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ABSTRACT
A Galactic kinematic model has been constructed for modeling the distributions of magnitude, colors,

and proper motions. In addition, we have developed a star-count analysis algorithm, which uses all
available information to extract Galactic structure parameters in an m-dimensional space of observables.
In this paper, as a Ðrst application, we compare the predicted stellar distributions with two proper-
motion surveys in the four-dimensional space of observables (V , B[V , thus discriminatingk

l
, k

b
),

between Galactic components on the basis of their magnitude, color, and kinematic distributions. Our
result favors the existence of a velocity dispersion gradient from the Galactic plane for disk and thick-
disk stars. The thick disk has a scale height of 1300 pc and a local density of 2.0% of the disk, and the
scale height of the old disk is found to be about 340 pc. We Ðnd that a globular cluster function at the
bright end of the spheroid luminosity function with an axial ratio (c/a) of 0.8 is in good agreement with
the observations.
Subject headings : Galaxy : kinematics and dynamics È Galaxy : stellar content È Galaxy : structure È

methods : data analysis È methods : statistical

1. INTRODUCTION

Over the last two decades, with high-efficiency, linear,
two-dimensional detectors and fast measuring machines
(PDS, COSMOS, MAMA), we have been able to derive
high-quality data, including magnitudes, colors, and proper
motions, over large areas of the sky. New and more accu-
rate magnitude-limited surveys of colors and proper
motions have been published (Chiu 1980 ; Spaenhauer 1989 ;

et al. OjhaBienayme� 1992 ; Soubiran 1992 ; Majewski 1992 ;
et al. et al. or are being carried1994a, 1994b ; Spagna 1996)
out. These multivariate star-count surveys, which contain
valuable information about the Galaxy and its stellar com-
ponents, allow us to separate well the di†erent stellar popu-
lations and therefore strongly constrain their physical
parameters.

Classical star-count analysis is used to infer the param-
eters of stellar populations by inverting the fundamental
equation of stellar statistics. However, the inversion of the
convolution integral is difficult because it is generally very
ill-conditioned. Moreover, from the limited star-count
observations, the individual distances of stars have to be
derived by assuming that all the stars are on the main
sequence, an assumption that has been criticized by Bahcall
& Soneira and(1984) Ratnatunga (1988).

The second technique used by many investigators
& Cre� ze� & Majewski(Bahcall 1986 ; Robin 1986b ; Reid

is to test the consistency of a given model with the1993)
observations in the observational space. In this approach,
star counts are used to derive physical parameters such as
the scale heights of the disk and thick disk and the shape of
the halo luminosity function (see for a review).Bahcall 1986

It is now clear that photometric data alone cannot char-
acterize the properties of the various components of the
Galaxy (see, e.g., Reid, & Hewett &Gilmore, 1985 ; Bahcall
Ratnatunga Kinematic data are required to compare1985).
the predictions of Galactic structure models with the
observed trends in a multidimensional observational space

Wyse, & Kuijken et al.(Gilmore, 1989 ; Bienayme� 1992).

In order to study a variety of kinematic samples from
ground-based and space observations in the future, we have
developed a Galactic kinematic model code and multi-
variate star-count analysis software et al.(Chen 1993 ; Chen

Samples simulated by means of the model code have1996b).
been compared with observations in many Galactic direc-
tions. The intrinsic uncertainty due to the absorption
(Sandage model) adopted in the Galactic model code can be
signiÐcant at low and intermediate Galactic latitudes. For
example, for the et al. proper-motionBienayme� (1992)
survey at intermediate Galactic latitude toward(b \ 47¡.3)
the Galactic center Bahcall-SoneiraÏs Galactic(l \ 2¡.7),

and our model predict 1705 stars and 1683 stars,model1
respectively, quite di†erent from the real observation (1180
stars). Since we do not have good knowledge of the absorp-
tion, in this paper we analyze two star-count samples in the
vicinity of the north Galactic pole, where the absorption is
negligible.

There are two important di†erences between this study
and previous works (Soubiran 1993 ; Majewski 1992 ; Reid
& Majewski First, we compare the observed distribu-1993).
tions with the model predictions in the space of obser-
vations, thus avoiding individual distance determinations,
often a major source of error, and second, the comparison is
performed in the four-dimensional space (V , B[V , k

l
, k

b
)

simultaneously, including proper-motion distributions, pro-
viding good discrimination between stellar populations.

The rest of this paper is organized as follows : In we° 2,
describe our Galactic kinematic model. In the star-° 3,
count analysis algorithm is used to compare the model
predictions with the observations. A discussion is presented
in ° 4.

2. GALACTIC KINEMATIC MODEL

We have constructed a Galactic kinematic model, which
includes a disk, a thick disk, and a halo. The model can

1 Available via anonymous ftp from the Institute for Advanced Study,
School of Natural Sciences.
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generate the simulated catalog according to the selection
criteria used in the observation. In the simulated catalog,
the observational variables (e.g., magnitudes, colors, proper
motions, radial velocity) and the physical parameters (e.g.,
distance, absolute magnitude, metallicity, UV W velocities)
for each star are known.

For disk stars, we have adopted the & Cre� ze�Robin
Hess diagram. The stellar density laws used for the(1986a)

disk are exponential. The distribution of stars perpendicular
to the plane of the Galaxy varies with luminosity &(Bahcall
Soneira The old disk stars (with mag) were1980). M

V
[ 5.1

assumed to have an exponential scale height of Hmax\ 300
pc, and the young disk stars (with mag) wereM

V
\ 2.3

taken to have a scale height of pc. ForHmin\ 90 M
Vbetween 2.3 and 5.1, the scale height was linearly inter-

polated between and The giant stars wereHmin Hmax.assumed to have an exponential scale height of 250 pc. Our
adopted velocity dispersions, asymmetric drift, and metal-
licity are the local values in the solar neighborhood.
Because the variation of these parameters as a function of
position in the Galaxy is not well determined, we have
started by assuming their gradients to be zero.

The variation of the velocity dispersions with spectral
type and luminosity class has been studied by many authors

Jahreiss, & Kruger et(Delhaye 1965 ; Wielen, 1983 ; Go� mez
al. Following & van Altena we1990). Mendez (1996),
assigned the oldest stars a velocity dispersion (p

U
, p

V
, p

W
) \

(30, 20, 15) km s~1 and an asymmetric drift of [11 km s~1.
For young and intermediate disk stars, we assume velocity
dispersions 10, 10) and (25, 15, 15) km s~1(p

U
, p

V
, p

W
) \ (15,

and asymmetric drifts of [5 and [8 km s~1, respectively
et al. Recent work by et al.(Chen 1997). Edvardsson (1993)

shows no detectable age-metallicity relationship over most
of the duration of the old disk. They found a mean metal-
licity of [0.25 dex and metallicity dispersion of 0.2 dex for
old disk stars. We have used their values in our Galactic
model code.

Since the identiÐcation of the thick disk & Reid(Gilmore
di†erent approaches have been used to determine its1983),

physical parameters. The difficulty in measuring its charac-
teristics lies in possible contamination of disk and halo
stars. Di†erent results in the literature are based on di†erent
stars selected using di†erent techniques. Recently, we used
principal component analysis to separate Galactic thick-
disk stars from disk and halo in the four-dimensional space
of magnitude, distance, spatial motions, and metallicity

We found an asymmetric drift gradient for the(Chen 1997).
thick disk, suggesting a dissipational settling as a mecha-
nism for its formation. In this paper, we assume that the
luminosity function of thick disk is similar to that of 47 Tuc.
The H-R diagram is similar to that of the disk (Reid 1993).
We adopt an asymmetric drift gradient of [14 ^ 5 km s~1
kpc~1 and a drift velocity of the thick disk with respect to
the LSR of [40 km s~1 at Z\ 0 &(Chen 1997). Wyse
Gilmore have found that the thick disk has a mean(1986)

velocity dispersion 60, 60) km s~1 and a(p
U
, p

V
, p

W
) \ (80,

scale height of 1500 pc ; we have separated the Galactic
thick disk from the disk and halo in the vicinity of the north
Galactic pole and found that the thick disk has(Chen 1997)
a mean velocity dispersion 63) km s~1. In(p

U
, p

V
) \ (108,

this investigation, as a Ðrst approximation we assume that
the thick disk has a mean velocity dispersion (p

U
, p

V
, p

W
) \

(108, 63, 60) km s~1. The scale height of the thick disk is
1500 pc, with a local density of 1.6% of the disk. Because we
found the thick diskÏs metallicity to be the same as that of
the old disk we assume a mean metallicity of(Chen 1997),
[0.3 dex and metallicity dispersion of 0.30 dex for the thick
disk. However, this parameter does not a†ect our analysis
in this investigation in the four-dimensional space of
(V , B[V , k

l
, k

b
).

The halo luminosity function is assumed to be similar in
shape to that of the disk for but matching a globu-M

V
º 4,

lar cluster luminosity function at brighter magnitudes (Reid
The color-magnitude diagram for both the main-1993).

sequence and evolved (red giant and horizontal branch)
stars is based on the table given by & Vanden-Bergbush
Berg The density law is adopted following Vau-(1992). de
couleurs We adopt a halo-to-disk stellar density(1977).
ratio in the solar neighborhood of 0.00150 and an axial
ratio (c/a) of 0.9 Ishida, & Stobie we assume(Yoshii, 1987) ;
a mean metallicity of [1.5 dex and metallicity dispersion of
0.76 dex for halo stars. & Casertano haveBahcall (1986)
found the velocity ellipsoid of the halo to be (140, 100, 76)
km s~1, and this result has been conÐrmed by other investi-
gations Flynn, & Freeman(Norris 1986 ; Morrison, 1990 ;

& Norris From deep proper-motion surveys,Ryan 1991).
and have foundReid (1990), Majewski (1992), Chen (1997)

retrograde rotations of 35, 55, and 31 km s~1, respectively.
In this investigation, we assume a velocity ellipsoid for the
halo of (138, 102, 85) km s~1 with a retrograde rotation

km s~1.Vrot\ [31
Recently, & van Altena have derived theMendez (1996)

distance of the Sun from the Galactic plane, Z\ 2 ^ 34 pc
and Z\ [8 ^ 19 pc, from two Ðelds. We have adopted
Z\ 0 in our model. We have allowed for observational
uncertainties by adding Gaussian errors to the V magni-
tude mag) and to the colors mag) of(v

V
\ 0.05 (v

B~V
\ 0.08

each ““ star ÏÏ generated.
We should point out that these parameters in the model

code are not the results of this investigation, but have been
derived from previously published results. This model pro-
vides an interpretation of the observations, and such an
interpretation is what we need in the Ðrst place to direct our
later studies toward its improvement. Two stellar(° 3)
photometric and proper-motion surveys (Soubiran 1992 ;

are investigated in this paper. Complete-Majewski 1992)
ness limits, Galactic directions, areal coverage, and number
of stars included in each survey are shown in Table 1.
Detailed descriptions of the observations are given in the
papers referred to above. In Figures and the model1 2,

TABLE 1

CHARACTERISTICS OF TWO PROPER-MOTION SURVEYS IN THE VICINITY OF THE NORTH GALACTIC POLE

Areal Coverage Total Sample
Catalog Author Direction (deg2) Limiting Magnitude (stars)

M3 . . . . . . . . . Soubiran 1992 l \ 58¡, b \ 80¡ 7 V \ 17.5 3450
SA 57 . . . . . . Majewski 1992 l \ 65¡, b \ 86¡ 0.29 V \ 21.5 250
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FIG. 1.ÈPredicted (dotted histograms) vs. observed (solid histograms) distributions for SoubiranÏs sample (M3)

predicted catalogs are compared with the real observations.
One can see that such a model can basically represent the
main characteristics of the observations. However, there are
some signiÐcant disparities between the data and the model.

For example, from the Soubiran data (hereafter ““M3 ÏÏ), we
found that the red side of the B[V distribution cannot be
well modeled, and for the Majewski data (hereafter ““ SA
57 ÏÏ), the model predicted too many stars between V \ 19

FIG. 2.ÈSame as but for MajewskiÏs sample (SA 57)Fig. 1,
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mag and V \ 21 mag. We can also see some discrepancies
in proper-motion distributions between the data and the
model. In the following section we try to understand(° 3),
the cause of these disparities and improve the model param-
eters.

3. COMPARISONS OF THE MODEL WITH OBSERVATIONS

3.1. DeÐning the Groups
Galactic structure studies involve the manipulation of

multivariate catalogs and their comparison with sophisti-
cated synthesis models. The observational star counts are
derived from a complete sample of stars in a certain region
and brighter than a given apparent magnitude. Model
simulated catalogs have been created according to the same
selection criteria as the real star counts.

A numerical algorithm et al. for(Chen 1993 ; Chen 1996b)
pattern recognition has been developed. It uses all available
informationÈapparent magnitude, color, and proper
motionsÈto extract Galactic structure parameters in an
m-dimensional space of observables (V , B[V , Thek

l
, k

b
).

viability of the method has been tested by a series of Monte
Carlo simulations. Results show that the(Chen 1996b)
method is powerful.

PredeÐned groups should be deÐned in the simulated
catalogs before the algorithm is applied. The groups can be
formed from the stellar contents in the simulated sample
and from the problems addressed.

With the M3 and the SA 57 samples in the vicinity of the
north Galactic pole, we concentrated on discussing the
kinematic gradients of stellar populations from the Galactic
plane. Therefore, we have classiÐed simulated stars into
several groups according to their distance from Galactic
plane for disk, thick-disk, and halo stars. Then we check the
correlation coefficient in the space of observation, merge
some groups that are strongly correlated, and obtain the
Ðnal predeÐned groups. The means of the physical and
observational parameters and their standard deviations (in
parentheses) in each predeÐned group from the simulated

FIG. 3.ÈReduced proper-motion diagram for SoubiranÏs star-count
sample. Lines of di†erent thickness indicate the ridge lines of the theoreti-
cal distributions for the disk, thick disk, and halo. Dots indicate the
observed stars from the sample. The means and dispersions of the prede-
Ðned groups have been overplotted.

M3 and SA 57 catalogs are shown in Tables and respec-2 3,
tively.

The reduced proper-motion diagram, which combines
photometric and proper-motion data, is useful to classify
stellar populations The reduced(Chiu 1980 ; Dawson 1986).
proper motion was deÐned byH

V
Luyten (1922) :

H
V

\ V ] 5 log k ] 5 , (1)

where k is the total proper motion expressed in arcsec yr~1.
In Tables and the last column represents the means and2 3,
standard deviations (in parentheses) of the reduced proper
motion in each group. In Figures and we show theH

V
3 4,

means and dispersions of the predeÐned groups in the plane
of the reduced proper motion and B[V color. The lines of
di†erent thickness indicate the ridge lines of the theoretical
distribution for the disk, thick disk, and halo derived by

TABLE 2

PARAMETERS FROM SIMULATED M3 SAMPLE

z
Group Number of Stars M

V
(pc) B[V V k

l
k
b

Comments H
V

1 . . . . . . 634 7.7 (1.9) 381 (157) 1.18 (0.33) 15.25 (1.6) 0.77 (3.7) [1.16 (3.2) Nearby disk stars 11.8 (2.42)
2 . . . . . . 639 5.9 (1.2) 1006 (375) 0.85 (0.20) 15.59 (1.3) 0.19 (0.5) [0.44 (0.6) Remote disk stars 9.89 (1.87)
3 . . . . . . 543 5.10 (1.53) 1681 (686) 0.76 (0.23) 15.60 (1.3) 0.11 (2.8) [1.01 (2.3) Nearby thick disk 11.28 (1.87)
4 . . . . . . 591 3.52 (1.20) 4318 (1494) 0.59 (0.24) 16.26 (1.1) [0.02 (0.4) [0.65 (0.4) Remote thick disk 10.75 (1.25)
5 . . . . . . 748 4.58 (1.47) 4926 (3509) 0.58 (0.14) 16.63 (0.8) [0.07 (1.5) [1.45 (2.1) Halo 12.54 (1.72)

NOTES.ÈListed are the means and standard deviations (in parentheses) of physical and observational parameters in each predeÐned group from the
simulated M3 catalog ; and are proper motions expressed in arcseconds per 100 yr.k

l
k
b

TABLE 3

PARAMETERS FROM SIMULATED SA 57 SAMPLE

z
Group Number of Stars M

V
(pc) B[V V k

l
k
b

Comments H
V

1 . . . . . . 26 5.7 (0.98) 997 (444) 0.78 (0.15) 15.8 (1.6) 0.27 (0.83) [1.01 (0.77) Old disk 10.24 (1.52)
2 . . . . . . 74 5.3 (1.23) 4294 (2301) 0.76 (0.16) 18.1 (1.60) 0.11 (0.6) [0.70 (0.5) Thick disk 12.71 (1.81)
3 . . . . . . 63 7.01 (1.39) 3843 (1493) 0.78 (0.20) 19.94 (1.4) [0.23 (1.2) [1.58 (2.0) Nearby halo 16.15 (1.45)
4 . . . . . . 97 5.2 (1.13) 10686 (5279) 0.54 (0.11) 19.95 (1.3) [0.04 (0.4) [0.56 (0.4) Remote halo 14.25 (1.38)

NOTE.ÈSame as but for the simulated SA 57 catalog.Table 2,
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FIG. 4.ÈSame as but for MajewskiÏs star-count sampleFig. 3,

The dots indicate the observed stars fromSoubiran (1993).
the M3 and the SA 57 samples, respectively.

We see that each physical group occupies a di†erent posi-
tion in the reduced proper-motion diagram, indicating that
observations in the four-dimensional space (V , B[V , k

l
, k

b
)

enable us to constrain the parameters of each stellar popu-
lation.

3.2. Multivariate Kernel Estimation
Since this is the Ðrst application of our method, a simple

description of the multivariate kernel estimation is neces-
sary. The real stars are merged with model predicted stars in
the m-dimensional space of observables. Each star in the
merged sample is characterized by an m-dimensional vector
x. Suppose p(x oO) is the true probability density function
(hereafter PDF) for the observed sample ; then a multi-
variate kernel estimator is given bypü (x oO)

pü (x oO) \ 1
nhm

;
i/1

n 1
oR o1@2(2n)m@2 e~(x~xi)T&~1(x~xi)@2h2 , (2)

where x is the point at which the estimate is being made, n is
the number of stars in the observed sample, m is the dimen-
sion of the variables, (i\ 1, . . ., n) is the observed samplex

i

set deÐned in m-dimensional space, is the trans-(x [ x
i
)T

pose of the vector and R is the variance-covariance(x [ x
i
),

matrix of the observed sample.
The window width is denoted by h ; an optimal window

width derived by from minimizing theSilverman (1986)
approximate mean integrated square error can be written as

h \
A 4
m] 2

B1@(m`4)
pn~1@(m`4) , (3)

where p is the average marginal variance, p2\ m~1 ;
i/1m

p
i
2 .
From for each star x, we can also determineequation (2),

the PDF of each physical group in the simulatedu
mcatalog, In we show these PDFs for thepü (x ou

m
). Table 4,

Ðrst 10 observed stars in the SA 57 sample. Column (1)
represents the star number in the SA 57 sample. From
column (2) to column (5), we list their observed variables
(B[V , V , and from column (6) to column (9), thek

l
, k

b
),

values of the PDF in each group according to the[pü (x ou
m
)]

model are given. The last column represents the values of
PDF for the observed sample at the point.[pü (x oO)]

For example, the Ðrst star in is a blue star. TheTable 4
derived values of the PDF in group 1 and group 2(u

m
\ 1)

are small ; therefore, we can basically assign this(u
m

\ 2)
star to the remote halo population, although membership in
the nearby halo population is not ruled out. There is even a
slight chance that the star belongs to the thick disk.
Another remote halo population membership is star 3, with
V \ 20.28 and B[V \ 0.592. On the another hand, star 5,
with V \ 13.32, is assigned as the disk population. In
general, we can obtain only a probability that an observed
star belongs to a particular group.

Suppose is the a priori probability density ofpü (u
m
) u

m
.

By BayesÏs rules, the probability that a star x comes from
group can be expressed asu

m
p(u

m
o x) \ Cpü (x ou

m
)pü (u

m
) , (4)

where C is a normalization constant.

3.3. Kinematic Gradients from Galactic Plane
The algorithm should be used in an iter-(Chen 1996b)

ative approach. A Ðrst comparison of the multivariate den-

TABLE 4

PROBABILITY DENSITY FUNCTIONS FOR THE SA 57 SAMPLE

Object B[V V k
l

k
b

pü (x o 1) pü (x o 2) pü (x o 3) pü (x o 4) pü (x oO)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

1 . . . . . . . 0.403 18.13 [0.46 [1.25 0.0000 0.0003 0.0021 0.0043 0.0060
2 . . . . . . . 0.704 16.81 [0.12 [0.29 0.0036 0.0064 0.0000 0.0006 0.0056
3 . . . . . . . 0.592 20.28 [0.27 [0.87 0.0000 0.0033 0.0020 0.0229 0.0238
4 . . . . . . . 0.870 15.20 0.09 [0.76 0.0010 0.0018 0.0000 0.0001 0.0019
5 . . . . . . . 0.626 13.32 [0.41 [1.03 0.0002 0.0000 0.0000 0.0000 0.0010
6 . . . . . . . 0.505 16.46 0.17 [0.95 0.0003 0.0035 0.0005 0.0006 0.0085
7 . . . . . . . 0.773 16.97 1.82 [0.57 0.0001 0.0001 0.0000 0.0000 0.0008
8 . . . . . . . 0.652 17.51 [0.52 0.01 0.0004 0.0023 0.0000 0.0002 0.0035
9 . . . . . . . 0.616 18.02 0.74 [0.30 0.0001 0.0025 0.0003 0.0021 0.0051
10 . . . . . . 0.416 17.85 0.15 [0.80 0.0000 0.0013 0.0013 0.0034 0.0100

NOTES.ÈListed are the PDFs for the Ðrst 10 observed objects in the Majewski sample (SA 57). Col. (1)
represents the star number in the SA 57 sample. From col. (2) to col. (5), we list the observed variables (B[V ,
V , and are proper motions expressed in arcseconds per 100 yr. From col. (6) to col. (9), the valuesk

l
, k

b
) ; k

l
k
bof the PDF in each group according to the model are given. The last column represents the values[pü (x ou

m
)]

of the PDF for the observed sample at the point.[pü (x oO)]
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TABLE 5

MODEL PREDICTIONS AND OBSERVATIONS FOR THE M3 SAMPLE

Quantity Group 1 Group 2 Group 3 Group 4 Group 5

V model . . . . . . . . . . 15.25 (1.6) 15.59 (1.3) 15.60 (1.3) 16.26 (1.1) 16.63 (0.8)
V data . . . . . . . . . . . . 15.30^ 0.06 15.66^ 0.05 15.61^ 0.05 16.27^ 0.05 16.43^ 0.05

(1.7^ 0.04) (1.4^ 0.04) (1.3^ 0.04) (1.1^ 0.04) (1.1^ 0.04)
B[V model . . . . . . 1.18 (0.3) 0.85 (0.2) 0.76 (0.2) 0.59 (0.2) 0.58 (0.1)
B[V data . . . . . . . 1.20^ 0.01 0.85^ 0.01 0.77^ 0.01 0.61^ 0.01 0.60^ 0.01

(0.4^ 0.01) (0.2^ 0.01) (0.3^ 0.01) (0.3^ 0.01) (0.2^ 0.01)
(k

l
)model . . . . . . . . . 0.77 (3.7) 0.19 (0.5) 0.11 (2.8) [0.02 (0.4) [0.07 (1.6)

(k
l
)data . . . . . . . . . . 0.68^ 0.13 0.12^ 0.04 0.17^ 0.10 0.03^ 0.04 0.10^ 0.09

(3.8^ 0.09) (0.9^ 0.03) (2.5^ 0.07) (0.8^ 0.03) (1.7^ 0.06)
(k

b
)model . . . . . . . . [1.16 (3.2) [0.44 (0.6) [1.01 (2.3) [0.65 (0.4) [1.45 (2.1)

(k
b
)data . . . . . . . . . . [1.31^ 0.09 [0.55^ 0.02 [0.92^ 0.09 [0.61^ 0.04 [1.28^ 0.12

(3.1^ 0.06) (0.9^ 0.01) (2.0^ 0.06) (0.7^ 0.03) (2.3^ 0.09)

NOTES.ÈComparison of the group characteristics between the model predictions and the observations from
the M3 sample. Listed are the barycenters and dispersions (in parentheses) of real and simulated samples in each
predeÐned group. The model was constructed by assuming velocity dispersion gradients from the Galactic plane
for the disk and thick disk to be zero.

sities of the model (this section) with the data allows us to
detect signiÐcant systematic shifts between the group char-
acteristics and the observed distributions. Then, applying
these shifts to the model, the same computation allows us to
measure the relative density of each physical group (see
° 3.4).

The posterior probability derived inpü (u
m

o x
i
) equation (4)

is used to derive weighted means and the covariance matrix
for each group from the observed data as follows :

X
l
um \ ;

i/1n pü (u
m

o x
i
)x

il
;

i/1n pü (u
m

o x
i
)

, (5)

p
lj
um2 \;

i/1n pü (u
m

o x
i
)(x

il
[ x

l
)(x

ij
[ x

j
)

;
i/1n pü (u

m
o x

i
)

, (6)

where l and j are two axes of the multidimensional space
and indicates the ith star with its lth variable in thex

ilobserved catalog. Equations (5) and (6) describe the sta-
tistical properties of observed stars in each predeÐned
group. In Tables and we show the barycenters and5 6,
dispersions of real and simulated samples in each prede-
Ðned group for M3 and SA 57, respectively.

Because the samples used are in the vicinity of the north
Galactic pole, and provide information about eventualk

l
k
bradial motions (U component) and about the rotation of the

di†erent populations (V component), respectively. We

compare these barycenters and variances between the real
sample and the model simulated sample. The disagreements
are interpreted as erroneous physical properties of the
model groups.

In the M3 Ðeld the predicted proper-motion(Table 5),
dispersions of group 1 stars agree with those(pkl, pkb)observed. However, the proper-motion dispersions predict-
ed for group 2 are smaller than observed ; the same applies
to the group 1 stars in SA 57 These di†erences can(Table 6).
be attributed to an increase of velocity dispersion with dis-
tance from the Galactic plane for disk stars. This e†ect was
predicted by & Wielen accordingly, a newFuchs (1987) ;
model that incorporates their velocity dispersion gradients
was constructed.

For the thick disk, from the M3 data, we found that the
predicted proper-motion dispersions in group 3 (nearby
thick disk) are slightly higher than the observed dispersions
and that the predicted proper-motion dispersions in group
4 (remote thick disk) are smaller than those observed. This
is a clear indication of an increase in velocity dispersion
with distance from the Galactic plane, because a change in
the thick-disk asymmetric drift mainly a†ects the median
proper motions but not the proper-motion dispersions.

found a gradient in V -velocity dispersionSpaenhauer (1989)
of km s~1 kpc ~1 up to D3 kpc. However,Lp

V
/LzD 37

Majewski found a smaller gradient of km s~1Lp
V
/LzD 12

kpc ~1 after separating the thick-disk stars from the halo

TABLE 6

MODEL PREDICTIONS AND OBSERVATIONS FOR THE SA 57 SAMPLE

Quantity Group 1 Group 2 Group 3 Group 4

V model . . . . . . . . . . 15.76 (1.6) 18.07 (1.6) 19.94 (1.4) 19.95 (1.3)
V data . . . . . . . . . . . . 15.61^ 0.23 17.46^ 0.20 18.65^ 0.22 19.47^ 0.16

(1.7^ 0.16) (1.5^ 0.14) (1.4^ 0.16) (1.6^ 0.11)
B[V model . . . . . . 0.78 (0.1) 0.76 (0.2) 0.78 (0.2) 0.54 (0.1)
B[V data . . . . . . . 0.79^ 0.02 0.76^ 0.03 0.68^ 0.03 0.54^ 0.01

(0.2^ 0.01) (0.2^ 0.02) (0.2^ 0.02) (0.1^ 0.01)
(k

l
)model . . . . . . . . . 0.27 (0.8) 0.11 (0.6) [0.23 (1.2) [0.04 (0.4)

(k
l
)data . . . . . . . . . . [0.11^ 0.21 0.22^ 0.13 [0.30^ 0.16 0.00^ 0.05

(1.6^ 0.15) (1.0^ 0.09) (1.1^ 0.11) (0.4^ 0.04)
(k

b
)model . . . . . . . . [1.01 (0.8) [0.70 (0.5) [1.58 (2.0) [0.56 (0.4)

(k
b
)data . . . . . . . . . . [0.81^ 0.14 [0.95^ 0.10 [1.26^ 0.15 [0.52^ 0.04

(1.5^ 0.10) (0.7^ 0.08) (2.1^ 0.11) (0.4^ 0.03)

NOTE.ÈSame as but for the SA 57 sample.Table 5,
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TABLE 7

MODEL PREDICTIONS AND OBSERVATIONS FOR THE M3 SAMPLE INCLUDING A VELOCITY DISPERSION GRADIENT

Quantity Group 1 Group 2 Group 3 Group 4 Group 5

V model . . . . . . . . . . 15.34 (1.6) 15.78 (1.2) 15.80 (1.2) 16.23 (1.1) 16.52 (0.8)
V data . . . . . . . . . . . . 15.33^ 0.06 15.77^ 0.05 15.76^ 0.05 16.17^ 0.05 16.40^ 0.05

(1.7^ 0.04) (1.3^ 0.04) (1.3^ 0.04) (1.2^ 0.04) (1.0^ 0.04)
B[V model . . . . . . 1.16 (0.3) 0.87 (0.2) 0.75 (0.2) 0.55 (0.2) 0.57 (0.1)
B[V data . . . . . . . 1.17^ 0.01 0.85^ 0.01 0.75^ 0.01 0.62^ 0.01 0.60^ 0.01

(0.4^ 0.01) (0.2^ 0.01) (0.3^ 0.01) (0.3^ 0.01) (0.2^ 0.01)
(k

l
)model . . . . . . . . . 0.79 (3.8) 0.17 (0.9) 0.15 (2.6) [0.05 (0.7) [0.08 (1.6)

(k
l
)data . . . . . . . . . . 0.74^ 0.13 0.16^ 0.04 0.13^ 0.11 0.01^ 0.04 0.03^ 0.08

(3.8^ 0.08) (1.0^ 0.04) (2.6^ 0.08) (0.8^ 0.04) (1.6^ 0.06)
(k

b
)model . . . . . . . . [1.24 (3.3) [0.50 (1.0) [1.10 (2.1) [0.71 (0.8) [1.37 (2.2)

(k
b
)data . . . . . . . . . . [1.28^ 0.08 [0.57^ 0.03 [0.97^ 0.09 [0.65^ 0.05 [1.30^ 0.12

(3.2^ 0.06) (1.0^ 0.01) (2.2^ 0.06) (0.9^ 0.03) (2.2^ 0.09)

NOTE.ÈSame as but constructed assuming an increase in velocity dispersion with distance from theTable 5,
Galactic plane for the disk and thick disk.

TABLE 8

MODEL PREDICTIONS AND OBSERVATIONS FOR THE SA 57 SAMPLE INCLUDING A VELOCITY

DISPERSION GRADIENT

Quantity Group 1 Group 2 Group 3 Group 4

V model . . . . . . . . . . 15.81 (1.6) 18.11 (1.6) 19.90 (1.3) 19.99 (1.3)
V data . . . . . . . . . . . . 15.67^ 0.21 17.53^ 0.20 18.68^ 0.25 19.53^ 0.18

(1.7 ^ 0.14) (1.6^ 0.14) (1.4^ 0.13) (1.5^ 0.11)
B[V model . . . . . . 0.73 (0.1) 0.71 (0.2) 0.75 (0.2) 0.53 (0.1)
B[V data . . . . . . . 0.75^ 0.02 0.73^ 0.03 0.69^ 0.03 0.51^ 0.01

(0.2 ^ 0.01) (0.2^ 0.02) (0.2^ 0.02) (0.1^ 0.01)
(k

l
)model . . . . . . . . . 0.29 (1.5) 0.13 (1.1) [0.28 (1.2) [0.09 (0.4)

(k
l
)data . . . . . . . . . . [0.07^ 0.21 0.24^ 0.13 [0.37^ 0.15 0.07^ 0.05

(1.6 ^ 0.15) (1.0^ 0.13) (1.2^ 0.12) (0.4^ 0.05)
(k

b
)model . . . . . . . . [1.07 (1.7) [0.73 (0.8) [1.64 (2.1) [0.59 (0.4)

(k
b
)data . . . . . . . . . . [0.92^ 0.14 [0.94^ 0.10 [1.32^ 0.15 [0.57^ 0.04

(1.6 ^ 0.12) (0.9^ 0.09) (2.2^ 0.11) (0.4^ 0.04)

NOTE.ÈSame as but for the SA 57 sample.Table 7,

stars. We have adopted our results of(Chen 1997) Lp
V
/Lz\

30 km s~1 kpc ~1 and km s~1 kpc ~1 and localLp
V
/Lz\ 15

velocity dispersions (Z\ 0) of 30) km s~1 in(p
U
, p

V
) \ (40,

the new model.
For Galactic halo, from (group 5) andTable 5 Table 6

(groups 3 and 4), we did not Ðnd a signiÐcant discrepancy in
proper motions between the predicted distribution and the
observed one. However, the predicted magnitudes (V ) are
signiÐcantly fainter than observed. We will discuss this
below (° 3.4).

In Tables and we present results from the M3 and SA7 8,
57 Ðelds after adoption of the velocity dispersion gradients
mentioned earlier. We can see a marked improvement in the
agreement between the observed and predicted proper-
motion dispersions.

3.4. Galactic Structure at the North Galactic Pole
To Ðt the model parameters to the data, we assume that

the contributions of observed stars at each point of the
m-dimensional space can be Ðtted by a linear combination
of the contributions of the model groups. Let be theaumcoefficient to apply to group in order to Ðt the data :u

m
; aum

pü (x ou
m
) \ pü (x oO) . (7)

This equation must be valid at each point x, leading to a
system of n equations, where n is the total number of stars in
the catalog.

TABLE 9

RESULTS FROM LEAST-SQUARES SOLUTION FOR THE M3 SAMPLE

Group 1 Group 2 Group 3 Group 4 Group 5

Group 1 . . . . . . 0.02
Group 2 . . . . . . [0.45 0.02
Group 3 . . . . . . 0.23 [0.78 0.03
Group 4 . . . . . . [0.03 0.29 [0.59 0.02
Group 5 . . . . . . [0.01 [0.13 0.27 [0.83 0.05

aum
. . . . . . . . . 1.30 1.51 1.22 0.62 0.85

NOTES.ÈThe estimated parameters are shown in the bottom line of the
matrix. The values on-diagonal are the errors on the estimated coefficients

and the values o†-diagonal give the correlation coefficients between(vum
),

the groups.

Tables and show the least-squares solutions from the9 10
two samples. The estimated parametersÈthe ratio of the
number of stars in the observed data to the model for each
groupÈare shown in the bottom line of each matrix. If aum

TABLE 10

RESULTS FROM LEAST-SQUARES SOLUTION FOR THE SA 57 SAMPLE

Group 1 Group 2 Group 3 Group 4

Group 1 . . . . . . 0.11
Group 2 . . . . . . [0.53 0.09
Group 3 . . . . . . 0.14 [0.38 0.06
Group 4 . . . . . . 0.05 [0.08 [0.39 0.05

aum
. . . . . . . . . 1.46 0.94 0.77 0.45

NOTE.ÈSee notes to Table 9.
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TABLE 11

RESULTS FROM LEAST-SQUARES SOLUTION FOR THE M3 SAMPLE WITH

IMPROVED PARAMETERS

Group 1 Group 2 Group 3 Group 4 Group 5

Group 1 . . . . . . 0.04
Group 2 . . . . . . [0.34 0.02
Group 3 . . . . . . 0.19 [0.84 0.03
Group 4 . . . . . . [0.03 0.41 [0.71 0.03
Group 5 . . . . . . [0.01 [0.30 0.56 [0.83 0.02

aum
. . . . . . . . . 0.93 1.03 0.91 0.99 1.05

NOTES.ÈSame as but using the improved model parameters.Table 9,
The new model was constructed by improving Galactic structure param-
eters (see ° 3.4).

is greater than 1, the model cannot predict enough stars in
group in contrast, if is smaller than 1, the modelu

m
; aumpredicts too many stars. The values on-diagonal are the

errors of the estimated coefficients ; the values o†-diagonal
give the correlation coefficient between the groups. For M3

TABLE 12

RESULTS FROM LEAST-SQUARES SOLUTION FOR THE SA 57 SAMPLE

WITH IMPROVED PARAMETERS

Group 1 Group 2 Group 3 Group 4

Group 1 . . . . . . 0.13
Group 2 . . . . . . [0.49 0.10
Group 3 . . . . . . 0.12 [0.32 0.05
Group 4 . . . . . . 0.03 [0.06 [0.39 0.06

aum
. . . . . . . . . 1.15 1.10 0.93 0.89

NOTE.ÈSee notes to Table 11.

sample, the derived coefficients have smaller error bars,
because there are more stars in this catalog than that in the
SA 57 sample.

In the M3 Ðeld, the model predicts too few disk stars (by
30% for group 1 and 51% for group 2) ; in the SA 58 Ðeld, it
predicts too few (by 46%) group 1 stars. Therefore, new
models were tested by increasing the old disk scale height.

For the thick disk, from the SA 57 sample (group 2), the
total numbers predicted by the model are comparable to the
observations. However, from the M3 data (groups 3 and 4),
we found that too few thick-disk stars were predicted in the
nearby group (by 22%), while too many were predicted in
the remote group (by 38%).

For halo stars, from the M3 data (group 5), the model
predicts too many halo stars (by 15%), and from the SA 57
data, we have also found that model predicts too many halo
stars in groups 4 and 5, by 23% and 55%, respectively. In
the previous section, we noted that the predicted apparent
magnitudes for halo stars are fainter than observed. Both
results favor a smaller axial ratio, which will steepen the
density law toward the pole and reduce the predicted
number of halo stars. Therefore, instead of an axial ratio
(c/a) of 0.9, a smaller value has been tested in our new
model.

New models were generated by improving the disk scale
height, thick disk scale height and local density, and axial
ratio of halo stars. For each model, the predicted catalogs
are compared with the observations. An iterative procedure
is carried out until the Ðnal model, with all po aum

[ 1 o¹ 3
for the SA 57 and the M3 samples.

Finally, we adopt an old disk scale height of 340 pc, a
thick-disk scale height of 1300 pc and a local density of 2%

FIG. 5.ÈNew-model predicted (dotted line) vs. observed (solid line) distributions for SoubiranÏs sample. The new model was constructed by improving
kinematic and structural parameters.
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FIG. 6.ÈSame as but for MajewskiÏs sampleFig. 5,

for the disk stars, and an axial ratio of 0.8. In Tables and11
we show the least-squares results for the M3 data and12,

the SA 57 data obtained using these new model parameters.
We can see that these parameters in Galactic structure are
very similar to the original values suggested by &Gilmore
Reid and our previous results In(1983) (Chen 1996a).
Figures and new model predicted catalogs are com-5 6,
pared with the real observations, and one can see an
improvement in the agreement between the observed and
the predicted distributions.

4. DISCUSSION

In this paper, we have constructed a Galactic kinematic
model that can model the distributions of magnitude,
colors, proper motions, and radial velocity. The predicted
stellar distributions are compared with the observations in
the four-dimensional space of observables (V , B[V , k

l
, k

b
)

simultaneously, thus discriminating between Galactic com-
ponents on the basis of their magnitude, color, and kine-
matic distributions. A numerical algorithm (Chen 1996b)
for pattern recognition has been used to investigate the
intrinsic stellar distributions of each population and to con-
strain the Galactic model parameters.

We have analyzed two stellar photometric and proper-
motion surveys in the vicinity of the north Galactic pole.
Our result favors the existence of velocity dispersion gra-
dients from the Galactic plane, suggested by &Fuchs
Wielen for disk stars. This result has also been(1987)
derived by & van Altena at low GalacticMendez (1996)
latitude. We Ðnd that the scale height of the old disk is
about 340 pc. This is slightly larger than ReidÏs result of 325
pc However, Bahcall, & Maoz(Reid 1993). Gould, (1993)
found an excess of faint disk stars from the Hubble Space

Telescope (HST ) Snapshot Survey and suggested that
perhaps the scale height for faint disk stars was greater than
325 pc for bright stars. For the Galactic thick disk, we
found clear indication of an increase in velocity dispersions
with distance from the Galactic plane. Spaenhauer (1989)
and found gradients in velocity dispersionMajewski (1992)
from classical star-count analysis. We have conÐrmed our
previous results from a reanalysis of(Chen 1997)
MajewskiÏs star-count data in the four-dimensional space of
(U, V , [Fe/H], Z) and found that the gradients Lp

V
/Lz\ 30

km s~1 kpc~1 and km s~1 kpc~1 and localLp
V
/Lz\ 15

velocity dispersions (Z\ 0) of 30) km s~1 are(p
U
, p

V
) \ (40,

in good agreement with the observed proper-motion dis-
tributions. The thick disk has a scale height of 1300 pc, and
the local normalization is 2.0% that of the old disk. These
results may help us to understand the mechanism of the
thick-disk formation. Our results favors a dissipational set-
tling as the main mechanism for the formation of the thick
disk. However, there could have been a later heating event
in the disk, such as a major merger by satellite accretion as
described by Hernquist, & Fullager We didQuinn, (1992).
not Ðnd signiÐcant kinematic gradients for Galactic halo.
Comparisons of the model predictions with observations
show that a globular cluster function at the bright end of
the spheroid luminosity function with an axial ratio (c/a) of
0.8 is in good agreement with the observations.

The Guide Star Catalog (GSC-II) is the only project cur-
rently planned to produce an all-sky catalog of stars with
colors, magnitudes, positions, and proper motions from
HST observations et al. We plan to use our(Lasker 1995).
Galactic model and our star-count analysis algorithm to
constrain the main stellar populations of the Galaxy from
ground-based and space observations in the future.
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