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ABSTRACT
We explore the extent to which current titanium oxide (TiO) line data and M dwarf model atmo-

spheres can be used to reproduce an R\ 120,000 optical spectrum of the relatively inactive star Gliese
725B (M3.5 V). We Ðnd that tabulated TiO wavelengths have errors large enough to complicate line
identiÐcation, especially for transitions involving higher vibrational states. We determine empirical wave-
length corrections for 12 strong c-bands near 6680 and 7090 For the sequence of orbital quantumA� .
numbers, J, within any one of these bands, our observations conÐrm the predicted line spacing, thereby
validating the rotational constants for low vibrational levels. However, the predicted wavelengths have
zero-point errors that di†er for each overlapping band. Next, we compare observed and synthetic spectra
near 8463 where an v 0È0 band head is expected, demonstrating that the electronic oscillatorA� , Q3strength of 0.014 advocated by is too large by at least a factor of 5. This has a minor e†ect onJÔrgensen
the structure of theoretical model atmospheres. Using our empirically corrected TiO wavelengths, we
compute a grid of synthetic spectra for Allard & Hauschildt models spanning a range in e†ective tem-
perature surface gravity (log g), and metallicity ([M/H]). Interpolating in this grid of synthetic(Teff),spectra, we simultaneously Ðt observations of the TiO band head region near 7088 and Ðve Ti IA�
and Fe I lines near 8683 For Gl 725B, we Ðnd K, log g \ 4.77^ 0.14,A� . Teff \ 3170 ^ 71
[M/H]\ [0.92^ 0.07, and km s~1. We show that by using both atomic and molecularvmac \ 1.1 ^ 0.7
lines as constraints, systematic uncertainties in derived stellar parameters can be reduced. These param-
eters are consistent with published values obtained by other means, but more stringent tests would be
useful. In the we tabulate wavelengths, identiÐcations, relative line strengths, and otherAppendix,
properties of the strongest band heads in the a, b, c, c@, d, v, and / electronic systems of TiO.
Subject headings : atomic data È molecular data È stars : fundamental parameters È

stars : individual (Gliese 725B) È stars : low-mass, brown dwarfs

1. INTRODUCTION

Detailed knowledge about physical processes in stellar
envelopes comes primarily from the interpretation of
observed spectra. As computers and data quality have
improved, coarser characterizations of stellar spectra
(photometric colors, molecular band depths, line equivalent
widths) have given way to direct synthesis of stellar spectra
(e.g., & Piskunov OÏMara, & RossValenti 1996 ; Anstee,

using ever improving model atmospheres. Spectrum1997)
synthesis is now used to study a wide variety of phenomena
in stars, including peculiar abundances, magnetic Ðelds,
surface structure, di†erential rotation, and stellar winds.
The goal is to synthesize spectra accurately enough to study
these and other stellar phenomena. In this paper, we are
particularly interested in assessing how well we can model
TiO bands and atomic features in a high-resolution
(R\ 120,000) optical spectrum of the cool dwarf Gliese
725B (M3.5 V).

Meaningful spectrum synthesis depends on accurate
atomic and molecular data, good model atmospheres, and a
radiative transfer code that incorporates all the relevant
physics. For the study of cool stars (or cool spots on

1 Formerly at JILA, University of Colorado, Boulder, CO 80309-0440.
2 Now at Space Sciences Laboratory, UC Berkeley, Berkeley, CA 94720.

warmer stars), the accuracy of molecular data is a particular
concern, since molecules a†ect both the detailed structure of
the spectrum (through the action of individual lines) and the
global structure of the atmosphere (through the cumulative
e†ects of all line and continuous opacity, for example). In
particular, infrared water bands strongly inÑuence the
global structure of the atmosphere and hence the spectrum

& Hauschildt(Auman 1969 ; Mould 1976 ; Allard 1995b ;
et al. Red spectra of M stars are dominated byAllard 1997).

TiO bands, which have become the primary means of estab-
lishing spectral types Henry, & McCarthy(Kirkpatrick,

Hawley, & Gizis Therefore, it is particu-1991 ; Reid, 1995).
larly important to know the quality of tabulated wave-
lengths and oscillator strengths for this molecule. Detailed
spectroscopic studies are needed to study how TiO band
depth depends on temperature, gravity, and chemical com-
position.

Given the diagnostic potential of spectrum synthesis,
there have been remarkably few published attempts to
model observed spectra of M dwarfs. derivedMould (1978)

and [M/H] (metallicity) for a few early M dwarfs byTeffcomparing synthetic spectra based on his own model atmo-
spheres with near-IR Fourier Transform(Mould 1976)
Spectrometer (FTS) spectra (4000È6600 cm~1, RD 18,000).

Sandmann, & Pettersen used the sameNaftilan, (1992)
models and a radiative transfer code by Kurucz (1993a,
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to model blue spectra (j D 4000 RD 30,000) of1993b) A� ,
AD Leo. determined astrophysical oscillatorBrett (1990)
strengths for TiO and VO bands by modeling red and IR
spectra (RD 500) of M giants. All of these studies used
approximate methods for treating the molecular line
opacity.

& Plez computed synthetic spectra for theirBrett (1993)
grid of M dwarf models, comparing them with the low-
resolution observations of Better opacityBessel (1991).
sampling techniques allowed a more realistic connection
between the e†ective temperature scale of the grid and the
empirical scale of Bessel. However, the resolution of theTeffobserved spectra was too low to take full advantage of the
temperature sensitivity of individual molecular features.

More recently, et al. determinedKirkpatrick (1993) Tefffor a sequence of M dwarfs by comparing spectra computed
by with red (RD 500) and IR (RD 250)Allard (1990)
spectra of M dwarfs. The original model atmospheres of
Allard are continually being improved (Allard & Haus-
childt hereafter and These1995a, 1998, AH95 AH98).
updated atmospheres have been used to model spectra
(1.16È1.22 km, RD 1100) of a sequence of M dwarfs (Jones
et al. an optical spectrum (R\ 60,000) of the M8 Ve1996),
star VB10 et al. and the IR spectrum(Schweitzer 1996),
(1È2.5 km) of the brown dwarf Gl 229B et al.(Allard 1996).
Our study presented here di†ers from the work just
described in that we use a very high resolution
(R\ 120,000) optical spectrum of a moderately warm M
dwarf to assess the quality of TiO line data and the model
atmospheres. Similar resolution spectra occasionally have
been used (with great success) in studies of other astro-
physical sources, for example, sunspot umbrae &(Lambert
Mallia and the red supergiant VY Canis Majoris1972)

& Davis(Phillips 1987).
In the next section, we describe certain key requirements

for a detailed spectral synthesis of TiO, namely, the molecu-
lar equation of state, atomic and molecular opacities, and a
grid of model atmospheres. In we compare synthetic° 3
spectra with a high-resolution, high signal-to-noise (S/N)
observation of Gl 725B (M3.5 V). We Ðnd and correct
signiÐcant errors in the best available wavelengths for TiO
lines. We then demonstrate that the (supposedly quite
strong) v bands are much weaker than expected, implying a
large error in the electronic oscillator strength. Finally, we
determine log g, [M/H], and for Gl 725B usingTeff, vmacvarious atomic lines and TiO c-bands as constraints. In ° 4
we compare with predictions from the literature and
comment on the current usefulness of spectrum synthesis as
a tool to analyze K and M stars.

2. MOLECULAR LINE SYNTHESIS

Generating high-resolution, synthetic spectra of TiO lines
in cool stars is procedurally very similar to synthesizing
spectra of atomic lines in warmer stars, although many more
lines are involved. The only algorithmic change occurs in
the equation of state routine, which must be extended to
include molecules (and dust formation in cool brown
dwarfs). Synthetic spectra still depend, however, on molecu-
lar data and model atmospheres of unknown quality.

2.1. Equation of State
Cooler temperatures a†ect spectral line formation in

several ways. Atoms combine to form molecules, replacing

atomic line opacity with a richer spectrum of molecular line
opacity. Conversely, continuous opacity generally decreases
in the optical and infrared, as and replace H~ and HH2 H2`as the dominant sources of continuous opacity. Ionization
of atomic and molecular species decreases, reducing the
importance of line broadening due to electron and ion colli-
sions. At low enough temperatures and densities, collisions
are no longer frequent enough to maintain local thermody-
namic equilibrium (LTE). In our analysis we assume LTE,
which is a good assumption over most of the line formation
region. Departures from LTE will be signiÐcant high in the
atmosphere, so the cores of the strongest features in our
synthetic spectra could potentially be a†ected (Hauschildt
et al. In fact, we do not accurately reproduce the line1997).
cores (see but non-LTE e†ects are just one possible° 3.4),
explanation for this discrepancy.

To calculate the equilibrium balance between ions,
atoms, and molecules, we need ionization potentials, molec-
ular dissociation energies (at 0 K), and chemical equilibrium
constants as a function of temperature. Note that equi-
librium constants can be computed directly from partition
functions, but we have employed separate Ðts. In this study,
we used atomic data from the ATLAS9 code (Kurucz

which are valid in the temperature range1993a, 1993b),
2000 K \ T \ 100,000 K. For molecules, we initially fol-
lowed & Tatum for diatomics andSauval (1984) Irwin

for polyatomics. Using these data, we were able to(1988)
reproduce Allard & Hauschildt (AH) partial pressures for
major species CO, and TiO) to better than 1% in(H2, H2O,
a test case, but errors were large for certain minority species.
For the sake of consistency with the atmospheric models,
we ultimately decided to adopt the AH equilibrium con-
stants, which we reconstructed by Ðtting Ðfth-order poly-
nomials to partial pressure data for 196 molecular species as
a function of log (5040/T ). Our Ðts are valid in the tem-
perature range 1600 K \ T \ 7730 K, which encompasses
all of the temperatures present in our grid of models. We use
the molecular partition function from & TatumSauval

for TiO.(1984)
The equilibrium state of matter for a given temperature

and gas pressure is speciÐed by the partial pressure (or,
equivalently, the number density) of every chemical species.
Charge conservation, total pressure, and abundance con-
straints are linear in the partial pressures ; whereas chemical
ionization and equilibrium constraints are linear in the
logarithm of the partial pressures. To solve the combined,
nonlinear system of equations, we have adapted a code by

The full set of equations is linearized andBennett (1983).
then solved iteratively using a Newton-Raphson technique
with quadratic convergence near the solution. An adequate
starting approximation is obtained by apportioning gas
pressure according to elemental abundances, allowing for
ionization, and then analytically solving for the equilibrium
state of a simpliÐed chemical system consisting of H, He, C,
O, Ne, CO, and For computational economy,H2, H2O.
Bennett combined trace elements into a single Ðctitious
element, but we solve the full problem, which is small by
modern standards.

We compared our derived equilibrium state for certain
test cases with other codes and published results. Bennett

provides plots of partial pressure for the most impor-(1983)
tant chemical species over a wide range of temperatures
(1500 K \ T \ 6000 K). We are able to reproduce the qual-
itative behavior of these plots with only minor quantitative
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di†erences that can be attributed to di†erences in atomic
and molecular data. We have also compared our partial
pressures with detailed calculations provided by (P. Haus-
childt 1997, private communication) for a realistic stellar
atmosphere There are some discrepancies as(AH95, AH98).
large as 10% for minority species, which we attribute to
di†erences in our atomic partition functions. For signiÐcant
species, however, agreement is better than 1% throughout
the atmosphere.

2.2. Continuum and L ine Opacities
Calculating the continuous opacity is relatively straight-

forward, once the number densities of important species
(e.g., H, H~, etc.) are known. We use the continuousH2,opacity routines from ATLAS9 (Kurucz for1993a, 1993b)
all species except H~, which we treat using an analysis

of the best available wave functions. We com-(John 1988)
pared our continuous opacities in the spectral interval
8465È8472 with those obtained by (F. Allard and P.A�
Hauschildt 1997, private communication) for one of their

K model atmospheres againTeff \ 3500 (AH95, AH98),
achieving agreement to better than 1% throughout the
atmosphere.

Even for a small spectral interval, determining line
opacity requires considerable e†ort. Operationally, the diffi-
culty arises from the need to sift through millions of tran-
sitions, searching for lines in the wavelength interval of
interest. As a relevant illustration, the TiO line list of

contains 12 million lines. Except for the vJÔrgensen (1994)
system (see we used the electronic oscillator strengths° 3.3),
from Table 1 of to convert the tabulatedJÔrgensen (1994)
line strength parameter to actual log gf values. Before syn-
thesizing spectra for a large grid of model atmospheres, we
trimmed insigniÐcantly weak lines from the list to reduce
the calculation time. All lines were ranked according to
their strength, S, as deÐned in the with a tem-Appendix
perature of 3000 K. Lines below a threshold, denoted by

were neglected. For a characteristic model atmosphere,Sthr,we progressively subtracted 0.5 from until theSthrmaximum change in residual intensity (at R\ 120,000) was
below 0.5% throughout the wavelength interval. Only lines
stronger than this Ðnal threshold were used in subsequent
analyses. We obtained of 0.25 and 0.38 for echelle ordersSthr40 and 49 (see yielding 1644 and 9035 spectral lines,° 3),
respectively.

In cooler stars, atomic lines become progressively weaker
because thermal energy less e†ectively populates higher
atomic states and because atoms are depleted by the forma-
tion of molecules and grains. Nonetheless, atomic lines are
important diagnostics that complement the molecular lines.
Gathering atomic line data would also be a chore were it
not for the Vienna Atomic Line Database (VALD;

et al. This electronic service culls throughPiskunov 1995).
an extensive database of atomic lines (including the com-
pilations by Kurucz) to Ðnd the small subset of lines that are
relevant in a particular spectrum synthesis application.

In the spectral synthesis described below, the only molec-
ular lines we consider are those due to TiO. Many other
molecular species contribute to the structure of the atmo-
sphere (and were considered in the construction of the
models), but in the synthesis discussed below, other mol-
ecules can be ignored (P. Hauschildt 1997, private
communication). A service analogous to VALD, but for
molecular lines, would be extremely valuable.

2.3. Atmospheres for Cool Stars
In general, determining stellar atmospheric structure and

the corresponding radiation Ðeld are coupled problems.
This is particularly true in cool stars, where molecular
bands have a dramatic e†ect on the radiation Ðeld and
hence on the thermal structure of the atmosphere. When
computing atmospheric structure, however, it can be more
efficient to approximate the wavelength dependence of the
opacity, using distribution functions, sampling, or some
related technique. In fact, for molecules with adequate data,
AH treat line opacity directly with depth dependent Voigt
(or Gaussian) absorption proÐles for each line above some
opacity threshold. Using this approach, modest errors in
transition wavelengths should have little e†ect on the
derived atmosphere. However, wavelength errors can (and
do) distort detailed synthetic spectra. In this study, we
adopt model atmospheres and then study the detailed
behavior of the emergent spectrum.

All of our tests were carried out with ““ next generation ÏÏ
model atmospheres of AH, computed with version 7.4.1 of
the PHOENIX code, dated 1997 January 5. These models
were calculated using an elaborate equation of state and
extensive molecular line lists. Moreover, the models are
electronically accessible. Other grids of model atmospheres
for M dwarfs have been presented by Mould (1976), Allard

and In this study, we focus primarily on(1990), Kui (1991).
the current state of the molecular line data, only periph-
erally commenting on possible errors in the model atmo-
spheres.

3. APPLICATIONS

3.1. Observations and Data Reduction
On 1995 August 20, we obtained a spectrum of Gl 725B

using the 2.7 m Harlan J. Smith telescope at McDonald
Observatory to feed a cross-dispersed, echelle spectrograph

et al. A slit width of resulted in a measured(Tull 1995). 0A.59
resolving power of 121,000. With a Tektronix 2048] 2048
CCD at the F1 coude� focus, each resolution element
mapped into 4.65 pixels. Gl 725B was observed for total of
1.9 hr, split into two exposures to facilitate cosmic-ray
removal.

Spectra were reduced using an automated echelle
reduction package written in the Interactive(Valenti 1994)
Data Language (IDL). After image calibration, the residual
fringing, scattered light, and wavelength-dependent Ñat-
Ðeld variations were less than 1%. In the Ðnal one-
dimensional spectrum, we achieved an S/N of 270 pixel~1,
consistent with Poisson statistics for the number of
observed stellar photons. We determined a wavelength scale
by Ðtting a two-dimensional polynomial to mj as function
of pixel and order number m for a total of 97 thorium lines,
yielding a maximum error of 0.005 A� .

Because of the high resolving power of the spectrograph,
only a portion of each echelle order can be recorded in a
single exposure. Using the E2 grating, we obtained about 27

per order in 19 orders (m\ 37È55), spanning the wave-A�
length range 6306È9407 The data presented here wereA� .
originally gathered to study magnetic Ðelds in M dwarfs

& Valenti so we miss some of the(Johns-Krull 1996),
strongest TiO bands. We do, however, observe the c 1È0,R2c 0È0, v 2È1, and v 0È0 band heads.R2 R3 Q3Despite prevalent molecular absorption in spectra of M
stars, the curvature of the echelle blaze function can often be
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removed empirically from an observation because the dis-
tribution of line depths is similar across the spectrum.
However, when strong band heads distort the apparent
shape of the blaze function, independent constraints are
needed. For our echelle order 49, which contains the strong
c 0È0 of TiO, we interpolated blaze functions deter-R2mined empirically for nearby orders. With this one excep-
tion, blaze functions were determined locally and removed
from each echelle order.

3.2. TiO Wavelength Errors
The strongest TiO features in our spectrum of Gl 725B

occur in echelle order 49. The observed wavelength interval
(7078È7103 contains over 40,000 TiO lines, mainly fromA� )
the c system (A 3'[ X 3*). About 9000 of these lines con-
tribute signiÐcantly to the Ðnal spectrum. In order 49, the
strongest lines connect ground vibrational states (0È0),
whereas in order 52, the strongest lines arise from 1È0
vibrational transitions. Below, we use lines in orders 49 and
52 to test the TiO wavelengths tabulated by JÔrgensen
(1994).

Initially, we calculated a synthetic spectrum of Gl 725B
using line data and a preliminary AHJÔrgensen (1994)
model with K, log g \ 5.0, [M/H]\ 0, and vTeff \ 3500
sin i \ 0 km s~1. This allowed us to identify and correct
wavelength errors in the TiO line list, but all Ðgures in this
paper use actual stellar parameters (see com-° 3.4). Figure 1
pares a synthetic spectrum with the observed spectrum of
order 49 (broken into six panels for clarity). The synthetic

spectrum has been convolved with a Gaussian to match the
resolution of the observations. Since we do not have a Ñux-
calibrated spectrum, normalization of the observed spec-
trum depends on the synthetic spectrum, as discussed in

Although the observed and synthetic spectra have° 3.4.
similar distributions of residual intensity, individual strong
lines are displaced, and weak features are distorted. These
discrepancies in the synthetic spectrum are primarily due to
wavelength errors in the line list.JÔrgensen (1994)

To illustrate, we use vertical line segments in toFigure 1
indicate the predicted wavelengths of the (dotted verticalQ2lines) and (dashed vertical lines) branches. The number inQ3parentheses above each designated spectral line is the rota-
tional quantum number of the molecule in the ground elec-
tronic state. Notice that for each predicted line in the Q3branch, a corresponding feature in the observed spectrum is
displaced redward by 0.05 However, for the branch,A� . Q2the observed features are displaced blueward by 0.04 A� .
Because the two branches overlap in wavelength and span
much of the echelle order, the discrepancies cannot both be
due to errors in the observed wavelength scale. The only
remaining explanation is that the line listJÔrgensen (1994)
has systematic errors in wavelength.

For several TiO branches, we visually estimated errors in
the wavelengths to the nearest 0.005JÔrgensen (1994) A� .
Tables and give the resulting corrections (in that1 2 A� )
must be applied to the wavelengths toJÔrgensen (1994)
match our observed spectrum of Gl 725B. For 48Ti16O, a
single shift for each branch gives relative wavelengths

FIG. 1.ÈOne partial echelle order (split into six panels) from an R\ 120,000 observed spectrum of Gl 725B (histogram). TiO wavelengths from JÔrgensen
were used to generate the synthetic spectrum (smooth curve). All the 0È0 lines (long-dashed vertical lines) are 0.05 blueward of the corresponding(1994) Q3 A�

feature in the observed spectrum, while the 0È0 lines (dotted vertical lines) are 0.04 redward, indicating systematic errors in tabulated TiO wavelengthsQ2 A�
independent of any zero-point errors in the observed wavelength scale. Stellar parameters are from ° 3.4.
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FIG. 2.ÈSame as except that wavelengths for the six strongest TiO bands have been empirically corrected, using a total of 10 free parameters. ForFig. 1,
the strongest band separate shifts were determined for all Ðve isotopes (see The Ðt is greatly improved.(Q3), Table 2).

precise to 0.005 over our spectral interval with no detect-A�
able dependence on rotational quantum number. Shifts for
other isotopes are based on only a few weak lines,(Table 2)
so results are less certain. Note that the corrections vary
systematically with vibrational transition, *J, triplet state,
and isotope, suggesting that modiÐed molecular constants
might reproduce the observed wavelengths.

To investigate the accuracy and precision of our TiO
wavelength corrections, we Ðt parabolas to the cores of 14
strong atomic lines in our spectrum and compared wave-
lengths of the line minima with laboratory data. Our mea-

TABLE 1

CORRECTIONS FOR 48TI16O c-BANDS

0È0 1È0
Branch (A� ) (A� )

P2 . . . . . . . . . . . . [0.040 ]0.020
Q2 . . . . . . . . . . . . [0.035 ]0.025
R2 . . . . . . . . . . . . [0.030 ]0.040
P3 . . . . . . . . . . . . ]0.045 ]0.095
Q3 . . . . . . . . . . . . ]0.055 ]0.105
R3 . . . . . . . . . . . . ]0.070 ]0.125

NOTE.ÈCorrections (in angstroms)
must be applied to the line wavelengths
described by in order toJÔrgensen 1994
match our stellar observations. Correc-
tions have an accuracy of 0.005 and aA� ,
single shift corrects all lines in a given
branch.

sured wavelengths for the atomic lines have rms residuals of
0.005 with respect to the laboratory values, which is com-A�
parable to the accuracy of our original wavelength solution
based on a thorium lamp spectrum (see Averaging the° 3.1).
residuals for all 14 lines gives the zero point of the stellar
rest frame with an accuracy better than 0.002 After cor-A� .
recting for the barycentric motion ([1.356^ 0.004 km s~1)
of the observatory during the observations, we Ðnd that the
atomic line cores in our spectrum of Gl 725B are shifted
with respect to the laboratory frame by 1.21 ^ 0.10 km s~1.

As an aside, we remind the reader that because of gravita-
tional redshifts and surface velocity Ðelds, the apparent

TABLE 2

CORRECTIONS FOR c 0È0
BANDSQ3

*j
Isotope (A� )

46Ti16O . . . . . . . . . . . . ]0.120
47Ti16O . . . . . . . . . . . . ]0.090
48Ti16O . . . . . . . . . . . . ]0.055
49Ti16O . . . . . . . . . . . . ]0.030
50Ti16O . . . . . . . . . . . . [0.025

NOTE.ÈCorrections (in ang-
stroms) must be applied to the
line wavelengths described by

in order toJÔrgensen 1994
match our stellar observations.
Corrections have an accuracy of
approximately 0.01 A� .
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velocity shift of the line cores di†ers from the true radial
velocity of the star. Photons climbing out of the gravita-
tional potential from any point on the stellar surface su†er a
velocity shift of which is 0.64 km s~1 for the Sun.GM

*
/cR

*
,

Surface granulation also introduces an apparent shift that
depends on spectral type, stellar activity, and line formation
depth. For the 14 atomic lines used to establish the velocity
zero point, the line cores in the solar spectrum et al.(Kurucz

are systematically redshifted by 0.010 ^ 0.002 or1984) A�
]0.43 km s~1. On the Sun, a net granular blueshift
counteracts some of the gravitational redshift, but at this
time we can only speculate about how granulation a†ects
the spectrum of Gl 725B.

is identical to except that the syntheticFigure 2 Figure 1,
spectrum is based on our empirically corrected TiO wave-
lengths. Agreement between synthetic and observed spectra
is dramatically improved with only 10 free parameters (six
from and four more from DiscrepanciesTable 1 Table 2).
still exist, especially in regions of the spectrum where
weaker TiO bands dominate, indicating that wavelengths
for these bands also need to be corrected. For these weaker
bands, however, it is difficult to identify which band corre-
sponds to a particular transition. With better wavelength
coverage, one could determine wavelength corrections for
strong bands and then iteratively improve the molecular
constants. Alternatively, it may be more practical to calcu-
late accurate wavelengths theoretically or to measure them
in the laboratory.

Finally, although the wavelength corrections in Table 1
have not been tested outside the wavelength range 7078È
7103 they are nonetheless likely to improve tabulatedA� ,
wavelengths for all lines in the relevant bands. This is useful,
given that the 0È0 band head near 7055 is often usedR3 A�
to measure band depth relative to the ““ continuum ÏÏ just
blueward of the band head.

3.3. Strength of the v System
Our interest in TiO was originally motivated by a desire

to model weak molecular blends near the magnetic Ðeld
diagnostic, Fe I 8468.40 Until these TiO blends can beA� .
modeled directly, magnetic Ðeld measurements for M
dwarfs will rely on division by spectra of inactive template
stars to remove TiO blends & Valenti(Johns-Krull 1996).
Our Ðrst attempt to directly model TiO blends near 8468 A�
yielded a synthetic spectrum with absorption features
deeper than observed (residual intensities of 0.6 instead of
0.8). Moreover, the number, spacing, and relative strengths
of the absorption features did not agree with observations.
Subsequent analysis revealed that all of the anomalously
strong features in the synthetic spectrum were due to the v
system (E 3% [ X 3*) of TiO, suggesting that the strength
of this system may have been overestimated by JÔrgensen
(1994).

To test this hypothesis, we identiÐed the strongest v band
head in our observed spectrum, namely the 0È0 bandQ3head at 8462.53 This also happens to be one of theA� .
strongest v band heads at any wavelength (see the

shows observed and synthetic spectraAppendix). Figure 3
in the vicinity of this band head. The synthetic spectrum
labeled ““ with v ÏÏ uses the & Hackett bandSimard (1991)
oscillator strength of 0.014 for the v system, as advo-( fel)cated by The synthetic spectrum labeledJÔrgensen (1994).
““ no v ÏÏ has set to zero for the v system. Near the bandfel

head, we also show a portion of the spectrum with felreduced by a factor of 5. All synthetic spectra have been
convolved with a Gaussian to match the spectral resolution
(R\ 120,000) of the observation.

Using AH atmospheres and model parameters from ° 3.4,
we generated synthetic spectra of the 0È0 band headQ3region with for the v system reduced by integer factorsfelbetween 1 and 10. With reduced by a factor of 5, thefelsynthetic 0È0 band head descends to a residual intensityQ3of 0.66, which matches the depth of an unidentiÐed feature
observed (but not shown) at 8460.2 There are no deeperA� .
features observed in the vicinity, so the strength of the v
system must be at least a factor of 5 below the &Simard
Hackett value advocated by If(1991) JÔrgensen (1994).

then the predicted wavelength of the band headfel\ 0.0028,
is too red by 2.3 Alternatively, the observed feature atA� .
8460.2 is not the v 0È0 band head, and must be evenA� Q3 felweaker.

& Hackett measured a lifetime of 770^ 40Simard (1991)
ns for the E3% (v\ 0) state of TiO. However, a very similar
experiment by Naulin, & Costes ruledHedgecock, (1995)
out lifetimes shorter than 2 ks. et al.Hedgecock (1995)
suggest that the analysis by & Hackett didSimard (1991)
not properly account for TiO radicals escaping from the
detection zone of their apparatus. In any case, the

et al. lower limit on lifetime is a factor ofHedgecock (1995)
2.6 higher than the & Hackett value. AfterSimard (1991)
completing our analysis, we became aware of a recent theo-
retical calculation by who obtains a life-Langho† (1997),
time of 4.3 ks (with a quoted uncertainty of less than a
factor of 2) for the E 3% (v\ 0) state. This is consistent with

et al. and also our own more stringentHedgecock (1995)
limit.

Finally, we investigated how reducing the strength of the
entire v system a†ects derived model atmospheres. At our

FIG. 3.ÈComparison of an observed spectrum (dark histogram) of Gl
725B and three synthetic spectra convolved to the same spectral resolution
(120,000). Synthetic spectra were computed with the strength of TiO lines
in the v system at full (light curve), 20% (asterisks curve), and zero (dashed
curve). A deep 0È0 band head is predicted when using the &Q3 Simard
Hackett value of 0.014 for as advocated by The(1991) fel, JÔrgensen (1994).
band head is not obvious in the observation, implying that forfel¹ 0.0028
the v system.
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request, Peter Hauschildt computed atmospheric models
for Gl 725B with at the & Hackett value offel Simard (1991)
0.014 and also at our new upper limit of 0.0028. When
placed on identical continuum optical depth scales, the
maximum fractional discrepancy between the two model
atmospheres is 0.0073, 0.063, and 0.039 for temperature,
electron density, and total particle density, respectively.
Discrepancies in the models are largest at log q

c
\ [3.5,

[1.2, and ]1.9, where is the continuum optical depth atq
c1.2 km.

As just described, changes in the strength of the v system
do have a global e†ect on model atmospheres. To quantify
how these atmospheric di†erences a†ect line depths, we
compared synthetic spectra for the portion of echelle order
41 that is in our observed spectrum (8458È8490 BecauseA� ).
we want to isolate atmospheric changes in line depth rather
than changes due to a modiÐed we suppressed all the vfel,lines in the synthetic spectra but not in the calculation of the
atmospheres. The synthetic spectra for both atmospheres

and 0.0028) were convolved with a Gaussian to( fel\ 0.014
match our observed resolution (R\ 120,000). For the
atmosphere based on a reduced atomic lines get weakerfel,by as much as 1% of their line depth, while TiO lines (not
from the v band) get stronger, again by as much as 1% of
their line depth. (Note that these are changes in line depth,
not residual intensity.) This error is small compared with
other uncertainties, but the high value for should none-feltheless be avoided, even when computing atmospheres.

3.4. Stellar Parameters for Gl 725B
Broadband photometry and spectroscopic analysis

provide complementary constraints on stellar parameters.
Spectroscopic analyses of M dwarfs are rare, however,
because the stars are faint, molecular line data are scarce,
and realistic model atmospheres have only recently become
available. We present here one of the Ðrst detailed spectro-
scopic analyses of an M dwarf.

Ideally, stellar parameters should be determined using a
Ñux-calibrated observed spectrum, but in fact we have no
Ñux calibration data for our spectrum of Gl 725B. The usual
compromise is to normalize the continuum to unity and
model the residual intensity. However, cool M dwarfs have
such prevalent molecular bands that in general it is not
possible to determine the continuum level using only the
observed spectrum, even at very high spectral resolution.
The only recourse is to normalize observations using model
spectra synthesized with and without line opacity, but it is
important to realize that this procedure may introduce
additional degenerate combinations of model parameters
that yield acceptable Ðts to the observations. For this
reason, we strongly advocate the use of Ñux-calibrated
spectra in spectroscopic analysis, even though we have no
such calibration for the data presented here.

Molecular features dominate our optical spectrum of Gl
725B, but the spectrum also contains a few prominent
atomic lines that can be used to constrain a model. Here we
focus on atomic lines in echelle order 40 (8670È8701 A� )
because this order has relatively weak stellar molecular fea-
tures and minimal telluric contamination. Wavelength
uncertainties generally make it difficult to identify and
model speciÐc molecular features. For strong lines in echelle
order 49 (7078È7103 however, we have determinedA� ),
wavelengths accurate to 0.005 (see With properA� ° 3.2).
normalization of the observed spectrum, strong TiO fea-

tures in order 49 can now be used to constrain models.
Below, we show that when both molecular and atomic lines
are used together as model constraints, stellar parameters
can be determined more accurately.

gives data for the Ðve atomic lines we used in ourTable 3
analysis of Gl 725B. Initially, we obtained data from VALD

et al. for 35 potentially interesting atomic(Piskunov 1995)
lines in echelle order 40. We increased the van der Waals
damping constants by a factor of 2.5, based on a pre-(!6)vious analysis of the Sun & Piskunov With(Valenti 1996).
the solar spectrum et al. as a constraint, we(Kurucz 1984)
then used the spectrum-matching program SME &(Valenti
Piskunov to determine empirical log gf values for all1996)
35 lines for the strong Fe I line at 8688.626and log !6 A� .

gives the empirical log gf values from SME, whichTable 3
are larger than the original VALD values by 0.023 to 0.044
(corrections added to log gf ).

In solving for more precise line data with SME, we
adopted most solar model parameters from the *!6\ 2.5
case given in of & Piskunov InTable 2 Valenti (1996).
particular, log (Fe/H)\ [4.51. We did, however, solve for
a new macroturbulence (3.04 km s~1) because the macro-
turbulence formulation in SME is now radial tangential,
rather than isotropic Gaussian. For the Fe I 8688.626 line,A�
our after all corrections ([7.701) is halfempirical log !6the theoretical FWHM (2w/N \ [7.442 at 10,000 K) of

et al. The cause of this discrepancy isAnstee (1997).
unknown. For the c system of TiO, we simply adopted

as advocated byfel\ 0.15, JÔrgensen (1994).
Our goal is to determine stellar parameters for Gl 725B

by trying to best match observations with synthetic spectra.
The program SME is designed for this purpose, but unfor-
tunately it does not include a full molecular equation of
state. Instead, we computed a grid of 63 synthetic spectra
using an enhanced, but stand-alone, version of the radiative
transfer code used by SME. The regular grid covers Teff \[3000, 3100, 3200, 3300, 3400, 3500, 3600] K, log g \ [4.5,
5.0, 5.5], and [M/H]\ [[1.0, [0.5, 0.0]. To generate syn-
thetic spectra for arbitrary values of these three stellar
parameters, we used parabolic interpolation in log g and
[M/H], followed by cubic spline interpolation in ThisTeff.process was done independently for each wavelength with
appropriate checks for excursions outside the grid. Our grid
is too coarse to permit accurate interpolation of the residual
intensity, but the logarithm of the line depth (one minus the
residual intensity) is well behaved. After interpolation in the
grid of Ñux spectra, macroturbulence is added by convolu-
tion with a Gaussian.

We Ðt our observed spectrum of Gl 725B using nonlinear
least squares to solve for log g, [M/H], and theTeff, vmac,continuum normalization factor for echelle order 49. We
minimized s2 using the Marquardt algorithm (Marquardt

TABLE 3

ATOMIC LINE DATA

jair s
(A� ) Ion (eV) log gf log !6 ca

8674.746 . . . . . . Fe I 2.831 [1.835 [7.456 c48675.372 . . . . . . Ti I 1.067 [1.692 [7.438 c28682.980 . . . . . . Ti I 1.053 [1.985 [7.438 c28688.626 . . . . . . Fe I 2.176 [1.237 [7.701 c38692.331 . . . . . . Ti I 1.046 [2.318 [7.438 c2
a Constraint nomenclature used in Table 4.
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et al. except that highly discrepant points1963 ; Press 1986),
in echelle order 49 were ignored during the Ðtting pro-
cedure. These discrepancies are dominated by misplaced
TiO opacity, due to TiO wavelength errors for bands not
corrected in To prevent rejection of good spectrum° 3.2.
points due to a poor initial guess for the stellar parameters,
we gradually reduced the outer threshold from 0.15 residual
intensity units down to 0.04 in steps of 0.01 per iteration.
This iterative data selection process ultimately retains
approximately half of the 2048 pixels in echelle order 49.

For most calculations described herein, we have set both
rotation and microturbulence to zero. These param-(vmic)eters may actually be nonzero, but in the present analysis,
microturbulence, macroturbulence, and rotation all have a
similar e†ect on the spectrum. For example, given the
quality of existing line data, we are unable to meaningfully
distinguish between km s~1 and kmvmic\ 1 vmac\ 0.75
s~1. In both cases, turbulence simply smooths the spectrum
in a very similar manner. By only allowing to bevmacnonzero, we e†ectively combine the inÑuence of three nearly
degenerate parameters into a single quantity with a magni-
tude of 1.1 ^ 0.7 km s~1. We note that microturbulence is
0.75^ 0.25 km s~1 in the Sun & Piskunov(Valenti 1996)
and has no obvious dependence on temperature for F, G,
and K dwarfs One may speculate that moder-(Gray 1988).
ately cool M dwarfs behave similarly, but this has not yet
been demonstrated. Except for the Fe I 8688.626 lineA�
discussed above, Unso� ld values of were enhanced by a!6factor of 2.5. This is consistent with our analysis of the solar
spectrum, but again there is currently no empirical know-
ledge of whether this enhancement factor is appropriate for
M dwarfs. Further study of all of these parameters is
needed.

gives sets of stellar parameters derived for GlTable 4
725B, using the listed combinations of observational con-
straints. Note that the three Ti I lines are members of the
same multiplet and do not provide independent constraints.
The solution based on all available constraints (last row)
provides the best estimate of actual stellar parameters.
Error analysis based on the observed S/N yields formal
uncertainties of 1.2 K, 0.0063, 0.0043, and 0.015 km s~1 for

log g, [M/H], and respectively, but systematicTeff, vmac,errors are certainly much larger. To better characterize our
actual uncertainties, we use the standard deviation of
derived parameter values for cases with one constraint

TABLE 4

GLIESE 725B DERIVED PARAMETERS

CONSTRAINTSa
Teff vmac(K) log gb [M/H]c (km s~1) c1 c2 c3 c4

3462 . . . . . . 5.10 [0.71 0.0 X X
2971 . . . . . . 4.33 [0.89 2.0 X X
3063 . . . . . . 4.54 [0.99 2.2 X X
3067 . . . . . . 4.56 [0.93 2.0 X X X
3266 . . . . . . 5.78 [0.66 0.4 X
3229 . . . . . . 4.88 [0.84 0.5 X X X
3199 . . . . . . 4.84 [0.92 0.8 X X X
3182 . . . . . . 4.79 [1.00 0.9 X X X
3202 . . . . . . 4.82 [0.91 0.8 X X X X

a Possible Ðt constraints are as follows : TiO c-bands 7078È7103(c1) A� ;
Ti I 8675.37, 8682.98, 8692.33 Fe I 8688.63 Fe I 8674.75(c2) A� ; (c3) A� ; (c4) A� .

b Logarithm of the surface gravity in cm s~2.
c Logarithmic o†set in abundances relative to solar values for all ele-

ments other than hydrogen.

removed. For Gl 725B, we obtain K, logTeff \ 3202 ^ 71
g \ 4.82^ 0.14, [M/H]\ [0.91^ 0.07, and vmac \ 0.8
^ 0.7 km s~1. Reduced s2 for the Ðnal model is 20.8,
indicating that our data quality is much better than our
knowledge of the relevant molecular data. If we repeat
the entire analysis, but consider only atomic lines, we
obtain K, log g \ 4.56^ 0.40,Teff \ 3070 ^ 260
[M/H]\ [0.93^ 0.13, and km s~1. Wevmac \ 1.4 ^ 1.2
conclude that using molecular lines as model constraints
can signiÐcantly improve the precision of derived stellar
parameters.

Figures and show our Ðts to the observed spectrum.2 4
Although the strong molecular lines with corrected wave-
lengths (see are well Ðtted, it is clear from discrep-° 3.2)
ancies elsewhere in the spectrum that better wavelengths are
needed for all TiO lines. Also, our synthetic spectrum is too
deep in the cores of the atomic lines, but not in TiO features.

et al. predict this behavior for an LTEHauschildt (1997)
analysis such as the one we have used here. Note that one
can compensate for the line core discrepancy by increasing

but then the TiO lines will be poorly Ðtted (seevmac, Table
This again illustrates the value of including TiO as a Ðt4).

constraint.
cites stellar parameters for Gl 725B, eitherTable 5

directly from the literature or using general relations applic-
able to M dwarfs. Extensive table notes review the various
ways in which stellar parameters for M dwarfs have been
determined in the past. Note that the spectrum synthesis
technique employed here is the only technique with ade-
quate constraints to unambiguously determine log g,Teff,and [M/H], rather than assuming one or more of these
parameters.

Stellar structure codes yield both and gravity as aTefffunction of stellar mass, [M/H], and age. This deÐnes an
implicit relationship between and gravity for a givenTeff[M/H] and age. DÏAntona & Mazzitelli only(1985, 1994)

FIG. 4.ÈAtomic lines observed in echelle order 40 (dark histogram),
along with the best-Ðt synthetic spectrum (light curve). Except for possible
non-LTE e†ects in the cores of atomic lines, discrepancies are due to errors
in the tabulated wavelengths of weak TiO lines. Telluric lines are negligible
over most of the order. Only very limited wavelength intervals, where TiO
wavelength errors have minimal impact, were considered during the Ðtting
procedure.
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TABLE 5

COMPARISON OF GLIESE 725B PARAMETERS

Teffa log ga [M/H]a References Notes

3300 . . . . . . . . . . . . . . . . . . . N/A . . . 1 b
(3300) . . . . . . . . . . . . . . . . . . 5.00 (0) 2 c
(3202) . . . . . . . . . . . . . . . . . . 4.91 N/A 3 d
3206 . . . . . . . . . . . . . . . . . . . 4.89 (0) 4 e
3218 . . . . . . . . . . . . . . . . . . . N/A [1.0 5 f
(3100) . . . . . . . . . . . . . . . . . . (5) (0) 6 g
3400 . . . . . . . . . . . . . . . . . . . (5) (0) 7 h
3240 . . . . . . . . . . . . . . . . . . . 4.83 N/A 8 i
3620 . . . . . . . . . . . . . . . . . . . (5) (0) 9 j
3202 . . . . . . . . . . . . . . . . . . . 4.82 [0.91 10

a Parentheses indicate assumed rather than derived quantities. N/A
indicates that gravity or metallicity was not addressed.

is determined by visual Ðt of blackbody to observed broadbandb Teffcolors. Line blocking a†ects short wavelengths, but total Ñux under the
blackbody curve is forced to match the total stellar Ñux. Metallicity is not
speciÐed.

c Gravity prediction from stellar structure calculation, assuming solar
metallicity. and bolometric magnitude were taken fromTeff Veeder 1974.

d Fits mass and radius (hence gravity) as a function of for manyTeffeclipsing binaries. Data for later M dwarfs are from Metal-Popper 1980.
licity is an average over stars in the sample. Using our derived yieldsTeffthe gravity in the table.

determined as in Radius then follows from mea-e Teff Veeder 1974.
sured luminosities. Mass is determined using the mass-luminosity rela-
tion of from which gravity can be calculated.Neece 1984,

f Comprehensive IR photometry for 322 cool dwarfs. Establishes
color-temperature relations based on temperatures for 11 stars from

& Reid and IR photometry. When tabulated colors for GlBerriman 1987
725B are converted to using these relations, I[J gives K,Teff Teff \ 3218
while R[I gives K. Stellar population class is assigned fromTeff \ 3252
location in J[H vs. H[K diagram. (Kinematics are used to statistically
characterize regions of diagram occupied by each population class.) Gl
725B falls in the old disk/halo region of the color-color diagram, for
which Leggett adopts [M/H]D [1.0 from Latham, & LairdCarney,

(quote uncertainty of 0.5). For reference, & Reid1990 Berriman 1987
determine using blackbody curves Ðt to observed 2.2 km Ñuxes.Tefffor Gl 725B and EV Lac assumed to be equivalent because ofg Teffgood match in depth of observed TiO features. Temperature of EV Lac
(and hence Gl 725B) follows from spectral type of M4.5 Ve and spectral
typeÈtemperature relation in of et al. who used colorsTable 1 Ne† 1995,
from and the R[I vs. temperature relation ofGliese 1969 Bessel 1991.
Note that direct use of R[I\ 1.15 for Gl 725B and the(Gliese 1969)

color-temperature relation gives K.Bessel 1991 Teff \ 3205
h Low-resolution (RD 250), 1.0È2.4 km spectra of 13 M dwarfs are Ðt

with synthetic spectra based on & Hauschildt models,Allard 1995a
deriving an vs. temperature relation (see their Fig. 17).I

C
[KCIT[M/H]\0 curve best matches observations. Using this color-temperature

relation and colors from we get K for Gl 725B.Leggett 1992, Teff\3400
i Cubic relation between and V [K color is derived, using photo-Teffmetry and temperature determinations from & ReidBerriman 1987 ;

Mould, & Reid and et al. Com-Leggett 1992 ; Tinney, 1993 ; Jones 1996.
bining this relation with V [K from gives K. TheLeggett 1992 Teff \ 3240
relationship between and log g is derived, using the mass vs.Teff, MK

, M
Krelation of & McCarthy vs. relation of et al.Henry 1993, Mbol M

K
Tinney

and et al. and deÐnition of With this relation,1993 Jones 1994, Teff. Tefffrom above, and from & McCarthy infer log g \ 4.83.M
K

Henry 1993,
j Color-temperature relation from et al. is combined withLeggett 1996

R[I colors from Gliese 1969.
REFERENCES.È(1) (2) et al. (3)Veeder 1974 ; VandenBerg 1983 ;

(4) & Patterson (5) (6)Harmanec 1988 ; Caillault 1990 ; Leggett 1992 ;
& Valenti (7) et al. (8) et al.Johns-Krull 1996 ; Leggett 1996 ; Jones 1996 ;

(9) Byrne, & Rolleston (10) This paper.Zboril, 1997 ;

consider solar metallicity stars, so their results cannot be
applied to Gl 725B. For [M/H] of 0.0, [0.5, and [1.5,

et al. tabulate and mass. RadiusBara†e (1995) Mbol, Teff,can be computed from the Ðrst two quantities and then
combined with mass to give log g. Interpolating their results
to K and [M/H] \ [0.91 yields a mass of 0.12Teff \ 3202

and log g \ 5.23. This is marginally inconsistent withM
_

our measured log g \ 4.83^ 0.14, probably indicating a
shortcoming in at least one of the analyses. etVandenBerg
al. do not consider any low-metallicity cases with(1983)

K, but a plausible extrapolation also yields aTeff \ 3500
gravity signiÐcantly above our spectroscopic value. It seems
that stellar structure calculations systematically give higher
gravities and/or lower temperatures, relative to the spectro-
scopic determinations in Table 5.

4. CONCLUSIONS

Discussion of our results appears in preceding sections,
immediately following the analysis. Accordingly, we limit
our concluding remarks here to a summary of the main
points in the paper and a discussion of additional applica-
tions for high-resolution molecular spectroscopy.

We have used the best available equation of state, molec-
ular data, and model atmospheres to model the detailed
spectrum of an inactive M dwarf. In general, better wave-
lengths are needed in order to extract the stellar informa-
tion contained in high-resolution spectra. Some wavelength
corrections can be determined empirically (as in but° 3.2),
ultimately a new line list will be required, based on either
laboratory measurements or theoretical calculations. The
electronic oscillator strength for the c system yields good
agreement with observations, but the same is not true of the
v system. The problem with the v system has already been
noted in recent laboratory and theoretical work and will
likely be resolved in the near future.

Spectrum synthesis is a very e†ective tool for determining
stellar parameters from high-resolution spectra. Atomic and
molecular features provide complementary constraints that
together allow for a more accurate determination of stellar
parameters. The detailed analysis of high-resolution spectra
yields stellar properties that are roughly consistent with the
results of low-resolution spectral Ðts, photometric analyses,
stellar structure calculations, and the study of eclipsing
binaries. However, all of these procedures are sufficiently
complex that it is difficult to reliably compare results using
only published information. It would be extremely valuable
to analyze a single object in a self-consistent manner, using
as many di†erent techniques as possible.

Spectrum synthesis of molecular features is indeed a valu-
able tool for determining stellar parameters (as in but° 3.4),
some other potential applications should also be noted. TiO
bands in template stars have been used to estimate empiri-
cally the temperature and covering fraction of starspots in
RS CVn systems OÏNeal, & Saar Saar,(Ne†, 1995 ; OÏNeal,
& Ne† A complementary analysis using synthetic1996).
spectra will provide a framework in which systematic errors
can be assessed. Molecular features have exceptional tem-
perature sensitivity and in many RS CVn systems form only
in cool spots. Using molecular lines as an additional con-
straint on Doppler images should lead to more accurate
maps and hence greater understanding of magnetic activity.
Measured angular diameters of very cool giants and super-
giants depend on whether or not the interferometer
bandpass contains a strong molecular feature (Quirrenbach
et al. These measurements provide a spatial con-1993).
straint on the extent of the molecular line formation region,
and spectrum synthesis is the key to understanding these
data. Finally, molecular lines provide an exceptionally sen-
sitive probe of isotopic abundance ratios &(Lambert
Mallia by virtue of the large e†ect isotopic substitut-1972)
ion has on the molecular moment of inertia.



TABLE 6

INDIVIDUAL LINES AT STRONG BAND HEADSTiO

LINE STRENGTH (S)
jair p s NUMBER OF

(A� ) (cm~1) RANK TRANSITION ISOTOPE (eV) LINES 4000 K 3000 K 2000 K

4626.983 . . . . . . 21606.300 69 a R2(8) 4È1 48 0.193 11 2.90 2.82 2.66
4760.885 . . . . . . 20998.623 31 a R2(9) 2È0 48 0.069 12 3.22 3.19 3.14
4763.935 . . . . . . 20985.178 32 a R3(9) 2È0 48 0.081 12 3.18 3.15 3.08
4804.558 . . . . . . 20807.748 33 a R2(9) 3È1 48 0.194 12 3.21 3.13 2.96
4807.490 . . . . . . 20795.060 34 a R3(9) 3È1 48 0.207 13 3.17 3.08 2.91
4849.334 . . . . . . 20615.624 74 a R2(8) 4È2 48 0.317 12 2.91 2.77 2.51
4851.949 . . . . . . 20604.514 71 a R3(9) 4È2 48 0.331 12 2.92 2.78 2.50
4954.454 . . . . . . 20178.222 8 a R2(9) 1È0 48 0.069 13 3.56 3.53 3.47
4956.791 . . . . . . 20168.710 7 a R3(10) 1È0 48 0.083 13 3.56 3.53 3.46
4998.882 . . . . . . 19998.890 36 a R2(9) 2È1 48 0.194 13 3.15 3.07 2.91
5002.232 . . . . . . 19985.496 35 a R3(10) 2È1 48 0.208 13 3.16 3.07 2.90
5166.664 . . . . . . 19349.456 6 a R2(10) 0È0 48 0.070 13 3.66 3.63 3.58
5169.066 . . . . . . 19340.463 5 a R3(11) 0È0 48 0.084 13 3.67 3.64 3.56
5328.310 . . . . . . 18762.454 108 b R1(29) 1È0 48 0.554 21 2.85 2.62 2.16
5359.408 . . . . . . 18653.584 92 b R1(28) 2È1 48 0.677 22 2.97 2.68 2.11
5391.153 . . . . . . 18543.747 107 b R1(28) 3È2 48 0.802 21 2.96 2.62 1.95
5423.564 . . . . . . 18432.930 135 b R1(28) 4È3 48 0.926 21 2.90 2.51 1.73
5448.132 . . . . . . 18349.810 15 a R2(11) 0È1 48 0.197 14 3.51 3.42 3.26
5450.789 . . . . . . 18340.867 19 a R3(11) 0È1 48 0.210 14 3.47 3.39 3.21
5496.605 . . . . . . 18187.989 43 a R2(11) 1È2 48 0.321 14 3.16 3.02 2.75
5499.455 . . . . . . 18178.566 47 a R3(11) 1È2 48 0.334 14 3.12 2.98 2.70
5598.390 . . . . . . 17857.315 127 b R1(36) 0È0 50 0.585 24 2.78 2.53 2.04
5598.400 . . . . . . 17857.283 125 b R1(36) 0È0 49 0.585 24 2.78 2.54 2.05
5598.410 . . . . . . 17857.250 4 b R1(36) 0È0 48 0.585 24 3.91 3.66 3.17
5598.421 . . . . . . 17857.216 98 b R1(36) 0È0 47 0.585 24 2.91 2.66 2.17
5598.432 . . . . . . 17857.181 86 b R1(36) 0È0 46 0.585 24 2.95 2.70 2.21
5629.981 . . . . . . 17757.116 20 b R1(35) 1È1 48 0.706 24 3.66 3.37 2.77
5662.221 . . . . . . 17656.008 38 b R1(34) 2È2 48 0.827 24 3.41 3.06 2.37
5695.146 . . . . . . 17553.937 77 b R1(34) 3È3 48 0.951 23 3.15 2.75 1.95
5758.992 . . . . . . 17359.330 52 a R2(12) 0È2 48 0.323 14 3.02 2.88 2.61
5761.939 . . . . . . 17350.451 64 a R3(12) 0È2 48 0.335 14 2.99 2.85 2.57
5810.096 . . . . . . 17206.644 53 a R2(12) 1È3 48 0.446 14 3.06 2.87 2.50
5813.257 . . . . . . 17197.286 66 a R3(12) 1È3 48 0.458 14 3.03 2.84 2.45
5847.666 . . . . . . 17096.094 85 c@ R1(9) 1È0 48 0.057 13 2.72 2.70 2.65
5873.424 . . . . . . 17021.121 83 c@ R2(16) 1È0 48 0.081 29 2.77 2.73 2.66
5899.678 . . . . . . 16945.375 51 c@ R3(24) 1È0 48 0.116 32 2.93 2.88 2.78
5950.565 . . . . . . 16800.467 68 c@ R3(24) 2È1 48 0.241 32 2.92 2.82 2.62
6149.359 . . . . . . 16257.353 59 c@SR21(22) 0È0 48 0.084 32 2.90 2.86 2.79
6158.676 . . . . . . 16232.759 28 c@ R1(10) 0È0 48 0.058 14 3.25 3.23 3.18
6186.998 . . . . . . 16158.450 27 c@ R2(17) 0È0 48 0.083 29 3.28 3.24 3.17
6215.558 . . . . . . 16084.204 17 c@ R3(27) 0È0 48 0.127 33 3.46 3.41 3.31
6239.693 . . . . . . 16021.992 88 c@ R2(17) 1È1 48 0.209 30 2.78 2.69 2.51
6268.860 . . . . . . 15947.446 58 c@ R3(27) 1È1 48 0.252 32 2.96 2.86 2.65
6357.332 . . . . . . 15725.514 57 c R3(13) 3È1 48 0.213 15 2.95 2.86 2.68
6384.175 . . . . . . 15659.396 63 c R2(14) 3È1 48 0.202 15 2.94 2.85 2.68
6420.615 . . . . . . 15570.521 56 c R3(13) 4È2 48 0.337 15 3.00 2.86 2.57
6447.901 . . . . . . 15504.631 67 c R2(13) 4È2 48 0.324 16 2.96 2.83 2.56
6626.460 . . . . . . 15086.842 78 c@ R3(30) 0È1 48 0.263 34 2.85 2.74 2.51
6651.178 . . . . . . 15030.773 10 c R3(14) 1È0 48 0.089 16 3.51 3.47 3.40
6680.783 . . . . . . 14964.168 11 c R2(15) 1È0 48 0.079 16 3.50 3.46 3.40
6683.027 . . . . . . 14959.142 90 c@ R3(30) 1È2 48 0.387 33 2.84 2.68 2.36
6714.474 . . . . . . 14889.082 9 c R1(17) 1È0 48 0.071 18 3.50 3.47 3.41
6717.532 . . . . . . 14882.305 16 c R3(14) 2È1 48 0.215 15 3.50 3.41 3.23
6747.568 . . . . . . 14816.057 18 c R2(15) 2È1 48 0.204 16 3.48 3.40 3.23
6784.583 . . . . . . 14735.226 29 c R3(14) 3È2 48 0.339 15 3.34 3.20 2.91
6815.132 . . . . . . 14669.175 30 c R2(15) 3È2 48 0.328 15 3.33 3.19 2.91
6852.413 . . . . . . 14589.367 49 c R3(14) 4È3 48 0.462 15 3.11 2.92 2.53
6883.469 . . . . . . 14523.544 50 c R2(15) 4È3 48 0.451 16 3.10 2.91 2.53
7054.061 . . . . . . 14172.316 62 c R3(16) 0È0 50 0.094 17 2.89 2.85 2.77
7054.124 . . . . . . 14172.190 55 c R3(16) 0È0 49 0.094 17 2.90 2.86 2.78
7054.189 . . . . . . 14172.059 2 c R3(16) 0È0 48 0.094 17 4.02 3.99 3.91
7054.257 . . . . . . 14171.923 46 c R3(16) 0È0 47 0.094 17 3.02 2.98 2.90
7054.327 . . . . . . 14171.782 42 c R3(16) 0È0 46 0.094 17 3.06 3.02 2.94
7087.470 . . . . . . 14105.512 65 c R2(17) 0È0 50 0.083 17 2.88 2.84 2.77
7087.532 . . . . . . 14105.387 61 c R2(17) 0È0 49 0.083 17 2.88 2.85 2.78
7087.598 . . . . . . 14105.256 3 c R2(17) 0È0 48 0.083 17 4.01 3.98 3.91
7087.667 . . . . . . 14105.120 48 c R2(17) 0È0 47 0.083 17 3.01 2.97 2.90
7087.738 . . . . . . 14104.979 44 c R2(17) 0È0 46 0.083 17 3.05 3.01 2.94
7124.861 . . . . . . 14031.486 14 c R3(16) 1È1 48 0.219 16 3.52 3.42 3.24
7125.454 . . . . . . 14030.318 60 c R1(19) 0È0 50 0.076 19 2.88 2.85 2.79
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TABLE 6ÈContinued

LINE STRENGTH (S)
jair p s NUMBER OF

(A� ) (cm~1) RANK TRANSITION ISOTOPE (eV) LINES 4000 K 3000 K 2000 K

7125.518 . . . . . . . 14030.192 54 c R1(19) 0È0 49 0.076 19 2.89 2.86 2.80
7125.585 . . . . . . . 14030.061 1 c R1(19) 0È0 48 0.076 19 4.02 3.99 3.92
7125.654 . . . . . . . 14029.925 45 c R1(19) 0È0 47 0.076 19 3.01 2.98 2.92
7125.726 . . . . . . . 14029.784 41 c R1(19) 0È0 46 0.076 19 3.05 3.02 2.96
7158.778 . . . . . . . 13965.009 13 c R2(17) 1È1 48 0.208 17 3.50 3.42 3.24
7197.374 . . . . . . . 13890.121 12 c R1(19) 1È1 48 0.201 18 3.51 3.43 3.26
7589.219 . . . . . . . 13172.953 22 c R3(18) 0È1 48 0.224 17 3.41 3.32 3.13
7627.806 . . . . . . . 13106.314 23 c R2(19) 0È1 48 0.213 18 3.40 3.31 3.13
7665.705 . . . . . . . 13041.518 26 c R3(18) 1È2 48 0.348 17 3.40 3.25 2.96
7671.657 . . . . . . . 13031.400 21 c R1(22) 0È1 48 0.209 19 3.42 3.33 3.16
7704.908 . . . . . . . 12975.163 25 c R2(19) 1È2 48 0.337 17 3.39 3.25 2.96
7743.011 . . . . . . . 12911.312 40 c R3(18) 2È3 48 0.471 17 3.25 3.05 2.66
7749.499 . . . . . . . 12900.503 24 c R1(22) 1È2 48 0.333 18 3.41 3.27 2.99
7782.820 . . . . . . . 12845.272 39 c R2(19) 2È3 48 0.460 17 3.24 3.05 2.66
7821.000 . . . . . . . 12782.564 73 c R3(17) 3È4 48 0.590 17 3.02 2.77 2.27
7828.142 . . . . . . . 12770.903 37 c R1(21) 2È3 48 0.453 18 3.25 3.06 2.68
7839.219 . . . . . . . 12752.857 320 e R3(35) 1È0 48 0.161 38 2.18 2.11 1.98
7861.489 . . . . . . . 12716.731 72 c R2(19) 3È4 48 0.582 18 3.02 2.77 2.28
7899.123 . . . . . . . 12656.144 359 e R3(35) 2È1 48 0.285 36 2.17 2.05 1.81
7907.611 . . . . . . . 12642.559 70 c R1(21) 3È4 48 0.575 19 3.03 2.78 2.30
8198.659 . . . . . . . 12193.758 481 d R1(18) 1È0 48 0.519 34 2.03 1.82 1.38
8269.758 . . . . . . . 12088.923 488 d R1(18) 2È1 48 0.645 34 2.09 1.81 1.27
8321.874 . . . . . . . 12013.216 273 eSR21(38) 0È0 48 0.149 47 2.26 2.20 2.07
8341.851 . . . . . . . 11984.447 665 d R1(18) 3È2 48 0.771 34 1.97 1.64 0.99
8344.320 . . . . . . . 11980.900 138 e R1(15) 0È0 48 0.067 26 2.52 2.50 2.44
8361.832 . . . . . . . 11955.809 307 eSR32(52) 0È0 48 0.247 40 2.24 2.14 1.93
8389.844 . . . . . . . 11915.891 266 eRQ32(20) 0È0 48 0.091 58 2.25 2.21 2.14
8393.678 . . . . . . . 11910.449 147 e R2(27) 0È0 48 0.113 42 2.52 2.47 2.38
8414.957 . . . . . . . 11880.331 1018 d R1(18) 4È3 48 0.895 34 1.73 1.35 0.60
8440.825 . . . . . . . 11843.922 101 e R3(41) 0È0 48 0.192 38 2.71 2.63 2.47
8462.528 . . . . . . . 11813.547 104 e Q3(10) 0È0 48 0.083 36 2.65 2.62 2.55
8503.001 . . . . . . . 11757.317 344 e R3(40) 1È1 48 0.311 38 2.21 2.07 1.81
8524.524 . . . . . . . 11727.631 370 e Q3(9) 1È1 48 0.207 35 2.11 2.02 1.85
8859.750 . . . . . . . 11283.895 1007 d R1(21) 0È0 49 0.527 36 1.58 1.36 0.91
8859.802 . . . . . . . 11283.829 143 d R1(21) 0È0 48 0.527 36 2.70 2.48 2.04
8859.856 . . . . . . . 11283.760 850 d R1(21) 0È0 47 0.527 36 1.70 1.48 1.04
8859.912 . . . . . . . 11283.689 812 d R1(21) 0È0 46 0.527 36 1.74 1.52 1.08
8936.900 . . . . . . . 11186.484 382 d R1(21) 1È1 48 0.653 36 2.26 1.99 1.44
9200.446 . . . . . . . 10866.050 619 / R1(12) 2È0 48 0.426 14 1.86 1.68 1.32
9244.658 . . . . . . . 10814.084 343 e Q3(16) 0È1 48 0.219 48 2.17 2.07 1.89
9301.725 . . . . . . . 10747.738 529 / R1(12) 3È1 48 0.554 14 1.98 1.75 1.28
9403.685 . . . . . . . 10631.206 663 / R1(12) 4È2 48 0.680 14 1.92 1.64 1.07
9727.892 . . . . . . . 10276.894 585 d R1(24) 0È1 48 0.662 39 1.98 1.71 1.15
9813.348 . . . . . . . 10187.402 600 d R1(24) 1È2 48 0.788 39 2.03 1.70 1.04
9899.965 . . . . . . . 10098.270 810 d R1(23) 2È3 48 0.909 39 1.90 1.52 0.75
10034.500 . . . . . . 9962.881 248 / R1(13) 1È0 48 0.428 14 2.43 2.25 1.89
10147.357 . . . . . . 9852.076 350 / R1(13) 2È1 48 0.555 15 2.29 2.06 1.59
10260.905 . . . . . . 9743.052 599 / R1(13) 3È2 48 0.681 15 1.99 1.70 1.13
11043.884 . . . . . . 9052.300 111 / R1(14) 0È0 48 0.430 15 2.77 2.59 2.22
11044.123 . . . . . . 9052.104 684 / R1(14) 0È0 46 0.430 15 1.80 1.62 1.26
11171.361 . . . . . . 8949.004 522 / R1(14) 1È1 48 0.557 15 1.99 1.76 1.29
12436.660 . . . . . . 8038.539 315 / R1(15) 0È1 48 0.559 16 2.36 2.12 1.65
12583.820 . . . . . . 7944.533 389 / R1(15) 1È2 48 0.685 16 2.26 1.98 1.40
12731.609 . . . . . . 7852.313 584 / R1(16) 2È3 48 0.812 16 2.05 1.71 1.03
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unpublished data that allowed us to validate our opacity
and equation of state routines. We also thank U. G.

for providing the community with TiO line dataJÔrgensen

in machine readable form. We thank Werner Weiss and his
VALD team at the Vienna Astronomical Observatory for
providing atomic data and access to computer resources.

APPENDIX A

TiO BAND HEADS

For reference, we tabulate information about TiO lines at selected strong band heads. We identiÐed all band heads in
line data by searching for inÑection points in wavenumber (p) as a function of lower rotational quantumJÔrgensenÏs (1994)
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number (JA). For each band head, we calculated a logarithmic ““ line strength ÏÏ for the bluest line in the band. Line strengths (S)
were computed using

S \ log10 (agfj) [ hs , (A1)

where the quantities in this formula are isotopic abundance fraction (a), statistical weight (g), oscillator strength ( f ), wave-
length (j), excitation in eV of the lower level (s), and h \ 5040/T . We considered temperatures (T ) of 4000, 3000, and 2000 K.
We assumed isotopic abundance fractions of 0.080, 0.073, 0.738, 0.055, and 0.054 for 46Ti16O, 47Ti16O, 48Ti16O, 49Ti16O, and
50Ti16O, respectively & Grevesse Values of log gf were calculated using the electronic oscillator strengths,(Anders 1989).

given by namely, 0.17, 0.28, 0.14, 0.15, 0.014, 0.048, and 0.052 for the a, b, c@, c, v, d, and / systems,fel(l00), JÔrgensen (1994),
respectively. In we showed that the v bands are weaker than what is predicted here.° 3.3

contains data for 124 TiO band heads, ordered by wavelength. The fourth column gives the band identiÐcation,Table 6
along with JA for the bluest line in the band (located at the band head). The Ðfth column indicates the relevant isotope of
titanium. The Ðrst, second, and sixth columns give the air wavelength, vacuum wavenumber, and lower excitation potential of
the line at the band head. In we found small wavelength errors in the lists ; the wavelengths in° 3.2 JÔrgensen (1994) Table 6
presumably have comparable errors. The seventh column gives the total number of lines in a window extending 2 cm~1
redward of the band head. All other things being equal, a higher concentration of lines will yield a deeper band head.

The last three columns of give the strength of the bluest line in the band, as described above. It is important to noteTable 6
that these line strengths do not include any information about what fraction of the Ti will be in TiO at a given temperature.
This information depends on pressure and should be computed separately. The line strengths also do not take into consider-
ation the wavelength dependence of the continuous opacity, which will have a small e†ect on band depth. Nonetheless, the
table can be used to compare relative line opacities at the tabulated temperatures. Line strengths in the table will not
correspond to band depths because radiative transfer e†ects will cause the depth of strong bands to ““ saturate.ÏÏ However, two
bands with similar line strengths and line densities should have similar depths.

Finally, the third column of gives a strength rank for each band, based on the line strength at 3000 K given in theTable 6
ninth column. For this table, we retained the 12 strongest lines in each electronic system (a, b, etc.) and then the 40 strongest
lines not yet included the table. Bands in weak systems have large rank because there are many intervening bands from
stronger systems that are not in the table.
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