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ABSTRACT
We study the record of star formation activity within the dense cluster associated with the Orion

Nebula. The bolometric luminosity function of 900 visible members is well matched by a simpliÐed theo-
retical model for cluster formation. This model assumes that stars are produced at a constant rate and
distributed according to the Ðeld-star initial mass function. Our best-Ðt age for the system, within this
framework, is 2] 106 yr. To undertake a more detailed analysis, we present a new set of theoretical
preÈmain-sequence tracks. These cover all masses from 0.1 to and start from a realistic stellar6.0 M

_
,

birthline. The tracks end along a zero-age main-sequence that is in excellent agreement with the empiri-
cal one. As a further aid to cluster studies, we o†er an heuristic procedure for the correction of preÈ
main-sequence luminosities and ages to account for the e†ects of unresolved binary companions. The
Orion Nebula stars fall neatly between our birthline and zero-age main-sequence in the H-R diagram.
All those more massive than about lie close to the main sequence, as also predicted by theory.8 M

_After accounting for the Ðnite sensitivity of the underlying observations, we conÐrm that the population
between 0.4 and roughly follows a standard initial mass function. We see no evidence for a6.0 M

_turnover at lower masses. We next use our tracks to compile stellar ages, also between 0.4 and 6.0 M
_

.
Our age histogram reveals that star formation began at a low level some 107 yr ago and has gradually
accelerated to the present epoch. The period of most active formation is indeed conÐned to a
few ] 106 yr, and has recently ended with gas dispersal from the Trapezium. We argue that the acceler-
ation in stellar births, which extends over a wide range in mass, reÑects the gravitational contraction of
the parent cloud spawning this cluster.
Subject headings : open clusters and associations : individual (Orion Nebula Cluster) È

stars : evolution È stars : formation È stars : preÈmain-sequence

1. INTRODUCTION

Young stellar clusters represent promising sites for
testing star formation theory. An important nearby
example is the Orion Nebula Cluster, the group of low- and
intermediate-mass objects surrounding the Trapezium. The
four massive stars constituting the Trapezium itself have
partially evacuated cloud material within a volume several
pc in radius, allowing optical study of this extensive popu-
lation. Herbig & Terndrup (1986) identiÐed 150 stars over
an area of 3@] 3@, and estimated the stellar density to be in
excess of 2] 103 pc~3. More recent optical and near-
infrared studies have surveyed out to some 2.5 pc from the
Trapezium, revealing several thousand additional stars
(McCaughrean & Stau†er 1994 ; Prosser et al. 1994 ; Ali &
Depoy 1995 ; Hillenbrand 1997). With its peak density now
estimated at 2] 104 pc~3, the Orion Nebula Cluster is
easily the most crowded aggregate of young stars in the
solar neighborhood.

There are two known methods for quantitatively gauging
the star formation activity within any region. The Ðrst is to
make an accurate compilation of the luminosity function.
Comparison of this function with a theoretical model then
yields both the systemÏs composite age and the evolutionary
status of member stars, although the latter is only obtained
in a statistical sense (Zinnecker, McCaughrean, & Wilking
1993 ; Fletcher & Stahler 1994a, 1994b ; Lada & Lada 1995).
The second, and more precise, technique is to place the stars
in the H-R diagram. One can then read o† directly the ages
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and masses of individual cluster members. The result is a
detailed history of stellar births, as well as the relative pro-
duction rates of various masses.

In the case of Orion, the study by Hillenbrand (1997) has
provided an especially rich trove of empirical data. Hill-
enbrand was able to measure the V - and I-band lumi-
nosities for over 900 stars within 2.5 pc of the Trapezium.
Applying a bolometric correction to the I-magnitudes, she
obtained values of for this large sample. She then usedL

*the V [I colors to ascertain after correcting for inter-Teff,stellar extinction. Her placement of the cluster members in
the H-R diagram conÐrmed the extreme youth of the
region, with the mean stellar age falling under 1] 106 yr.
She also found a mass spectrum heavily weighted toward
low-mass stars. The actual distribution was roughly a
power law above 0.2 One curious result was that theM

_
.

cluster members of intermediate mass appeared to be sys-
tematically older, on average, than their low-mass counter-
parts.

The general conclusions of this and previous studies are
consistent and seem Ðrmly established. Quantitative Ðnd-
ings, however, are sensitive to the particular choice of theo-
retical preÈmain-sequence evolutionary tracks. Both
Hillenbrand (1997) and other investigations have relied on
the tracks produced by DÏAntona & Mazzitelli (1994) and
Swenson et al. (1994). In addition to giving disparate results,
both of these calculations utilized essentially arbitrary
initial conditions for preÈmain-sequence contraction. One
should more properly begin each star with the properties
inherited from its prior epoch of protostellar accretion. The
corrected tracks then start from a rather well deÐned birth-
line in the H-R diagram (Stahler 1983, 1988). Correction of
preÈmain-sequence ages is substantial for intermediate-
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mass objects (Palla & Stahler 1990), and for all stars in a
system younger than a few million yr.

Our purpose, then, is to reassess star formation activity
within the Orion Nebula Cluster. We Ðrst present, in ° 2, an
improved set of evolutionary tracks, covering all masses of
relevance. These results will naturally be of interest for
many studies beyond the present one. Section 3 then utilizes
the statistical model of Fletcher & Stahler (1994a) to
analyze the regionÏs bolometric luminosity function. Here
we Ðnd that the data bolster the underlying model assump-
tions, and we estimate a new age of 2 ] 106 yr for the
cluster as a whole. Our more detailed study of formation
activity is presented in ° 4, where we derive masses and ages
from the H-R diagram. We conÐrm that stars have been
produced in rough accordance with the Ðeld-star initial
mass function, but see no correlation between mass and age.
On the contrary, our most signiÐcant Ðnding is a dramatic
acceleration of star formation that occurs over a broad
mass range. We Ðnally argue in ° 5 that this trend signiÐes a
global contraction of the parent molecular cloud. The
appearance of the Trapezium itself must have been a rela-
tively late event in the contraction process.

2. NEW PREÈMAIN-SEQUENCE TRACKS

According to the classical theory initiated by Hayashi
(1961), a star of any mass begins its preÈmain-sequence life-
time with a radius well in excess of the corresponding main-
sequence value. The large surface area implies a high
luminosity, more than can be transported by radiation
alone. Thus, all preÈmain-sequence stars were thought to
begin as fully convective objects. In the H-R diagram, their
evolutionary tracks spanned a broad area above the zero-
age main sequence (ZAMS). Other researchers later added
quantitative details, especially regarding the ignition of light
elements and the Ðnal approach to the main sequence (Iben
1965 ; Bodenheimer 1966 ; Ezer & Cameron 1965). Calcu-
lations of this type have more recently been continued by
DÏAntona & Mazzitelli (1994), Swenson et al. (1994), and
others (e.g., Forestini 1994 ; Chabrier & Bara†e 1997).

Prior to their quasi-static contraction, stars are embed-
ded objects still gathering mass from their parent inter-
stellar clouds. Detailed studies of the protostar phase led, by
the early 1980s, to a signiÐcant alteration of preÈmain-
sequence theory. In particular, it was recognized that the
starting radius for a star must be that attained during its
protostellar accretion phase. This requirement is equivalent
to the condition that preÈmain-sequence tracks begin from
a certain curve, or birthline, in the H-R diagram (Stahler
1983). Earlier researchers had noted, in fact, that T Tauri
stars rarely appear higher than the so-called ““ deuterium
main sequence ÏÏ (Larson 1972 ; Grossman & Graboske
1973). Within the classical theory, this was the locus in the
diagram where the starsÏ central temperatures reached
about 106 K, so that the residual supply of interstellar deu-
terium could fuse with protons to form 3He (see, e.g.,
Clayton 1983). It was at Ðrst puzzling that this event should
have any bearing on observed preÈmain-sequence stars,
especially after Stahler, Shu, & Taam (1980) pointed out
that deuterium is likely to be exhausted in the earlier, pro-
tostar phase. However, Stahler (1988) showed that the pro-
tostarÏs radius during accretion, and therefore the actual
position of the birthline, is largely set by the thermostatic
e†ect of the fusion process. Thus, the birthline at lower
masses coincides approximately with the old deuterium

main sequence, and also forms the upper envelope to the
distribution of T Tauri stars.

The situation changes for objects of intermediate mass,
i.e., those exceeding about 2 Here, the stellar lumi-M

_
.

nosity is high enough that deuterium fusion is energetically
minor during the accretion phase. The predicted radii at the
onset of preÈmain-sequence evolution are no longer much
greater than those on the main sequence. Indeed, Palla &
Stahler (1990) demonstrated that the two radii coincide, i.e.,
that the birthline intersects the ZAMS, at a relatively
modest mass value. Stars of somewhat lower mass begin as
radiatively stable objects and undergo an upward shift in
luminosity before joining onto the horizontal portions of
their classical tracks (Stahler 1989). Since the deuterium
thermostat is no longer operative, the position of the birth-
line is more sensitive to such factors as the protostellar mass
accretion rate, Palla & Stahler (1990) found that theM0 .
theoretical curve matches the upper envelope of Herbig Ae
and Be stars for an assumed rate of \ 1 ] 10~5M0 M

_yr~1. Here the birthline terminates at 8 More gener-M
_

.
ally, the calculated reduction in preÈmain-sequence lifetime
(relative to the classical, Kelvin-Helmholtz value) is more
severe than for the low-mass T Tauri stars.

In principle, the accretion rate should not be assigned a
priori but obtained from a separate calculation of cloud
dynamics. Such collapse studies continue to indicate that an

near 10~5 is reasonable (Masunaga,M0 -value M
_

yr~1
Miyama, & Inutsuka 1998). On the other hand, the detailed
temporal behavior of the function varies with initial and
boundary conditions (Foster & Chevalier 1993). These
factors in turn depend on the physical state of the cloud
fragment (dense core) prior to collapse. Of particular signiÐ-
cance is the manner in which the ambient magnetic Ðeld
relinquishes mechanical support (Basu & Mouschovias
1995 ; SaÐer, McKee, & Stahler 1997 ; Li 1998). While await-
ing further developments on such issues, it is still important
to have a complete and numerically detailed set of preÈ
main-sequence tracks, utilizing a plausible set of initial con-
ditions supplied by protostar theory.

This task was begun by Palla & Stahler (1993), who
obtained tracks for stars with masses from 1.0 to In6.0 M

_
.

each case, the initial model was taken from the sequence of
protostars calculated by Palla & Stahler (1992), again for M0
\ 1 ] 10~5 Neglecting internal rotation, mag-M

_
yr~1.

netic Ðelds, and the e†ect of winds, we assumed the star to
be a sphere of constant mass as it contracted from the birth-
line to the ZAMS. The only element apart from hydrogen
whose fusion we followed was deuterium, whose initial
abundance was taken from the protostar models. Note that
protostars with contain deuterium only in aM

*
Z 1 M

_thin surface layer, so that it is rapidly destroyed during
subsequent contraction. The fusion of ordinary hydrogen
was followed through both the pp chains and the CN cycle.

We have now extended this work into the regime of low-
mass stars. The initial protostellar models are taken from
Stahler (1988), who covered the range from 0.1 to 1.0 M

_
.

Here we again selected the model sequence corresponding
to Starting from these states, weM0 \ 1 ] 10~5 M

_
yr~1.

have obtained preÈmain-sequence tracks for 0.1, 0.2, 0.4,
0.6, and The numerical procedure is identical to0.8 M

_
.

that in Palla & Stahler (1993), as are the physical approx-
imations. In particular, we continue to neglect both the
thermal e†ect of stellar winds and their associated mass
loss. Empirical determination of the mass outÑow in
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T Tauri stars remains problematic, with most estimates uti-
lizing the high-velocity component of the optical forbidden
line emission occurring within 100 AU of the star (e.g.,
Edwards, Ray, & Mundt 1993). The studies of Hartigan,
Edwards, & Ghandour (1995) and Hirth, Mundt, & Solf
(1997) obtain rates on the order of 10~9 for aM

_
yr~1

sample of about 40 T Tauri stars. Since the typical age of
these stars is a few] 106 yr, their reduction of mass has
been relatively small ; so is any increase of mass, which pre-
sumably occurs through circumstellar disk accretion.
Recently, Gullbring et al. (1998) and Hartmann et al. (1998)
analyzed ultraviolet, optical, and infrared lines in a sample
of 60 stars in the Taurus and Chamaeleon I cloud complex-
es. They Ðnd typical disk accretion rates of 10~8 M

_
yr~1,

again too small for signiÐcant mass change during the ear-
liest, active phase.

One departure from our earlier work concerns the stellar
opacity. In the lower temperature regime, we now utilize the
Rosseland mean opacities of Alexander & Ferguson (1994).
Above 104 K, we have employed the OPAL compilation of
Iglesias & Rogers (1996) for a gas of Population I composi-
tion (X \ 0.70, Y \ 0.28). The two calculations agree to
within a few percent for temperatures between 8] 103 and
1 ] 104 K. Note that the opacities of Iglesias & Rogers are
higher than our previous values by as much as a factor of 3
at a temperature of a few ] 104 K. This change, which
stems from improved treatment of partially ionized iron,
has had a major impact on stellar pulsation models (Iglesias
& Rogers 1991). However, its e†ect is rather modest on
evolutionary tracks in the H-R diagram.

More signiÐcant in this regard is the opacity at lower
temperatures. Here the e†ect of molecules predominates,
and it remains difficult to gauge accurately. For a star of
subsolar mass that is largely or fully convective, the com-
puted radius and e†ective temperature are sensitive to the
subphotospheric conditions (see the discussion in Allard et
al. 1997). As an illustration, we have compared preÈmain-
sequence tracks for masses between 0.6 and using1.0 M

_the Alexander, Johnson, & Rypma (1983) opacities and
those of Alexander & Ferguson (1994). Note that the
revised values depart signiÐcantly from the older set only
for We Ðnd that the current models ofTeff [ 4 ] 103 K.
lowest mass have smaller e†ective temperatures (at the same
age), by as much as 150 K. Recently, Alexander et al. (1998)
have extended their calculations below 2000 K, where a
variety of grains condense. Our coolest models have e†ec-
tive temperatures near 3000 K, and we therefore neglected
the grain contribution. However, we emphasize that stars
less massive than about would more accurately be0.4 M

_treated by attaching a detailed stellar atmosphere model to
the interior calculation. Pending such an improvement, the
reader should view our results in this regime with due
caution.

Another complication at lower masses is the equation of
state, for which the recombination of molecular hydrogen,
Coulomb interaction, and pressure ionization all become
signiÐcant. We have continued to rely on the tabulation of
Eggleton, Faulkner, & Flannery (1973), but have supple-
mented this with the more recent results of Pols et al. (1995).
These latter authors have treated pressure ionization in an
approximate, analytic fashion, but obtain good agreement
with the more detailed calculations of Mihalas, &Da� pper,
Hummer (1988) and Rogers, Swenson, & Iglesias (1996).
Nevertheless, our prescription for both the opacity and the

equation of state precludes us from extending our calcu-
lation into the brown dwarf regime, where a more careful
treatment is essential (see, e.g., Saumon, Chabrier, & Van
Horn 1995).

As in our earlier study, we have only tracked deuterium
among the light elements consumed before ordinary hydro-
gen. The next most abundant species, lithium, has too small
a fractional abundance to be signiÐcant energetically. (See
Ventura et al. 1998 for a recent discussion of lithium deple-
tion in preÈmain-sequence models.) We took the initial deu-
terium abundance at each mass from the protostar sequence
of Stahler (1988). For our adopted mass accretion rate,
burning starts at a protostellar mass of 0.3 and theM

_
,

abundance drops to less than 0.1 times the full interstellar
value by For the latter, we assumed a number0.9 M

_
.

fraction relative to hydrogen of [D/H]\ 2.5] 10~5, which
is at the high end of currently accepted values (Linsky 1998 ;
Geiss & Glockner 1998 ; Vidal-Majar, Ferlet, & Lemoine
1998). In summary, most of our preÈmain-sequence models
begin their contraction with a signiÐcant depletion of deute-
rium.

The remaining input physics is identical to our previous
study. We treat convection according to standard mixing-
length theory, employing a ratio of mixing length to local
pressure scale height of 1.5. Figure 1 displays our full set of
tracks in the H-R diagram, together with the birthline and
selected isochrones.3 Note the smooth transition at the
joining masses of 1.0 and One test of the tracksÏ0.8 M

_
.

quantitative reliability is through comparison of our theo-
retically derived ZAMS and the diagrams of young, open
clusters. In this regard, we Ðnd that the observed lower
envelope of the Pleiades shows no signiÐcant departure

3 The complete set of tracks and isochrones is available upon request
from the author.

FIG. 1.ÈTheoretical preÈmain-sequence tracks in the H-R diagram.
Each track is labeled by the corresponding stellar mass, in units of M

_
.

Selected isochrones are shown by the dotted lines. For each track, the
evolution starts at the birthline (light solid line), and ends at the ZAMS,
also indicated.
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TABLE 1

CHARACTERISTIC TIMES OF PREÈMAIN-SEQUENCE

EVOLUTION

Mass *tD trad tZAMS
(M

_
) (yr) (yr) (yr)

0.1 . . . . . . 1.5] 106 . . . 3.7 ] 108
0.2 . . . . . . 7.0] 105 . . . 2.4 ] 108
0.4 . . . . . . 3.0] 105 1.1] 107 1.1] 108
0.6 . . . . . . 2.0] 105 5.5] 106 8.5] 107
0.8 . . . . . . 1.5] 104 2.5] 106 5.2] 107
1.0 . . . . . . . . . 1.4 ] 106 3.2] 107
2.0 . . . . . . . . . . . . 8.5 ] 106
3.0 . . . . . . . . . . . . 2.0 ] 106
4.0 . . . . . . . . . . . . 8.2 ] 105
5.0 . . . . . . . . . . . . 2.3 ] 105
6.0 . . . . . . . . . . . . 4.0 ] 104

from our curve, at least down to 0.1 (see, e.g. Meynet,M
_Mermilliod, & Maeder 1993). Here we have assumed the

traditional cluster distance of 130 pc, which is consistent
with the recent Hipparcos data (Pinsonneault et al. 1998).
Below our ZAMS passes close to the location of0.6 M

_
,

the eclipsing binaries YY Gem and CM Dra (Viti et al.
1997 ; Bessell 1998), and to the M dwarfs observed by Kirk-
patrick et al. (1993) and Leggett et al. (1996).

We list other key features of our tracks in Table 1. For
each low-mass star, the second column gives the dura-*tD,
tion of deuterium burning. This interval is measured to the
point at which [D/H] falls to 0.1 of its value on the birth-
line, but only for those masses for which the initial abun-
dance is at least 0.1 of interstellar. We next list the timetrad,at which a radiatively stable core Ðrst appears in fully con-
vective models. Here t \ 0 refers to the starÏs appearance
on the birthline. Finally, the fourth column gives thetZAMS,total time required for each star to settle onto the ZAMS.
We rather arbitrarily set the latter at the point where the
luminosity released through gravitational contraction falls
to 3% of the total.

Comparison of our results with those of other authors
reveals signiÐcant di†erences, reÑecting the inÑuence of
both starting conditions and input physics. The widely used
calculation of DÏAntona & Mazzitelli (1994) treated convec-
tion according to the turbulence model of Canuto & Mazzi-
telli (1991). Their tracks exhibit much greater curvature
than either our models or older ones, even in the fully con-
vective phase. The DÏAntona & Mazzitelli models also have
higher surface temperatures at the earliest ages. For masses
between 0.4 and our values are lower by about1.5 M

_
, Teff400 K. Conversely, a young preÈmain-sequence star that we

gauge to have would have only according0.4 M
_

0.2 M
_to their calculation. Equally severe are the discrepancies in

age. The birthline reduces our ages for intermediate masses,
as explained above. At the lowest masses, the DÏAntona &
Mazzitelli isochrones sag below ours, and even below the
empirical ZAMS. Thus, a star of a given and has aL

*
Tefflower age than we would obtain. All these di†erences, need-

less to say, have a profound impact on the interpretation of
cluster diagrams.4

4 Recently, DÏAntona & Mazzitelli (1998) have presented results with an
altered convection model. While the main di†erences with our tracks
remain, their values for low masses are now reduced by about 100 K,Teffand their theoretical ZAMS is in closer accord with the empirical one.

3. LUMINOSITY FUNCTION

One of the most important uses of preÈmain-sequence
tracks is to assess the evolutionary status of young clusters.
For those that are too embedded to measure reliable e†ec-
tive temperatures, the observed luminosities are still of
value in this regard. Much of the Orion Nebula Cluster is
optically revealed, because of clearing by the central Tra-
pezium stars. It is nevertheless instructive to use the existing
compilation of luminosities as a diagnostic tool, both to
illustrate the method and to compare its results with those
obtained through other techniques.

PreÈmain-sequence theory gives the evolution of the bol-
ometric luminosity, for a given stellar mass. To goL

*
,

further and predict the spectral energy distribution, one
must Ðrst know the e†ective temperature, which theory also
provides. Unfortunately, young stars with ages of a
few] 106 yr or less commonly have excess emission at
infrared wavelengths (for the speciÐc case of Orion, see
McCaughrean & Stau†er 1994 ; Hillenbrand et al. 1998). It
has long been accepted that this emission stems from the
heating of nearby dust, much of it contained in residual
circumstellar disks. This material gradually spirals onto the
star through internal torquing. Our understanding of the
process is still inadequate for quantitative predictions. The
emphasis, rather, has been on using observed spectral
energy distributions to infer disk properties (see, e.g., Beck-
with et al. 1990). These studies have shown, for example,
that a signiÐcant gap may exist between the stellar surface
and the inner disk edge (Calvet et al. 1991).

Surveys of the most obscured clusters, such as
o Ophiuchi or IC 348, are still limited, in the main, to near-
infrared wavelengths. Motivated by this practical consider-
ation, various researchers have developed theoretical
models of the K-band luminosity function and applied these
to actual systems (Zinnecker et al. 1993 ; Lada & Lada
1995). These authors circumvented the infrared-excess
problem by assuming a main-sequence spectral energy dis-
tribution in their model stars. Zinnecker et al. (1993) further
assumed that all members within a cluster begin their quasi-
static contraction at the same instant of time. Utilizing tra-
ditional preÈmain-sequence tracks, they found a sharp peak
in their K-band luminosity functions, which they associated
with the deuterium main sequence (see also the discussion
in Prusti 1999). However, Lada & Lada (1995) found better
agreement with observations by spreading out in time the
onset of contraction.

Fletcher & Stahler (1994a ; 1994b) developed a more
detailed statistical model, utilizing only the bolometric
luminosity function and accounting for modern develop-
ments in preÈmain-sequence theory. In their hypothetical
cluster, the Ðrst dense core begins collapsing dynamically at
some deÐnite but arbitrary time, t \ 0. Other cores follow
suit, at an assumed global rate designated C(t). Every col-
lapse builds up a central protostar at the rate here thisM0 ;
quantity is taken to be a temporal constant. Each protostar,
moreover, has a certain probability per unit time for dis-
pelling its cloud envelope and appearing on the birthline as
a preÈmain-sequence object. This probability is determined
by requiring that all cluster members ultimately be distrib-
uted according to a standard Ðeld-star initial mass function.
One can then add together the protostellar (accretion) and
preÈmain-sequence luminosities at each epoch to obtain the
total luminosity function.
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In practice, the model requires both a value for the pro-
tostellar mass accretion rate and speciÐcation of the global
collapse rate C(t). The former, as we have indicated, follows
in principle from studies of cloud collapse. There is as yet no
equivalent theoretical basis for C(t). For simplicity, Fletcher
& Stahler took this rate to be a strict constant. The actual
value of the luminosity function for any is directly pro-L

*portional to C(t) (see, e.g., eq. [37] of Fletcher & Stahler
1994a). A temporally constant value therefore behaves as a
simple scale factor, and does not a†ect the intrinsic form of
the luminosity function. In the end, the model function
depends only on and the evolutionary time t. One canM0
thus compare a sequence of predicted functions with obser-
vations to read o† the best value of t. Fletcher & Stahler
(1994b) followed this procedure for the L1688 cluster in
o Ophiuchi, utilizing the subsample of bolometric lumi-
nosities previously obtained through spectral integration by
Wilking, Lada, & Young (1989). The best-Ðt age of
t \ 1 ] 106 yr agreed with the limited data available from
optically visible members (see also Bouvier & Appenzeller
1992).

Returning to Orion, the histogram in Figure 2 shows the
empirical bolometric luminosity function, for 940'

*
(L

*
),

stars, taken from the study of Hillenbrand (1997). Here '
*is deÐned as the number of stars per logarithmic unit of

luminosity. The individual values of were obtained notL
*by direct integration as in the much smaller o Ophiuchi

sample, but through the application of a main-sequence
bolometric correction to the dereddened I-band Ñuxes. Hill-
enbrand tested the accuracy of this method by using it to
calculate for a previously studied sample in Taurus.L

*Here she found good agreement with the valuesL
*obtained using either high-resolution optical spectra

(Hartigan et al. 1995) or extinction-corrected J magnitudes
(Kenyon & Hartmann 1995).

FIG. 2.ÈBolometric luminosity function of the Orion Nebula Cluster.
The lighter histogram shows the empirical distribution for 940 stars, taken
from Hillenbrand (1997). The heavy solid curve shows the theoretical pre-
diction for the indicated age.

The smooth curve in the Ðgure represents the best-Ðt
theoretical luminosity function. Following Fletcher &
Stahler (1994a), the actual preÈmain-sequence tracks used
in calculating are not those depicted in Figure 1, but'

*
(L

*
)

an earlier compilation from various authors. These
published tracks were truncated at the upper end by using
the protostellar mass-radius relation from Stahler (1988)
and Palla & Stahler (1991). After appropriately resetting the
individual contraction times, both the tracks and iso-
chrones are quite similar to those presented in ° 2. The
resulting luminosity function thus di†ers little from one
derived using the later tracks.5

It is evident that the theoretical curve reproduces the
general rise in toward lower luminosities. This agree-'

*ment bolsters the model assumptions, including a stellar
mass distribution that follows the Ðeld-star function. On the
other hand, the empirical histogram falls well below our
curve for the lowest values of A similar departure occursL

*
.

in o Ophiuchi, but starting at much higher luminosity (see
Fig. 17 of Fletcher & Stahler 1994b). In both cases, the
empirical decline is due to the limited sensitivity of the
survey in question. Hillenbrand (1997) claims 90% com-
pleteness of her observations down to an apparent I-band
magnitude of 17. At the distance of Orion, the latter Ðgure
corresponds to assuming a typical extinctionL

*
\ 0.1 L

_
,

of This luminosity bound is in good accord-A
V

\ 2 mag.
ance with the fallo† seen in Figure 2.

The underlying statistical model assumes a constant star
formation rate C(t), so the derived age of 2] 106 yr must
represent some kind of average value. We clarify this notion
in the next section, after we utilize the additional informa-
tion available from stellar spectra. In any case, the esti-
mated time is accurate to within about 50%. Thus, the
theoretical curve for t \ 1 ] 106 yr is too high at low lumi-
nosities, and dips below the data for Notelog L

*
[ 0.

Ðnally the small hump in the curve near Thislog L
*

\ ]2.
feature represents the contribution to the total luminosity
function from accreting protostars. Since the latter are
deeply embedded objects, the hump should more properly
be deleted for the present comparison. The resulting theo-
retical curve, representing main-sequence and preÈmain-
sequence stars only, would not change signiÐcantly.

4. STELLAR MASSES AND AGES

Having obtained a preliminary view of the clusterÏs
history, we now utilize the compilation of e†ective tem-
peratures. Figure 3 displays the H-R diagram for 705 stars.
This subsample represents those optically visible objects
from Hillenbrand (1997) that have an estimated member-
ship probability exceeding 67%. Here the probability is
based on various proper-motion studies.6 For 163 of the
remaining 235 stars, no membership information is avail-
able from the literature. In fact, the luminosities and e†ec-
tive temperatures within this latter group are generally
consistent with our selected objects, so that the majority are
undoubtedly members as well. Our rather conservative
selection criterion still leaves us with a sample large enough
to draw statistically meaningful conclusions. Note Ðnally
that this population includes all of the regionÏs brightest
and most massive objects.

5 As indicated previously, the resemblance of our tracks to traditional
ones largely stems from our use of a standard mixing length description of
convection.

6 We are grateful to L. Hillenbrand for supplying these data.
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FIG. 3.ÈH-R diagram for 705 probable members. The birthline,
ZAMS, and selected preÈmain-sequence tracks are also shown. We have
reproduced the ZAMS for from Tout et al. (1996). The lumi-M

*
º 6 M

_nosity of each star has been corrected to account for the presence of an
unresolved companion.

Application of a bolometric correction to an I-band Ñux
assumes implicitly that the source in question is a single
object. It is by now well established that most preÈmain-
sequence stars are in fact members of binary systems
(Mathieu 1994). Mistaking an unresolved binary for a single
star means that the Ðctitious object has too high a lumi-
nosity. Thus, it also has too young an age. Within an entire
cluster, the error could materially impact the derived star
formation history. In an analysis based on K-band surveys,
Simon, Ghez, & Leinert (1993) gauged the average age of
single stars in Taurus-Auriga to be greater than that of
unresolved doubles by a factor of 2È3.

The incidence of binaries in the Orion Nebula Cluster has
been investigated by a number of authors. The optical
studies of Prosser et al. (1994) and Padgett, Strom, & Ghez
(1997) covered the region beyond the innermost 0.1 pc.
Here they found a frequency of 13% for visual binaries in
the range of 25È800 AU. This Ðgure is consistent with the
Ðeld-star population, where about 60% of stars have detect-
able binary companions over all separations (Duquennoy &
Mayor 1991 ; Fischer & Marcy 1992). The Orion Ðgure also
accords with lower density star formation regions in the
same separation range (see Brandner & 1998). MoreKo� hler
recently, Petr et al. (1998) have used a near-infrared speckle
holography technique to probe the central region. They
estimated a binary fraction of 6% for the low-mass stars
with separations between 60 and 225 AU. While again con-
sistent with the Ðeld-star result, this fraction is smaller by at
least a factor of 2 from that in Taurus-Auriga (e.g., Ko� hler
& Leinert 1998). It is noteworthy that the binary fraction
appears to be normal even close to the Trapezium, where
the high stellar density might be expected to create frequent
disruption. The implication is that the system is too young
for many such encounters to have occurred. We shall return
to this point later.

Furnished with these observational results, we have
treated the binarity issue through an heuristic, statistical
approach. We assume for simplicity that every source is an
unresolved double, if we were to extend the companions to
include as yet undetected brown dwarfs. SpeciÐcally, we
take the companion masses to be distributed according to a
standard Ðeld-star initial mass function. We further assume
that both the primary and secondary have the same preÈ
main-sequence age, a supposition that is also bolstered
empirically (Hartigan, Strom, & Strom 1994 ; Brandner &
Zinnecker 1997). As detailed in the Appendix, we are then
able to derive a correction factor f to the luminosity of any
star ; this factor depends only on the stellar mass. We have
applied this correction to all the 705 stars shown in Figure
3. Note that even under our extreme assumption of com-
plete binarity, the net e†ect is modest. In particular, we also
show in the Appendix that the expected age correction, for a
primary of solar mass, is about 1.5. This is substantially less
than that estimated previously by Simon et al. (1993).

Returning to the H-R diagram of Figure 3, we Ðrst note
that our calculated birthline indeed delineates the upper
envelope to the stellar distribution at low and intermediate
masses. This agreement between theory and observation
was Ðrst noted for T associations (Stahler 1983), and later
for a heterogeneous sample of Herbig Ae and Be stars (Palla
& Stahler 1990). The present work represents the Ðrst such
comparison using a single, richly populated cluster that
includes both classes of objects.

Our predicted endpoint to the birthline at 8 alsoM
_appears to be supported by the data. That is, more massive

stars are grouped tightly about the ZAMS, while less
massive ones diverge from it. A very similar pattern is
evident in the cluster NGC 6611 (Hillenbrand et al. 1993),
in a number of Galactic OB associations (Massey, Johnson,
& DeGioia-Eastwood 1995), and in the R136 cluster of
30 Doradus (Massey & Hunter 1998). For the case at hand,
we also note an apparent displacement above the ZAMS in
the data. One cannot invoke postÈmain-sequence stellar
evolution, which would produce too small a shift for any
age less than 107 yr (e.g., Schaller et al. 1992). The displace-
ment must therefore reÑect systematic errors in the empiri-
cal determination of or both. We note in this regardL

*
, Teff,the study of Brown, de Geus, & de Zeeuw (1994), which

derived e†ective temperatures of relatively massive Orion
Nebula stars through spectroscopic means. The location of
their stars in the H-R diagram is in closer agreement with
the ZAMS of Figure 3.

At lower masses, we also Ðnd a scattering of stars below
the ZAMS and above the birthline. The Ðrst e†ect has long
been noted, since the earliest quantitative studies of young
clusters (e.g., Walker 1956). Protostar theory can, in prin-
ciple, accommodate the overly luminous stars through an
enhanced accretion rate. However, we are loath to adopt
this explanation. Comparison with Figure 12 of Palla &
Stahler (1993) indicates that would need to be raised byM0
an order of magnitude, implying rather exotic conditions in
dense cores producing low-mass stars. For both types of
outliers, a more signiÐcant factor is likely to be the difficulty
in compensating for anomalous interstellar extinction. A
patchy cloud structure is indeed expected within the recent-
ly cleared environment of the Orion Nebula.

We now use our tracks and isochrones to determine the
masses and ages of the cluster members. Here we exclude all
stars ostensibly above the birthline or below the ZAMS,



778 PALLA & STAHLER Vol. 525

FIG. 4.ÈMass distribution of cluster members between 0.4 and 6.0
The dashed line represents the Ðeld-star initial mass function of ScaloM

_
.

(1998), normalized to the same total number.

and (for age determination) those objects more massive
than 6.0 Our Ðrst task is to assess the distribution ofM

_
.

stellar masses. To obtain a complete census, we use only
those mass bins that are not undercounted because of the
inherent Ñux limit of HillenbrandÏs survey. According to her
Table 2, the spectroscopic sample is 70% complete for an
apparent magnitude I\ 15.5 mag. Knowing the values of

and for each star, we can use the bolometricL
*
, Teff, A

Icorrection and distance modulus to recover that starÏs

FIG. 5.ÈAge histogram of the cluster, also in the mass range 0.4È
6.0 M

_
.

apparent I-magnitude. We thus Ðnd that all objects with
should be una†ected by the Ñux limit.M

*
[ 0.4 M

_Figure 4 displays the mass distribution for stars between
0.4 and Within this group of 258 stars, the popu-6.0 M

_
.

lation generally rises toward lower mass, with an apparent
plateau between 2.0 and For a0.7 M

_
. M

*
\ 0.4 M

_
,

glance at the H-R diagram shows that the number of stars
must continue to rise. However, the Ñux limitation prevents
us from gauging this trend quantitatively. The dashed curve
in the Ðgure shows the Ðeld-star initial mass function
recently advocated by Scalo (1998), normalized to our total
population. This function is a broken power law of index

FIG. 6.ÈL eft : Mass-speciÐc age histograms (lower masses). The average mass of each group is indicated at the top of its panel. The dashed line indicates
bins that are incomplete due to observational sensitivity. The upper left panel shows the change in the age distribution introduced by the luminosity
correction for binaries. Right : Mass-speciÐc age histograms (higher masses). Note that these groups are not a†ected by the incompleteness limit.
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[1.7 in the range 1È10 and [0.2 at lower masses. It isM
_

,
clear that the Ðeld-star result provides a satisfactory, if
crude, Ðt to the data.

Figure 5 is the age histogram of the cluster, employing
the same subset from 0.4 to 6.0 There was evidently aM

_
.

low level of star formation activity 107 yr in the past, a slow
rise, and Ðnally a steep acceleration toward the present
epoch. It now becomes clear that our earlier ““ age ÏÏ of
2 ] 106 yr represents, in an approximate manner, the total
duration of vigorous star formation.

The most striking aspect of Figure 5 is, of course, the
sharp rise in stellar births within the recent past. This rise is
not restricted to one subset of the population, but occurs
globally. To illustrate this fact, Figures 6a and 6b display
histograms for seven mass bins. These bins cover equal
logarithmic intervals, and range in central mass from

to The lowest masseslog M
_

\ [1.00 log M
_

\ ]0.50.
are subject to the Ñux limit ; we indicate the a†ected portion
of each histogram by a dashed line. Every histogram is
further corrected for binaries according to our statistical
prescription. The upper left panel shows explicitly for the
lowest bin that this correction is minor. We see that the
acceleration exhibited by the total population is also
present in each subgroup, at least for A similarM

*
[ 1 M

_
.

trend is discernible at higher masses, but the numbers soon
become too low for statistical signiÐcance.

5. DISCUSSION

Our analysis of star formation in the Orion Nebula
Cluster is based on a single, uniformly constructed set of
preÈmain-sequence tracks, which both span the requisite
mass range and start from physically motivated initial con-
ditions. In contrast, Hillenbrand (1997) interpreted her data
through the models of DÏAntona & Mazzitelli (1994) from
0.01 to Swenson et al. (1994) from 3.0 to 5.02.5 M

_
, M

_
,

and Ezer & Cameron (1965) for all higher masses. These
various studies di†er markedly in the underlying model
assumptions. Such di†erences, as we stressed in ° 2, strongly
inÑuence the resulting picture of star formation. One of
HillenbrandÏs Ðndings, for example, was a systematic
increase of stellar age with mass. This correlation would
have important implications, but is more plausibly due to
an erroneous age assignment at higher masses. In our calcu-
lation, where all ages are calibrated by the birthline, no such
trend is evident. Hillenbrand also found a sharp turnover in
the mass distribution below a few ] 0.1 Such a peakM

_
.

would represent a departure from modern results on the
general Ðeld-star population, where the initial mass func-
tion Ñattens or continues to rise at subsolar values (Kroupa,
Tout, & Gilmore 1993 ; Scalo 1998). As our Figure 4 indi-
cates, this discrepancy also vanishes once we use our tracks
to reassess masses and properly account for the Ñux limi-
tation of the survey. We have also examined the mass dis-
tribution for all probable cluster members without regard
to the Ñux limit, and again see no sign of a turnover.

Our studies of both the luminosity function and the H-R
diagram concur that star formation has mainly been con-
Ðned to the last 2] 106 yr. The extreme youth of this
region is not a new result, of course. The earlier surveys of
Herbig & Terndrup (1986) and Prosser et al. (1994) both
emphasized this point, as did Brown et al. (1994) in their
investigation of the massive population. Indeed, the region
is so young that the stars have not had time to move appre-
ciably from their birth sites. Thus, the projected surface

density of the visible stars and the contours of 13CO emis-
sion are strikingly similar (L. Hillenbrand & J. Bally 1997,
private communication).

Both stars and remnant gas peak sharply at the location
of the Trapezium. Now the optically revealed cluster traces
the present extent of the spreading H II region. It has long
been accepted that both the Trapezium and its H II region
lie in front of an opaque portion of the Orion A cloud
(Zuckerman 1973). Behind the visible stars, and still par-
tially embedded within the cloud wall, are the additional
members thus far detectable only in the near infrared (Ali &
Depoy 1995). Still further inside lies the BN-KL region,
whose molecular outÑows, shocked emission, and maserH2activity identify it as a site of vigorous ongoing star forma-
tion. In summary, the morphology strongly suggests that
the Trapezium stars themselves formed in situ, instead of
migrating after birth to their present, central location.
Bonnell & Davies (1998) have recently quantiÐed this point
by demonstrating, through N-body simulations, that
dynamical mass segregation would require a longer time
than any reasonable age estimate for this cluster.

The most novel feature revealed by our age histogram is
the pronounced acceleration in star formation activity
toward the present epoch. In fact, however, a similar trend
has already been noted in other regions. Palla & Galli
(1997) found a rising star formation rate in Taurus, Lupus,
and Chamaeleon, albeit at a reduced level. et al.Mart•� n
(1998) analyze the optically visible stars of o Ophiuchi and
also note a recent increase in activity. Finally, Luhman et al.
(1998) have placed about 100 members of IC 348 in the H-R
diagram. We have reanalyzed their data using our tracks,
and again Ðnd a peak in star formation within the last
2 ] 106 yr, and very few members older than 5] 106 yr.

It thus appears that star formation may proceed in an
accelerated manner within a wide range of environments. If
conÐrmed by future studies, such a trend would be an
important clue in the puzzle of how clusters originate from
their parent clouds. These latter entities are either the
clumps of giant complexes (in the case of OB associations
such as those of Orion), or the more isolated dark clouds
that produce T associations. It is believed that all such
structures are primarily supported against self-gravity
through the e†ective pressure from magnetohydrodynamic
(MHD) waves (McKee et al. 1993). Gradual dissipation of
these waves should result in overall cloud contraction
(McKee 1989 ; Elmegreen & Combes 1992). Suppose now
that the local star formation rate increases with cloud
density, at least above some threshold value. Then the
observed acceleration may reÑect a similar trend in the rate
of cloud contraction.

Returning to the Orion Nebula Cluster, the gas dispersal
from the Trapezium implies that the present-day stellar pro-
duction rate in the vicinity is very low. Thus, the formation
history portrayed in Figure 5 should more correctly include
a steep plunge near t \ 0. This decline must occur over an
interval shorter than the e†ective temporal resolution of the
histogram, or about 106 yr. Both the formation of the O
stars and their clearing of gas out to the present cluster
boundary must have occurred within this relatively brief
period. As noted before, star formation continues in the
highly embedded BN-KL region, which is behind the ion-
ization front. We note Ðnally that a recent origin for the
Trapezium itself is also indicated by the presence of illumi-
nated disks (proplyds) around nearby low-mass stars
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(OÏDell 1998). According to current theory, the ultraviolet
Ñux from h1 C alone is sufficient to ablate such structures
within a time of the order of 105 yr (Johnstone, Hollenbach,
& Bally 1998).

The parent cloud giving rise to the Orion Nebula Cluster
must have begun its contraction some 107 yr ago. This
process gradually accelerated until, within the last
2 ] 106 yr, the density climbed high enough to form
copious stars, with a mass distribution similar to the Ðeld.
Note that our Figure 3 indicates substantial production
within the brown dwarf regime. In any case, it is important
to bear in mind that the cluster in this earliest phase was not
a pure N-body system, but consisted of protostars and preÈ
main-sequence stars embedded in a dense background gas.
In at least one location, the combined stellar and gas
density rose to a very high peak. It was here that the
massive stars of the Trapezium formed quickly and dis-
persed a portion of the larger cloud complex.

There is a growing body of evidence that high-mass stars
are always born in crowded environments. Indeed, their
formation mechanism may be qualitatively di†erent from
that pictured in current protostar theory, and may entail
the coalescence of lower mass objects (Bonnell, Bate, &
Zinnecker 1998 ; Stahler, Palla, & Ho 1999). Both the prox-
imity of the Orion Nebula Cluster and its extraordinary
density are favorable for empirical study of this issue. We
mentioned, for example, that the binary fraction appears to
be similar to that in the Ðeld-star population. Future obser-
vational studies might focus on the detailed variation of
stellar multiplicity as a function of distance from the Tra-
pezium. A clear increase toward the crowded center, partic-
ularly among stars of intermediate and higher mass, would

bolster the idea of coalescence. One indication of this trend
comes from Petr et al. (1998), who indeed Ðnd a higher
binary fraction among the more massive Orion stars,
although at a low statistical signiÐcance. Mason et al. (1998)
have examined a large sample of O stars in Galactic clusters
and associations. They also note a relatively high propor-
tion of single-line spectroscopic binaries.

We close by remarking that the very notion of globally
accelerating star formation is difficult to reconcile with the
current theory of dense cores. It is generally believed that an
individual core contracts through ambipolar di†usion
before undergoing gravitational collapse at its center. The
most detailed calculations to date Ðnd that the contraction
lasts about 107 yr (Basu & Mouschovias 1995). On the
other hand, we have just seen that the H-R diagram of at
least one cluster shows a much more rapid onset for star
formation activity. More to the point, there is no indication
from the theoretical studies that neighboring cores should
appreciably inÑuence one another in forming stars. A more
plausible interpretation of the data is that many cores are
evolving nearly synchronously, in response to a common,
external stimulus. It is time for both observers and theorists
to begin addressing this issue, by probing the physical link
between a dense core and its changing background medium.

We thank Ian Bonnell, Lynne Hillenbrand, Mark
McCaughrean, and Hans Zinnecker for illuminating dis-
cussions on various aspects of this problem. Part of our
research has been supported by ASI grant ARS 96-66 to the
Osservatorio di Arcetri. Funding for S. W. S. was provided
by the NASA Astrophysics Theory Program grant NAGW-
3107.

APPENDIX A

STATISTICAL CORRECTION FOR UNRESOLVED BINARIES

Suppose a preÈmain-sequence star is observed to have luminosity and e†ective temperature Suppose also that thisL
*

Teff.object is known to be on the convective (vertical) portion of its evolutionary track. From the temperature and luminosity, we
can estimate the starÏs age. For present purposes, we can take this age to be the Kelvin-Helmoltz contraction time,

t 4
GM

*
2

R
*

L
*

, (A1)

where and are the stellar mass and radius.M
*

R
*For convective solar-type preÈmain-sequence stars, the e†ective temperature is related to the mass by the approximate

relation

Teff \ T1
AM

*
M1
Bn

, (A2)

where n D 0.2, and where and are a Ðducial mass and temperature, respectively. In addition, we can use the blackbodyM1 T1
law to relate to and We ÐndR

*
Teff L

*
.

t \ GM1 (Teff/T1 )2@n(4npT eff4 )1@2
L
*
3@2 , (A3)

where p is the Boltzmann constant.
It turns out that the ““ star ÏÏ is not a single object, but an unresolved binary. Let q be the ratio of the mass of the unseen

companion, to the mass of the primary star, What is the actual luminosity of the two stars as a function of q? InM2, M1.
addition, given a reasonable distribution of secondary masses, what is the average luminosity ratio?
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To answer the Ðrst question, we assume that the two stars have precisely the same age. If is the temperature of the un-T2seen companion, then, since the two luminosities, and together give the equal-age requirement becomes, byL 1 L 2, L
*
,

equation (A3),

(T1/T1 )2@nT 12
L 13@2

\ (T2/T1 )2@nT 22
(L

*
[ L 1)3@2

. (A4)

Using equation (A2) to evaluate the temperatures, we Ðnd a simple expression for L 1 :

L 1
L
*

\ [1] q4(1`n)@3]~1 (A5)

4 f (q) (A6)

In order to compute the reduction factor f (q), we must specify the distribution of secondary masses. Here we adopt the
initial mass function for Ðeld stars, an assumption that apparently holds for at least G- and M-type primaries (Duquennoy &
Mayor 1991 ; Fischer & Marcy 1992). We utilize the result of Kroupa, Tout, & Gilmore (1993), which includes a slope change
at subsolar mass :

m(M
*
)\

4
5
6

0
0
K(M

*
/0.08 M

_
)~1.3 , 0.08 \ M

*
/M

_
\ 0.5 ;

0.092K(M
*
/0.5 M

_
)~2.2 , 0.5\ M

*
/M

_
\ 1.0 ;

0.020K(M
*
/1.0 M

_
)~2.7 , 1.0\ M

*
/M

_
,

(A7)

where K \ 4.41 is the normalization constant obtained by requiring that For masses below the minimum/0= m(M
*
) dM

*
\ 1.

value of we have assumed that the mass function is constant and equal to K. The average value of f (q), which we0.08 M
_

,
denote simply as f, is then

f 4
P
0

1
f (q) m(q) dq , (A8)

where

m(q) 4 m(qM1/M_
)M1/M_

, (A9)

so that dq \ 1. Note that f depends on the primary mass and can readily be evaluated numerically from equation/0= m(q) M1(A7). Figure 7 shows the variation of the luminosity reduction factor as a function of The factor is only small for theM1.

FIG. 7.ÈLuminosity reduction factor as a function of stellar mass
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lowest mass values, and rises to 0.75 by Thus, the primary luminosity could be overestimated by at most 25%.M1 \ 0.08 M
_

.
The dashed line in Figure 7 is an analytic Ðt given by

f\
4
5
6

0
0
0.75(M1/0.08)0.081 , 0.08¹ M1/M_

¹ 1.0 ;
0.93(M1/1.0)0.045 , 1.0\ M1/M_

¹ 5.0 ;
1.0 , 5.0\ M1/M_

.
(A10)

We can also estimate the error in age introduced by an unseen companion. From equation (A3), we Ðrst obtain thet1(q),
true primary age as a function of q :

t1(q)\ GM1 (Teff/T1 )2@n(4npT eff4 )1@2
[ f (q)]3@2L

*
3@2 . (A11)

Here we have assumed that i.e., that the observed surface temperature corresponds to that of the primary. The ratioT1\ Teff,of the true age to the value from equation (A1) is thenna•� ve t0
t1(q)
t0

\ [ f (q)]~3@2 . (A12)

The maximum age discrepancy corresponds to q \ 1. Evaluating f (1) from equation (A5), we Ðnd that the corresponding ratio
is 2.83. An age ratio of 2.0 requires a q-value of 0.7.t1/t0In fact, such relatively high companion masses are unlikely. Once again, the average age discrepancy is obtained by folding

in the expected distribution of mass ratios, m(q). We now specialize to the case of a primary mass near 1 According toM
_

.
Duquennoy & Mayor (1991), the appropriate q-distribution is approximately Gaussian,

m(q)\ H exp
C

[ (q [ k)2
2p2

D
, (A13)

where k \ 0.23, p \ 0.42, and H is the normalization constant. This 1 result agrees with our more general one fromM
_equation (A7). The mean value of q, according to equation (A10), is only 0.23. The average age ratio is

Tt1
t0

U
\
P
0

1
[ f (q)]~3@2m(q) dq . (A14)

Evaluating the integral numerically, we Ðnd this ratio to be 1.46.
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