 4.19E[01 7.86E[01
21.25 . . . . . . 8.74E[01 1.66E]00
21.75 . . . . . . 1.22E]00 2.88E]00
22.25 . . . . . . 3.18E]00 6.06E]00
22.75 . . . . . . 5.92E]00 1.20E]01
23.25 . . . . . . 1.20E]01 2.40E]01
23.75 . . . . . . 2.35E]01 4.74E]01
24.25 . . . . . . 4.72E]01 9.46E]01
24.75 . . . . . . 9.84E]01 1.93E]02
25.25 . . . . . . 1.91E]02 3.84E]02
25.75 . . . . . . 3.75E]02 7.59E]02
26.25 . . . . . . 7.48E]02 1.51E]03
26.75 . . . . . . 1.46E]03 2.96E]03
27.25 . . . . . . 2.88E]03 5.84E]03
27.75 . . . . . . 5.68E]03 1.15E]04

14 Gyr MWD \ 0.62 M
_

19.75 . . . . . . 1.75E[02 1.75E[02
20.25 . . . . . . 3.50E[02 5.24E[02
20.75 . . . . . . 3.50E[02 8.74E[02
21.25 . . . . . . 1.05E[01 1.92E[01
21.75 . . . . . . 3.32E[01 5.24E[01
22.25 . . . . . . 7.17E[01 1.24E]00
22.75 . . . . . . 1.33E]00 2.57E]00
23.25 . . . . . . 2.39E]00 4.96E]00
23.75 . . . . . . 5.35E]00 1.03E]01
24.25 . . . . . . 9.70E]00 2.00E]01
24.75 . . . . . . 2.02E]01 4.02E]01
25.25 . . . . . . 3.87E]01 7.89E]01
25.75 . . . . . . 8.05E]01 1.59E]02
26.25 . . . . . . 1.58E]02 3.18E]02
26.75 . . . . . . 3.10E]02 6.27E]02
27.25 . . . . . . 6.08E]02 1.24E]03
27.75 . . . . . . 1.19E]03 2.42E]03

16 Gyr MWD \ 0.61 M
_

20.25 . . . . . . 1.75E[02 1.75E[02
20.75 . . . . . . 5.24E[02 6.99E[02
21.25 . . . . . . 8.74E[02 1.57E[01
21.75 . . . . . . 1.75E[01 3.32E[01
22.25 . . . . . . 4.89E[01 8.21E[01
22.75 . . . . . . 8.91E[01 1.71E]00
23.25 . . . . . . 1.85E]00 3.57E]00
23.75 . . . . . . 3.64E]00 7.20E]00
24.25 . . . . . . 7.01E]00 1.42E]01
24.75 . . . . . . 1.37E]01 2.79E]01
25.25 . . . . . . 2.83E]01 5.63E]01
25.75 . . . . . . 5.50E]01 1.11E]02
26.25 . . . . . . 1.10E]02 2.22E]02
26.75 . . . . . . 2.21E]02 4.42E]02
27.25 . . . . . . 4.32E]02 8.74E]02
27.75 . . . . . . 8.40E]02 1.71E]03
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FIG. 9.ÈCumulative white dwarf luminosity functions in the Galactic halo. The y-axis is the logarithm of the number of stars per square degree under the
assumption that white dwarfs make up 100% of the local dark matter density and that they all have hydrogen atmospheres. Solid lines are for a Chabrier
(1999)Ètype IMF, while the dashed line is for a Salpeter IMF.

A synthetic halo white dwarf luminosity function for a
given age and limiting magnitude was calcu-(Tfield) (Vlim)
lated as follows. First, from the cluster luminosity function
for an age we obtained the maximum and minimumTfield,main-sequence masses as before as well as the brightest
white dwarf in the cluster. We then set the distance(M

V
min)

out to which we would Ðll a volume with white dwarfsRmaxas

Rmax\ 10(Vlim~MVmin`5)@5 .

From the IMF we then extracted a main-sequence star of
a given mass and determined the associated white dwarf
mass through the initial-Ðnal mass relation. This whiteMwddwarf was then placed randomly at a distance of insideRwdthe volume to keep the density constant. From the iso-
chrone we then obtained the of this object and obtainedM

Vits apparent V magnitude from

V \ M
V

[ 5 ] 5 log Rwd .

The average mass of the white dwarfs in the volume came
simply from

SMwdT \ ;
Mwd
N

,

and the total number of white dwarfs observed in the
volume would then be

Ntot\
0.0079
SMwdT

]
4
3

nRmax3 .

This was done N times until at which point theN ºNtot,calculations were terminated.
In this way we constructed synthetic halo luminosity

functions including all the stars in the mass range allowed
by the models for ages of 10, 14, and 16 Gyr. The volume
size was chosen so that all the stars brighter than V \ 28
would be counted. This limiting magnitude constitutes a
reasonably faint limit, but not so faint that the halo density
variation would be important for luminosity functions con-
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structed with Chabrier et al. (1996) IMFs. With Vlim\ 28
and 14.5, 15.5, and 16.0 for ages of 10, 14, and 16M

V
min\

Gyr with a Chabrier IMF, was 5.0, 3.2, and 2.5 kpc,Rmaxrespectively. However, when we used a Salpeter IMF it was
12.5 kpc for all ages. For the Chabrier IMFs the number of
stars inserted in to the volume was D1.6] 105 deg~2 of
Ðeld for the 10 Gyr halo (D2.0] 104 for 16 Gyr), while it
was D2.5] 106 for the Salpeter IMF at all three ages.

We can only reasonably calculate halo luminosity func-
tions for stars that are very local (to keep the density con-
stant and not to have the functions depend on the direction
of viewing), so this is a reasonable assumption for Chabrier-
type IMFs (about a 6% error is made by not including the
R~2 halo density variation for a 16 Gyr halo for viewing
toward the Galactic poles), but not very good for Salpeter
functions (looking in the same direction, an overestimate of
about a factor of 4 in the counts from the most distant
region of the volume results from ignoring the density
fallo†). This is not a critical point, becauseÈif the
MACHOs are indeed old white dwarfsÈtheir precursors
are unlikely to have been formed with a Salpeter IMF. In
any case, the Salpeter IMF counts exceed those with Chab-
rier IMFs by a much larger amount than that caused by
density variations. For example, for a 14 Gyr halo and a 1
deg2 Ðeld to V \ 27.5, the cumulative counts with HST
Ðlters for a Salpeter IMF are 34,000 (assuming constant
density) compared with 1210 for those with a Chabrier
IMF. The average white dwarf mass for a halo of this age
with a Chabrier IMF was 0.62 while it was 0.57M

_
, M

_for a Salpeter function.
Tables 7 and 8 contain halo white dwarf luminosity func-

tions for Johnson-Kron/Cousins and HST Ðlter systems,
respectively, for ages of 10, 14, and 16 Gyr and all with
Chabrier IMFs. For reasons outlined above, the functions

for Salpeter IMFs are not very accurate, so they should be
considered as illustrative only. Even so, there are a number
of interesting conclusions that can be derived from the plots
(Fig. 9) and Tables 7 and 8. First, the white dwarf lumi-
nosity functions based on a Salpeter IMF always predict
many more stars than do those for a Chabrier function. For
example, the Salpeter-based function for 14 Gyr predicts
that Ðve old white dwarfs should be found in the Hubble
Deep Field (HDF) to V \ 26.0, whereas at most there is one
possible candidate (Ibata et al. 1999 ; Hansen 1999). This, by
itself, seems capable of excluding old white dwarfs formed
with a Salpeter IMF as the entire source of the Galactic
dark matter. By contrast, using the luminosity function gen-
erated with a Chabrier IMF suggests that only 0.2 should
be found. This model is clearly not as yet excluded by the
data.

For a 10 Gyr old halo and a Chabrier IMF, to V \ 28.0,
we expect to Ðnd 14 old white dwarfs in the HDF (if the
dark halo is 100% hydrogen-rich white dwarfs), but only
two if it is as old as 16 Gyr. This, coupled with the colors of
the stars, is a potentially powerful method of establishing
the time of formation of the Galactic halo, as well as poss-
ibly shedding some light on the nature of dark matter in the
Galaxy. With the advent of the Advanced Camera for
Surveys on HST , experiments of this sort covering larger
areas than the HDF will become eminently feasible.

H. B. R. thanks the director and sta† at the Osservatorio
Astronomico di Roma for providing a delightful working
environment and for support during the period in which
this paper was developed and written. The research of
H. B. R. and G. G. F. is supported, in part, through grants
from the Natural Sciences and Engineering Research
Council of Canada.
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