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RATE OF CONVERGENCE IN THE ‘‘CIRCLE FORMATION’ PROBLEM
UDC 513.7
A. M. LEONTOVIC

Abstract. We consider transformations obtained from local homogeneous rules
of motion of polygons in the plane for which regular polygons are stationary (the so-
called *‘circle formation’’ problem). These transformations are studied for initial
states that are close to regular polygons. A method of determination of the rate of
convergence to regular polygons is presented; on this basis we obtain estimates of
the highest rate of convergence.

Figures: 1. Bibliography: 4 items.

Introduction

»

The ‘‘circle formation’’ problem was formulated in [7). This problem deals with
the motion of polygons in the plane in accordance with local homogeneous rules of
motion of their vertices that are invariant with respect to motions of the plane. A rule
of motion is specified by a vector function /(r_k, CETPN SYRER rk) that depends on

2k + 1 vectors T_grtttaTgittts Ty and is invariant with respect to motions of the
plane (see (1.3)—(1.4)). It is possible to consider either the case of discrete time, when
the position of a polygon with vertices A,,.--, A at the instant ¢ + 1 is determined

on the basis of the position of the polygon at the instant ¢ as follows:

Ai(t+ 1)=f(Al-—k(t)7 sty Al(t)r ey Ai+k(t))’ {= 17 ceey R, *

or the case of continuous time, when the following system of differential equations is
studied:

TAO =T Ak, o AW, -, Aa®), i=1, .m0

Both these case are analyzed in almost the same way (though for continuous time we
have some minor simplifications). For definiteness, in the Introduction we shall con-
sider the case of continuous time only.

Thus the motion of a vertex will depend on its position and the position of a small
number (k& from the left and % from the right) of neighboring vertices (the local property),
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the rules of motion are the same for all the vertices (the homogeneity property), and the
motion of a vertex relative to its neighbors depends only on its position with respect
to 2k neighboring vertices (invariance of the rules with respect to motions of the plane).

In [1], various examples were considered of rules of vertex motion. In all these
examples the vertex A, moves to a point A:. that is equidistant from the neighboring
vertices A, | and A ,,. The point A'I. is taken differently for different rules. It can
be a point whose distance to the vertices A, | and A,,, is equal to a prescribed
number d, or a point such that the angle £4,_ IA:.Ai+1 is equal to 7 — 2m/n, where n
is the number of vertices of the polygon, or such that this angle is equal to the average
of the angles at the vertices A, ,, A, and A ,,, or such that the cosines of these
angles are averaged, or a point A:. that lies on a circle of given radius R that passes
through the vertices A, _, and A, or a point that halves the segment connecting
the points equidistant from the vertices A; ; and A_,, and lying on two circles, one
of which passes through the vertices A, ., A, | and A, , and the other through che
vertices A, |, 4., and A, (for more details see §5). In[1], computer simulation
results are presented for these rules and their linear combinations. For all the initial
states used in the simulation, with appropriate choice of the parameters, convergence
took place to a regular polygon, i.e., “‘circle formation.”

A polygon with n vertices r ,--+, r_ can be represented by a vector 7 = (71" ..y, rn)
of 2n-dimensional space R%”. Then the rules of motion (++) will specify in R?" a
dynamical system T, (just as (%) specifies in R2™ a transformation T). The question
arises of the behavior of the trajectories of this dynamical system, and also of the
form of the overall pattern. It is evident that the answer will be strongly dependent on
the function f. Of special interest are functions [ such that for ¢ — o almost all the
trajectories converge to points corresponding to regular polygons. With such rules of
motion, the polygons tend more and more to regular polygons for almost all initial posi-
tions, i.e. we have ‘‘circle formation.’’

In studying a dynamical system, we must first of all find fixed points in R?" ..
stationary polygons. In general, the form of such polygons for some function [ can be
most diverse; moreover, such polygons may not exist at all. However, it follows from
the homogeneity of the rules and their invariance with respect to motions that there
exist natural models of stationary polygons, namely starlike regular polygons, i.e.
polygons (possibly self-intersecting) in which all the sides are the same and all the
angles are the same. It is evident that even if such polygons are not stationary, they
will in any case go over into self-similar polygons.

A starlike regular polygon is determined by the length of its sides and the magni-
tude of the angle between neighboring sides. This angle can be equal to 7 - 2al/n, I=
1, 2,.-+, [#/2]; the vertices can be numbered either clockwise or counter-clockwise.
For /=1 the polygon will be regular. For an /> 1 that is not a divisor of 7 the
polygon will be self-intersecting. If [ is a divisor of n, the polygon will be an 7-

polygon with n/l distinct vertices forming a regular n/I-polygon, and at each of these
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P27 that

vectices we have [ merging vertices of an n-polygon. The set of points of
are starlike regular polygons with vertex angles equal to 7 — 27l/n, I = 1,- .., [n/2),
will be denoted by V? if the vertices are numbered clockwise, and by V:—l if they are
numbered counter-clockwise. It is easy to see that all these sets are four-dimensional
subspaces of R2%_ It is evident that V? = Ud>0V? (d), i=1,+++, n -1, where V? (d)
denotes a three-dimensional manifold of points of V?(d) that are polygons with a side
length d.

For many functions [ it is easy to prove that all stationary polygons are starlike
regular polygons. If the function [ is invariant not only with respect to motions, but
also to stretching (for more details, see $1) we shall say that the rule is dimensionless
and assume that the set N of fixed points of the dynamical system consists of a num-
ber of subspaces V? (in all the available examples we have either % = Vf, or N =
U"1'_1V14, or M= UE("‘l)/Z]V4). If the rule of motion is not dimensionless, we shall
assume that N consists of a number of manifolds V? (d)). For definiteness we shall
henceforth consider dimensionless rules of motion.

For all [ such that V? C RN let us consider a stable manifold l—‘; and an unstable
manifold l"; (i.e. sets of points p of R?" such that the trajectory Ttp converges to
V? for t — + o in the case of l_‘;, and for t — — o in the case of F;). It is of
interest to study the mutual position of these manifolds, and obtain Smale’s diagram [2].

First of all it is necessary to find the dimension of these manifolds. For this pur-
pose it is useful to study a linear system of differential equations that is a lineariza-
tion of the system (**) in the vicinity of the points of V?, and find its eigenvalues. As
a result of the invariance of dimensionless rules with respect to motion and stretching,
four eigenvalues of the linearized system must be equal to zero (for dimensionless
rules, three eigenvalues must always be equal to zero). Suppose that the real parts of
the other eigenvalues are nonzero (precisely this is the general case); thus let the
number of eigenvalues with positive real part be equal to pl-, and with negative real
part to p;, so that p; + p; = 2n - 4. (It follows from the invariance of the rules with
respect to motion and stretching that the eigenvalues, and hence also the numbers
pl— and p;, depend only on /, and not on the neighborhood of which point of V‘; the
linear system is studied.) It is easy to see [3] that dimFli = p;t + 4.

Thus it is important to be able to find the eigenvalues of the corresponding linear
systems. This can be done as follows (§$3 and 4). In R2" = R2 x .. x R? let us
consider the following coordinate system: The /th component r, of the vector r =
(rppeeesr) € R2™ will be written in a coordinate system in the plane, obtained from
a fixed coordinate system by rotation by an angle 27l/n, I=1,..., n— 1. It easily
follows from the homogeneity of the rules that the 27 x 2n matrix A of any such
linear system will consist of n’ matrices Bz.j (of dimension 2 x 2), and that all the
matrices standing in the same diagonal (more precisely, for which the difference
between the numbers i and j modulo » is the same) are the same; if i — j=/

(modulo 7), then
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B (bt b2\ D
b b3

It hence easily follows that the matrix A commutes with the matrix ¥ in which for

I £ 1 we have
00 10\ %
B'=(0 0)’ and B‘z(o 1)'

The matrix U has » distinct eigenvalues, to each of which there corresponds a two-

Bij=Bl

dimensional (complex) proper subspace. From the commutativity with U it follows that
these two-dimensional subspaces will be invariant for all the matrices for which the
matrices B,. depend only on the difference i - j (modulo 7). Therefore the problem of
finding the eigenvalues of the matrix A reduces to finding the eigenvalues of matrices
acting in these two-dimensional subspaces, i.e. to the solving of quadratic equations.

Of particular interest is the case that all the eigenvalues, apart from four, have
negative real parts, i.e. p; =2n-~4 and pl_ = 0. In this case (in any event for points
p that are close to V?) we have T p — V? for t — oo. If this occurs for I = 1, then
the polygons that are close to regular ones will become even closer, i.e. we are solving
the ‘‘circle formation’” (*‘rounding’’) problem. The quantity ReA _ . where A___ is
the eigenvalue with a negative real part that is maximal, characterizes the rate of con-
vergence to a regular polygon (see [3]); the more this quantity differs from zero, the
faster will be the convergence. In §5 we obtain for the examples under consideration
an asymptotic formula for the rate of convergence for n — . This asymptotic expres-
sion is of great interest, since the values of » under consideration are fairly large (of
the order of 20 or 100), and it can be assumed that for such n the asymptotic formulas
will yield values close to the true values. The obtained rates of convergence are in
good agreement with the computer simulation results [1]; in some cases the asymptotic
expression for the rate of convergence was predicted on the basis of the simulation
results. (Let us only note that for polygons that are very unlike regular polygons the
rate of convergence is often higher. At first a fast process of ‘‘crude rounding’’ is
taking place, and then, when the system is close to linear, we have a slow process of
*“‘precise rounding’’ [1]).

In $$6-8 we obtain asymptotic estimates of the rate of convergence. In $6 an
asymptotic expression of this rate is obtained for a fixed function [ for » — 0. In
$7 we obtain an estimate of the maximum value of the rate of convergence for a fixed
(though very large) ». In 38 we study in more detail the case k = 1, when the depen-
dence on each of the neighbors is the same.

1) Let us note that in the case of a transformation T the matrix of the corresponding linear
transformation will have the same property.

2) This commutativity is an algebraic manifestation of the geometrical fact that the dyna-
mical system Tt is invariant with respect to cyclic replacment of indices

CSTINNE 2% TN | PR S ST AN B
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Let us formulate an hypothesis with regard to the location of the manifolds I_'; and
F;. This will be done for the case that the cosines of the angles are averaged, although 4
it seems to us that this hypothesis (perhaps with some modifications) is of a general
character. For this rule we have N = U[l("'l)/Z]V?. It is possible to prove (see $5)
that p;, = 2(/ - 1). In particular, the points of attraction will be only points belonging
to V‘lS (i.e. regular polygons). It is natural to assume (although this has not been proved
atall) thac T, p —vV': for t — oo for all points p € Rz"\Ulzzl";.

Let us assume that this hypothesis is true. It would seem that in this case for
t — oo all the trajectories of the manifold I_'; must converge to V‘I‘. It would hence
follow that for s £ / the subspaces Vﬁ do not intersect with Fl-'

But this is not the case. Indeed, let us consider a subspace W, (d being a divisor
of the number 7) consisting of polygons with n/d distinct vertices at each of which 4
vertices are merging, i.e. W, = {r = (rl, eee, rm): T T 1= L e n}. It is evi-
dent that all these subspaces are invariant with respect to T,. In fact, in a subspace
W, (of dimension 2n/d) there acts the same dynamical system as in T, with the only
difference that »n has been replaced by n/d. Next, V?d C Wd' l=1,.0-,n/d-1. It is
evident that for a dynamical system bounded on W, the quantity Vz, plays the same
role as V‘I‘ for the entire dynamical system T,. Hence if all the manifolds Fl_ contain
V‘%, the manifolds I,

Therefore it is justifiable to assume that I_':_ will contain V;‘l if and only if both =

1=1,2,..., will contain the subspace V:}.

and s are divisible by d, and that F: will contain V? if and only if » and j are
divisible by s. However, we have not been able to prove this.

The “‘circle formation’’ problem has arisen in connection with the biological pro-
cess of morphogenesis [4]. It seems, however, that the ‘‘circle formation’’ problem
yields also an interesting example of a dynamical system (or transformation); it is there-
fore useful to study it thoroughly (the same applies also to the ‘‘rectification’’ problem
[4], and in general to problems with local homogene ous rules).

The author is very grateful to I. 1. Pjatecki‘{-gapiro and V. M. Alekseev for useful

discussions and valuable advice.

$1. Transformation rule

Let us consider a vector function /(r_k, cre, Ty, ’k) that depends on 2k + 1
VECLOrS 7_,, e ¢, T, ny 7, (all the vectors are assumed to belong to the plane R?).
Such a function [ specifies the rules of motion of the vertices of closed polygons. The
time can be either discrete or continuous. In the case of discrete time we assign a rule
of transformation of polygons. Thus the position of the vertices of the n-polygon
A; -+« A atthe instant ¢ + 1 will depend on the position of the vertices at the instant
t as follows:

Ai (t + 1) =f(Ai——k (t)’ ey Ai+k (0)3) (1.1)

3) The subscript i is defined modulo n; in the following this will not be especially
mentioned.
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For continuous time the transformation rule (1.1) is replaced by a dynamical system

described by the following system of differential equations:
d
;;;At &) =F(Ai—e(®), ..., Aipe () (1.2)

The formulas (1.1) and (1.2) specify the rules of motion of the vertices of any
polygon. These rules are homogeneous, i.e. they are the same for all the vertices; they
are also local, since the motion of a vertex depends only on the positions of this vertex
and its nearest neighbors (k from the right and k& from the left). For the motion of a
vertex with respect to its neighbors to depend only on the mutual position of the vertex
and its neighbors, without depending on its position in the plane, the function [ will
be everywhere assumed to be invariant with respect to motions (without reflections) in

the following sense: For any vectors 7_,, -+, r,, p, and any rotation A we have

k!
flr—e 40, .. ret+9)=f(r—e ..., re) +o, (1.3)
fAr—g, «.., Ar) =Af(ter, .., I). (1.4)

The problem under consideration and the function [ are said to be dimensionless
if A in (1.4) can be a similarity transformation (without reflections), and symmetrical
if A is a rotation and reflection. For a symmetrical problem the motion of a vertex will
depend equally on the right and left neighbors.

In $5 we present examples of various functions f. By taking all their possible
linear combinations, we obtain a sufficently large set of various rules of motion of
polygons. In all the examples under consideration the function f is symmetrical.

For each discrete-time problem (with a function f) it is possible to find a continu-
ous-time problem with a function /(r_,e TR R ’k) -1y, and by considering a
family of discrete-time problems with functions (1 = 0)rg + of (r_,, =++, 7o, + <+, 7,), we
can see that for 0 — 0 such problems approximate the corresponding continuous-time
problem.

In the following we shall consider only the case of the transformation (1.1). The
system (1.2) can be studied in the same way, though sometimes this involves minor
simplifications.

The totality of vectors 7_,,.-+, 1., i.e.a (2% + 1)-sectional plane broken line,
can be represented as a point of (4k + 2)dimensional space R4**2 - RZ » ... x R?.

+ .. . .
R4k 2, taking its values in RZ, ie. f:

Therefore the function [ is defined on
R4*2 _, R?. Here it is possible that the function [ is defined not on the entire space
R***2  In all the available examples the function [ is defined if 7, #7_,. It is often

sufficient (for example, in studying the asymptotic behavior for 7 — oo) to require that

the function / be defined in a neighborhood of points of R***?

representing broken
lines whose vertices lie on the same straight line at equal distances from one another;
any vertex lies between neighboring vertices, so that the angles between neighboring

sections are equal to 7, and not 0.4

4) Here and in the following all the angles are in a counter-clockwise direction.
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To each ordered set of vectors 7,,.+4, 7 , i.e. to each plane closed n-polygon (in
which some of the vertices may coincide) it is possible to assign in a natural manner a
vector of the 2n-dimensional space R2" _R?x ... x R%; conversely, any vector of the
space R?" = R? x -+« x R? can be represented by an n-polygon. Then the rules of
motion of the vertices expressed by formula (1.1) will define a transformation T acting
in R2".5) This transformation acts not on the entire space R?™ but on those parts for
which the right-hand side in (1.1) is defined. Let us denote by Il the set of points of
R2" for which the right-hand side in (1.1) is not defined. In all the examples under

consideration we have

M= L"Jmi, where M= {f= (f], aeey rn): ri—1 =ri+l};
i=1

on mi the rule of motion of the ith vertex is not defined. In the open manifold R2"\1L
the transformation T is everywhere defined and continuous. In general the transforma-
tion T cannot be extended in a continuous manner to the entire space R2". Let us
also note that T is not necessarily a one-to-one mapping (yet if T is close toa
dynamical system in the above sense, then it will be a one-to-one mapping).

In the space R2" there acts a group & induced by the group of motions (without
reflections) of the plane R? (the elements of this group are likewise called motions).
In fact, to any motion g of the plane R? there corresponds a transformation G by the

following rule:

G(ryy +ovy rn)=1(8r1, .-, &rn)- (1.5)

From (1.3) and (1.4) it follows that the action of the group @ commutes with the trans-
formation T. If g in (1.5) can represent not only the motion of the plane, but any
iimilarity transformation (without reflection), we shall denote the resulting group by
®:;%) it is evident that for a dimensionless problem the actions of this group commute
with T. The groups © and @ fiber the space R2" into orbits, all of which are three-
dimensional for the group @ and four-dimensional for the group '(:g, apart from a
single two-dimensional orbit consisting of points of the form (r, r,-- ., 7).

Since @ and T commute, it follows that T carries orbits into orbits. Hence it can
be assumed that the transformation T acts on a (2n — 3)-dimensional (open) manifold
M27=3 _ (RZ7™\M)/@. Such a point of view is often useful. For example, in R?" the
set of fixed points for T is necessarily a union of @-orbits; hence there cannot be any
isolated fixed points. On the other hand, the fixed points in M27=3 are in general
isolated points. In the same way, for a dimensionless problem it is useful to represent
the transformation T acting on a (2n — 4)-dimensional manifold M%7~ 4 = (R2™ 9)?)/@ n

5) Similarly, formula (1.2) will specify in R2”? a dynamical system T, with contmuous time.
6)In a similar way we shall define the action of the groups ® and a in the space R4
7) The homogeneity of the rules causes T to commute with a group of transformations Z

consisting of cyclic permutations 7 (rq,-++, r,)) > (ri4jseee, Tpyeee, r],),-j =0,1,.0¢, n -1,
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Our task is to study the transformation T. In [1], numerical results were obtained
for particular cases, and several theorems were proved. In the present paper this
problem is studied from a more general point of view. Unfortunately we were unable to
obtain any global results. This paper is devoted to a study of the transformation T in

the vicinity of fixed points.

$2. Fixed points

Thus we must find at first the fixed points, i.e. stationary polygons. By virtue of
the homogeneity of the rules it is natural to seek the stationary polygons among the
‘‘locally regular’’ polygons, in which all the angles and all the sides are equal. Such
polygons will be called quasiregular polygons. From the homogeneity of the rules and
formulas (1.3)—(1.4) it is evident that even if such polygons are not stationary, they
are in any case transformed into similar polygons.s) Therefore it is important to
describe all quasiregular polygons.

This can be easily done (see [1]1). The vertices of any such polygonal line lie on the
same circle as the vertices of a regular polygon (we shall assume that in this polygon
the vertices are numbered in a clockwise direction), though their numeration’is not the
usual one, i.e., between vertices that are neighbors in a polygonal line, we have in a
regular polygon the (s — 1)th vertex, where s=1,2,..+, n - 1, n. Such polygonal lines
are called quasiregular polygons of order s. For s = 1,..+, n~ 1, they form in R?" a
0<d<oo Vz(d), where Vi(d) is a three-
dimensional (for d > 0) manifold of quasiregular polygons of order s with a side length
equal to 4. Each manifold Vz(d) (s=1,2,...,2-1, 7 0<d< o) is an orbit of the
group @, and for d > 0 all of them are nonintersecting. The manifolds Vi_(()), as well

four-dimensional manifold (subspace) Vf_ =U

as Vz, represent the same two-dimensional subspace V? formed by points (r, 7.2, 7);
as noted above, they constitute a singular orbit.

For s =1 and s = n ~ 1, quasitegular polygons are regular; for s = 1 the vertices
are numbered clockwise, and for s = n — 1 they are numbered counter—lockwise (in the
following, only quasiregular polygons of first order will be called regular polygons).
For's = n, all the vertices merge. If s is divisible by n, a quasiregular polygon will
form a regular n/s-polygon traversed s times, i.e. s vertices of an n-polygon will
merge at each vertex of this n/s-polygon. If 1 <s <n-1 and (s, n) = 1, the polygon
will be a starlike regular (self-intersecting) polygon. For (s, n) = d, d vertices of the
polygon will merge into one vertex of a quasiregular polygon of order s/d that has
n/d vertices; for d < s < n - d this polygon with n/d vertices will be a starlike regular

(self-intersecting) polygon. Quasiregular polygons of order s and order n —~ s are

8) Hence in the case of a dimensionless problem a point of that is a quasiregular
polygon will be a fixed point; but in R“” such a point is not necessarily fixed, although itzgoes
over into a point of itsa-orbit. In this connection let us note that to each fixed point of R<”
there corresponds a fixed point of M27=3 (or M2"~%. The converse may not be true. But if
on a®-orbit (@-orbit), corresponding to a fixed point of M“”~° (M“"~ ™) we have at least one
fixed point, then all the points of this orbit will be fixed.

IMZYI— 4
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mirror symmetrical. The vertex angles of a quasiregular polygon of order s are equal to
7 - 2ns/n for s <n/2,and to 7 + 27 (n - s)/n for s > n/2. Let us note that the sub-
spaces v? and V:/z lie in the intersection of the Wli.

We shall be interested in the case that only quasiregular polygons can be stationary.
It is assumed that in the manifold M2”~3 (or M?"~* in the case of a dimensionless
problem) the fixed points are isolated points. Thus in the case of a dimensionless
problem it is assumed that the set %t of fixed points of the transformation T consists
of a number of subspaces V‘;. One of them must be the subspace V4, ie.all the regular
polygons are stationary. In the general case it will be assumed that % consists of a
finite number of manifolds Vg(ds), one of which is the manifold Vi(a/) for some
positive d.

Let us note that the function f can be such that the set ! has the above -described
form for all », or for only some =, for example, one value of 7, or even for no value of
n at all.

In Table 1 of §5 we shall list the form of the sets % for the examples under con-

sideration.

$3. Linearization

For studying the transformation T in the neighborhood of a fixed point r € it C
RZ”\W, it is necessary to consider a linear transformation A_ that is a linearization of

T in the neighborhood of the point 7, i.e.
Ao =lim 2 (T (r +-e9) —1r), pER™ (3.1)
e~ &

It is assumed that this limit exists; for this we must require that the function { be con-
tinuously differentiable. In all the available examples the function [ is differentiable
(even infinitely many times) at all the points, apart from a finite number of manifolds of
codimension 1.

For studying the behavior of the transformation T in the neighborhood of the point

7, we must first of all find the eigenvalues of A . It is evident that if r! and 72

belong
to the same 8-orbit (or @-orbit in the case of a dimensionless problem), the transforma-
tions A,l and A , will be conjugate, and hence they will have the same eigenvalues.

r

Since by virtue of the assumptions made in $2 the set N consists of finitely many
orbits, we must calculate the eigenvalues of finitely many operators. Next, it is evi-
dent that the tangents to 1 (i.e. to the orbit) of a vector are invariant with respect to
A_ . Therefore several eigenvalues, i.e. four for the dimensionless problem and three in
the general case, must be equal to unity.

Let r° € % and let V, and V (V, CV) be sufficiently small neighborhoods of the
point % (such that V intersects with only one connectivity component of the set N).
As was noted above, all the operators A,re€ N NV, have the same eigenvalues. Let

us denote by A the set of all eigenvalues, apart from those whose corresponding
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eigenvectors are tangent to N?) (as we noted above, the eigenvalues that do not belong

to A must be equal to unity). Let A be the maximum eigenvalue of this set. Next

let us denote by I' a set of points pmngl such that T’p €V for all integers ¢ > 0,
and by I'" CT" a set of points p € V, suchthat T’p €V forall >0, and T'p — R
for t — oo (so that for all the points of T* the trajectories originating at them will
tend to " N V, whereas all the trajectories beginning in Vl\F will originate at V).

After these remarks we evidently obtain (see [3])

Theorem 3.1. 1) Let s, be the number of eigenvalues in A that are larger than 1,
and s, the number of eigenvalues smaller than 1. Then 't will contain an open sub-

set of a manifold of dimension s, + 3 (52 + 4 in the case of a dimensionless problem),

whereas I is contained in a marfz’/old of dimension 2n - s,. If s, +5s,=2n-3 (2n-4
in the case of a dimensionless problem)}®) then T = ", and the trajectories T'p for
all p €V apart from an open subset of a manifold of dimension 2n — s, will originate
at V. In particular, if s, = 0, all the trajectories Tip,p € V., will tend to "NV
when t — oo,

2) Let /\max <1 (ie. s, = 0). Then the quantity /\max will specify the rate of
convergence of the trajectories T'p to N, i.e. for any positive € there exists a con-
stant ¢ dependent on p and €, but not on t, such that the distance between the vector
T'p and N does not exceed c(|A__ | + &)’ If the maximum eigenvalue is simple, it is
possible to set € equal to zero, and for almost all p € V the distance between T'p and
N will be asymptotically (for t — o) proportional to |A__ |*.

Remark. A similar theorem holds also for a dynamical system, with the only dif-
ference that instead of equating |A__ | to one, we must equate Rel to zero; here
max max

max 1S an eigenvalue belonging to A that has maximal real part; we must also replace
A el

max
to the corresponding dynamical system (as described in $1), the eigenvalue A is

by expit. Re)tmaxi. Let us also note that in going over from a transformation

replaced by A — 1. It is likewise evident that in the transformations approximating a
dynamical system (with functions (1 - 0)r; + of), the quantity A is replaced by 1 - o+
oA; hence if ReA < 1, then in the case of a sufficiently small o the corresponding
eigenvalue will be smaller than 1 (even if |A| > 1); only the eigenvalues A with ReA>1
do not permit convergence for any positive o.

It is evident from this theorem that the quantity 7=7(f) = - 1/laJA__ | is very
characteristic, i.e., if l)\maxl < 1, then 7 will be the time during which N is approxi-
mated roughly e times; hence it is natural in our case to say that 7 is the "‘rounding
time.”” ¥ {A__ |~ 1, then 7~ (1- l)\maxl)'l.

Thus it is important to be able to find the eigenvalues of the transformation A .
For this purpose let us find the matrix A of this transformation. Let e Vg(d) C Vi,
V denoting a neighborhood of the point 2. In the region V we shall use the following

9) Thus A is the set of all eigenvalues of the corresponding linear operator acting in a space

tangent to the manifold M21=3 o M2mm4,
10) So that the absolute values of all the eigenvalues belonging to A are distinct from 1.
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system of coordinates. To a point % €N there comresponds a quasiregular polygon of
order s with vertices r?, cea, r that has its center at the point O. In the plane let us
consider the following » systems of coordinates: In the ith system of coordinates the
origin coincides with the point r , the first unit vector E) is perpendicular to the
ray Orz. , and the second unit vector E)i,z is directed along this ray, the angle between
the first and the second unit vector being equal to 7/2 (and not 37/2; see footnote 4).
Thus the ith coordinate system is rotated with respect to the first system by an angle
2n(i — 1)/n. Suppose that to a vector 7 € V there corresponds in the plane a polygon
with vertices 7, ..., 7 . Let us denote the coordinates of the vector 7, in the ith
coordinate system by @, and B,. Then we can take as the coordinates of the vector 7
the numbers a,, B,,.--, @ , /8". Thus we have described the coordinate system in V.
The origin of coordinates coincides with the point %, The unit vectors of this system
will be denoted by bi,l and bi,Z’ i=1e00, n

Let us find the form of the matrix A in this coordinate system. Let A = “Bii" , 1

bit b2
5l i
Bi= ( 21 212

bij bij

is a 2 x 2 matrix. It easily follows from the homogeneity of the rules that all the

j=1,.+¢, n, where

matrices B . for which 7 -~ j = ] (modulo n) are equal:

b blz\
Bj=B/=|"' "\
bi' bi®

Matrices possessing these properties will be called 2-circulants (since a matrix B =
||bl.].||, i, j=1,-++, n, in which byj=byfori—j=1 (modulo ), is called a circulant) 1D
Thus it follows from the homogeneity of the rules that the matrix A is a 2-circulant.

Since the rules are local, it follows that
"=0 for |I|>k, v,p=12 (3.2)

Next, the vectors tangent to Va(d) (V4 in the case of a dimensionless problem) are
invariant with respect to A . It is evident that the vectors tangent to V3(d) will be
all possible linear combmauons of vectors {,, {  and (S, whereas the vectors tangent

to Vﬁ will be linear combinations of vectors ¢, CO, ¢, and Cs, where
to=(4,1, ... ,1,0,0, ...,0),
£o=0(0,0, ...,0,1,1, ..., 1),

2n 2 — . ) -
§s=<l cos® X, .. cos 22N g gn il gn2re—Ds)
n n n n J
o 2 .2 — —
L= (0 —sin=Z, ... ,—SIH—M 1, cosznS ,cos—————zn(" 1)5)
n n n n

o e o e

11)A matrix "B,,", i,j=1,<-¢, n, where! Bij are s X s matrices, such that B depends
only on the difference i —j modulo n, will be called an s-circulant.
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(to the vectors és and (:s there correspond polygons obtained from 0 by parallel
shift, to the vector ¢, there correspond polygons obtained by rotation, and to the vec-

tor éo there correspond polygons obtained by stretching). This yields the following

conditions:
k k
1 1
dbit=1, 3 o =0, (3.3)
=—Fk = —k
k k
Z b}lco 25ls —1- S‘ b 2ﬂlS _ 1, Z‘, b?lc 23\215 + 2 bzzs 2nls —_ 0
n n
k k 3.4
— 3 bPsin?2S 1 > bi*cos by, — Z b“smzmS + Z biPcost = — o,
I=—k n I———'Iz n I=—t f—

for a dimensionless problem we have the additional conditions

k k
Su=1 3 b=0. (3.5)

le=—Fk l=—Fk

It is easy to see that in the case of a symmetrical problem we bave
11 11 22 22 12 1
bl =br, bZ =0b, bZ=—b> b2 =0 G.®

It is easy to prove also the converse, i.e., if a matrix A is a 2-circulant of order
2n and it satisfies the conditions (3.2)~(3.4), then there exists a function /(’—k.’ . 'k)
that satisfies the conditions (1.3)—(1.4) and such that a quasiregular n-polygon of order
s will be stationary and the matrix of a linearized transformation in the neighborhood
of this polygon will be the matrix A. If, moreover, the condition (3.5) is also satisfied,
then the function f will be dimensionless, whereas if (3.5) holds it will be symmetrical.
With the aid of (3.1) it is possible to express the coefficients of the matrix A in

terms of the function f. After simple calculations we obtain
= biw)y V=12 l=—k ..., k, (3.7)

where % = (af/arl)] o o is a matrix (of second order, since f and r, are vectors
Tk TR

in R?) constructed from the first-order partial derivatives of the function f with respect
to the /th vector vanable taken for = r , j=~-k,+«-, k where (as mentioned above)
the points 0 _pr vy T, form 2k + 1 successwe vertices of a regular polygon of order
s, and E)l 1
tem in the plane. Let us recall that /(r O) = r

and E)I , are the unit vectors of the above~contructed Ith coordinate sys-

§4. Calculation of eigenvalues

In this section we shall describe a method of calculation of the eigenvalues of a

2-circulant.1?)

12) Theorem 4.1 is well known to experts. Unfortunately the author was unable to find a
referelnce. In view of the importance and simplicity of this theorem, we shall present its proof
in full.
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Theorem 4.1. The eigenvalues of the 2-circulant A are A, | and A, ,, =10

L.+s, n-1,where X, | and A, , satisfy the following second-degree equation:

Fi(d) =2 — (3" + B A + BI'BP — BB = 0, (4.1)
where
n—1 zall
Zb)’” ov,u=1,2.
J=o0

Remark. In the case of an arbitrary s-circulant, the eigenvalues will be the eigen-
values of the matrices ||B}¥|, v, p=1,.-+, s, where
n—1 ;2%

St " (=01, ...,n—1).

{am0
Proof of Theorem 4.1. Let us consider a complex space C2” and take a basis in
it. The matrix A can be regarded as the matrix of a linear operator acting in this space.

In the proof of the theorem we shall mainly rely on

Lemma 4.1. For a 2-circulant A the two-dimensional subspaces ™ 1=0,1,...

n — 1, spanned over the vectors

iz_ﬂl i?ﬂ."_—l.)!
n
m=(le ", ... ,e ,0,0, ...,0),
‘.gll izn(n—x)t

nmw=(0,0,...,0,l,e ", ...,e " ),
will be invariant with respect to A.

Proof. Indeed, we have

. izn(i—:)l n 2:1(1—1)1 n—1 \
Am =A(Z e " hj,l) Ee " (2 b h]-l—m,l + 2 b5 h/-\-mz)

‘ j=1 m=g me=0 !
n o n— _jamly . o2n (v—l)l n—1 l2:rrmt ; 2 lv—1)
= (2 ")e " .1+Z' ) b Tle " g
=1 \ m=0 m=y
= Bi'n + B .
By performing similar calculations for A#);, we obtain
Ang =Bi'mi+ B, Ane= B + B, 4.2)

whence Aw; Cn,. This completes the proof of the lemma.
After thlS lemma the proof of the theorem is obvious. Indeed, the matrix of the

operator A, bounded in an invariant subspace 7, will be in accordance with (4.2) as

8y B}
(55 s12) -

follows:
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and therefore the characteristic equation of an operator A, bounded in a subspace 7,
will be (4.1). Hence follows the validity of the thoerem.

It is easy to find the eigenvectors 'fl,l and 'fl,z corresponding to the eigenvalues
)‘l,l and ’\1,2' In fact, it follows from (4.2) that as eigenvectors we can take, for
example, the vectors

Ev =B + B =My, v=1,2. (4.3)
Since
L2l .2 (n—1)
i i —
e " =e "

and the b}'“ are real numbers, it follows that the coefficients, and hence also the roots

of the Ith and {» — D)th equation (4.1) are conjugate; for definiteness, let

Mta =Ma, Motg=h, (=0,1,...,0—1. 4.4)

It hence follows from (4.3) that

En—l,1=a, E.m—-l,z=a, =01, ... ,n—1.

From these relations (and from (4.3)) follows the invariance of A with respect to the

two-dimensional real subspace I, , C R?" spanned over the vectors

= B+ Bamta) = 7 (B + E2) = Re(B*n) +Re (B — ha) ),

7 Biv— i) = o Bty — Ba) = Im @) + Im (B — de) o)

If A, , is real, it will be a double eigenvalue and II; , will be the corresponding

l,v

proper subspace (of dimension 2). If A, , is complex the operator A will act in II, ,

v
as an elliptical rotation.
By virtue of (3.2), ﬁ’l’“ will assume the simpler form
k — 2
BM = Zb}’”e ., vy,u=121=0,1,...,n—1. (4.5)
j=—Fk
In the case of a symmetrical problem it evidently follows from (3.6) that 61“ and
‘8122 are real, whereas 3112 and ﬁlu are purely imaginary. Therefore the equation (4.1)
will have real coefficients. Hence the eigenvalues A, | and A, , are either both real
or both complex conjugate. Using (4.4), we find that each eigenvalue is double, i.e. in
the first case we have )\1_1 =A,_; and )‘1,2 =A,_ 2> Whereas in the second case
and A, = A .
n-—1,2 1,2 n—1,1

It is often necessary to find eigenvalues that are close to unity. They are easy to

we have AI, L= A

calculate if we know the values of the characteristic polynomial and its derivative for
A= 1. Infact, if F(A) =A%+ pX+ g is a characteristic polynomial with roots A, and

)\2, with
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dF ()

F(l) =0, T by

=Q,

then (as can be easily seen)

Q oz 6
ha=1-2 2 /7;_ . (4.6)

This formula is often useful. For example, knowing ® and Q we can find how many

3:1 P
’ Cd
2 %
2 »
A
L,/
7 U
A 1 1 g
~ ! ﬂ\ 7 2 ¢4 ¢
\
\
\
\\
2\
\Q\\\\}ﬁ
Figure 1

roots have an absolute value larger than unity. For real ® and ()} we have plotted the
results in Figure 1. Below we shall also use the following result, easily obtained from
(4.6). Let ® and Q) depend on 7, and for n — o let ® ~ cln"KI, D~ czn’Kz, c, #0,
cy #0,k;>0,k,>0. Let |A ] < l)\2|.13) Hence

1 — | Ay | < cn—*where % = max (%q, ®; — %), ¢ >0. (4.7)

Next let us write

{ dF, (A
28 _o, F(D=0i@)=0(p), X _o (=00
n di A=1
Using (4.6), we can find the roots /\1 ; and )\l 5 1=0,1,.¢., n~1. It follows from

(4.5) that ® and Q are trigonometric polynomials of ¢, the first of degree 2k and the
second of degree k. Let

2k k
D@)= 3 fiehe, Qo) = 3 0, [;=F(s), 0; = 0;(s).

j=—2k j=—k
It follows from (4.1) and (4.5) that

k
fi=3 @b, —b7bn), j=—2k ..., 2, (4.8)
r=—=%k

(.0,' = ____’5111 —5?2, ] = ——ky vy k’ (4'9)

where
——

13) In the following this will be assumed throughout.
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‘El _ 7, r=0, ’532 — bgz ,r=0,
bt—1,r=0, b2 —1,r=0.

Hence we can see that /]. and @, are real coefficients. It follows from (3.6) that in the
case of a symmetrical problem we have /]. = f_]. and w;=w_; therefore ® and Q will
be real even functions.

The polynomials ® and Q cannot be arbitrary. In fact, /]. and @; must be real
and such that the equations (4.8) and (4.9) have real solutions b;/”', v, u=1,2,1=
-k, ++«, k, satisfying the conditions (3.3) and (3.4). For a dimensionless problem the
solutions must additionally satisfy the condition (3.5), and for a symmetrical problem,
the condition (3.6). It follows from (3.3) and (3.4) that Fo( D=F(1)=0,i.e.

@, (0) = 0, (4.10)
@, (2’“) -0, (4.11)
and from (3.5) it follows that "
dF, (A) .
a e,
i.e.
Qs (0) = 0. (4.12)

$s. Examples

Now let us apply our results to the rules of motion considered in [1}. There rules
were obtained from geometrical considerations, i.e. angles, or their cosines, or curva-
ture radii, were averaged, or it was tried (by vertex motion) to set a prescribed value of
the side length, or angle, or curvature radius. In all the subsequent examples the point
f= f(r_k, ey ’k) will lie on a straight line perpendicular to the vector r; - r_, that
passes through the point %(r; + r_,) and such that the distance between the point f

and the points 7_, and r, is the same:

[f—n|=|f—r4] (5.1)

The following functions f, were considered in [1] (with the use of (5.1) the defini-
tions given below determine these functions uniquely):
1) (rule of setting a prescribed side length) f = [I(r_ i Tor rl) is determined from

the condition
. 1
|f—ral=f—r] =mm{d,zlr1-—r_l l}a 0L Lrafinn<m

2) (rule of setting a prescribed angle) f=f, (r_,, 7o, 7,) is determined from the

condition

4"-1fz.mG=-‘3‘5—"%£’;
m
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3) (rule of averaging of angles) [ =/[,(r_,, 7_,, 75, 7}, r,) is determined from che

condition

1 —
4’-1f3f1='1"Lr—1r0r1+71(4r-2’—1ro+ L Tonra)s

4) (rule of averaging of cosines of angles) f ={,(r_,, r_,, o, 7, 7,) is determined

from the conditions

{1 —
cos /L rafiry =17 -cos L r yryry —E_T (cos S r_or_1rg -+ cOS/ rorirs)
and 0<sr_\f,7) <m;

5) (rule of averaging of curvature radii)

1 -
f=f5(r-2, T Ty, Ta) = ;(f:("-z,f_n TosT1ss) + f5 (r_2s -1 Tos r1,72)s

where the point /Si lies on a circle passing through the points 7_, r; and 7,,;

6) (rule of setting a prescribed curvature radius) [ = f((r_;, 7o, 7;) lies on a circle
of radius max{R, Y|r; - r_,|}, with 0< Zr_,f.r, <m.

By taking the weighted mean of these functions and of the function f, =r,, i.e. by
setting

f=(1—0,—0,—03—0,—0,—0g)ry + 01f; +0ofo.m + Oafs+0,f 1+ 04f5 - 0fs,
(5.2)

we can obtain a suffiently large collection of various rules of motion of polygons.

In [1] the results of a computer simulation for the functions f|, fym 14 15 and
their linear combinations were presented. The simulation showed that in the case of
sufficiently small o, 0,, o, and o5 we have convergence to a regular polygon for a
wide class of initial states. For the function (1 - U)ro +0f it was shown in (1] with
the aid of simple geometrical considerations that for any o there may be no conver-
gence to a regular polygon even if the initial states are arbitrarily close to a regular
polygon.

For the functions under consideration it is easy to find fixed points on the basis
of geometrical considerations. With the aid of elementary (though cumbersome) calcula-
tions it is possible to find the coefficients b;’“. These results are listed in Table 1.
Since all the functions under consideration are symmetrical, it follows from (3.6) that it
suffices to calculate b} ' and b3? for 1> 0, and b;? and b?! for 1> 1. In the table
it is assumed that 0 € Vi. Let us note that the same numbers stand in the columns for
bl“ and bllz. This is a consequence of (5.1); more precisely, it follows from (5.1) that
bll2 = bl“cg(ﬂs/n). It also follows from (5.1) that bl“ = bllz =0 for [ > 1. For a func-
tion [ of the form (5.2) the coefficients b;’“ are linear combinations of the coefficients
b];"L in Table 1.

For a function / of the form (5.2) and ai + ag + UZ + ag + oé £ 0, all the fixed
points will be quasiregular polygons, and for 0, = 0 and o, = O the problem will be
dimensionless. As we noted above, any function of the form (5.2) is symmetrical. Let

us note that if » is not divisible by m, then for /= (1 - oz)ro +0,f, . there will be no
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fixed points in R2"\fl (in this case fixed points are those of the form (r, - « « ,7) for
which the function /, = is not defined).
Knowing the coefficients b;*, we can find the functions ®(¢) and Q(¢). After

calculations, we obtain for a function [ of the form (5.2) the formulas

s
4 tg—\*?
O, () = (03 + 0, + 03 + 0, -+ 05 + ) - |0, -4(sin12£) Qi
tgi
2
6 /
o 'tg% ? 15(5"1%) ' sin = 2\
+-(cs+04)-16-(<sin§) L= — | oo —— 51— -~
tg — 1 4 2cos — in &
g / / -+ 2 cos n\ sing
4 a2
4 (sin ?) / / sin bk
0% 27ts ( l—( 02
cos — \ \sin%
. q 2 PR (¥ 2 2
Q(9) = 20, + 40, (sin £ )+ 2(04 +0,) (sinf ) (1+4r(smE))
2 \
2 / (sin%) —(sinﬂ—s)2
+20; (sin(F—) ‘ 1+ -
2 27ts
\ 1+2c057 ]
| . 2 . ws\?
2 (sm ?) —_ (Sll’l ';) 4
+ 0, (sin—(;-\) + - . G4
COS—:[EE
\ n

Using (5.3)-(5.4) and (4.6), we can calculate the eigenvalues.

Let g, > 0. It then follows from (5.4) that £ (0) < 0. From Figure 1 ($4) it is
easy to see that the absolute value of one of the roots ’\0,1 and Ao,z is larger than 1.
This is true for all s. It hence follows from Theorem 3.1 that for ¢t — o there is no
convergence of Tfo to N. The same applies to the case that 0,<0and 6, =0,=0;=
s = 0, since in this case we have ® (p) <0 for ¢ = 2nl/n, s <l<n-s. There-

fore we shall henceforth assume that og = 0.

04=0'

Let s =1 (and hence m = n), i.e. we study polygons that are close to regular. Let

0,,0,, 03, 04 and o, be nonnegative. It follows from (5.3) and (5.4) that in this case

5
®>0and Q>0forall k£0,1, n~1. From this result and from Figure 1 it follows that if o,
0,5 03, 04 and o, are sufficiently small, then all the eigenvalues in A will be smaller than unity
(if o, + oy

lar polygons. It is possible to find the rate of convergence and the rounding time 7. In

+0,+ 05> 0), i.e. the polygons close to regular polygons will converge to regu-

fact, since 0, 0,, 03,0 and o are sufficiently small, all the eigenvalues will be

real and positive; it is easy to see that in this case A =A, 5, =A By study-
max 2,2

n—2,2"
ing the asymptotic behavior of ® and Q for s=1,7/=2,n — oo, and using (4.6), we
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. . 1 . ..
obtain after some calculations'® (let us recall that A is positive, so that |A | =
max max

ReA =A )
X m

ma ax

352(01 463 + 03404+ 05) (?-ﬂ

n

)?1+oorax it 0,>0,0,>0,

20'1
9 (4y (63 +4-0q) + 5;1(01 + s+ 044 55) (23)“ (1 +0(n-%),
1 n
1—A if 0,>0,0,=0, 0340+ 0;>0, (5-5)
— Amax = )
2¢ Go 4- O (1___ 1 — 265 403464+ 05 (%T_Fz
(205 + 03 + 0y + ) ]/ 362 (02 + 63+ 54 +05) n)

x(1+0(m), if 0,=0, 0,>0,

(67(63+04)+205)(-2§)4(1+0(n—2)). if 0y =0y=0, 0340, +0,>0.

(Let us note that for 0,=0and g,> 0 the radicand must be smaller than 1 and
larger than 4 .)

In particular (see also [11), by setting 0, =05, =0,=0,=0,=0 and 0, =
cos(2ns/n) in (5.2), we obtain

1— [l = () (1 +- 0. (5.6)

In the case of arbitrary s, if 05 =0, =0 and 0}, 0,, 0, and o, are positive and
sufficiently small, we easily find from (5.3)—(5.4) and Figure 1 thac there exist
min{2(s — 1), 2(» - s - 1)} eigenvalues larger than unity. This result was mentioned
in the Introduction.

$6. Estimation of rate of convergence in the case of a fixed function

In this and the subsequent sections we shall consider the action of a transforma-
tion in a small neighborhood of the point e Let /€ Vg. As it follows from
Theorem 3.1, if Mmax\ < 1, then all the trajectories originating in this neighborhood
will converge to 1 N V4 and the quantity 1~ |A__ | will determine the rate of conver-
gence. In particular, if s =1, then 1~ P\maxl will determine the rate of convergence
to a regular polygon. Therefore it is of interest to estimate how large this quantity
can be.

Suppose we are given a function /(’—k" .. ,r,) such that regular n-polygons will
be stationary for all sufficiently large n. In this section we shall find an asymptotic
expression for the rate of convergence to a regular n-polygon for n — .

A broken line with vertices r_,,--- ,r, is said to be (d, ¢)-regular if each sec-
tion of this line has a length d and each angle is equal to ¢. The set of all (d, ¢)-

kt2

regular polygonal lines forms a three-dimensional manifold 93¢ C R4*"2 | In particular,

PP —

14) These results are mentioned in part in [1].
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the manifold ?31,0 consists of polygonal lines all whose vertices lie on the same straight

line, the distance between each vertex and the next being equal to 4.

Theorem 6.1. Suppose that the function /(r__k, e, rk) is five times continuously
differentiable in a neighborhood of the manifold ?Z, 0 C R4**2 45 0, and let Vi(d) e
for all sufficiently large n. Then

1‘—‘}Vmax|<D’7’—4s (61)
where D is a constant that depends on [ and s, but not on n.

Proof. The theorem will be proved on the assumption that the function [ is
analytic in a neighborhood of the manifold ?2‘0. However, it follows from the proof
that it suffices to require fivefold continuous differentiability.

For each n it is possible to calculate the matrix A of the linear transformation
A,re Vg(d). The elements of this matrix depend on n. Let us write 6 = 2as/n. Since
[ is an analytic function, it follows from (3.7) that the coefficients b;"u, v, p=1, 2,
and [ = - k, -+, k, are likewise analytically dependent on 6, and they can be expanded
in a power series in 6: b)%(6) = Zk - 7;”9’

For 0 = 2as/n the coefficients b, ”(0) satisfy the conditions (3.3) and (3.4); it
follows from the analyticity that chese conditions hold for all 6. Next, from (1.3)—(1.4)

it is easy to obtain
bt @) = b (—0), v,u=12 l=—k ...,k (6.2)

If the points r <« ,r, forma (d, 0)-regular broken line, 6 = 27s/n, then

-k
/(r_k, SRR SRR 'k,) =r,; it follows from the analyticity that this is true not only for

6 = 2ns/n, but for all 6. Hence we find with the aid of (3.4) that the coefficients b}j"(ﬂ)

satisfy also the following conditions:

2 167 (0) = — ctg—— Z bi* ), Z‘ 167 (6) = — c‘rg ( > o 0)— )
=tk l=—t l=—k =—k (6.3)
Let us write B].,“ Zl__k bv";l"'. It follows from (6.2) that
Bim=0 for j4m odd. (6.4)
From (3.3), (3.4) and (6.3) we obtain the following equations:

Bio=1,B}y =0 for j >0, B¥ =0 for j>0,

’ 1, 0,

oo——O Boo—— :?12% ;fz, 321=—Bzz. (6.5)

BGZ“‘O BO‘L_‘ 11"—8;,0) BZI_BZ()

Let us prove that

I — Ay | < D, (6.6)
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where the constant D depends only on f and s, but not on n. For this purpose we
shall expand (I>s(4rrs/n) and Qs(4ﬂs/n) in power series in 1/n. It is evident that the
coefficients of these series are polynomials in B;j’; It easily follows from (6.4) that
only the coefficients of even powers of 1/n are nonzero. After simple calculations we

obtain from (6.5) the formulas

@, (i"—s) —O0(n—*)and Q (‘i’-‘f) — 021
n n

From these relations and from Theorem 3.1 and formula (4.7) we obtain (6.6). From
(6.6) we obtain (6.1), which completes the proof of the theorem.

In the case s =1 we shall study convergence to regular polygons. Theorem 6.1
asserts in this case that for » — o the rounding time 7 increases not slower than nt.
Let us note that in general 7~ cn?.

It follows from Theorem 6.1 that although there exists a sequence of functions,
(for example, the functions /2.'2 of $5) for which 7~ cn?, there does not exist any
single such function f. It is of interest to ascertain how the rounding time can vary
for n — oo in the case of a sequence of functions /, that depend on 7. We shall say
that this sequence is smooth if the coefficients b}m, as functions of 6 = 2ws/n, are
four times continuously differentiable with respect to 0 in a neighborhood of the point
¢ = 0. We have

Theorem 6.2. If f (r_,,--«, r,) is a smooth sequence of functions and if
Vz(d) €R, d> 0, for sufficiently large n, then

l—l)\.maxl <Dn"2,
where D is a constant that depends on the sequence [, and on s, but not on n.

Theorem 6.2 can be proved in the same way as Theorem 6.1, with the only differ-

ence that in general the condition (6.3) does not hold.

§7. Maximum rate of convergence

By virtue of Theorem 6.2 we can hope that the maximum value of the rate of con-

% with increasing 7. This result does not

vergence for fixed n will decrease as n~
follow from Theorem 6.2, since the sequence of functions /n that maximize the rate of
convergence for fixed » may not be smoothly dependent on n. In this section we shall
calculate by another method the maximum rate of convergence, thus obtaining a number
of bounds for the constant D in Theorem 6.2 (not given in S6).

Let us denote the maximum value of the rate of convergence for fixed n by fk(n).

As we noted in §3,

——————

15) This assertion apparently contradicts formula (5.4); as a matter of fact, the function fl
of §5 does not satisfy the conditions of Theorem 6.1, since it is not differentiable at the points
of the manifold ?z 0
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Ze(n) = max (1 — [Amax ), 7.1
AEMk'n
where M,  denotes a set of matrices of order 2n that are 2-circulants and satisfy the

condmons (3 2)—(3.4). In the same way it is possible to find the highest rate of con-
vergence in the case of a dimensionless problem, a symmetrical problem, and a dimen-

sionless symmetrical problem. The comesponding quantities will be denoted by flz’" ,
Eim and ng'Sn; for finding them, we must consider in (7.1) instead of Mk,n the sets
ME' o’ Mi’n and Mg’sn, which denote the sets of 2-circulants of order 2z that satisfy
respectively the conditions (3.2)~(3.5), the conditions (3.2)—(3.4) and (3.6), and the
conditions (3.2)—(3.6). In this section we shall obtain asymptotic estimates for these

quantities for n — co. Thus we shall prove

Theorem 7.1. We have the following inequalities:

k(gf)“(l—nﬂ) Laln) < 21/13”,,( ) (1+Pn_), (7.2)

.
k (27“)2(1 — ;'22) < %P(n) < 4D, (2;“)2(1 + %) , (7.3)
e(2) (1-5) <G w<VDa (2) (1+2), (7.4)

where DS 1= 22;=1]’s and D is a constant that depends on k, but not on n.

Proof. First we shall prove the left-hand sides of (6.2)-(6.4). Let
~ D)
[ =(1—0n)ro + Gnfyn, 0n = COS ‘:’?n

and let A be the matrix of the corresponding linear transformation. It is evident that
Ak belongs to M, as well as to MDn and M (1t is the linear transformauon
matrix for a funcuon / 7w that is a k-fold superposmon of the function /) But the
eigenvalues of A* are the kth powers of the eigenvalues of A. It hence follows from
(5.6) that for A®* we have

I —|Amax | = £ (-2;“)2(1 +0(n—2).1®

From this formula we can obtain the left-hand sides of (7.2)(7.4).

For proving the right-hand sides of (7.2)—(7.4), we shall estimate the eigenvalues
Ay, and A, . Letus recall that |A, | < 1A, 5l

In the following we shall need some lemmas relating to the quadratic trinomial
(with complex coefficients) F(A) = A% + pA + ¢, whose roots Ay and A, |A (]| <A, ], do
not exceed unity in absolute value (it is appropriate to compare these lemmas with
Figure 1). Let a = F(1) and B = F'(1).

~) 16) It is evident that the rounding time decreases precisely k times; the functions 7 and
7 .

yield the same rule of transformation of polygons; only the unit of time for 7(1") is equal to
k units of time for f.
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Lemma 7.1. ja| < 4, |8] < 4.

Proof. We have

|a|=|14p+q] =|1—M—he+hhe| <1+1+14+1=4,
[Bl=2+p]|=|2—h—2e| <2+141=4.

This proves the lemma.

Lemma 7.2. |A,| > 1 - %Re .

Proof. It is easy to see from (4.6) that at least one of the roots A; and A, is not
smaller in absolute value than |1 - 8/2|. But

|1—B/2| =Re (1—p/2) =1— é Re B.

This proves the lemma

It follows from the lemma that

| Al > 1 — 218, @.5)
Lemma 7.3.
|Ag| > 1 — Vm (7.6)

Proof. We can have the following two cases:
1) |B?/4| <|a|. Then % |B| < V/|a|. Hence (7.5) yields (7.6).
2) |B%/4| > |a|. Then

\

V‘[Sz/4—'(l=—g-l/ 1— =PZ—(I—§ ngl)’gzé(_x_'

(]

2
=1

It is easy to see that

ci=>0, >lci=1L 7.7

j=1
Since |2y/a/B| < 1, we obtain from (4.6) and (7.7) the formula

T R

j=1 =1

>1-VIaly o=1—Vial

i=1
This completes the proof of the lemma.
Let us note that if a = 8%/4, then A, = A, = 1 - \/a.

Now let us estimate |A, ,|, assuming that |A__ | < 1. It follows from Lemma 7.1
that
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| D (9)| <4, |Q@)] <4 for 9 =2uln, | =0,1, ... ,n—1. (7.8)

Lemma 7.4, Suppose that the function ®(¢) = Z;:—Zk /’jeii¢> satisfies the condi-
tion (7.8), and that M = max . 4 2”|®(¢)| . Then there exists a constant C that
depends on k, but not on n, and such that

M<4(1+%). (7.9)
Proof. Let
’ ~ 2 { ~ 24 1] 1
M, = max | @' (@), @) =M T gzl
0<(p<21‘l n n

By virtue of (7.8) we have

M——4<](D($)|——|(D(-27’:—I)

~

®

, ~ 21l 2n
—| | o @o| <m (5= )<, =,
o
1.€.
M, >-2(M—4). (7.10)
2x

Next, from the inversion formula

27

1
L Ji
fi 2n5®(¢)e-“°d<p

[
we find that

|fil <M, j=—2,...,Z2k ~ (711
Hence
2k
| (@) =| 3 ifielo| <M-2k(k+1),
j=—2k
i.e.
M, L2k (k+ )M (7.12)

From (7.10) and (7.12) follows (7.9). This completes the proof of the lemma.
Let us note thac this lemma is applicable not only to the function ®(¢), but also
to the function Q(¢). In this case

lo| <M, j=—k, ... k. (7.13)

Let us prove the right-hand side of (7.2). Let us expand ®(¢) = 212.:_216 f].eiﬂi’ in

a series in ¢:
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@ (g) = {z 1———21"h+" 21‘f;+0(f9°)}
+:{<p i —£ ;f’h +0 <q>5)} : (7.14)
By using (4.10) and (4.11) (for s = 1), we obtain
:V_’: fr=0, Z f‘fi—-~(2n—’—‘)2 § i*fi+0 ),

ju=—2k je=—2k

sz == 3 ph+ow,

j=—gk j=—2k

From this formula and (7.14) it follows that

4 2k
o) =1z (&) ZJ Mo +i{(2) 3 pr+oe).
gk (7.15)
From the latter and (7.11) and (7.9), we obtain
4n 2\ | 2 . N
l(D (—n—) = (7") l%k,sfj +0(n)

3
< () Dose-M+0(9 <4Do (22)" 0.
Using Lemma 7.3, we find that

hasl>1—1/ 4ot () +0059),

which proves formula (7.2).

Let us prove the right-hand side of (7.3). Let us expand Q(¢) = 1——k mieif¢ in

Qe = {zlw;—%”;i*wﬁ 0@ +ifo Jjor + o).

It follows from (4.12) that Ef:—k W, = 0, whence we obtain with the aid of (7.9) and
k
> oy

(7.13) the formula
[Rea2 ()| <2 (%)
n —

< 2MD,, (2“) +0(n*) <8D, ,,( 2“) +0(n).

+0(n™)

With the use of Lemma 7.2 we find that
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D, . (2% 2 _
[as] > 1 —4Dys () + 0@,

whence follows (7.3).
Let us prove the right-hand side of (7.4). In this case, as was noted in §4, the
function ®(¢) (just as Q(¢)) will be real. Instead of (7.15) we hence obtain

() -1 (2) 3 fh+ow,
j=—2

whence

lq) (4__“) <2 (ﬁ)‘Dmk +-0(n*).

n n
Using Lemma 7.3, we obtain (7.4).

Thus we have completed the proof of Theorem 7.1.

Let us note that in (7.3) and (7.4) the quantity » occurs in the same power in both
the right and the left sides of the inequalities; only the constants (which depend on k)
in front of n are different. In the case of (7.2) the situation is worse, i.e. the right-

3/2, and the left-hand side the order n~ 2. It would be

hand side has the order n~
desirable to elucidate the true asymptotic behavior of Qk(n).

In the formulas (7.3) and (7.4) it would be desirable to sharpen the dependence of
the constant in front of (27/n)? on k. It is easy to see that 4D2,k ~ 8k3/3 and
\/TD_;; ~ 16k2“5/\ﬂ‘(—)‘ for k — ce. It is true (in any case for (7.4)) that for & — oo
this constant is asymptotically proportional to k2.

From (7.2)—(7.4) we can obtain estimates for the rounding time 7. For example, in
the case of a symmetrical problem the minimum value for 7 is asymptotically propor-

tional to n? for 7 — oe.

$8. The case of a symmetrical problem, & = 1
Of greater interest is undoubtedly the case of small %, for example, k=1 or
2, and a symmetrical problem. (Let us note that all the available examples are
of this type.) In this section we obtain a2 more exact estimate of the quantity Esl(n),
i.e. the maximum rate of convergence in the case of a symmertrical problem with & = 1.
In this case formula (7.4) goes over into the following inequality:

B (-B<narm@Za2) e

n

In (8.1) it is very easy to reduce the constant 34 to \/3. In this section we
shall prove

Theorem 8.1. For n — oo,

25 (n) ~ (En‘_‘)”
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Proof. Since k=1, we obtain ®(¢) =/, + )‘leiq5 + /_lef-id’ + fzei2¢ +f ze‘i2¢
and since the problem is “‘symmetrical’’ we have f_y= /1 and /_, = {5+ By virtue of (4.10)
we have [ = - 2f, - 2f,; hence

’

D (9) = — 4f, ( sin %)2 — 4, (sin @)

From (4.11) it easily follows that

fo = —4f, (cosfn—)2 (8.2)
whence
RN
¢ 3 Slﬂ"n—
® (¢) = 16, sin 31— . (8.3)
sin%

Since the eigenvalues are not larger than unity in absolute value, we obtain (by
setting [ = n/2) from (7.8) and (8.3) the formula

0< f<— (8.4)
a

m\% °*
cos—
n

Next, since we are considering a “‘symmetrical problem,” it follows that w_, =
w, and Q(é) = wy + 20, cosp. By setting (0) = 0, + 20, = w, we easily find that

Qp) —0—4 (sin%)z. ®.5)

From this formula and (7.8) it follows that
<o (8.6)
For brevity let us write bil =a, and bf2 = a,. By virtue of (3.3) we have
1 — 68 = 2a,, @.7)

and from (4.9) it follows that
1 — b3 = 0 4 2a, (8.8)

Next, from (4.8) and (8.7)—(8.8) we have

fi=—400,—aqo0, f=00,—0bb.

Using (8.2), we hence obtain

2
oY = — a0 (g2 ) — g0
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whence
fo= gy —— f oo —2 (8.9)
n \2 n\2
(cos——) 4 (cos—)
n n
From (4.9) it follows that @, =~ a, — a,. From (8.9) we hence obtain

of —a 27201 4")‘ +f2(cos ) =0.
The root of this quadratic (in @) equation must be real. Hence
1 2 EAN
= (@ — 40 — 4, (cos —) >0. (8.10)
n

Now let us write ¢ = 4n/n. From (8.3) and (8.5) we obtain

® (47") ~12f (sm 2_“) Q (’%‘) = 0 — 4o, (sin 33-)2

=(c—4(ol)(sm%-"'—r) c=—2") (8.11)
( ingﬁ ’
sin™ )
and by virtue of (8.6) we have
I<o<e. (8.12)

By using Theorem 4.1 and formula (4.6), we obtain from (8.11)

—4 —4wy)2
x2=1_{-°-2-—“11—i]/(—”—4—“"’—-— 12f2} (sm——) +0(mY.  (8.13)

But by (8.4), (8.10) and (8.12) we have for sufficiently large =

C—tol 197, >4 (‘-"’:i“ﬁ)- 4f, (cos%)z) >0.

Therefore the eigenvalues )\2 , and )\2 , Will be real. It hence follows from (8.13) that

e < 1= {252 — )/ =208 191} (0 2)" 4 00

=5%(1—-1/l_———e)(sm )+0( = Vlf_?‘_f’(l V———)(sm )+0(n“).

(8.14)
where ¢ = 48/,/(c - 4w1)2.
From (8.10) and (8.12) we obtain
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gl — (8.15)

e
4(cosn—)
n

It is easy to see that the function (1 - \/T Z¢)/\/¢ increases with €. It hence follows
from (8.4) and (8.14)—(8.15) that

L[| < 2 (1= 1——(—3—-)—2)(sm2—“)”+0(n-4)= (32)’4- 0(nY).
) 4 cos = " "

From this formula and from the left-hand side of (8.1) follows the theorem.
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