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ABSTRACT
An optically thin synchrotron emission model based on evolutionary relativistic electron spectra is

developed to explain radio Ñat spectra of blazars. The basic physical processes of relativistic electron
spectrum evolution for synchrotron emission are second-order Fermi acceleration of turbulent plasma
waves, Fermi acceleration of shock waves, radiation loss, particle escape, and adiabatic deceleration in a
Ñow of synchrotron plasma. When the timescale of turbulence acceleration is larger than the Alfve� n
timescale, the evolutionary spectra of relativistic electrons are Ñattened in low energy and steepen rapidly
in high energy. The shape of relativistic electron spectra depends on the level of plasma turbulence and
shock wave acceleration. In the case of strong plasma turbulence, the resulting synchrotron emission has
a Ñatter spectrum below a special frequency which is inversely proportional to magnetic Ðeld, plasmal

c
,

density, and the square of emission region size. In the case of weak plasma turbulence, the Ñat spectrum
is not formed by the physical processes in the plasma. Based on this model, the radio Ñat-spectrum
sources are easily formed in compact active galactic nuclei. The Ñat radio sources with higher frequency
extension appear in compact, active nuclei with lower plasma density and magnetic Ðeld.
Subject headings : galaxies : active È galaxies : nuclei È MHD È radiation mechanisms : nonthermal È

turbulence

1. INTRODUCTION

The Ñat radio spectra in some classes of active galactic
nuclei (AGNs), such as blazars, have been attributed to self-
absorption & Pauliny-Toth The speciÐc(Kellermann 1969).
geometric properties of the source constrain the Ñat spectra
to extend over a larger range in radio frequency (Marscher

This model is not consistent with interferometric1977).
data, in which the linear size of the source is inversely pro-
portional to frequency et al. The evidence for(Cotton 1980).
Ñat, optically thin spectra in some AGNs has been present-
ed by et al. and Hughes, Aller, & AllerOÏDell (1988) (1989b ;

et al. Radio Ñat-spectrum sources are alsoHughes 1991).
observed in the Galactic center (GC) region that are not
self-absorbed It is suggested here that(Yusef-Zadeh 1989).
optically thin synchrotron emission due to a hard electron
spectrum produced through the acceleration processes in
turbulent plasma can explain the nature of Ñat-spectrum
sources.

Shock wave and Fermi acceleration in turbulent plasma
to produce special spectra of relativistic electrons have been
presented by many authorsÈfor example, a synchrotron
pileup model of infrared/optical emission by Schlickeiser

and a model of the Ñat-spectrum sources in the(1984)
Galactic center region by et al.Anantharamaiah (1991).
Hard electron spectra from acceleration alone have been
discussed by many authors & Drury(Heavens 1989 ;

& PopeAchterberg 1990 ; Schneider 1993 ; Melrose 1993).
has emphasized that it is plausible for Ñat orMelrose (1996)

weakly inverted synchrotron spectra in the GC region and
in AGNs to form hard electron spectra due to Fermi accel-
eration or multiple di†usive shock acceleration coupled
with synchrotron losses. The current view of Ñat-spectrum
radio sources is of a slightly diverging Ñow of synchrotron
plasma, within which a Ñaring of the Ñow, a recollimation
shock, or the optically thick surface deÐne a ““ base ÏÏ

& Gear Hughes, Aller, & Aller(Marscher 1985 ; 1989a,
Based on this physical scenario, we study the emis-1989b).

sive mechanism in detail. The basic physical processes of

relativistic electron spectrum evolution for synchrotron
emission are second-order Fermi acceleration of turbulent
plasma waves, Fermi acceleration of shock waves, radiation
loss, particle escape, and adiabatic deceleration in a Ñow of
synchrotron plasma.

2. THE EVOLUTION OF RELATIVISTIC ELECTRON SPECTRA

2.1. Basic Equation
We consider the behavior of relativistic electrons in a

Ñow of turbulent plasma carrying a magnetic Ðeld and di†u-
sive shock waves. For all interactions the momentum gain
or loss for single electrons can be calculated for given astro-
physical parameters (thermal gas density shock waven

e
,

velocity magnetic Ðeld B, etc. ; anV
s
, Schlickeiser 1984) ;

evolutionary equation in momentum space for the electron
is (Schlickeiser 1984)
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where N(p, t) \ 4np2f (p, t) is the number of particles per
unit momentum and unit volume, Q(p, t) represents rela-
tivistic electronÈinjected sources, and T is escape time from
the plasma.
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where is the spatial di†usion coefficient ; k is the ÐllingK
Afactor of di†usive shock waves ; and are the energyW

H
Wphdensities of magnetic Ðelds and of ambient photon Ðelds ; VAand are the Alfve� n velocity and the speed of the shockV

s
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wave ; (\div gives the energy loss ratios ofa3 V /3 ] dn
i
)

adiabatic expansion with velocity V and nonthermal
bremsstrahlung of the plasma is plasma density, and d is(n

ithe rate of nonthermal bremsstrahlung losses, which is a
constant).

2.2. Basic Assumption
Throughout this work we assume that is momentumK

Aindependent and is deÐned as

K
A

\ 19gVA L , (5)

where g is a dimensionless parameter that determines the
order amount of the spatial di†usion coefficient and LK

A
,

is the size of the plasma. The timescale of turbulent acceler-
ation isT

a

T
a
\ 1

a2
\ g
A L
VA

B
, (6)

which is proportional to g. The parameter g is important ; it
shows the ratio of the timescale of turbulence acceleration
to the Alfve� n timescale. In this work we Ðrst examine the
case of g [ 1 in detail ; that is, the timescale of turbulence
acceleration is larger than the Alfve� n timescale, the
maximum power input into relativistic electrons will
involve an initial Ñux of Alfve� n waves due to plasma insta-
bility driven by activities of center nuclei. The power input
in turbulence is

W0 turb\
AWturb

W
B

BAVA
L
B
W

B
. (7)

We also assume equipartition of energy between relativistic
electrons and magnetic Ðeld the power acceler-(W

e
\W

B
) ;

ating relativistic electrons is
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If two powers balance each other, that is,
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then will be a measure of the level of the tur-g ^ W
B
/Wturbbulence in the plasma. The parameters are constantsa1, a2with respect to momentum. The escape time T , which com-

bines the e†ects of spatial di†usion, is given by &(Lesch
Schlickeiser 1985)

T \ 2K
A

c2a , (10)

where a \ (n2/3), and
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where c is the speed of light. T is given by

T \ 27
2n2g
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where is the Alfve� n velocity in units of the speedV1A \VA/c
of light and should be less than unity. It shows that the
escape time is dependent on g, and L . The evolution ofVA,
the electron spectrum is determined by assuming a certain
background distribution of magnetic Ðeld, radiation, and
matter, and b are functions of time, but it is not cleara1, a2

how they evolve, so we assume they evolve only slowly
compared to the time for the electron distribution to evolve,
and treat them as constants while solving for N(p, t).

2.3. Basic Solution
We are interested in the steady state solution of equation

(1). Using a set of parameters

X \ p/p
c
, X0\ p0/pc

(13)

and

a \ a1
a2

, e \ 1
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Aa ] 3
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with a steady state solution given byp
c
\ a2/b, Schlickeiser

is(1984)

N(X) P
P
0

=
dX0Q(X0)G(X, X0) , (15)

where the GreenÏs function of equation (1) is

G(X, X0) D X0b`2Xc~b`4e~X

]
GU(b, c, X0)M(b, c, X)
M(b, c, X0)U(b, c, X)

for X ¹ X0 ,
for X [ X0 ,

(16)

and b \ k [ (a ] 3)/2, c\ 1 ] 2k, where U and M are con-
Ñuent hypergeometric functions & Stegun(Abramowitz

, and Q(X) is the initial electron distribution.1970)

2.4. Resulting Electron Spectra
We Ðrst consider the selection of the parameters e,p

c
, n

e
,

B, etc. For a synchrotron source, the radio wave cannot be
absorbed by inverse bremsstrahlung. A constraint on
thermal electron density and temperature of the plasma is
presented :

n
e
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BA l
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where L is the size of compact radio sources. The estimated
magnetic Ðeld in compact radio sources is in the range 10~3
G \ B\ 102 G & Pauliny-Toth In(Kellermann 1969).
general the synchrotron radiation is the main loss process of
relativistic electrons in the radio region ; we ignore the
Compton emissive loss. Then
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e is the ratio of the second-order Fermi acceleration time-
scale to the electron escape timescale with

e \ 1
a2 T

\ 0.73g2
A
1 ] 4

27
gV1A
B~2

, (19)

which is dependent on the characteristic parameter g and
the Alfve� n velocity a is a special parameter describingVA ;
the shock wave acceleration e†ect. For the acceleration
phase by shock waves we expect a [ 0. For the equilibrium
phase of shock wave acceleration balancing bremsstrahlung
and adiabatic deceleration losses, we expect a \ 0. For the
deceleration by bremsstrahlung and heavy adiabatic expan-
sion of the plasma, a \ 0 is expected. In what follows we
calculate the evolution of relativistic electron spectra.
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Assuming the initially momentum steady state source dis-
tribution a is the spec-Q(p) \Q0 p~a~2 (p1¹ p ¹ p2),where
tral index of relativistic electrons, we calculate the steady
state electron density from equations (13) and (14) in the
numerical methods (see Depending on the valueAppendix).
of a and e, the steady state spectrum is shown in Figure 1.
The steady state spectrum has several features : (1) In the
case of strong turbulence or g D 1, it has a Ñat shape below

and appears as a weak pileup in the high-energy partp
cwhen the shock wave acceleration occurs ; then it steepens

rapidly in the high-energy end. The Ñat spectrum is weakly
dependent on the initial spectral index. (2) In the case of
weak turbulence or g ? 1, the initial spectrum is weakly

a†ected by the physical processes in the plasma. The Ñat
spectrum is not easily formed. (3) The energy range of the
Ñat spectrum moves to high energy with increasing shock
wave acceleration a. (4) The resulting spectral shape is
weakly dependent on the cuto† energies of the initial spec-
trum.

In the case g \ 1, that is, the timescale of turbulence
acceleration is shorter than the Alfve� n timescale, or the elec-
tron escape timescale is larger than the turbulence time-
scale, radiation losses combined with acceleration can lead
the relativistic electron spectrum to form a pileup at the
critical momentum in which the average energy gain duep

c
,

to acceleration balances the radiation loss. This pileup

FIG. 1a FIG. 1b

FIG. 1c

FIG. 1.ÈEvolutionary spectra of relativistic electrons. (a) Spectra for various values of e. (b) Spectra for various values of a. (c) Spectra for various values of
the index a. It is assumed that the energy cuto†s of the initial spectrum are andX1\ 10~2 X2\ 102.
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model was applied to explain abrupt cuto†s of optical-
infrared spectra in AGNs The spectra of(Schlickeiser 1984).
relativistic electrons for various values of a and e are shown
in Figure 2. It is shown that the momentum at which elec-
tron spectrum pileups occur increases with shock wave
acceleration a. The peak value increases with e. It is noticed
that the results for the escape time T and the parameter g in
° 2.2 are not suitable in case of g \ 1. The basic parameter is
e, which represents the ratio of the acceleration timescale to
the electron escape timescale.

3. THE RESULTING SYNCHROTRON SPECTRUM

For a steady state electron density N(X), the synchrotron
spectrum is

j(Y ) P
P
X1

X2
N(X)F

A Y
X2
B
dX , (20)

where F(X) is the synchrotron radiation spectrum of the
single electron with

F(X) \ X
P
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=
K5@3(t)dt , (21)

and Y is the dimensionless frequency deÐned by Y \ l/l
c
.
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where h is the direction angle of the emission. After the
numerical integration for j(Y ), we obtain the synchrotron
spectra for various values of a and e that are shown in
Figure 3. The spectra have several features : (1) The shape of

spectra strongly depends on e. In the case of short escape
lifetimes (e ? 1) or weak turbulence, the resulting synchro-
tron spectrum is weakly a†ected by the physical processes
of the plasma. In the case of long escape lifetimes, which is
comparable to the timescale of Fermi acceleration of turbu-
lent plasma (e D 1) or strong turbulence, a Ñat or weakly
inverted spectrum occurs in low frequency ranges deter-
mined by a and The emissive spectrum in high fre-l

c
.

quencies is rapidly steepened by the high-energy cuto† of
the electron energy spectrum. (2) The range of Ñat spectrum
extends to high frequencies with increasing shock wave
acceleration. (3) The spectral shape is weakly dependent on
the initial spectral index and energy cuto†s of the relativistic
electron distribution.

In terms of our model, the Ñat-spectrum radio sources
have strong plasma turbulence or g D 1. The sources with
strong activity and high compactness which may derive
strong plasma turbulence tend to be the Ñat-spectrum radio
emission sources. For example, Seyfert galaxies have
weaker activity and lower compactness than blazar objects ;
the Ñat-spectrum radio sources rarely appear in Seyfert gal-
axies. But Ñat-spectrum radio emission is characteristic of
blazars.

Extragalactic radio sources are known to vary, at radio
wavelength, on timescales ranging from a few days to many
years. In general, source variability is associated with size ;
that is, small sources vary, large sources do not. This has
been established by direct VLBI measurements and by well-
established relationships between source radio spectrum,
size, and variability. Sources with Ñat or complex radio
spectra are small, or have small components, and are vari-
able, while sources with steep spectra are large and less
variable et al. This is consistent with the(Heeschen 1987).
results of our model : The radio sources with smaller emis-
sive size and magnetic Ðeld and lower plasma density tend
to produce Ñat spectra with higher special frequency l

c
.

In blazars, BL Lac objects tend to have a higher percent-
age of their polarized Ñux unresolved by VLBI when com-

FIG. 2a FIG. 2b

FIG. 2.ÈEvolutionary spectra of relativistic electrons in the case g \ 1 ; it is assumed that the energy cuto†s of the initial spectrum are andX1\ 10~2
(a) Spectra for various values of e. (b) Spectra for various values of a.X2\ 102.
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FIG. 3a FIG. 3b

FIG. 3.ÈSynchrotron spectra for various values of e and a. It is assumed that the energy cuto†s of the initial electron spectrum are andX1\ 10~2
(a) Spectra for various values of e. (b) Spectra for various values of a.X2\ 102.

pared to QSOs et al. If(Bjo� rnsson 1993 ; Cawthorne 1993).
their radio emission is related to optically thin synchrotron
radiation, radio cores of BL Lac objects should be smaller
and have lower plasma density than QSOs; their peak fre-
quency in Ñat spectra should be higher than those ofl

cQSOs statistically. This fact is consistent with the following
results : BL Lac objects have Ñatter spectra between 150 and
375 GHz et al. and they are associated with(Gear 1994),
prominent millimeter peaked sources, while QSOs are
related to centimeter peak sources 1996). give(Punsley We

FIG. 4.ÈSynchrotron spectra for various values of a in the case g \ 1.
The assumed parameters are a \ 3.0, andX1\ 102[ 2, X2\ 102,
e \ 0.1.

their typical parameter values to show the observed di†er-
ence. Ambient gas in QSOs is the coexistence of dense cool
gas cm~3) and hot dilute gas cm~3 ;(n

e
^ 108 (n

e
^ 104

et al. while ambient gas in BL Lac objects isUlrich 1981),
cool, di†use, and highly ionized cm~3 ;(n

e
^ 104 Guilbert,

Fabian, & McCray we take cm~3 as typical1983) ; n
e
\ 105

for QSOs, and cm~3 as typical for BL Lac objects.n
e
\ 104

The large amplitude variability of blazars, at radio wave
bands, occurs on timescales ranging from a few days to
many years. If this variation is intrinsic to the source, the
source size will be small (L ^ 10~2 pcD 1 pc) even if the
source moves with relativistic speeds ; we take L \ 0.1 pc as
typical for them. The estimated magnetic Ðeld strength in
AGNs is B^ 10~3D 102 G, we take B\ 10~3 G for radio
sources of blazars. Therefore we obtain the special fre-
quency GHz for BL Lac objects and GHzl

c
^ 100 l

c
^ 10

for QSOs ; the di†erence in the range of Ñat spectra is
obvious between QSOs and BL Lac objects. Furthermore,
it was noted by that sources with relativelyPunsley (1996)
strong millimeter peaks are tightly correlated with small
accretion rates, low nuclear gas densities, high optical
polarization, low-luminosity extended radio emission, and a
linear polarization along the VLBI jet direction. Because
the extended radio sources have lower peak frequency l

cwhich is beyond wave bands due to their large emissive size,
they have steeper radio spectra compared to compact radio
sources.

In the Galactic center region, strong plasma turbulence
may occur due to the strong activity of nuclei ; the radio Ñat
spectrum should be easily formed. In the case g \ 1, the
pileup electron spectra produce the inverted synchrotron
spectra shown in Figure 4, and its peak frequency is at l

c
.

4. CONCLUSION

In this work the mechanisms of radio Ñat-spectrum
sources are examined for the evolution of relativistic elec-
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tron spectra in the interplay of second-order Fermi acceler-
ation of turbulent plasma waves, Fermi acceleration of
shock waves, radiation losses, particle escape, and adiabatic
deceleration in the plasma. We demonstrated that both in
blazars and in the Galactic center region, the radio Ñat
spectra are easily formed under the inÑuence of Fermi accel-
eration of plasma turbulence and shock waves ; the time-
scale of turbulence acceleration is larger than the Alfve� n
timescale, and the Ñux of Alfve� n waves transfers the
maximum power of turbulence into relativistic electrons.
The parameter g that shows the level of turbulence deter-
mines the spectrum shape of relativistic electron distribu-
tion and synchrotron emission.

1. In the case of strong turbulence (g D 1) the Ñat or
weakly inverted spectra are formed in low frequency ranges
determined by the typical frequency and the shock wavel

cacceleration parameter a.
2. In the case of weak turbulence (g ? 1) the initial

spectra are weakly a†ected by plasma processes. The Ñat
spectra are not formed.

3. The typical frequency for the extension of Ñatl
cspectra is inversely proportional to plasma density, mag-

netic Ðeld, the square of emissive size, and g in the plasma. It

determines the di†erence in radio Ñat spectral extension
between BL Lac objects and high-polarization quasars. The
Ñat spectral extension at millimeter wave bands for BL Lac
objects and at centimeter wave bands for high-polarization
quasars shows that BL Lac objects have smaller size and
lower magnetic Ðeld and plasma density.

4. The extended radio sources are necessary to produce
steep spectra due to weak turbulence or low typical fre-
quency that is below self-absorbed frequency or observedl

cfrequency.
5. In the case g \ 1, in which the timescale of turbulence

acceleration is shorter than the Alfve� n timescale, the rela-
tivistic electron spectra, as proposed by Schlickeiser (1984),
pile up at a momentum at which the timescale for Fermi
acceleration and radiation are equal. The inverted spectra
of synchrotron emission appear, and its peak frequency is at
l
c
.

We wish to thank an anonymous referee for a careful
reading of the original manuscript and useful suggestions
that enabled us to improve the presentation of this work.
The research described in this report was supported in part
by the Chinese Science Foundation.

APPENDIX

KummerÏs function M(a, b, z) is deÐned as & Stegun(Abramowitz 1970)

M(a, b, z)\ ;
i/0

= (a)
i

(b)
i

zi
i !

,

which is a convergent series for all values of a, b, and z, where (a)
n
\ a(a] 1)(a ] 2)É É É(a ] n [ 1), (a)0 \ 1.

DeÐne a series A
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which has a recurrence relation
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For a given degree of accuracy e, if is satisÐed, an approximate value of M(a, b, z) will beoA
N`1 o\e
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i
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For example, for z\ 10 and e \ 10~10, N \ 25 can satisfy the degree of accuracy.
The function U(a, b, z) is deÐned as

U(a, b, z) \ n
sin nb
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which can be calculated by M(a, b, z).
The integrated function of M(a, b, z) is

IM(a, b, a, z)\
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is a convergent series for all values of a, b, a, and z. IM(a, b, a, z) is calculated by a method similar to that of calculating
M(a, b, z). The integration of U(a, b, z),

IU(a, b, a, z) \
P

U(a, b, z)zadz ,

is determined by IM(a, b, a, z) using the relation of M(a, b, z) and U(a, b, z).
The distributive function of relativistic electrons is

N(X) P Xb~a~2e~X
CP

X1

X
M(a, b, z)za~a dzU(a, b, X) ]

P
X

X2
U(a, b, z)za~aM(a, b, X)

D
.
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