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General elephants for threefold extremal contractions
with one-dimensional fibres: exceptional case

S. Mori and Yu. G. Prokhorov

Abstract. Let (X,C) be a germ of a threefold X with terminal sin-
gularities along a connected reduced complete curve C with a contrac-
tion f: (X,C) — (Z,o0) such that C = f~'(0)rea and —Kx is f-ample.
Assume that each irreducible component of C' contains at most one point
of index > 2. We prove that a general member D € |-Kx| is a normal
surface with Du Val singularities.

Bibliography: 16 titles.

Keywords: terminal singularity, extremal curve germ, flip, divisorial con-
traction, Q-conic bundle.

§ 1. Introduction

This paper is a continuation of a series of papers on the classification of extremal
contractions with one-dimensional fibres (see the survey [13] for an introduction).
Recall that an extremal curve germ is the analytic germ (X, C) of a threefold X
with terminal singularities along a reduced connected complete curve C' such that
there exists a contraction f: (X,C) — (Z,0) such that C' = f~1(0)eq and —Kx
is f-ample. There are three types of extremal curve germs: flipping, diviso-
rial and Q-conic bundles, and all of them are important building blocks in the
three-dimensional minimal model program.

The first step in the classification is to establish the existence of a ‘good’ mem-
ber of the anticanonical linear system. This is Reid’s so-called ‘general elephant
conjecture’ [15]. In the case of an irreducible central curve C' the conjecture has
been proved.

Theorem 1.1 (see [2], Theorem (2.2), and [11]). Let (X, C) be an extremal curve
germ with irreducible central curve C'. Then a general member D € |-Kx| is
a normal surface with Du Val singularities.

Moreover, all the possibilities for general members of |— K x| have been classified.
Firstly, extremal curve germs with irreducible central curve are divided into two
classes: semistable and exceptional. Such a germ (X, C) is said to be semistable
if the restriction of the corresponding contraction f: (X,C) — (Z,0) to a general

This work was partially supported by the Research Institute for Mathematical Sciences,
an International Joint Usage/Research Center located in Kyoto University.

AMS 2020 Mathematics Subject Classification. Primary 14E30; Secondary 14J30, 14J17.

© 2021 Russian Academy of Sciences (DoM) and London Mathematical Society


https://doi.org/10.1070/SM9388

352 S. Mori and Yu. G. Prokhorov

member D € |—Kx| has the Stein factorization fp: D — D’ — f(D), where the
surface D’ has only Du Val singularities of type A [2]. Non-semistable extremal
curve germs are called exceptional. Semistable extremal curve germs are subdivided
into two types: (kl1A) and (k2A), while exceptional ones are subdivided into the
following types: ¢D/2, cAx/2, cE/2, ¢D/3, (ITA), (IIV), (IEY), (IDV), (IC), (IIB),
(kAD) and (k3A) (see [2], [9] and [11]).

The result stated in Theorem 1.1 is very important in three-dimensional geome-
try. For example, the existence of a good member D € |—K x| for flipping contrac-
tions is a sufficient condition for the existence of flips (see [1]) and the existence
of a good member D € |-Kx| in the Q-conic bundle case proves Iskovskikh’s
conjecture about singularities of the base (see [14] and [9]).

Reid’s conjecture has also been proved for an arbitrary central curve C' in the
case of Q-conic bundles over singular base.

Theorem 1.2 (see [10]). Let (X, C) be a Q-conic bundle germ and let f: (X,C) —
(Z,0) be the corresponding contraction. Assume that (Z,0) is singular. Then a gen-
eral member D € |—Kx| is a normal surface with Du Val singularities.

In this paper we study Reid’s conjecture for extremal curve germs with reducible
central curve. Our main result is the following theorem.

Theorem 1.3. Let (X, C) be an extremal curve germ. Assume that (X, C) satisfies
the following condition:
() each irreducible component of C contains at most one point of index > 2.
Then a general member D € |—Kx| is a normal surface with Du Val singularities.
Moreover, for each irreducible component C; C C with two non-Gorenstein points
or points of type (IC) or (IIB), the dual graph A(D,C;) has the same form as the
irreducible extremal curve germ (X, C;) (see Theorem 5.1).

Throughout this paper we use the standard notation (IC), (IIB) and so on for
types of extremal curve germs (X,C) with irreducible central fibre [2]. Some-
times, we will use subscripts to specify the indices of singular points. For example,
(kADg 1, ) means that the indices of points of (X, C) are 2 and m. Some of the sub-
scripts can be omitted if it is not important to our argument, for instance, (k2As)
means that (X, C) contains a point of index 2 (and another point of index > 1).

According to the classification of birational extremal curve germs, condition (x)
in Theorem 1.3 is equivalent to saying that an arbitrary component C; C C of type
(k2A) has a point of index 2.

Corollary 1.4. Let (X,C) be an extremal curve germ and let C; C C be an irre-
ducible component.
(i) If C; is of type (IIB), then any other component C; C C is of type (IIA)
or (I1V).
(i) If C; is of type (IC) or (k3A), then any other component C; C C' meeting C;
is of type (k1A) or (k2A).
(i) If C; is of type (kAD), then any other component C; C C' meeting C; is of
type (k1A), (k2A), cD/2 or cAx/2.
(iv) If C; is of type (k2A3), then any other component C; C C meeting C; is of
type (k1A), (IC) or (k2A, 1), where n,m > 3.



General elephants for threefold extremal contractions with one-dimensional fibres 353

There are more restrictions on the combinatorics of the components of C. These
will be treated in a subsequent paper. Examples of extremal curve germs satisfying
the conditions of Theorem 1.3 can be found in the appendix of the arXiv version
of this paper (see arXiv:2002.10693).

Acknowledgements. The paper was written during the second author’s visits to
the Research Institute for Mathematical Sciences in Kyoto University. The authors
are very grateful to the institute for their support and hospitality.

§ 2. Preliminaries

2.1. Recall that a contraction is a proper surjective morphism f: X — Z of normal
varieties such that f,0x = 0.

Definition 2.1. Let (X, C) be the analytic germ of a threefold with terminal singu-
larities along a reduced connected complete curve. We say that (X, C) is an extremal
curve germ if there is a contraction f: (X,C) — (Z,0) such that C = f~1(0)sea
and —Kx is f-ample. Furthermore, f is called flipping if its exceptional locus
coincides with C' and divisorial if its exceptional locus is two-dimensional. If f is
not birational, then Z is a surface and (X, C) is said to be a Q-conic bundle germ.

Lemma 2.2. Let (X,C) be an extremal curve germ. Assume that C is reducible.
Then for any proper connected subcurve C' ; C the germ (X,C") is a birational
extremal curve germ.

Proof. Clearly, there exists a contraction f': X — Z’' of C" over Z (see [6], Corol-
lary (1.5)). We only need show that f’ is birational. Assume that (X,C’) is
a Q-conic bundle germ. Then there exists the following commutative diagram

fix

Z<—-27

where f and f’ are Q-conic bundles contracting C' and C’, respectively. The
image T' := f/(C") of the remaining part C” := C — C" is a curve on Z’ such
that ¢(T') = f(C) is a point, say o € Z. Hence the fibre f'~}T) = f~1(o) is
two-dimensional, a contradiction. The lemma is proved.

2.2. Recall the basic definitions of ¢-structure techniques; see [6], §8, for details.
Let (X, P) be three-dimensional terminal singularity of index m. Throughout this
paper m: (X* P*%) — (X, P) denotes its index-one cover. For any object V on X
we denote the pull-back of V on X* by V.

Let £ be a coherent sheaf on X without submodules of finite length > 0.
An (-structure of £ at P is a coherent sheaf #* on X* without submodules of
finite length > 0, with p,,-action and endowed with an isomorphism (Z#)#m ~ &.
An (-basis of £ at P is a collection of p,,-semi-invariants sﬁ, ...,sh € Z* generat-
ing Z* as an Oy:-module at P?. Let Y be a closed subvariety of X. Note that .Z
is an Oy-module if and only if Z* is an Oy:-module. We say that . is an (-free
Oy-module at P if £ is a free Oy:-module at P, If £ is an (-free Oy-module
at P, then an ¢-basis of .Z at P is said to be {-free if it is a free Oy4-basis.
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Let . and # be ﬁy—modulgvs at P~With l-structures .& C £* and A C AN
Define thefollowing operations @ and ®:
o M C (LD M) is an Oy-module at P with (-structure

(LM} =L o.H,
o LM C (L ® M) is an Oy-module at P with (-structure
(L &M = (L @0, M*)]Satgig.as(0),

where Satg, #; is the saturation of %, in #.

These operations satisfy the standard properties (see [6], (8.8.4)). If X is an
analytic threefold with terminal singularities and Y is a closed subscheme of X,
then the above local definitions of & and ® match the corresponding operations
on X \ Sing X. Therefore, they give well-defined operations of global &y-modules.

Lemma 2.3. Let (D, C) be the germ of a normal Gorenstein surface along a proper
reduced connected curve C = |JC;, where C; are irreducible components. Assume
that the following conditions hold:
(1) KD ~ 0;
(ii) there is a birational contraction ¢: (D,C) — (R, 0) such that o~ 1(0)red = C;
(iil) there is a point P € D which is not Du Val of type A.
Then D has only Du Val singularities on C'\ {P}.

Proof. Assume that there is a point @ € D \ {P} which is not Du Val. If there
exists a component C; C C passing through @) but not passing through P, we can
contract it: D — D’ over R. The contraction is crepant, so the image of ) is again
a non-Du Val point. Replace D with D’. Continuing the process we can assume
that P and @) are connected by some component C; C C. Moreover, by shrinking C'
we may assume that C; = C, that is, C is irreducible. Since D is Gorenstein, the
point @ € D is not log terminal and the point P € D is log terminal only if it is
Du Val of type D or E. Hence the pair (D, C) is not log canonical at @ and not
purely log terminal at P (see [3], Theorem 4.15). Let H be a general hyperplane
section passing through P. For some 0 < € and d < 1 the pair (D, (1 —¢)C + 0H)
is not log canonical at P and Q. Since —(Kp + (1 —¢)C + 0H) is p-ample, this
contradicts Shokurov’s connectedness lemma [16]. The lemma is proved.

§ 3. Low index cases

Extremal curve germs of index 2 with arbitrary central curve were completely
classified in [2], §4, and [9], § 12. As an easy consequence, we have the following.

Proposition 3.1. Let (X,C) be an extremal curve germ. Assume that all the
singularities of X are of index 1 or 2, that is, 2K x is Cartier. Then a general
member D € |—Kx/| is a normal surface with Du Val singularities and D does not
contain any component of C'.

Proof. Since the case where X is Gorenstein is trivial, we assume that X has at least
one point, say P, of index 2. In the birational case there are no other non-Gorenstein
points and all the components C; C C pass through P (see [2], Proposition (4.6)).
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By Theorem (2.2) in [2] a general local member D € |-K(x p)| is in fact a general
member of |[—K x| and this D has only a Du Val singularity (at P) (see [15], (6.3)).
For the Q-conic bundle case we refer to the proof of Theorem (12.1) in [9], and [10],
Corollary (1.4). The proposition is proved.

Proposition 3.2. Let (X,C) be an extremal curve germ.  Assume that C
is reducible and (X, C) contains a point P of one of the types cD/2, cAx/2, cE/2
or cD/3. Then one of the following holds.

(i) P is the only non-Gorenstein point of X, all the components pass through P
and do not meet each other elsewhere, and a general member D € |—K x| is a normal
surface with Du Val singularities. Moreover, DN C = {P}.

(ii) There is a component C; C C passing through P such that the germ (X, C;) is
divisorial of type (kAD). Moreover, (X, P) is a singularity of type cD/2 or cAx/2.

Proof. Recall that the intersection points C;NC; of different components C;, C; C C
are non-Gorenstein by [6], Corollary (1.15), [4], Proposition 4.2, and also by [9],
Lemma (4.4.2). If P is the only non-Gorenstein point of X, then a general member
D € |-Kx, p| is in fact a general member of |—Kx| (see [6], (0.4.14)). This D has
only a Du Val singularity (at P) (see [15], (6.3)). If there exists a non-Gorenstein
point @ € X other than P, then we may assume that @ lies on some component
C; C C passing through P. Thus (X,C;) is a birational extremal curve germ
with two non-Gorenstein points (see Lemma 2.2). According to Theorem 2.2 in 2]
and [8] the germ (X, C;) is divisorial of type (kAD) and (X, P) is a singularity of
type ¢cD/2 or cAx/2. This proves the proposition.

§ 4. Extension techniques

Theorem 4.1 (see [6], Theorem (7.3), and [9], Proposition (1.3.7)). Let (X, C ~P*)
be an irreducible extremal curve germ satisfying condition (x) in Theorem 1.3. Then
any general member S € |—2Kx| satisfies SN C = {P}, where P is the point of
index v > 2 or a smooth point (if (X, C) is of index 2). Moreover, the pair (X, 35)
is log terminal.

Proposition 4.2 (see [2], Lemma (2.5), and [11], Proposition 2.1). Let (X,C') be
an extremal curve germ (C' is not necessarily irreducible) and let S € |—2Kx|
be a general member. Assume that the set ¥ := SN C is finite.

(i) If (X, C) is birational, then the natural map

T H'(X,0x(—Kx)) = wsy) = H(S, Os(—Kx)) (4.1)

is surjective, where w g xy is the dualizing sheaf of (S,%).
(i) If (X,C) is a Q-conic bundle germ over a smooth base surface, then the
natural map
T: I’IO(XV7 ﬁx(—KX» _)W(S,E)/Q?S,Z) (42)
s surjective, where Q?s,z) is the sheaf of holomorphic 2-forms on (S,%).
(iii) If (X, C) is a Q-conic bundle germ over a base surface and ¥ = ¥ 1T 54,
¥, # O, then
mi: HO(X, Ox(—Kx)) = w(s s, (4.3)

18 surjective.
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Proof. For the proof of (i) we refer to [2], Lemma (2.5).

We now prove (ii). Note that by adjunction Og(Kg) = Os(—Kx). Let f:
(X,C) — (Z,0) be the corresponding Q-conic bundle contraction and let g =
fls: S — Z be its restriction to S. Since the base surface Z is smooth, by
Lemma (4.1) in [9] there is a canonical isomorphism

le*wX >~ Wyg.
Now we apply Proposition 2.1 from [11] to our situation:

HY(X,0x(~Kx)) — H°(S, 0s(-Kx))

| y

fiwx(§) ——————W(sy)

T

W(s,5)/9"W(z,0) —= W(s,5)/Usx)

and obtain the surjectivity of 7.
To prove (iii) we consider the map g;: S; — Z which is the restriction of g to
S; = (5,%;) C S and the induced exact sequence

f*wX(S) — W) PwEs,) —>wz ——=(

*

92

Then we see that g5: wz — 0 ® w(gx,) is a splitting homomorphism. Therefore,
the homomorphism

frwx(S) = wis ) ® (W(sn,)/95w(z,0)
is surjective. The proposition is proved.

Lemma 4.3. Let (X, C) be an extremal curve germ with reducible central curve C'.
Suppose X satisfy condition (x) in Theorem 1.3 and that there is a component
C C C of type (k1A) which meets C — C at a point P of index 2. Then a general
member D € |—K~| does not contain C'.

Proof. On each irreducible component C; of C there exists at most one point of
index > 2. Let {P,}sca be the collection of such points. For each C; without
points of index > 2, choose one general point of C;. Let {P,}pep be the col-
lection of such points. For each i € AU B, let S; € |-2Kx p,)| be a general
element on the germ (X, P;), and set S = > .., 5 Si. Then S extends to an ele-
ment |[-2K x| by [6], Theorem (7.3). A generator o, of Os(—Kx) ~ Os lifts
to s € HY(X,0x(—Kx)) by Proposition 4.2, (i) if (X,C) is birational and since
A # &, and by Proposition 4.2, (ii) otherwise. In either case we have C' ¢ D. The
lemma is proved.

§5. A review of [2], §2

We need some refinements of some facts on birational extremal curve germs with
irreducible central fibre, proved in [2], § 2.
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5.1. Below, for a normal surface D and a curve C' C D, we use the usual notation
for graphs A(D,C) of the minimal resolution of D near C: each vertex labelled e
corresponds to an irreducible component of C' and each labelled o corresponds to
a component F; C E of the exceptional divisor E' on the minimal resolution of D.
Note that, in our situation, below E? = —2 for all E;.

Theorem 5.1 (see [2|, Theorem (2.2), and [8]). Let (X,C ~ P!) be a birational
extremal curve germ and let D € |—K x| be a general member. Then D is a normal
surface with Du Val singularities. Moreover, either DN C' is a point or D O C' and
one and only one of the following possibilities holds for the graph A(D,C):

(IC) O—+++— 0O o o
k=1 m—322
[ )
(IIB) o o (‘3 O [ ]
k=3, m=4 )
o
(kAD)
O—+++—0O ° O—+++—0 o
k=1, n=2 N—— N—_————
m—1>2 20-2>0 o
o
(k3A) o7.”707./
k=1, n=2 ——
m—132 N o
(k2A) O—+++—0O ° O—+++—0O
km—1 In—1

where m and k are the index and azial multiplicity (see Definition-Corollary
(1a.5), (iii) in [6]) of a singular point of X, and n and | are those for the other
non-Gorenstein point (if any).

In the cases (IC), (IIB), (kAD), (k3A) and (k2A3), Theorem 5.1 is a consequence
of the following.

Theorem 5.2 (cf. [2], §2, and [8]). Let (X, C) be a birational extremal curve germ
with irreducible central curve of type (IC), (IIB), (kAD), (k3A) or (k2As). Let
S € |-2Kx]| be a general member (so that SN C = {P}, where P is the point of
indexr > 2). Let og € H(S, Os(—Kx)) be a general section. Then for any section
o€ HY(X,O0x(—Kx)) such that

ols = 05 mod Q% (5.1)

(see (4.2)) the divisor D := div(o) is a normal surface with only Du Val singulari-
ties. Furthermore, the configuration of A(D,C) is as described in Theorem 5.1.

Below we outline the proof of Theorem 5.2 following [2], §2. We treat the
possibilities (IC), (IIB), (k3A), (kAD) and (k2A5) case by case.
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5.2. Case (IC). By [6], (A.3), we have the following identification at P:

(X,0) = (C3, s W2 =93 =ya =0})/p1,,,(2,m — 2,1).

A general divisor S € |-2Kx| is given by y1 = £(y2,va), where £ € (y2,94)? is such
that wt(£) = 2 modm. Thus we have

Sz(Ciz,y4/um(m—2,1), ws = (Og: pr dya A dyy)Hm, (5.2)
ws®Cp=C -y V2 dyy Ady, & C - yg dys A dys. (5.3)
Furthermore,
1
grd w* = (P = (—1 + % : 2Pﬁ> ~ Oc(-1), (5.4)

where
QO 1l.= (dyl Adys A dy4)_1

is an (-free (-basis at P. Hence H°(C, grl w*) = 0 and
H(X,0x(~Kx)) = H'(X, Jc ® Ox(~Kx)), (5.5)
where Z¢ is the defining ideal of C' in X. Furthermore, by [2], (2.10.4),
grbw' = (5P%) @ (0), (5.6)
where the p,,-semi-invariants
(b —93)- @' and gy Q7 (5.7)
form an /-free ¢-basis at P. Therefore,

ﬁc(*l) &0 ifm>=9,
grew* ~< Oc @ Oc ifm=1,
Oc(l)® O ifm=5.

We have natural homomorphisms
§: HO(X,O0x(-Kx)) — gr w* — (gre w*)! @ Cps.
Since (y1 — &) - (gre w*)* ® Cps = 0, the map J factors as
§: HO(X,O0x(—Kx)) = ws — (gr&w*)f @ Cp:.
As in [11], (3.1.1), we see that

Q?g C (m&p “Ys t+ Mg p - yémil)/z) dys Adyy = mg p-ws,

because for arbitrary elements ¢; and ¢- of the set of generators

—-1)/2
{5y yoyd ys™ Py}
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of the ring ﬁg;" we have

do1 Ades € ((y2, ya)ya + (y2, :U4)?/£m71)/2) dy2 A dys.

Thus ¢ factors further as follows:
§: H(Ox(~Kx)) » ws/0% » ws @ Cp — (gri, w*)* @ Cpe,

where the last map is a surjection if m = 5 and the image is generated by y,Q ™1 if
m =7 (see (5.3) and (5.7)). If m > 7, this implies that the coefficient of y,Q~! in
05 is nonzero. If m = 5, then the coefficients of y,Q~! and (y7""2 —42)Q~! in 05
are independent and the image & of ¢ in gri, w* is not contained in Oc(1). Hence
7 is nowhere vanishing and so the singular locus of D does not meet C'\ {P}. Then
we can again take og so that it contains the term y,Q~!. Therefore, D € |—Kx|
can be given by the equation y4 + --- = 0. Then Computation 2.10.5 in [2] shows
that D is Du Val at P and its graph is as given for type (IC) in Theorem 5.1.

5.3. Case (IIB). Then by [6], (A.3), the germ (X, C') at P can be given as follows

(Xa C) = ({(Z5 = 0} C C:h...,y4a {y% - yg =Yz =Ys = 0})/#’4(3’27 la 1)7
¢ = y% - yg + l/}7 Wt(w) =2 IIlOd4, 1/)(0707113, y4) ¢ (y37y4)3‘

A general divisor S € |—-2K x| is given by y2 = £(y1,ys, ya) with € € (y1,y3, ya)?
such that wt(£) = 2 mod 4. Thus S is the quotient by p,(3, 1, 1) of the hypersurface

d(y1,€ y3,94) =0in C3 . We have

dys A dys )"
ws — @SW M) 7
yl + [P
dys A dyy dys A dyy
@Cp=C-y3————00C.yg ——. 5.8
ws ®Cp e L (5.8)
Furthermore,
grd w* = (P%) = (=1 +3P% + 2P%) ~ Oc(-1), (5.9)
where )
Q-1.— (dy2 Adys A dy4>
99 /0y
is an (-free (-basis at P. Hence H°(C,grl w*) = 0 and
HY(X,0x(—Kx)) = H'(X, %c ® Ox(—Kx)), (5.10)
where ¢ is the defining ideal of C' in X. Furthermore, by [2], (2.11),
grew* = (0) 3 (1) ~ Oc @ Oc(1), (5.11)

where the p,,-invariants
ys - Q7 oyt (5.12)
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form an (-free ¢-basis at P. As in case (IC), we have natural homomorphisms
§: H'(Ox(~Kx)) - ws ® Cp — (grs; 44.7*)ji ® Cps,

where the last homomorphism is an isomorphism (see (5.8) and (5.12)). Thus the
coefficients of y3Q~! and y4Q~! in o5 are independent, and so Computation 2.11.2
in [2] shows that D is Du Val at P, and the image & of o in grl, w* is not con-
tained in O¢(1). Hence 7 is nowhere vanishing and D is smooth outside P. Hence
the graph A(D, C) is as given for type (IIB) in Theorem 5.1.

5.4. Case (k3A). The configuration of singular points on (X, C) is the follow-
ing: a type (IA) point P of odd index m > 3, a type (IA) point @ of index 2 and
a type (III) point R. According to [6], (A.3), and [2], (2.12), the local structure of
the points is given by

2
(X,C,Q) = (C§1,22,23a (z1-axis), O)/N’Q(l? 1, 1)7
(X7 C, R) = ({’y(wla w2, W3, U}4) = 0}7 (’U}]_-&XiS), 0)7

. m—+1
(X,C,P)= (Czl,yz,yg’ (y1-axis),0)/pu,, (17 _ —1),

where v = wiws mod(ws, w3, wy)?.
For a general divisor S € |-2Kx| we have SN C = {P} and S is given by
y1 = &(y2,y3), where € € (y2,3)? is such that wt(¢) =1 mod m. Thus,

+1
S~ Cig,yd/u’m (rm27 1)7 ws = (619'11,Pﬁ dy2 A dy3)uma (513)
ws®Cp :(C-ygdyg/\dygEB(C-yémfl)/2 dys A dys. (5.14)
By the proof of Lemma (2.12.2) in [2] we have
1
grd w* = (1 + %Pﬁ + Qﬁ> ~ Oc(-1), (5.15)

where an /-free (-basis at P, ) and R, respectively, can be written as follows:
Q;l = (dyp Adya Adys) ™t Qél = (dzy Adzg Adzg) ™,

Q-1 .— dws A dws A dwy _1.
R 8’}//8101

Hence H°(C, gr w*) = 0 and
HO(X7 ﬁx(_KX» :HO(XMjCéﬁX(_KX)L (516)

where #¢ is the defining ideal of C' in X. Furthermore, as in [2], (2.12.4), we can
further arrange that

~ 3
grew* = (0) @ (—1 + m;w), (5.17)
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where s - Q;l, 29 - Qél and ws - ngl form ¢-free ¢-bases for (0) at P, Q and R,
respectively, and y3-Qp", 23 -Qél, wy- Q" form such a basis for (—1+(m+3)/2P%).
Moreover,

_ 2 2 2 2
v = wyws + qwy + cowawe + caw; mod(ws, wi, wowy, wy) - Jo

for some ¢1, ¢a, c3 € Csuch that ¢; # 0if m > 5 (see [2], (2.12.6), and [8], Remark 2)
and (cq,ca,c3) # 0 if m = 3 (see [2], (2.12.7), and [§], Remark 2).
As in [11], (3.1.1), we see that

—1)/2
0% C (mgp-yo+msp-ys" %) dys Adys = mg p - ws,

because for arbitrary elements ¢; and ¢- of the set of generators

+1)/2
(o5, ui 3y, yoys™ V%)

of the ring %" we have

doy Adoa € ((y2,y3)y2 + (v, y3)y§m71)/2) dy2 A dys.

Thus the image of the homomorphism
d: Ho(ﬁx(—Kx)) »wsg®Cp — (gré w*)ﬂ ® Cpy,
is equal to (gri w*)f @ Cps if m = 3, and C - Q5" if m > 5.
If m > 5, this implies that the coefficient of yQQ;)1 in the image & of o in gri, w* is
nonzero and hence nowhere vanishing. If m = 3, then the coefficients of ygﬁgl and
y;;Q;,l are independent and hence & is a general global section of gri, w* ~ Oc®0¢.

Then the proof of Lemma (2.12.5) in [2] shows that D is Du Val and that its graph
is as given in type (k3A) in Theorem 5.1.

Lemma 5.3. In the notation of §5.4 there erists a deformation (Xy,Cy\ ~ P!)
of (X,C) which is trivial outside R such that for A # 0 the germ (X, C)) has
a cyclic quotient singularity at Q, and is of type (kAD), case (5.22), if m > 5 and
type (k2A5), case (5.22), if m = 3.

Proof. Let (X, C)) be the twisted extension [6], (1b.8.1), of the germ
(Xx, R) = {y— Awz =0} D (Cy, R) = (w;-axis)

by u = (w2, wy4). Then in grlcA O we have wiws = Awy for A # 0. Since gri, w* =
Oc - wQQj?l &0 - w4QIEl at R, we have

grlcA w* = 0O¢, -wgﬂgl ®0c, -w4§21}1
at R, where w3Qp' = (Awi) 'weQp'. Thus
~ 3
gro, w* = (R) @ (—1 + m;Pﬁ). (5.18)
For X\ # 0 the germ (X, C)) is either of type (kAD) or (k2A;). Comparing (5.18)

with (5.31) in the first case, and in view of § 5.7 in the second, we see that (X, Cy)
is (kAD) if m > 5, and (k2As) if m = 3. The lemma is proved.
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5.5. Case (kAD). The configuration of singular points on (X, C) is the following:
a type (TA) point P of odd index m > 3 and a type (IA) point @ of index 2.
According to [6], (A.3), [2], (2.13), and [8] we can write

. +1
(X,C,P) = (621 Y2,Y37 (y1-axis), 0)/p,y, (17 mTa _1>7
(X,C,Q) = ({B=0} CC; ., (21-axis),0)/p,y(1,1,1,0),

where 8 = 3(z1,...,24) is a semi-invariant with wt(3) = 0 mod 2.
For a general divisor S € |-2Kx| we have SN C = {P} and S is given by
y1 = &(y2,y3) with € € (yz2,y3)? such that wt(£) =1 mod m. Thus

m+1
S C?2427y3/ Koy <2 1) ws = (ﬁSﬁ,Pﬁ dya A dy3)”m,
w5®(Cp =C- yzdyg/\dyg@c y(m /2 dyz/\dyg (519)
Then )
grd w* = < 1+ ﬂpﬁ + Qﬁ> ~ Oc(—1), (5.20)

where an /-free ¢-basis at P and (@), respectively, can be written as follows:

_ _ _ dzy Adze Adzs\ !
Qp' = (dy1 Adya Adys)™"  and QQl = <18ﬁ/('29,243>
Hence H°(C, gr w*) = 0 and

HY(X,0x(—Kx)) = H (X, #c ® Ox(—Kx)), (5.21)

where .Z¢ is the defining ideal of C in X.
As in [2], Lemma (2.13.3), we distinguish two subcases:

(Q) <1, ig(l) =
iq(1)

5.6. Subcase (5.23). This is treated similarly to §5.4. Since ¢(Q) = 2, we have

1, gt0~0®0(-1); (5.22)
2, gre 0~ 0(-1)® 0(-1). (5.23)

~
A
O
=

b

B = 2224 mod(za, 23, 24)°.

As in [2], Lemma (2.13.4), we can arrange that
1w m+3
grew* =(0)@ [ -1+ TP , (5.24)

where
(y2- Q5" 22 - Qél) and  (y3-Qp', 23 Qél) (5.25)

form an (-free (-basis at P and Q for (0) and (—1+ (m + 3)/2P*), respectively, and

_ .2 2 2 2 2
B = ziz4 + 125 + cazazg + c3z5 mod(za, 23, 2223, 25 ) (22, 23, 24)
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for some ¢1,co,c3 € C such that (c1,c2,¢3) # 0 if m = 3 by the classification
of 3-fold terminal singularities (see [15], Theorem (6.1)), and ¢; # 0if m > 5
(see [2], Lemma (2.12.6), and [8], Remark 2). The rest of the argument is the same
as §5.4 (for type (k3A)), except that we use [2|, Lemma (2.13.5), instead of [2],
Lemma (2.12.6).

Remark 5.4. We note that the lowest power of the p,-invariant variable z4 that
appears in [ (that is, the axial multiplicity for (X, P)) remains the same for the
defining equation of D* under the elimination of variable of wt = 1 mod 2. Thus
the graph A(D,C) is as given for type (kAD) in Theorem 5.1.

Lemma 5.5. In the situation of §5.5 with (5.23), let (X, C)) be the twisted exten-
sion of the germ

(X2, Q) ={B— Az =0} /g D (Cx, Q) = (21-awis)/py

by u = (2122, 2123) (see [6], Definition (1b.8.1)). Then for X # 0 the germ (X, Cy)
is of type (k3A).

Proof. When 0 < |\| < 1, a small neighbourhood X > @ has two singular points
on Cy: a cyclic quotient at @ and a Gorenstein point at (v/),0,0,0). The lemma
is proved.

5.7. Subcase (5.22). Note that in this case m > 5 (see [2], Lemma (2.13.10),
and [8]). Since £(Q) < 1, we have

B=2z mod(z%, 23,24) (22, 23, 24)

(ﬂ = (2123 + zg) mod(zg, 23, 24) (22, 23, 24), respectively).

By [2], Lemma (2.13.10), we have

—1 -
gre, 0 = (m2 PMQ”) & (—1+ P+ Q")

) (5.26)
(gré 0= <m2Pu) ®(—1+ P+ Qﬁ), respectively).
Tensoring these with (5.20) we obtain
3
grew’ = (1)@ ( 1+ m—i_Pﬁ)
(5.27)

<gré W= (QY) & ( 1+ Z?)Pﬁ>, respectively),

where (205", zgﬁél) (429251, 249(51), respectively) is the (-free ¢-basis for the first

(-summand of gri, w* and (ygﬁl_)l, zzﬂél) for the second. Take the ideal ¢ C &
as in [2], Lemmas (2.13.10) and (2.13.11). Thus

m+ 3

(18w = (14 ) X Ox () = B, )

Ih=(ylys) at P and FF = (23,23,24) at Q.
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Then by Lemma (2.13.11) in [2] we have

gri(w*, 7)=(0)& (—1 + mT—i_E)Pﬁ + Qu),

where
Yo - Q;l, Y3 - Q;l, 23 - Qél, 22 Qél (24 - Qél, respectively)
form an /-free (-basis at P and ). Thus we investigate
H°(Ox(~Kx)) = H'(F*(w*, 7)) — gre(w”, 7)

via the induced homomorphism

HO(0x (~Kx)) - gi2(w", #) = (@r2(w", #)) @ Cps,
which, since (y; — &) - (gr?(w*, #))* ® Cps = 0, factors as

H°(0x(~Kx)) — ws — (gr(w", #))* ® Cps,

and further to

§: H(0x(~Kx)) - ws ® Cp — (gri(w*, £))* @ Cps,

since Q% C mg p - wg as in the (k3A) case.

(5.28)

The image of § is generated by ys - Q;l if m > 5, and by ys - Q;l and y3 - Q;l
if m=5 (see (5.19) and (5.28)). Hence if og is chosen to be general, the image
T of ¢ in gr’(w*, #) globally generates the direct summand ¢ if m > 5 and

a general global section of gr*(w*, )~ Oc @ Oc if m = 5. Hence

== (Apy2 + 1py3)Qp! at P,
| Qgas + ,qug)Qggl ((Agzs + qu4)QC§1, respectively) at @,
where
m>T = Ap(P)e(Q) £0,
m=5 = Ap(P) and up(P) are independent,

and Ag(Q) and pg(Q) are independent.

These mean that the corresponding D € |—K x| is smooth outside P and @ and D
is Du Val at P and @ by Computation (2.13.6) in [2]. See Remark 5.4 for further

details.

Lemma 5.6. In the situation of §5.5 with (5.22), let (X, C)) be the twisted exten-
sion (see [6], Definition (1b.8.1)) of the germ (X, P) = (X, P) D (Cy,P) = (C, P)

(m—1)/2

by u = (y; Y2 + Ay1ys, y1,y3). Then for X # 0 the germ (X, C)) is of

type (k2As).
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Proof. Tt is clear that (X, C)) is of type (k2As) or (kAD), subcase (5.22), because

£(Q) < 1. In either case, there is only one nonzero section s (up to constant

multiplication) of grl, @ (cf. (5.31)). Since s = y\™" /%y, € grl, @ at P (up to

a constant), we have an extension

_ y%mfl)/Q

51 vz + Mgz = i (0" Pys + ) € gl 6

on (Cy, P), which generates (P*) C gre, 0. In view of (5.26) the germ (X, Cy) is
of type (k2A5) by §5.7. The lemma is proved.
Lemma 5.7. In the situation of §5.5 with (5.22) and ¢(Q) = 1, let (Xx,Cy) be
the twisted extension (see [6], Definition (1b.8.1)) of the germ

(X2, Q) = {8 — Aza = 0}/py O (Cx, Q) = (21-azis)/ po
by u = (z122,24). Then for X # 0 the germ (X, Cy) is of type (kAD) and ¢(Q) = 0.

In fact, a global section s of grl, @ extends to the section sy = y4 of glrlcA %
at Q, and sy vanishes at P* to order (m —1)/2 > 1 by §5.7. Thus (X, C,) is of
type (kAD).

5.8. Case (k2A;). This case comes from Lemmas (2.13.1) and (2.13.9) in [2].
The configuration of singular points on (X, C) is the following: a type (IA) point P
of odd index m > 3 and a type (TA) point @ of index 2. According to [6], (A.3),
[2], (2.13), and [8] we can write

(X,C,P)= ({a=0}C Czl,m,yu (y1-axis), 0) /p,, (1,0, —1,0),
(X,C,Q)= ({B=0} CCL .. (2-axis),0)/py(1,1,1,0),

where a is an integer prime to m such that m/2 < a < m, and « and g are invariants
with

a=1y1y3 — 1(Y2, Y3, ¥a), a1 € (2, y3)2 + (ya),
B = z123 — Pi(22, 23, 24), B1 € (22,23)° + (24).

Then
gl w* = (=14 aP* + Q%) ~ Oc(—1), (5.29)

where an /-free f-basis at P and @, respectively, can be written as follows:

- dyr Adyz Adys\ ! 1 dz1 Adea Adzg !
Q 1 pry —_———— d Q = —_— .
r ( da /Dy, e e 93071

Hence H°(C, gr w*) = 0 and
HY(X,0x(-Kx)) = H(X, %c ® Ox(—Kx)), (5.30)

where ¢ is the defining ideal of C in X.
As in the argument in [2], Theorem (2.13.8) and Lemma (2.13.9), we have

gre 0= S griiw and gripw' =2 @ (g1l w*) & (0), (5.31)
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where . is an f-invertible sheaf such that . = (P¥+QF) ((P*), (Q), (0)) ifys € «
and z4 € 8 (ys € vand z4 ¢ B, ys ¢ cvand z4 € B, ys ¢ « and z4 ¢ (3, respectively).
We also see that ygﬂl_)l (y4QI§1) and yQQ;,1 form an (-free (-basis for grl, w* at P

if yg € a (ys ¢ «, respectively).
For a general divisor S € |[-2K x| we have SNC = {P} and S in X is given by

2a—m

V=TT T =0, (5.32)

with wt(y) = 2a modm. Let Q be a generator of the dualizing sheaf wg: of S*
at P*. Then
ws = (Og: p:Q)Fm, wt(Q) = —a modm (5.33)

and
wsR®Cp = (C~ngEB(C-y§n7“Q. (5.34)

Lemma 5.8. The induced map
0% - ws®Cp (5.35)

is zero, where Q?S is the sheaf of holomorphic 2-forms on S.

Proof. We have

da  da

dy1 A dy2 dy3 A dy4 ayi ayj
Q=t+—"——""=...=4+—""—"— where 4, ; := . 5.36
Az 4 VAVR 7 oy Oy (5:36)

dyi Oy,
Note that wt(4;;) = 2a — wt(y;) — wt(y;) and wt(2) = —a modm. Since

wgs = (Os1Q)Hm, it is sufficient to show that for any ¢1,ds € C{y1,...,ya}tm
the inclusion

d(bl A d¢2 €mgpo- (ﬁsuQ)“’” (537)
holds. By (5.36) the form d¢; A d¢2 is a linear combination of the following:
(1, ¢2) (91, p2) .
ZOLP2) Gy Ady; = S22 A, 0, ik Dy = {1,...,4).
dy: dy; Bys By, b {i,5, k. 1} ={ }
Set Op1 Ops Oa O
i g k) = 001902 00 0y A

dyi Oy; Oyr Oy

Since 9(¢1, ¢2)/(0y; Oyj) Ak, are linear combinations of Z[i, 7, k, 1], it is sufficient
to show that the following holds:

iy j, b, 1) g € (Ms)wi=o - (Ost)wi=a- (5.38)

First we note that (5.38) holds if {1,3} C {i, 4, k}. Suppose, for example, that ¢ = 1
and j = 3. Then

0p1 0o (8¢1 5¢2) ( da Oy )
—, — € mgs, t|f —-—=]1 =0 d t —
0y’ Oys S v 0y1  Oys o v Oyx 53/1
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(because {wt(yx), wt(y;)} = {0,a}). Thus,

01 0o
L= . 2 € (mgi)wt—o and
90 Ovs (Mg#)wt=0

3@077

= ﬁ wt=a-
Oyx Oyl € (Tst)w

Therefore, [ = 3 or 1.
Let [ = 3. Then wt(9v/dy3) = 2a + 1 and

aqﬁl 8¢2 80&
Zv2 ) =_1.-
Wt(ayi>’Wt(3yj>’Wt<8yk> ,—a, 0

up to permutations of 7, j and k. We claim that any product II of three monomials
of weights —1, —a and 2a+ 1 belongs to (mg:)wt=0 (gt )wt=a- This is obvious if II
is divisible by y4, y1y3 or y2. So it is enough to consider the case when II is a power

of y1 or y3. In the former case IT is divisible by 3~ 1 . y=@ . g2etl=m — ym ga
and in the latter IT is divisible by ys - y§ - y3™ 27! = y§* - 45"~ which settles the

claim.

Finally, let [ = 1. Similarly to the previous case, we show that any product II
of monomials of weights —a, 1 and 2a — 1 belongs to (mg: )wi=0 * (Ogt )wt=a. Again
we can assume that II is a power of y; or y3. In the latter case, II is divisible
by y§ - yytymo et = gimea — gmog2mea - Gimilarly, in the former case IT is
divisible by y¢. By (5.32), the monomial y7*~™ belongs to (ya, y3)mg:, and we have
y$ € (Mgt )wt=0* (Ost)wt=a as a > 2a —m. This concludes the proof of Lemma 5.8.

By Lemma 5.8 the homomorphism § is factored as in other cases:
§: H'(Ox(~Kx)) » ws @ Cp — (gri w*)! @ Cps. (5.39)

Thus we see that 0 is surjective if and only if @ = m — 1 and y4 € . If § is
not surjective, then yQQI_Jl generates its image, which is the second summand (0)
of grlc w*, and hence @ is a nowhere vanishing section. The remainder of the proof
is the same as [2], Lemma (2.13.9). This concludes the proof of Theorem 5.2.

Proposition 5.9. Let (X,C) be an extremal curve germ whose central fibre C is
reducible. Suppose that C contains a component C of type (k2A2) and another com-
ponent C' of type (k1A) meeting at a point P of index m > 2. Assume further that
(X, C) satisfies condition (x) in Theorem 1.3. Then a general member D € |—Kx|
is Du Val in a neighbourhood of C' U C".

Proof. The (k2A5) case of Theorem 5.2, considered in §5.8, shows that a general
member D (D C) of | =K/ is Du Val in a neighbourhood of C. If D 2 C’, then
D N C" = {P} because otherwise D contains a Gorenstein point P’ of X and so
D-C’ > 1, which contradicts D-C’' = —Kx -C" < 1 by [6], (2.3.1), and [9], (3.1.1).
Thus we can assume that D D C’. We use the notation in §5.8. In view of (IA)
and (IAY) in [6], (A.3), the fact that D defined by y, + -+ = 0 contains C’ means
that (X, C") is of type (IA), C"* is smooth at P*, and either y; or ys is a coordinate
of C'%.

Lemma 5.10. The variable ys5 is a coordinate of C'*, and hence C'* can be taken
to be the ys-azxis modulo a p,,-equivariant change of coordinates.
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Proof. Assume that y; is a coordinate of C’!. Then fg, is generated by
Yive 02,y s+ 05yt + 6,

with v; € Ox and §; € (yg,yg,y4)2ﬁ§(. Thus,

jcﬁ« + fcuv/ C (y27y37y45y(11)

and wf’x ® ﬁgg/(fg +.#%,) contains a nonzero p,,-invariant element 3"~ %Qp, since
m —a < a. In view of the exact sequence

0— grdue w — gt w ® gl w — (W ® 0% /(& + FL))Hn — 0,

we see that H'(gr% ., w) # 0. This implies that (X,C U C’) is a conic bundle
germ and C' U C’ is a whole fibre of the conic bundle (see [9], Corollary (4.4.1)).
However, (C' 4+ C"- D) < 2, and this is impossible. The lemma is proved.

From now on we assume that C’* is the yz-axis. Hence s, y1 (or yo, y4) form
an (-free (-basis of grt, €, and yQQISI, y1§2;,1 (or yQQ}Zl, y4Q}§1) form an f-free
l-basis of gri, w* at P. Furthermore, we see that gri, (w*) has a global section
7 = (y2+---)Qp" induced by the section o defining D. We also note that gr, w* =
((m — a)P*) since the weight wt’ for C’ is wt’ = —wt modm. According to the
(k2A3) case of Theorem 5.2 considered in § 5.8, the divisor D is defined at P by

ygwl —+ yén_ag/g = 07
where the ¥; are invariant functions by (5.33) and (5.34). We have the surjections
HO(ﬁX(—Kx)) — WS/Q% - wg ® (CP

by (4.1) and (4.2) for the first case and by Lemma 5.8 for the second. In particular,
Uy(P) # 0. Since C' = (ys-axis)/p,,, we have D 2 C’. This contradicts our
assumption. Thus, we have shown that a general elephant D of (X,C) is Du Val
in a neighbourhood of C'U C’. Proposition 5.9 is proved.

§ 6. Proof of the main theorem

Notation 6.1. Let (X,C) be an extremal curve germ with reducible central fibre
C such that on each irreducible component C; of C there exists at most one point
of index > 2. Let {P,}.ca be the collection of such points. For each C; without
points of index > 2, choose one general point of C;. Let {P,}scp be the collection
of such points. For each i € AU B, let S; € |[-2Kx p,)| be a general element on
the germ (X, P;), and set S =3, 5 Si- Then S extends to an element |-2Kx|
by Theorem (7.3) in [6].

Proof of the Main Theorem 1.3. Take a general element o; € Os,(—Kx), and

og = Zai € Os(—Kx).
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By Proposition 4.2, (i) or (ii), the section og mod Q% lifts to
s € H'(X, Ox(—Kx)).

Let Crain C C be the union of the irreducible components of type (IC), (IIB),
(kAD), (k3A) and (k2A5).

By Theorem 5.2 the divisor D := {s = 0} D Cipain is Du Val in a neighbourhood
of Chain and, for each irreducible component C' of Ciain, the graph A(D,C) is
as described in Theorem 5.1 by Theorem 5.2. If Cihain = &, then we are done by
Propositions 3.1 and 3.2. So we assume Cy,,i, # @ and each irreducible component
C C C intersects Cpain (because singular points of C' are non-Gorenstein on X,
see [6], Corollary (1.15), and [9], Lemma (4.4.2)). Then D is normal and Ciain is
connected. If C' ¢ D, then

cCnDc Cmaian,

and D is Du Val in a neighbourhood of C as well, because C - D < 1 (see [6],
(0.4.11.1)) and D is a Cartier divisor outside Cpain (see [6], Corollary (1.15)).

Suppose Cpain contains a component of one of the types (IC), (IIB), (kAD)
or (k3A) and let C C D. Let v: D — Dy be the contraction of Cpain and let
Py := v(Cinain)- Then the point Py € Dy is Du Val of type D or E (using the fact
that v is crepant and Theorem 5.1). Apply Lemma 2.3 to Dy. We conclude that
the surface Dy has only Du Val singularities and the same is true for D.

If C' meets Cham at an index 2 point, then D 5 C by Lemma 4.3. The case
where Chyain consists of curves of type (k2As) and C intersects Cpain at a point P
of index m > 2 is treated in Proposition 5.9. Theorem 1.3 is proved.

Proof of Corollary 1.4. If C; C C is of type (IIB), then it contains a point P of
type cAx/4, and all other components C; C C passing through P are of types
(ITA) or (IIV). But according to [6], Theorems (6.4) and (9.4), P is the only
non-Gorenstein point on Cj;. Since X is not Gorenstein at any intersection point
C;NC; by [6], Corollary (1.15), and [9], Lemma (4.4.2), all the components Cj, C C
must pass through P. This proves (i).

From now on we can assume that C' = C; U C;. We can also assume that C; is
not of type (k2A, m), 7, m > 3 (otherwise there is nothing to prove). Thus (X, C)
satisfies condition (*) in Theorem 1.3. Let f: (X, C) — (Z, 0) be the corresponding
contraction. Consider a general member D € |—Kx| and the Stein factorization

fo:D>C— f'Dz 30z — f(D) 3o. (6.1)

By Theorem 1.3 the surface D has only Du Val singularities. The contraction
f'+ D — Dy is crepant, and the point Dz > oz is Du Val. Now we note that the
germs (D, C;) and (D, C;) are as described by Theorem 5.1. Thus the whole config-
uration of A(D, C) is one of the Dynkin diagrams A, D or E. In particular, A(D, C)
has no vertices of valency > 4 and at most one vertex, say v, of valency 3. On the
other hand, by Theorem 5.2 the configuration of A(D, (') is obtained by ‘gluing’
the configurations of A(D, C;) described in Theorem 5.1 along one connected com-
ponent of the white subgraph. Since the whole configuration of A(D, C) is Du Val,
at most one component of C' is of type (IC), (IIB), (kAD) or (k3A).
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For (ii) it is enough to note that all the singularities along C; are of type cA
and so the extremal germs ¢D/m, cAx/2, cE/2, (ITA), and (II) do not occur as
a component of (X,C). A similar argument is applied in (iii) but in this case the
singularities ¢cD/2 and cAx/2 are allowed, see [8]. It remains to prove (iv).

6.1. Let T be a point of C;. It is easy to observe that a twisted extension
(X, Cj\) (see [6], (1b.8.1)) of the germ (X;,T) D (Cjx,T) by u in a neigh-
bourhood of C} » can naturally contain a neighbourhood of C; if
(a) T ¢ C; or
(b) (X;x,T) D (Cj,T) is a trivial deformation, that is, X, = X; and
Cix=Cj.
We can make successive deformations of (X, C) in a neighbourhood of C;, which
are trivial on a neighbourhood of Cj, in such a way that (X, C;) deforms as follows:
1) from (kAD) of case (5.23) to (k3A), as treated in Lemma 5.5;
2) from (k3A) to (k2A2) or (kAD) of case (5.22), as treated in Lemma 5.3;
3) from (kAD) of case (5.22) to (k2A3), as treated in Lemma 5.6;
and ultimately to (X, C;) of type (k2A,). Indeed, we use (a) when T is the type (III)
point ¢ C; for deformation 2); we apply (b) when T is the index m point for
deformation 3).

6.2. For deformation 1), we need to take the index 2 point @ with ¢(Q) =2 as T
Suppose @ € C;, in which case the divisor D cannot be Du Val because A(D, Cj)
of type Dy with k& > 8 and A(D, C;) of type A, with ¢ > 4 are connected at the
index 2 point Q. So @ ¢ C; and (a) applies, and we are left with the case when C;
is of type (k2A5). It remains to eliminate the case where both components of C
are of type (k2A5). This follows from Lemma 6.4 below. The corollary is proved.

Lemma 6.2. Let (X,C) be an extremal curve germ such that any component
C; C C is of type (k2A). Assume that a general member D € |—Kx| is Du Val.
Then a general hyperplane section H € |Ox|c passing through C has only cyclic
quotient singularities and the pair (H,C) is log canonical and purely log terminal
outside Sing(C).

Remark 6.3. If in the conditions of Lemma 6.2 the germ (X, C) is a Q-conic bundle,
then its base surface is smooth. Indeed, if the base surface is singular, then by
Theorem (1.3) in [10] each component C; C C must be locally imprimitive.

Proof of Lemma 6.2. Let f: (X,C) — (Z,0) be the corresponding contraction.
Note that D D C. Consider the Stein factorization (6.1). It is easy to see that
the configuration A(D,C) is a linear chain. Therefore, Dz > oz is a (Du Val)
singularity of type A. Then the arguments in the proof of Proposition 2.6 in [12]
work and show that the pair (X, D + H) is log canonical. Since D D C, the pair
(X, H) is purely log terminal by Bertini’s theorem. Hence H is normal and by the
inversion of adjunction the pair (H,C) is log canonical. Moreover, C = D N H
and Ky + C'is a Cartier divisor on H. By the classification of two-dimensional log
canonical pairs (see [3], Theorem 4.15) the singularities of H are cyclic quotients
and the pair (H,C) is purely log terminal outside Sing(C'). The lemma is proved.

Lemma 6.4. Let (X,C) be an extremal curve germ, where C is reducible and has
exactly two components. Then both components cannot be of type (k2A5).
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Proof. Assume the contrary. The computation below is very similar to that in [7],
Proposition 2.6. Let C' = C1UCs, let C1NCy = { Py}, and let P; € C; for i =1, 2 be
the non-Gorenstein point other than Py. Let H € |Ox|c be a general hyperplane
section passing through C. According to Lemma 6.2 the surface H has only cyclic
quotient singularities. Consider the minimal resolution p: H — H and write

Kﬁ = /J*KH - @, (62)

where O is an effective Q divisor with support in the exceptional locus (the codis-
crepancy divisor). Let C; be the proper transform of C;. Then Ky Ci<Kp-C;<0.
Hence C; is a (—1)-curve on H. Moreover,

0-Ci=1+Ky -C;<1.

Since H is a Cartier divisor on X such that (X, H) is purely log terminal, the
singularities of H are of type T (see [5]). Hence

(H = P’L) = (C/l"’mfpb(Lmzpzaz - 1) > 0)

for some positive m;, p; and a; such that a; < m; and gcd(mz,al) 1. Here m;
is the index of P;. Write © = O + ©1 + O3 so that Supp(0;) = p~1(F;). Com-
putations with weighted blowups (see [2], (10.1)—(10.3)) show that the coefficients
of ©; in the ends of the chain Supp(0©;) are equal to (m; —a;)/m; and a;/m;. Since
C’1 and Cg meet different ends of the chain Supp(©g), up to permutating P; and
P, and changing the generators of B2y, We have

0,.-C, =2 Q- () = 0% Qp-Cy = 20 Oy Cp= 1272
mq mo mo ma2
Set
51 = apmi —aimy and 52 = as2mop — agma. (63)
Then by (6.2)
o 0
Ky =20 M9 Ky Cy=2 %0 _ %2
mo mi momq mo mo momso
Further, put
A; == mipo + mip; — mopormipidi, =12 (6.4)
Then A .
Cl,? — ﬁ, C1-Cy=——.
maoPo™; Pi muppPo
Since the configuration is contractible, we have A; > 0 and
Ay Ay —mipim3py > 0. (6.5)

Assume that mg > 2. Since C; is of type (k2A3), my =mg =2. Then a; = ay =1
and (6.3) implies

61 = 2a9 —mg >0 and 52:m0—2a0>0,
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which is impossible. Hence my = 2. Then ap = 1 and (6.4) can be written as
follows
A; = mip; — 2po(mipid; — 2) > 0, i=1,2,

where m;p;0; — 2 > 0. Then (6.5) reads
2po(mip161 — 2)(mapads — 2) = (mip161 — 2)m3ps + (Mmapads — 2)mips.
Combining these inequalities we obtain

mip: S 2py > m3pa mip: mip:
mip101 — 2 7 mapada —2  mapidy —2  mipidy — 2

The contradiction proves the lemma.
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