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BOUNDARY THEORY OF MARKOV
PROCESSES
(THE DISCRETE CASE)

E.B. Dynkin

The paper contains a detailed account of the theory of Martin boundaries
for Markov processes with a countable number of states and discrete time. The

probabilistic method of Hunt is used as a basis. This method is modified so as

not to go outside the limits of the usual notion of a Markov process. The

generalization of this notion due to Hunt is discussed in the concluding section.
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Introduction

The boundary theory of Markov processes permits the investigation
the “final” behaviour of the paths of such processes, that is, the
behaviour as the time t tends to infinity (or to the moment of cut-off
Knowledge of the final behaviour is in its turn a prerequisite for the
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2 E.B. Dynkin

investigation of general boundary conditions (from the probabilistic point
of view this is reduced to the study of possible continuations of the
process after the moment of cut-off). Another important application of
boundary theory is the description of all harmonic and superharmonic
positive (excessive) functions connected with the process. This problem
motivated the creation of the theory of the Martin boundary in 1941 [4].
Martin investigated the set of positive solutions of Laplace’s equation

in an arbitrary domain of euclidean space.

The probability interpretation of Martin’s results was proposed by
Doob {1}: these results are directly related to the Wiener process, but
Doob proved that they can also be extended to discrete Markov chains.

A new approach to the theory of the Martin boundary was proposed by
Hunt (6] . In the Martin-Doob theory first an integral representation of
excessive functions is deduced by probability methods, and then from it a
theorem on the final behaviour of the paths is obtained. Hunt proved a
theorem on the final behaviour directly by means of probability arguments,
and then, applying this theorem to h-processes, he obtained a simple
derivation of the integral representation of excessive functions.

The reading of Hunt’s important paper is made more difficult because
it is written in terms of a generalization, due to the author, of the idea
of a Markov process (approximate Markov chains).! This may give the
impression that the success of the methods applied depends significantly
on this generalization. Actually this is not so, and in this paper Hunt's
method is modified so that we need not go outside the classes of usual
Markov chains.

Problems of boundary theory admit a natural dual formulation.

Instead of harmonic (excessive) functions we can investigate harmonic
(excessive) measures. In view of the self-adjointness of Laplace’s
operator in the case considered by Martin, this dual problem does not
contain in itself anything really new. The situation changes in the general
case, and now, instead of one Martin boundary, two are constructed in
Doob’s theory: the exit boundary and the entrance boundary. The role
played by the exit boundary in the study of the final behaviour of the
paths must now be played by its dual, the entrance boundary, in
investigating the “ initial " behaviour. However, to give this latter term
a meaning, we have to widen the usual interpretation of a Markov chain.
One of the possible extensions consists in considering stationary processes
defined for values of the time from — o to + . For such processes the
““initial ' behaviour means the behaviour as ¢t - — ®. Another possibility
is to consider the generalization of Markov processes proposed by Hunt:
Hunt processes begin at a random instant ¢ » — o, and the “ initial ”
behaviour for these is the behaviour as t » . It is not necessary to
construct the dual boundary again, since it can be obtained from the
previously constructed one by inversion of the time in the process.

1 Chapter 10 of the recent book of Kemeny, Snell and Knapp [3] is written in
these terms. This chapter contains a well-considered and polished account of
Hunt’ s paper.
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These questions are dealt with in the concluding sections of this
paper.

Thus, the reader can gain a first acquaintance with the idea of
inversion of time and its application to boundary theory from the simpler
and more usual material of stationary processes. At the same time it must
be emphasized that stationary processes are not exhausted by Hunt’s theory,
since they do not satisfy the Hunt requirement of finiteness of the mean
number of hits on each state. The actual problem remaining is the con-
struction of a theory including both stationary processes and Hunt
processes.

The present paper treats (as also the papers of Doob and Hunt) only
discrete Markov chains. It can serve as an introduction to boundary theory
for general Markov processes, to which the author intends to devote a
subsequent paper.

For an understanding of this paper only a knowledge of elementary
probability and measure theory is needed.

§1. Harmonic and excessive functions and measures

We take as starting point a transition function in a countable space
E. This is a non-negative function p(x, y), (x, y € E), satisfying the
condition

gpu, y<1 (z€E). (1)

Let f and U be any functions on E. We denote by Pf and uP functions given
by the formulae®

IV@F=§P@vaW) (x€ E),

! 2
(uP) (y) = z w@)plx, y) (YEE). @

Since the right-hand sides contain infinite series, these formulae do not
have a meaning for all f and J. However, they have a meaning if f and u
are non-negative. (By a non-negative function we always mean are with
values in the extended number half-line [0, + «.)

The transition function p(x, y) can be interpreted as a matrix of
countable order. Here Pf is the product of this matrix by a countable
vector column f, and pP is the product of a vector row by P. From another
point of view, the first formula in (2) describes the effect of the kernel
p(x, y) on functions, and the second describes its effect on measures in
E.? The integral of f with respect to the measure u is denoted by the
scalar product

If the domain of summation is not indicated, this means that it is E.

We have to deal almost exclusively with non-negative f and {l. Note that in the

general case the first formula in (2) has a meaning if f is bounded, and the

second 1f M |p(z)|< oo, that is, if the signed measure has bounded variation.
X
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(f, w) = Z/ f (@) ().

If (f, W <, then we say that f is p-integrable, and also that u is f-
finite,

A non-negative function f is called excessive if Pf < f,* and harmonic
if f(x) < o for all x and Pf = f, Similarly, a measure is called excessive
if pP < y, and harmonic if U(x) < o for all x and UP = p.

One of the central problems before us is the description of all
harmonic and excessive functions and measures connected with the transition
function p(x, y). It is expedient here to consider only y-integrable
functions h and l-finite measures v, where Yy and [ are, respectively, a
previously selected measure and function on E (they are called standard).
On fundamental interest is the case when p(x, y) is transient (see the
definition in §3). In this case we are able to attach to each point y € E
a Y-integrable excessive function ky and a l-finite excessive measure %,.
By means of the kernels ky(x) and Xy(x) we construct two compactifications
E* and E of E, such that ky(x) is extended for each x € E continuously to
E*, and %y(x) is extended continuously to E. From the sets E* \ E and
E \\E we single out Borel sets B and B, where ky is a harmonic function
and (ky,ﬂy) =1, for y € B, and Xy is a harmonic measure and (l, Ky) =1
for y € B,

It can be proved that every y-integrable excessive function h is
representable uniquely in the form

h(z)= § ky(2) a (dy),

EUB

and any l-finite excessive measure VvV is expressible uniquely in the form

v(@) = § (@ pv(dy).
EUB

Here W, and u? are finite measures which are determined uniquely by h and
v, respectively. We call them spectral measures. R

The set B is called a space of exits, and the set B a space of entries.
The origin of these terms becomes clear in the following section.

§2. Markov processes

Suppose that a particle moves in a space E, going through a sequence of
states ag, a4, @z, ... The path apa,a, ... may be terminate or may continue
unboundedly. The set of all (terminating or non-terminating) paths is
denoted by . The set of all non-terminating paths is denoted by Oy

1 By f < g we mean that f(x) < g(x) for all x € E.
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Among the subsets of {} the so-called simple sets play a special role.
A simple set [aoa1a2 ce an] is composed of all paths beginning with the
states ag, a3, ..., an and continuing in any manner after the moment n.
We denote by % the O-algebra in Q generated by all simple sets.

We depend on the following theorem on measures in .

THEOREM A. Suppose that for any n and any ao, a4, ..., an € E a
non-negative number p(ag, @4, ..., an) is given, where
2 p (a07 aiﬁ “ ety an) ‘/\\fp (007 ah IR ] an—i)‘ (3)

an

Then there exists a measure P, which is moreover unique, on the O-algebra
F such that

P [aodi PN a,l] — p (a07 Ay o v vy an)'

This theorem will be proved in the Appendix.?
From Theorem A it follows that for any measure v on E with v(x) < o for
all x, there exists a measure P, on (! such that

Pv [aoal e an] -V (aO) p (a0’al> .- P (an—h an)- (4)

An important role is played by the particular case when v is the unit
measure concentrated at the point x (when v(y) = 8(x, y), where &(x, y)=1
if x =y, &=x, y) = 0 if x # y). The corresponding measure in Q is denoted
by Px, so that

Px [aoai vt a’n] =98 ('1.’ aﬂ) p (a(]a ai) Y 4 (an—lv an)7 (41)

P, is the probability measure concentrated on the paths starting from =x.
We note that for any V.

P, = D v (z) P,
X

and that P,(Q) = v(E).

Each measure in the space of paths Q determines a random process. ?
The process determined by the measure Py is called the Markov process with
initial distribution Vv and transition function p(x, y). The process
corresponding to the measure P, is called the Markov process with initial
state x and transition function p(x, ¥).

One of the basic results of boundary theory states that almost every
non-terminating path tends to some point of the exit space L. The measure
of the set of paths for which this limit belongs to the Borel set I'CE is

The necessity of the condition (3) is obvious, since

a0, A1, <o, an']l c [ao, Gi, eoey an_l] for any an, and since distinct

120, 41, ..., any do not intersect.

If p(f1)= 1, then P(A ) can be interpreted as the probability that the trajec-
tories of motion belong to A. In the general case P (4) may prove tobe greater than 1
and. even equal to @,
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S (ky, v)py (dy),
r

where ky is the harmonic function corresponding to the point y € B, and
U, is the spectral measure of the excessive function 1.

To explain the role of the exit space, we have to introduce into the
discussion paths without beginning or end. These are functions a: with
range in F defined for all integers t from — @ to +m. The set of such
paths is denoted by Q We use the term simple sets in Q for the sets
lam, ameq, «..s an}: consisting of all paths passing at the moments
m, m+1, ..., nthrough the points am, @ams;i, ..., an. (Before the moment
m and after the moment n they can behave arbitrarily). We denote by 55 the
o-algebra in P generated by all simple sets.

For the construction of measures in the space Q we can use the
following modification of Theorem A.

THEOREM B. Suppose that for any integers m < n and any
@m, Qms1, ..., an € E, non-negative numbers pn(@m, amyq, ..., an) are
given, where

-
D P (Cms Gty - -y n) =D (@my Qmity -« Qney)s (3’)
an
gﬂ_p(am, Amits -+ vy An) =P (Bmi1s -+« vy n). (3")
m

Then there exists a unique measure P on the O-algebra ¥ such that
Plantmir « .. aplm= Ppm(@m, @ity -« -y @n)-

The necessity of the conditions (3'), (3") is evident. For the proof
of Theorem B see the Appendix.

We suppose that the transition function p(x, y) satisfies (1) with
the equality sign and that v is a harmonic measure. Then the function

PP (@my @ity ooy @) =V (@m) P (@my Gmst) - -+ P (oot @n)

satisfies the conditions (3') - (3"), and by Theorem B there exists a
measure Py on # such that

Pv [a'mam-i-i LR an]‘?n =V (am) p (am1 am+1) <« P (an—lv a‘n)' (4”)

A random process determined by P, in { is called a stationary Markov
process with stationary distribution V and transition function p(x, ).

In boundary theory it is proved that for such a process almostagll
paths converge as t - — ® to some point of the space of entrances B. The
measgre of the set of paths for which this limit belongs to the Borel set
I'CBis
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? (1, %) ¥ (dy),

where Xy 1s the harmonic measure corresponding to the point y € § and uY
is the spectral measure for v.

This result can be further generalized in several directions.

Random variables connected with Markov processes are f/-measurable
functions defined on {) or on some subset of this space (or 57 ~-measurable
functions on { or a subset of &), The integral of such a function & on
its domain of definition with respect to the measure P, is denoted by
Myé, and with respect to Py by Mi&.

Here are some examples.
¢ is the terminal moment of a path: if the last moment at which the
path & is defined is n, then {(®w) = n; if the path does not terminate,
then {(w) = + .,

xn 1s the position of a particle at the moment n. This function is
defined on the set {w: {(v) > ni. In the case of a stationary process

Pv [xn - y] =V (y)

for any n. For a process with the initial distribution v

Py [ = y] = 2 Pyl =21 P (2, ). (5)

To prove this equation it suffices to note that
{0: z, =y} = U {un Zy-1 = 2, x, = y}, to decompose the sets occurring
Zz

here into simple sets, and to use (4).
We put

p(nv z, y): Px {»’Cn:y}
From (5) it follows that

pn, 2, y)=Xpn—1, z, 2)p(z, y),

and in view of the obvious relation

28(x, y)=1

we have
M of (x0) = My > 8(xn, y)flxn)= V M8 (., y)f(y)-=
=D pr. z, Y fE =P @), (6

Y

where P is an operator given by the first formula in (2). (6) is valid
also for n = 0, if P® is taken as the unit operator.
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§3. The Green's function

We return to the problem raised in §1 of describing all excessive
functions corresponding to a transition function p(x, y). From (1) it
follows that the non-negative constants always belong to the set of
excessive functions. It may happen that no other excessive functions
exist.

For example, let E be the set of all integers and p(x, y) = %-if
|x —y| =1, and p(x, y) = 0 for remaining pairs x, y. (The corresponding
Markov processes are called simple random walks.) It is evident that

1 , 1
Pf@)=5f@+ 1) +5f(x--1),
and the condition that f is an excessive function can be written

¢+ 1) <o),

where ©(x) = f(x + 1) — f(x). For any natural number k

fet+k)=f@+oe@+oE@+-D)+...+o+k-—1)K
<f (@) + ko (z),
f@=f—k+o@e—kH+...+ox—1D>Ff—k +kp (2).

Since f is non-negative, it follows from the first inequality that
f(x) > —ko(x) and from the second that f(x) > kp(x). Since k is arbitrary,
it follows that @(x) = 0, and therefore f is a constant.

Relying on the notion of a Green’s function we derive a class of
processes for which sufficiently many excessive functions exist. The
Green’s function is defined by the series

gz, y) -=20p(n, z, y)-. (7)

The process is called transient if g(x, y) < « for arbitrary x and y.
We note that by (5) p(n, %, y) = P xn = y} = Mx6(xn, y). Hence

4
gz, y)=M. n§06 (Zn, ¥)- (8)

Under the sign of mathematical expectation there stands the number of
paths that go through the point y. The condition of being transient implies
that this number is almost certainly finite. Thus, for a transient process
almost all paths go only a finite number of times through one and the

same state. Hence, if the states are enumerated in any order, for almost
all non-terminating paths the number of states tends to infinity.

The simple random walk considered above has the opposite property:
almost all paths go infinitely often through any point.?! Processes with
this property are called recurrent. It can be proved that every connected
Markov process 1s either transient or recurrent. (We say that a Markov

1  See, for example, {5). Ch. XIII, §3.
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process is connected if for any two states x and y there exists n such
that p(n, x, y) > 0; in other words, if g(x, y) > 0 for any x and y.) For
any recurrent process, as for the simple random walk, there do not exist
non-constant excessive functions. Henceforth, without saying so each time,
we only discuss transient processes.

The Green’'s function corresponds to the operators

Gf () = 2 g, »)f),

G (y) = Z n(z)g(z, y).

From (6) and (7) it is clear that

G- 3 p 9

n=1{(
Hence, for non-negative f and u
f+ PGf = Gf, p+ pGP = pG. (10)

Therefore it is evident that Gf is an excessive function and UG an
excessive measure.
We put 8y(x) = 8(x, y). It is obvious that

gz, y) = (G8)) (x) = (8:G) (y)-

Hence g(x, y) is an excessive function of x for fixed y and an excessive
measure with respect to y for fixed x. Thus, the Green’s function permits
us to connect an excessive measure and an excessive function with each
point of E. It is this initial store of excessive functions and measures
from which subsequently all excessive functions and measures are obtained.
We derive one important property of the Green’s function.
LEMMA 1. For any states x and y

g(x, y)=u(x, y)gy, y), (11)

vhere T(x, y) = Px{ xn = y for some n} is the probability of reaching y
starting from x.
PROOF. We put

Am:{x()#ys xl#ys"'ﬂxm—1#y9 xm:y}-

We note that
Px {Am7 Im+r = y} - Pr (Am)p (kv Y, y) (12)

To see this we have to decompose the set {An, xm,p = y! into simple sets
and use (4).
The sum on the right in (8) is evidently equal to?

%4 denotes the indicator of A, that is, the function equal to 1 on A and to
0 outside A.
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g g
2 w23 8@ y)).

Hence
g(x, y) — 2 Z MK am8 (0. y) = ,\: Z Po{A4n. znin =y}
m=0 n=m ma==0 k=0

Bearing (12) and (7) in mind we obtain (11).
REMARK. We put Bf = {x, = z for some n € [m, m + k) } . Decomposing
the set Ap N BZ into simple sets, we can prove that

P {4, Bi}=P,(4,)P,(B}). Letting k » ©, we obtain P, (4,. BI)=
=Py (Am) Py (Bgo) Hence

m(x, 2) > P U [An ) B} = Y Pu(4.,) P, (Bo) =m(z, y)a(y. 2). (13)
0

m=- m=1{

This remark will be used in §9.

§4. Supermartingales

The investigation of excessive functions and paths of Markov processes
is conducted most conveniently by means of the apparatus of supermartin-
gales. In this section we introduce the notion and present some properties
of supermartingales. The presentation will be in a most elementary form,
fully sufficient, however, for our purpose.

DEFINITION. Let P be a measure on the 0-algebra F in the space

Q.suppose that in Qthere are given F-measurable functions ys, ys, ..., yyWwith
values belonging to a countable set E and numerical functions
20, %1, ..., Zy. We say that zo, 23, ..., zy iS a supermartingale with
respect to y¥o, ¥1, «.., Yy if forany n=20, 1, ..., N,
1)1Zn is a function of y,, y,, ..., y, 20 = fo (os Yir + + ) Yu):
2)* for any g, @y, ..., Ay U3 E
D P{Yo= a0, -y Ynor= Gty Y= @ a0 @ys ., @) <
an
‘<P{y0 T2 os e ey Ynet <= Baq ) fres (a0, a4y -« ., @ney).  (14)

From this definition the following two properties follow at once:
4.A. If d is a constant, then, together with {2,} the sequence?
{z. \ d} is also a supermartingale with respect to {yn} .
4.B. For any non-negative function @

M(P (yO’ LR yn—i) Zy, < M(P (yO’ AR yn—i) 2n—1-

1  In terms of conditional expectation condition 2) can be restated in the form

M (zn Y05 Y1y -+ s Yn—-1) <2n—1  almost certainly.
We denote by a A b the smaller of the twonumbers a and b, and by «<\/ » the larger.
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To deduce 4.B from 2) it is sufficient to note that

(P(yo’ R y”"l) = E cP(a'()v e ey an—i) 6 (aO: .l/o) LI 6 (an—ly yn—1)'

ag, ..., an-1

The most important property of supermartingales is stated in terms of

Markov moments. A random variable! T, taking the values 0, 1, 2, ..., is
called a Markov moment (with respect to the sequence yq, yi, ¥2, ...) if
for any n

8 (1, n) = ¢, (Yor -+ -+ Yn) (15)

(9n is some function). Intuitively this definition means that observing
the values yo, ¥1, «++, ¥n, ..., We can answer uniquely until the moment
n the question whether the equation T = n is true. It is easy to verify
that along with T the function v \/ m is also a Markov moment, where m
is a non-negative integer.

LEMMA 2. Let zo, z1, ..., 2y be a supermartingale with respect
to yo, Y1, ..., YN and let two Markov moments 0 < T < N be given. Then
Mzs < Mz, (16)

PROOF. First we prove that if the Markov moment satisfies n ¢ T <N,
then for any non-negative function o

M(P (y01 LR ] yn) ZT< M(P (y()v LR yn) Zn. (17)

This is obvious for n = N. Hence it is sufficient to verify that if it
holds for n = m, then it holds for n = m — 1. Thus, let m —1 < T < N.
We have

Mo (Yo, - - -1 Ym—1) 2e = Mo (Yo, - - -, Ym-) 8 (v, m — 1) 2,4 +
+ M(P (y07 ey ym—l) [1 - 6 (T’ m — 1)] z‘l.'\/’m' (18)
By (15) we have &(T, m — 1) = 5(y0, ..+, ¥Ym-1), and applying the

inductive hypothesis to the Markov moment 1 \/ m > m, we find that the
second term in (18) does not exceed

M(P (y0$ o oe ey ym-i) [1 - 6 (T, m — /1)] Zm.

By 4.B the last expression is not diminished if z, is replaced by zn_,.

Making this change and substituting the estimate so obtained in (18) we
see that (17) holds for n=m — 1.
To complete the proof of the lemma we note that by (17) and (18)

M$ (0, n) 2. = MS (0, n) zeyn < M6 (0, n) 2, = M6 (0, 1) 2.
Summing this inequality for n=0, 1, ..., N, we obtain (16).

Relying on Lemma 2 we now prove a fundamental lemma about the number
of crossings of a fixed interval [c, d} for a positive supermartingale.

1 In certain cases it is useful also to allow the value + © for T. Here, as

before, it is required that (15) be satisfied for all finite n.
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The number of down-crossings of [c, d] in the sequence zo, zy, ..., 2,
is the largest number k for which numbers
0Lt <ty<<...<Ttapy <<ty <N can be chosen so that
Zt, > d, B, L €y Tty > d, 2, K6 oo Zton_y > d, Zton <e

LEMMA 3. Suppose that the non-negative random variables
Zo, 24, -.., ZN form a supermartingale with respect to yo, ¥1, ..., Yo
Then the number of down-crossings of [c, d} in the sequence zo, 24, ..., Zy
satisfies the inequality

ﬁlV<{:——1——-ﬂfZO. (19)
d—c¢

PROOF. We put To = 0 and define T,(n =1, 2, ...) inductively as
follows: T, for odd nis the smallest value k > Tp., for which z, > d, or,
if there are no such values of k, then T, = N; T, for even n is the
smallest value k > T,., for which zp ¢ ¢, or, if there are no such values
of k, then T, = N. It is easily verified that T, T4, ..., Tn, ... are
Markov moments and T, = N for n > 2v + 2.

According to 4.A. 'En =1z, \d is a supermartingale. We choose m
so that 2m > N, and put

S= (2, 21)) = (Bry— Zeg) b o+ + (e, — 25,)
“i’— (Zrz‘,*_i_ ET2V+2) _l_ ‘e _+_ (z~tzm—1 - Z"‘:217'1.)"

We note that

z‘l'l = dv zrz \< c, z‘l’g == d1 ZT4 ‘< €y on. L z‘t2v_1 = d7 ZT2V \< c,
Ptyi1 2 By = Zry,, 97 v == Brgme
Therefore
S>v(d —c). (20}
On the other hand,
S = Zg, + (213 - 212) + ot (ZT2’m—l - thm—z) — Zygpe

By Lemma 2,

Mzg=Mzey> Mze, > M21,> . . . > Maegn ;.
Noting that Zr,, > 0, we find
MS < Mz, < Mz < Mz,. (21)
Now (19) follows from (20) and (21).

§5. Excessive functions and supermartingales

Let f be a non-negative function in the space E and let
X5, %31, %o, ... be a path of a Markov process with initial state x and
transition function p(x, y). We add to E one further point, which we denote
by *, and we take x, = * if n > (. We put f(*) = 0. With these conventions,
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the functions x,(w) and f(xp(w)) are defined for all n and w. We show
that if f is excessive, then the sequence f(xg), f(x4), ..., f(zN) is a
supermartingale with respect to xo, %31, ..., z,. For if at least one of
the points ap, a4, ..., ap 1is *, then all subsequent ones also are *, In
this case f(an) = 0. Hence the left-hand side of (14) is zero, while the
right is non-negative. If all the points ao, a4, ..., an € E, then by (4)
we can write (14) in the form

2 8 (x, ap) p(@o, @) ... P(Anss an) f(a,) <
<8(x, ag)p(an @) --. P(anogs @nog) f (@ny)-

For n = 1 these inequalities coincide with the condition that f is
excessive, and from their validity for n = 1 the validity for all n
follows.

Let Vy be the number of down-crossings of [c¢, d] in the sequence

flxo), f(x1), ..., f(xy). By Lemma 3 of §4
o
Myvy << Mof () = L&) (22)
Now let V be the number of down-crossings of [c, d] in the infinite
sequence f(xo), f(x4), ... Evidently, vy4{v, and hence it follows from
(22) that

Myv< L&

We assume that f(x) < w. Then Mxv < ® and consequently VvV < o(Px.a.e.).

However, it is easy to see that the following elementary proposition
is true.

If a numerical sequence makes only a finite number of down-crossings
of any interval [c, d) with rational ends, then this sequence tends to a
finite or infinite limit.

By what has been proved this theorem is applicable to

f(xo), f(xy), ..., along almost all paths x5, x;, ... Thus, almost
certainly there exists the limit
E - llm]((:rll)

By Fatou’s lemma, from the inequality

M.f (z,) = P*f (2) < [ (2)
it follows that

M.E L f ().

Hence ¢ is almost surely finite.

Evidently & = 0 if { < w. Hence there is interest only in the value
of £ on the set Qw of all non-terminating paths.

So we have proved the following theorem.

THEOREM _1. If f is an excessive function and if f(x)< o, then
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the finite limit

limf (x,)
n—oo
exists Py.a.e. on (-
We leave it to the reader to show that if f(x) = ©, then Px.a.e. on
1, one of two possibilities holds: either f(xp) = +o for all n, or f(xn)

tends to a finite limit.
In the following sections analogous properties will be established for
the densities of excessive measures.
§6. Position of a particle before the moment of leaving a set D

Let D C E. We define the moment of leaving the set D as

T sap {¢:x €D}

The random variable T takes the values 0, 1, 2, ... and the value +o. It
is taken to be undefined if x¢ € D for all ¢.
We put

Lp(x) = P {1t =0} = P, {z, €D, z; €D for t >0}
We note that

Pefze=y) = 3 Pelt—m, an=p}=
=m§O p(m, =, Loy =g (z, y)Ln(y). (23)
It is clear that
;g(x, ¥) Lo (y) = X Py {z, =y} < 1. (24)

Let n be a non-negative integer. We investigate the distribution of the
point x+_n. This point is not defined if T < nor T = + @wor if T is not

defined. In all three cases we put x = *, Let ao, @4, ..., an € E. We
have
P, {-T'c =agy Tr-1-= Ay « v oy Xgp == an} ==
o0
J
= Z. Px{T =M, Ty = Agy Ty —=0ag, ..., xm—n:a’n}:
m=n

= i p(m—n, z, a,)p(@n, @noy) ... p(ay. ag) Ly (ag)=

m=n

=g(x, an) p(a‘lw an—l) e P(au aO) Lp (aO)'

Multiplying this equation by Y(x) and summing over x we obtain



Boundary Theory of Markov Processes (The Discrete Case) 15

P, {z: = ay, 2eey = a4, . .., 2¢, = a,} =

=" (an) D (anv an—i) Y 4 (aiv aO) LD (a())v (25)

where

n = vG. (26)

In particular,
P, {z: =y} =n(y Lp (). (27)

§7. Densities of excessive measures and supermartingales

Let T be the moment of leaving the set D and let f be a non-negative
function in E. We put f(*) = 0. We ask the question: when is
f(xr), flxr_1), ..., f(xr—p») a supermartingale with respect to
Xr, Xr_4, -+., Xr—p (for measure Py)?

By (25) we can write (14) as follows:
:S’ﬂ(an)P(an, an-y) - -+ plas, ao) L (o) f (an) <
an

<< Ul (a’n—-i) 14 (an—l.~ an~2) R 4 (ah aO) L (ao) f (a'l"i)'

Pbviously it is sufficient that

aZn' Ul (an) f (an) P (an, a‘n—l) <" (an—i) f (a‘n—i)s

that is, that the measure fn is excessive.

Let VN be the number of down-crossings of [¢, d} in the sequence
flxr), f(xr=1), ..., f(xr—p) or, what is equivalent, the number of up-
crossings of [c, d} in the sequence f(xr—p), ..., f(x+). By Lemma 3 of §4

o1
"7‘/[?'\7_\’ T i va (.T-,;)

We denote by vp the number of up-crossings in the sequence
f(x0), f(x1), ..., f(xs). If D is finite, then almost certainly T <

and vy 4 vp as N » . Hence M,vp \<‘dL~c‘M"’f (Zv,). Now we consider an

expanding sequence of finite sets D, whose sum is the whole of E. Then
Vo, Ay, where v is the number of up-crossings of [¢, dJ in the infinite
sequence f(xo), f(x4), ... It is evident that

1
My < Sup Mof (z). (28)

We say that f belongs to the class K, if
Q= Sll)lp Mof (22,,) << oo. (29)
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From (28) it is clear that if f € Ky, then v < o(Py.a.e.). Hence, as in
§5, there follows the existence Py.a.e. of the finite or infinite limit

§=lim f (,).
Let V(c) be the number of up-crossings of [c, 2¢] in the infinite
sequence f(xo), f(x,), ... and let 1lim Vv(c) = V . Evidently
[ad K- ]

{é =0l C{V >1}. Hence

Py{E=o00} <Py{v>1}< M.

By Fatou’'s lemma and (28)
P, (= oo} < lim My (c) < lim L 0.

C—>o0 C—>00

So we have proved the following theorem:

THEOREM 2. If the density f of the excessive measure U with
respect to the measure N = YG belongs to the class Ky, then Py.a.e. on
Q4 there exists the finite limit

lim f ().

=00

§8. Excessive measures with density classes Ky.
The Martin kernel

Let Y be a finite measure, that is, (1, Y) < . Then, by Lemma 1, for
any y € E

n(y)=§v(x)g(x, y)<§v(x)g(y, y=(1, v)gy y)<<oo.

We put £y = {y: n(y) >0} . It is easily seen that E contains the set
{y: Y(y) >0} and consists of all points that a particle of this set hits
with positive probability. The probability of going out of Ey is zero.
Hence the Markov process may be considered only on the set E,. The most
interesting case is when Ey = E. In this case we say that the measure y is
standard.

Henceforth we assume that Y is a standard measure.

According to §3 the measure U is excessive if i > 0. The density of
this measure with respect to n = YG is given by?

f@)=2p @k @)=k, ), (30)

S ¢ 4 Y is not standard, then the measure UG has a density with respect to YG if
and only if E, C Ey. Formula (30) remains valid if ky(x) is defined by (31)
for y € Ey and ky(x) is given arbitrarily for y ¢ Ey.
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where

ky () = 5’_12’% (31)

The kernel k(x, y) = ky(x) is called the Martin kernel.
When does the density (30) belong to Ku? By (27)
Myf (z<) = Zy F @) Pylzc=y}= %f(y)n(y)L(y) = (WG, L)= xSyu(x) g(z, ) L{y),

and by (24)
Myf (22) < 2 (2).

Thus, if p is a finite measure, then the measure UG has with respect to

N a density of class Ky. The following proposition follows from Theorem 3.
THEOREM 3. For any finite measure i there exists Py.a.e. on Qy
the finite limit

lim (ks p).

In particular, for any y there exists Py.a.e. on Qqthe finite limit

lim g, (y).

n—>co

§9. Martin compactification

As already stated in §3, the Green’s function g(x, y) determines for
each point y € E an excessive function g(x, y). The function ky(x) differs
from it only by a factor not depending on x and satisfies the normalizing
relation

k., = 1. 32
By Lemma 1 ( Y v (52)

ky (z) = n(x, y) gy, y) _ a(z, y)

B M v n(z, vy e, v) ) > v (@) n(z, y)

Z

(because g(y, y) > p(0, y, y) = 1). According to (13)
n(z, y) > n(z, x) ™x, y). Hence for all y

1
’Icy (‘Z) = W ’ (33)

where

2(8)= vz, 7)

(since Y is a standard measure, a(x) > 0 for all x).
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We enumerate the points of E in arbitrary order by the integers and
let N(x) be the number of the point x. We put

Py, 2)=]27" V=27 | L3 &y (2) — k. () | 2 (2) 27V

This defines a metric in E, and the distance between any two points does
not exceed 3. Forming the completion of E with respect to this metric we
obtain the compactum E*. The set E is open in E*, so that the boundary JF
of E in E* is E* \ E. The compactification so constructed is called the
Martin compactification and the boundary JE the Martin boundary.

It should be noted that the metric p(y, z) can be chosen with a certain
degree of arbitrariness. It is essential only that y, is a Cauchy sequence
if and only if:

a) the functions kyn(x) converge at any point x and

b) N(yn) » @ or y, remains constant from some number ny on.

For each x € E, ky(x) as a function of y can be extended continuously
to E*. Suppose that the sequence y, € E converges to y € dE. Then
ky,(x) » ky(x) for any x. Hence it follows that for y € JE, k, is excessive
and satisfies the condition

(kyr V) <1 (34)

(equality in (32) need not hold).

The topology in E* constructed on the metric p(x, y) is called M, (or
the M,-topology).

The fundamental role of Martin boundaries in the theory of Markov
processes is determined by the following theorem.

THEOREM 4. With any initial state x, for almost all non-terminat-
ing paths there exists in the topology M, the limit

limz, = 2. € 0.
N—00

PROOF. For a process with initial distribution y this statement
follows at once from Theorem 3 and the Remark in §3, according to which
for a transient chain N(x,) » o almost certainly.

We denote by A the set of all non-terminating paths for which the
theorem does not hold and put A(x) = Px(4). It will be proved later (see
Corollary to Theorem 8), that h is harmonic. By what has been proved,
(h, Y) = Py(A)= 0. Hence Theorem 4 follows from the following lemma.

LEMMA 4. If Y is a standard measure and h an excessive function,
then from (h, Y) = 0 it follows that h = 0 everywhere.

PROOF OF LEMMA 4. For anyn we have P"h <.h and therefore

0L (WP B) = (v, P*R) < (v, ) = 0.

Thus, (YP®, h) = 0. Summing over n we have (n, h) = 0, where n= YG. By
definition of a standard measure 7n is everywhere positive, hence h is
zZero everywhere.
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§10. Distribution of x¢

If { < ®, then x¢ is a point of E at which a path terminates. If { = «,
then x{ = x4, is defined in Theorem 4 and belongs to JE.

Let T be the moment of leaving D. Comparing (23), (27) and (31) we
have

Py {wc =y} =Fky (z) Py {z. =y}
Hence for any function
Mef (@) =Me28 (e, y) 1 (1) = 21 (9) P e =4} = 21 £ (9) By (@) P fre = ) =
=My 2 @) by () 8 (e, Y= Mof @) k@ 7 (35)

(we recall that k(x, y) = ky(x)). We consider now a sequence of finite
moments D, 4+ E  anddenote by Tp the moment leaving Dp. On the set (o we have
Tn » ®, and hence xr, — %y, and k(x, xr,) » k(x, %) = k(x, x{) almost
certainly. On the set {§'< o} , we have Tn = ( beginning with some ng(w);
hence k(x, xr,) » k(x, x{). Suppose that® f € C(E*). Then f(xr)) » f(xr).
Bearing (33) in mind, we can take the limit in (35). Thus,

Mf (z0) = Myf (2 b (2, 7). (36)

On the Borel sets of the compactum E* we consider the measure ,
defined by

b (D) =Py {z€T). (37)
By (36)
Mf (e9) = § By (2) F (9) s (). (38)
E*

The formula (38), which has been proved for continuous functions f,
extends in an obvious way to all Borel non-negative functions. Putting
f = %r, we get

Py {z €T} = S ky (z) uy (dy). (39)
g
Thus, ky(x) (x € E, y € E*) can be interpreted as the density of the
distribution for the point x; (with respect to u,) for the initial state
X.
We note that by (4')

1 C(E*) is the space of all continuous functions on the compactum E*.
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Hence

Pz {z; = y} :ngo p(n 2, y) (1—=P1) () =g (z, y) (1 —P1] (y). (40)

From (37) and (40)

By =n)(1—-P1](y) (Y€E). (41)
Next, if f € C(E*), then

M. (2) = lim Mf (za) = lim P"f (2)

n-»00

and by (37) and (41)

\ F @) i (dg) = Mof (2 = (1—P1, f)+ lim Sy (@) p(n, 2, 1) F(0). (42)
E* Ly
We note that by (38) and (41)

Mf (%) i< = Ml (@) 12(2) = § By @ F ) (@) = CLF 1 —PDI (=) (43)

E
and by (38)

Mf (@) = Msf (20) 108 (23) = § Iy (2) £ () wa (). (44)
oE

81l. h-processes. Martin representation of excessive functions

Let Y be a standard measure and h a Y-integrable excessive function.
We prove that h is everywhere finite. For each y € E we can find n and x
such that Y(x)p(n, x, y) > 0. Since P™h < h, we have

Y @) p(n, z, y) b (y) < (PR, 7) < (b, 7) << oo.

Hence h(y) < ®. We put E* = {x: 0 < h(x)} and define on E® the transition
function

P" (@, )= 47 P (& W) B ()- (45)

A Markov process answering to the transition function ph(x. y) is called
an h-process. All characteristics of this process are denoted by the same

letters as for the initial process but with the upper suffix
h: Ph gh(x, y), etc. For the Green’s function the following relation
holds:

& (@ =557 8@ DR Q)

The measure vh is standard for an h-process. Here (Yh)GP = nh and the
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Martin kernel corresponding to Yh is given by

h(z, y) ky(z)
)y =259 _ . 46
V@O ="Tne T @ (16)
From this it is evident that the Martin topology for an h-process
coincides with the Martin topology of the initial process, and the Martin
compactification EP* for the h-process leads to the closure of E® in the
space E*. The Martin boundary OEP is simply the boundary of EP in E*.

We put

wa (D) = Py {x € T). (47

Evidently for any Borel function f > 0

§ 1) (@) = M3t (). 48)
E*
Hence
Mif (2) = Min (o) (1) = § 7(9) a (d)- (49)
0F

Applying to the h-process the formulae (38), (44), (41) and (42) we
have

Mif (@) = 5 § o (@) 1 9) B (), (50)
E*
Mif (2 = 07 § o 2) £ 9) b (), (51)
oOF
M3f (@) tpcow = gy G L(h— PR 1, (52)
wa () = () [k () —PR ()], (53)

$F@un =

E%x

= (h—Ph, fn)%—?llim My @ p, z, y) k@) @) (FEC(E?). (54)
X,y
(In (50) - (51) we enlarge the domain of integration by taking
ur(E* \ EMY) = 0).
In (50) putting f = 1 and noting (46), we observe that for any x € Eh

h(2)=§ ky (@) pn (dy). (55)
E*

Outside the set EM both sides of this equation are zero, (if x € EM" y € E",
then p(n, x, y) = 0 for all n; hence, g(x, y) = 0 and ky(x) = 0. Thus,
ky(x) = 0 also for y in the set E"* on which the measure i is
concentrated). Thus, the representation (55) holds for all x € E, 1t is
called the Martin representation of the excessive function h. The measure
uh is called the spectral measure of the function h.
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By (53)
§ By (@) a (dy) = G (h—Ph).

E

Hence the Martin decomposition can be put in the form

h(2)==G (h—Ph) (2)+ § K (@) pa (d)- (56)

0E

§12. The spectral measure of k,. The space of exits

First let z € E, Then

_ g(u,2) _ gy, 5)—8(y,2) 8 (y,2)
sz (y) _‘gp(y7 u) n(z) — n(z) —kl (y) ,r](z) L] (57)
and according to (54)
Ba, @) =0 @) k: () — Pk, ()] = 6. (y), (58)

where 6z(y) = 6(y, z) is the unit measure concentrated at z. Thus,
Mk, = 6, for all z € E,

The set of all z € JE for which p, = 6, is called, by convention,
the space of exits and is denoted by B.

THEOREM 5. The space of exits B is a Borel subset of dE. For any
Y-integrable excessive function h we have Ux(IE \B) =o. If z € B, then
ky is a harmonic function and (kz, Y) = 1.

PROOF. If z € B, then evidently

pe, {2} = 1. (59)
On the other hand, for any z € 0f by (47) and (34)
Wr; (E*) = (kz, ) < 1. (60)

Hence, if (59) is satisfied, then up, = &, and z € B. Thus, B is given by
(59). By (54), for z € JE,

m-—>00

we.{z} = lim S e~mP Dy (dz) = lim lim D)y (z) p(n, x, y) k. (y) e-mP=0),
E* M=»00 N—>00 % U

Hence it is evident that B is a Borel set.

We write k = k;, omitting the subscript z when no confusion can arise.
Let z € 0F and @, Yy € C(E*). For any n >0, m >0

Mio (2) b (Tnsm) = ;,V (@) (z) p* (n, 2, Y) @ (¥) P" (0, Y, 2) P (2) =
=2 7@ P 2 nh )@ E) Mk (@n).

Taking the limit as m » © and using (51) we have
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Miy (@) b @) = 27 @) P2 2 9) B ) @ (v) § B () () n (d2) =

= S 2V (@R (@) P (7 2, ) k(1) 9 () (2) a (d2) = S Mia (20)  (2) o (d).

OF x,y AE

Now letting n -» o and noting (48) we have

Se@v@un@=§ [ § o@m @] ve @),

6E 0E OE
Since ¢ is an arbitrary continuous function, it follows that up — a.e.

?(2) = § o p. (dw).
oE
It is clear that for up-almost all z this equation holds simultaneously
for the sequence of functions

Om () = €™0D  (m=1,2, .. )

and hence in the limit as n - o the resulting equation (59) is satisfied.
Hence

ka (OE \ B) = 0.

For z € B it follows from (58) that k; is harmonic, and from (60) that
(kz, V) = 1.

REMARK. From (50) it is clear that if z € E {j B, then
Pﬁz{ xy = z} =1, so that for any initial state x almost all paths of a
k.-process terminate at z.

§13. The Uniqueness Theorem

THEOREM 6. Every Y-integrable excessive function h has a unique
representation of the form

h(2) = k. (2) p (da), (61)

E(JB

where | is a measure on the Borel subsets of E |J B. The measure u is
finite.

For any finite measure u (61) defines a Y-integrable excessive
function. This function is harmonic if and only if WE) = 0.

From Theorem 6 it follows, in particular, that if h has a represen-
tation of the form (61), then u coincides with the spectral measure up,
and (61) coincides with the Martin representation.

PROOF . From Theorem 5, the Martin representation (55) of the
vy-integrable excessive function h can be rewritten in the form (61), where
W= Uh Since Pk; < k; for z € E and Pk, = k; for z € B, every function h
obtained by (81) is excessive, and if u(E)= 0, it is harmonic. Since
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(kz, Y) =1 for all z € E |J B, we see that (h, V) = WE Y B) < .

We show now that if h is given by (61), then u coincides with the
spectral measure Wp. Let f € C(E). Applying (54) to h and to k; we note
that

ES*f@/) w@y) = § [ 7@ m.@n]n@a.

EUB E=*

But Wg, = 8, for z € E |j B. Therefore

S () ua (dy) = S f(z)yp (d2).
E* E(B
Since yp is concentrated on E |J B, it follows that pp = M.

We observe finally that if Ph = h, then by (53) pp(y) = 0 for all
y € E.

§14. Minimal excessive functions

A non-zero excessive function h is called minimal if from h=h,y +h,,
where h , and h, are excessive functions, it follows that
hy = ¢yh, hy = coh (¢4 and c, are constants). It is easily proved that a
harmonic function A is minimal if and only if every harmonic function h,
satisfying 0 < h, < h, is proportional to h.
THEOREM 7. The general form of Y-integrable minimal excessive
functions is ck;, where z € E (j B and ¢ is a positive constant,
PROOPF. From (54) it is clear that Hhythy, = Bhy + Lh,. Let
2z €E |jBand kz = hy + hy, where h, and h, are excessive. Then
Hhy + Wk, = Hk, = O;. Hence 0 = &(E* \2) = Wh, (E* \ 2) + Hh (E* \ z) and
bh;(E* \ 2) = 0. From (55)

hi(2) = § Fupin (dy) = ko, (2).
E*
Thus, k; is minimal.

Next, let h be any Y-integrable minimal excessive function and u, its
spectral measure. Then pp(E {j B)= (h, Y). By Lemma 5 this quantity is
positive if h £ 0. Hence there exists a point z € E |J B, any neighbour-
hood of which has positive measure pp. We put Up = {y: o(y, 2) < 1/n},

B = Fubn (d)-
Un

It is obvious that h, and h — h, are excessive. Since h, is minimal, we
have hp = cph. Since (hp, Y) = pp(Upn) and (h, V) = wh(E |y B)= (h, V),
we have ch = ph(Un) / un(E {y B) and consequently

() :
AR LZIC

Taking the limit as n » © we have h = (h, Y)k;.
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§15. The Operator 6. Final random variables

We consider in the space of paths  the mapping 6 that is defined on
the set Q, = {w: { (@) > 1} and carries the path acaia, ... into

ajasag ... For any function &(w) we put
E(Ow) if 0€eQ
9 _. 62
€@ { 0 1f 0¢Q,. (62)

The random variable ¢ is called final if 6% = & We note that final
random variables are different from zero only on },, and do not change
their value if arbitrarily many initial intervals of the paths are changed.

We denote by A the set of non-terminating paths for which the limit

Xy = 1im x, does not exist or does not belong to 0E. An example of a
n>om

final random variable is the function that is equal to some constant b on
A, to f(xy) on Qm\A (f is an arbitrary Borel function on df), and to 0
outside {, In particular, the random variable y, is final.

LEMMA 5. For any non-negative random variable &

5 (2o, @) & (s @1) « - - 6 (¥n, @) O E} =
M {8 (zo. a0) 8 (z1, @1) =8 (z, a) P (G0, @1) - . - P (Bn-1, @) Mo B (63)

PROOF. We denote by i,(A) and u,(A) the values of the right- and
left-hand sides of (63) for & = %4. Obviously it is sufficient to prove
that B.(A) = us(A) for any 4 ¢ & . The functions U, and i, are measures.
By (63) for the simple set A = laga; ... anl

e (4) = p2 (4) = 8 (z, ap) p (a0, @) - . .
I 4 (an-—h a’n) 6 (a'ru bO) P (b()v bi) «.-p (bm—-i’ bm)‘

In accordance with Theorem A, from the fact that two measures coincide on
simple sets it follows that they coincide on the O-algebra #.

THEOREM 8. If & >0 is a final random variable and h(x) = Mx& is
finite for each x, then h(x) is a harmonic function, and measures
corresponding to an h-process are given by the formula

§Edp,

Pr(d)= 5= (2€EM). (64)

PROOF. By (62) and (63)

h(x>:Mx§:Mx§6(x, y) 08 = }y]pm, y)ME = gp(x, ¥ k().

Hence h is harmonic.

To prove the second statement it is sufficient to note that (64)
defines a measure on the O-algebra # , where the measure on the simple set
laoaias ... ap] is

1 1
mea(xo, a) SN G(xn, an)gzme(S(xo, d) ce G(Z'n, a)@mg':

:ﬁé(% @) P (@0, @) ... P(@ny, an) bk (an),
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that is, coincides with PL‘.

COROLLARY. If Ml = Myn for any two final random variables & and
n, then £ =N (Py.a.e.).

PROOF. From (64), for any 4 € &

Sgdp,z SndPx.

A A

THEOREM 9. Let h be a bounded harmonic function. Then

k(@) =k, (2) @ (5) s (dp), (65)

B

where @ is a bounded Borel function. Also Py.a.e. on Q4,

lim b (2,) = ¢ (¢2) (66)

and

M@ (z=) = h (). (67)

PROOF. Let 0 < h ¢ a, where a is a constant. The functions h and
f = a — h are excessive. By Lemma 4 and Theorem 7

a=§ &, (@) pa (@) = { by (@) (n+117) (@)
B B

We assume that a > 0. Dividing the equation by a we find by Theorea 7 that
My = (1/a)(ip + pf). Hence W has a bounded density with respect to

Ba: Wa(dy) = 9(y) Wa(dy). Therefore (61) can be written in the form (865).
By (44) and (65) Mx®(x ) = h(x). On the other hand, by Theorem 1 there
exists Pz.a.e. the limit

E=limA (z,).
By (6)
MyE =1lim M.h (z,) = lim P"h (z) = & (2).

n—o00

Thus, MxP(x ) = Mx&. But ®(xy) and & are final random variables, and by
the Corollary to Theorem 8 Q(xp) = & Py.a.e. (we must take Q(xp) = 0
outside Q4).

COROLLARY. ZEvery final random variable & coincides almost
certainly with ©(x,), where © is some Borel function on B.

PROOF. Let & be bounded. Then h(x) = Mz’ is a bounded harmonic
function, and by Theorem 9 Px.a.e. on Qe we have lim h(xn) = 9(xx) and
Mx®(x5) = h(x) = M{. By the Corollary to Theorem 8, Pr.a.e. & = Q(xy). If
¢ is arbitrary, then E /A a 1is bounded, a being a constant. By what has
been proved, £ A\ @ = @a (Z=) Px.a.e. Obviously it follows from this' that

& = O(xy) Px.a.e., where Q(x) = 1lim @Qq(x).
aro
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THEOREM 10. Let © be a non-negative Borel |4-integrable function
on 0E. Then

h(@) = § &y ()9 @) (dy). (68)

B

defines a harmonic function h such that Py.a.e. on Qy),

lima (z,) = ¢ (z).

n—»oc

PROOF. The function h(x) is finite everywhere by (33). We select a
positive constant ¢ and put

(9@ if @ <c N it @(z)<c,
('“(x)‘{ 0 it g)>c ‘Pz(’”)“{cpm it (@) >
ki (2) = & (2, ) 01 (1) i ().

B
From (44)
M@ (=) = h(x), M;(x=)=h; (z), (69)

and by Theorem 8 h,, hy, h are harmonic functions. h,; is bounded, and by
Theorem 9 Py.a.e.

lim h, (2) = P (To0).

By Theorem 1 Pra.e. there exist also the limits

E=lim Ay (2,), E=limhy(2). (70)

Nn—oo

By Fatou’'s lemma

M &y < Him M ks (2,) = 1im PRy (2) = ke (7).

TL—00

Hence by (69) and (70) we find

M8 =0 (@) | = My 18— @2 (@) | < MiEz + Mygpy (20) < 205 (2).

The left-hand side does not depend on ¢ and the right-hand side tends to
zero as c » ©, Hence & = O(xy), Px.a.e..

REMARK 1. According to Theorem 10, (68) gives a generalized
solution of Dirichlet’s problem with boundary function ®(x); the boundary
values are taken along almost all non-terminating paths.

REMARK 2. Theorems 9 and 10 can be ‘“relativized ” in an obvious
way; selecting any harmonic function H we can replace the measure W b%
uH, the condition of boundedness of h by h < H and the measure Px by Px.
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§16. The Space of entries. Decomposition of excessive measures.

We say that a non-negative function l(x) is standard if s = Gl is
everywhere positive and finite. We put

mm:%ﬁL (71)
We note that Ky is an excessive measure and (l, Xy) = 1. According to
Lemma 1 g(y, x) = T(y, x)g(x, x). By (13) we have g(y,z)::n(y,z)g(z,z);>
> n(y, x)n(z, 2)g (2, 2) =n(y, z) g(x, z). Hence s(y)>n(y, z)s(z)
and Xy(x) < 1/c(x), where c(x) = s(x)/g(x, x) > 0.

We consider in E the metric

0, =127 =277 | 1 3 |y () — %2 (2) | ¢ (2) 277,
x

where N(x) has the same meaning as in §9. Forming the completion of E with
respect to this metric we obtain a compactum £. The topology of £
determined by the metric o is called M. The boundary of E in the topology
M 1s E \ E. Repeating the arguments of §9 we extend Xy(x) continuously to
y € E\E.

We now prove the following theorem.

THEOREM 11. With each l-finite excessive measure O we can asso-
ciate a finite measure U* on the Borel subsets of E such that for f € C*(E)

$10p2 @) = (fo a—oP) + 1lim D f ) a@) ple, 2, 9)1@).  (72)
E Ty

The space of entries B is the set of all z € E \E for which the spectral
measure of the excessive measure ¥X; is O,. For z € B the measure X; is
harmonic and (I, ¥X;) = 1.

Every l-finite excessive measure 0. has a unique representation in the
form

a@= { @y (13)
ENB

Here p coincides with the spectral measure u*. For & to be harmonic it is
necessary and sufficient that pu*(E)= 0.

Let v bean l-finite excessive measure® and 0 < v(x) < ® for all x. The
formula

v(y)p Y, x) (74)

v (%)

pv(z, y)=

If the standard measure Y and the standard function ! are chosen so that
g p) v () i) <o,
X,y

then the measure V = YG satisfies the necessary conditioms.
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defines in E a transition function. The measure Y = Iv is standard for it,
and the corresponding Martin kernel is Xy(x)/v(x). The Martin
compactification corresponding to this kernel coincides with £, and the
space of exits coincides with B. h is excessive (harmonic) with respect

to py(x, y) if and only if the measure 0. = hv is excessive (harmonic) with
respect to p(x, y). Here (l, a) = (h, Y), so that & is l-finite if and
only if h is Y-integrable. The spectral measure of the excessive function
h=2a /V with respect to py(x, y) coincides with u*.

PROOF. The statements about the Martin kernel for the transition
function py(x, y) and the corresponding compactification are vex;ified
directly. It is also evident that if & = hv, then (I, @) = (h, Y) and
Ph < h (Ph = h) if and only if aPy < O (0Py = d). We define the spectral
measure of the excessive measure ¢ as that of the excessive function
h=a /v (with respect to the transition function pv(x, ¥)). (72) follows
from (42). From the definition of E it is clear that B is the space of
exits for py(x, y), and from (72) that u* and B do not depend on the
choice of v. The representation (73) follows from the Martin representation
for the py-excessive function h = a/ v . The remaining parts of the theorem
are verified without difficulty.

REMARK. If v(x) becomes zero or infinite at some points, then (74)
defines a transition function on E¥ = {x: 0 < v(x) < + o} . In this case

the Maétin compactification for py(x, y) coincides with the closure of
EY in

§17. The behaviour of the stationary process as t -+ — @

We consider a stationary Markov process with tra.nsit}\on function
p(x, y) and stationary distribution v. The formula a; = a_¢(t =0, 1, ...)
defines a mapping r of  into Q.. The complete inverse image of A under
r is denoted by A". We define in Q. the measure

P(4) =P, (4 A€k
If A= [aga, ... an), then A" = [apan-; ... aol2, and by (4")
P(4) = P, (A7) = v (@) P (@, @y-1) - - - P (a1, o)
On the other hand, let py(x, y) be a transition function defined by (74).
We denote by YP, the measure in ) corresponding to the Markov process

with transition function pu»(x, y) and initial distribution a&. (Since
2 pu(x, y) =1, the measure YPo is concentrated on §15.) We note that
y

VP, laeay . . . ay] = v (a,) p (@n, @net) - - . P (a1, ag).

Therefore P(A) = YP,(A) for all simple sets A. By Theorem A this equation
is satisfied on all.4 € #. Thus,
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P, (40) =P, (4) (4 €P). (75)

We denote by A the set of all paths {a,} in Q, for which lim a, does not
n>Q0

exist, or exists but is not in B and by A the set of all paths {atl in

8 for which 1lim a: does not exist, or exists but is not in B 1t is easy
t>—0

to see that A” = A, and by (75)
P, (4) ="P, (4).
By Theorems 4 and 5 and (39) we have YP,(A)=0forany x € E. Hence

Pu(Ad) = "Pu(4)= 0.
Next, from (44) and Theorem 5

Mo (@) = § 22 £ () (0, (76)

B

where u is the spectral measure of the function 1 with respect to
pv(x, y). By Theorem 11 it coincides with the measure u”. From (75) and
(76)

My (z-) = "Mof (2) = § (1, ) £ (1) b (@), (17)

B

Putting f-—=yr, where ['C 1§ we have

P, {zw€T) = {1, %) po(dy). (78)
r

So we have proved the following theorem.
THEOREM 12. For a stationary process with l-finite stationary
measure V the limit

X oo == llm Xt (79)

t>—o0

in the topology M- exists almost certamly and belongs to the space of
entries B. The distribution X-p 1S given by (78). In particular, if
V = Xy, where y € B, then almost certainly x—o = y.
Applying Theorem 12 to an h-process we can obtain a more general
statement in which the function 1 ceases to play an exceptional role.
THEOREM 13. Let v bean l-finite harmonic measure, h a Y-integrable
harmonic function. Then for the stationary process with transition
function ph(x, y) = (h(2))~1 p(x, y)h(y) and stationary measure hv, the
limit (79) in the topology M- exists almost certainly and belongs to the
space of entries B, The measure of the set of paths for which
el C B is
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§ 5, ) pv(dy). (80)

T

REMARK. From Theorems 4 and 5 and (51) it follows that almost all
paths of the process considered in Theorem 13 have in the topology M, the
limit

lim ;= 2,0 € B,
t—>-o00

where the measure of the set of paths for which x,, € I' C B has the value

§ G v pn (d) (81)

T

(1p is the spectral measure of the excessive function h).

§18. Stationary processes with random moments of birth and cut-off

We attempt to extend the results of the previous section to the case
where the measure v and the function h are excessive, but not neces-
sarily harmonic. The transition from h = 1 to an arbitrary excessive
function h does not cause serious difficulties. Therefore we first take
h=1.

We construct in some countable space E‘ D E a transition function_and
harmonic measure coinciding on E with p(x, y) and v and defining in E a
stationary process. Almost all paths of this process remain in E from the
moment & of first hitting E to the moment  of leaving E. In E there arises
a random process with random moments of birth and cut-off. We call this a
stationary process with transition function p(x, y) and stationary measure
V.

Let Z be the set of all integers. We define in the space E=ZxE
the transition function p for which

P(0xz,0Xy)=p(z, y),
POxz, 1xz)=1—3 p(z, y),
v

pmxa,(m+1)xz)=1 1f m=0,

and the remaining values are zero. It is clear that (1) is satisfied for
;-z with equality. Next, let v be an excessive measure for p(x, y). The
formulae

;(Ox.r)::v(x), ;(mxx):v(x)—ZV(y)p(y, ) for m=>0,

Yy
vimxz)=0 for m<0,
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define in E a harmonic measure with respect to p. Identifying 0 x x with
x we may assume that E C E. In this case p coincides with p and v with v
on E, Obviously it may be assumed that the points m x x lie above x if

m > 0and below if m <0. We consider in E the process ¥; with transition function
p and stationary measure V. Subtracting from {l a set of measure zero we may
assume that the paths behave as follows. After unit time a particle not
lying in E moves one unit upwards; a particle lying in E moves in E in
correspondence with the transition probability p(x, y); if the process in
E guided by this law must terminate, then instead of this there is a move
in E of one unit upwards. Let ¢ be the moment of first reaching E and (
the moment of leaving E. Rejecting on each path the part not belonging to
E we obtain in E a random process x; with moment of birth & and moment of
cut-off (. For this process the measure of the set {xp = an, ..., x5 = an}
is

V(@) P (@m, Gpe1) - - - P (@n—1, ap)- (82)

We have the same expression as in (4"). It is natural therefore to call
the process so constructed stationary with transition function p(x, y) and
stationary measure V.,

The paths of this process are functions with values in E defined on
all possible intervals of the form [m, nl, (-, nl, [m, +®) and
(— o, + ). The set of all paths is denoted by ', and the O-algebra
generated by all simple sets [a,,l a,,],’,,‘ by #’. We have constructed on
F ' a measure P, that is equal to (82) on the simple set {am ... anlBE. The
measure P, is defined uniquely by this condition, as follows from the
following lemma, which we prove in the Appendix.

LEMMA A. If two measures on the O-algebra F' in Q' coincide and
are finite on all simple sets, then they coincide everywhere.

From
v (am) h (am) ph (amv am+i) .. ph (2n-1, an) =
=V (am) p (anu am+1) RN 4 (an—ia an) h (an) =
=h (an) v (an) Dv (arn a’n—i) ..-D (am-H’ am)

it follows that if x; is a stationary process with transition function ph
and stationary measure hv, then %; = x_; is a stationary process with
transition function py and stationary measure Av. Using these remarks it
is easy to prove the following theorem, a generalization of Theorem 13.

THEOREM 14. Let v bean l-finite excessive function, and h a Y-
integrable excessive function. Then for the stationary process with
transition function p™(x, y) and stationary measure hv almost all non-
terminating paths have in the topology M, a limit x40 € B. The measure of
the set of paths for which x{ e 'CE | B is

S (Fy, v) pn (dy). (83)

r
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Hence all paths without a beginning have in M- a limit 1, € B. The
measure of the sets {xg e ', where ’CE | B, is

§ () e (dy). (84)
T

PROOF. We consider only the case h = 1. (The passage to the general
case is effected just as in the derivation of Theorem 13 from Theorem 12.)
Apart from the _transition function p in E we consider the transition
function p in E, where all mappings constructed from it are distinguished
by a bar on top. We introduce in E the standard measure Y, putting
Y(m x x) = 0 of m < 0 and selecting the value of Y(m, x) for m > 0 so that

N3 (mx2) =y ().

m

It is easy to calculate that

Eaxy (m X z) = ky (z) for n>>0. (85)

We denote by E* the set of all points n x y, where n > 0. By (85) the
“divergent to infinity ” sequence nr x y, € E* converges in the M*-
topology corresponding to E(x, y) if and only if y, converges in the M*-
topology connected with p(x, y), or nr » c and yr = y beginning with some
r. Hence the Martin boundary JE* is contained in JE and dE* = 9E |j E',
where E' is in natural correspondence with E.

Let h be a p-harmonic function and ur its spectral measure. By (54)

7@ ns ) =lim Mof @) R @) (FEC(EY).

E*x

We put f(y) = o(y, E*). Then the right-hand side is evidently zero. Hence

b is concentrated on E* {; JE*. On the other hand, He is concentrated on

85. This means that it is concentrated on JE*. Hence it is easy to deduce
that the space of exits B is B |J E' and may be naturally identified with
B {§ E. we apply to the process x: the remark at the end of §17. It is
obvious that { xp = y} = { x¢ = y! . Hence the first part of Theorem 14
follows.

To prove the second part it is sufficient to apply the part just
proved to the inverted process it = X_¢.

§19. Hunt processes

Hunt noticed that boundary theory is applicable to a class of processes
wider than Markov processes. Roughly speaking, these are processes which
behave like Markov processes with transition function p(x, y) after the
moment of first reaching any finite set D.

We denote (as in §18) by ' the set of all functions a; with values in
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E, defined on all possible intervals (-, n)}, [m, n), [m, + ®)and

(— o, + ®©). The left end of an interval is called the moment of birth
and the right the moment of cut-off. In the space Q' we consider the T-
algebra F' generated by all simple sets. Important examples of F'-
measurable functions are: a) the moment of birth & b) the moment of cut-
off {; c¢) the position x¢ of the path at the moment ¢ (the domain of
definition of x: is the set { & ¢ t ¢ n}; d) the moment Op of first
hitting Dand the moment Tp of leaving D (the domain of definition is the set
05 of paths hitting D); e) N(x), the number of hits in the point x (the
domain of definition is — Q').

Let P be a measure on the T-algebra F'. The process determined by P
is called a Hunt process with transition function p(x, y) and
characteristic measure B if:

19.A. For any finite D, any n=0, 1, ..., and any ag, @4, ..., an € E

P {xoD = dg, Top+1 = Qgy - - -y Lop+n = an} =
— Vp (aO) p (a‘Ov al) <. D (an—l-, an)'

19.B. MN(x) = B(x) < o for any x € E.

For n = 0 from 19.A we have vp (ag) = P {24, = ao}, Condition 19.A
means that y; = 25, is a Markov process with transition function
p(x, y) and initial distribution vp.

We note that by 19.B for almost all paths N(x) is finite, hence Xop
and Xrp are defined® on Q'p. We denote by Np(x) the number of hits of a
path in the state x, starting with the moment Op. By 19.A, MNp(x) is the
mean number of hits in the point x for a path of the Markov process with
transition function p(x, y) and initial distribution vp. Hence from (3)
it follows that

MNp (2) = (vpG) (2). (86)
Evidently Np (z) 4 N(z) for D+ E. Hence
(vpG) (2) 4 B (2) 87)

for D 4 E. From (87) it is clear that B is an excessive measure (with
respect to p(x, y)). We note that

B @)= DPfm = a).

Since g(x, x) > 1,

vp () < (vp6) (2) < B (@) < oo.

If any state is attained only by a set of paths of measure zero, such
a state may, without difficulty, be removed from £. Hence, without
restricting significantly the generality, it may be assumed that the

1 Here, as in the whole of §19, D is taken as a finite set.
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following additional condition is satisfied:

19.C. PB(x) > 0 for any x € E.

EXAMPLE 1. The Markov process with transition function p(x, ¥)
and starting distribution v can be regarded as a process with moment of
birth & = 0 and moment of cut-off {. Condition 19.A is always satisfied.’
Condition 19.B is satisfied if the process is transient.

EXAMPLE 2. The stationary process with transition function
p(x, y) and stationary distribution v satisfies condition 19.A, but not
19.B (if v £ 0).

EXAMPLE 3. Let x: be a Hunt process and v(w) any integer-valued
random variable. Then ¥t = %y, is a Hunt process with the same transition
function and characteristic measure. We call this transformation a random
translation in time.

For the process x; the inverted process is defined by the formula
%t = x—¢. Its moment of birth is —(, and moment of cut-off —&

THEOREM 15. By inverting a Hunt process with transition function
p{x, y) and characteristic measure 2 a Hunt process is obtained with the
same characteristic measure and the transition function

PROOF. Let G’ be the moment of first hitting the finite set D' for
the process x;. Then T = — O6' is the moment of leaving D’ for the process
x¢. We have

Plag=ay, 2611=0a1, ..., Toin= =0y} =P{Zr=00, Tr_1=10ay, ., Tron=0p}.

(88)

Let Op be the moment of first hitting D for the process x:. By 19.A

¥t = Z;,+: 1s a Markov process with transition function p(x, y) and initial
distribution vp. Let T be the moment of leaving D' for the process Yt.
According to (25)

P {y; = dy, Z/;;l = Ay oy y?_n;‘ an} sz

- (VDG) ((In) p (anv an—~1) vee P (aj, ao) Lp (ao). (89)
Obviously outside the set Ap = {op > T} we have y7 = xr, ..., Y= Xren.
Hence the left-hand side of (89) differs by not more than P(Ap) from the

probability (88). But as D+ E P (4p) | 0 and v G4 by (87). Hence,
taking the limit in (89), we have

P {.T-r = Ay, Ty = A1y « « «y Lyop — an} -
= ﬁ (an) p (aru an-—l) .. P (ali aO) LD (aO)' (90)
The right-hand side is equal to L, (ag) P (a0) ps (@0, @1) . .. pg (@, @,-1)

1 It is left to the reader to verify this.
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and by (88) the process x; satisfies 19.A. That 19.B is satisfied for
this process is obvious.

COROLLARY. Let 8P, be the measure corresponding to the Markov
process with transition function pg(x, y) and initial state x. Let

LY (x) = BP, {z, = z, x, €D for t> 0}.

Then for the Hunt process with transition function p(x, y) and charac-
teristic function B

vp (@) = B (z) LY (2). (91)
PROOF. Putting n= 0 in (91), (88) and (90), we have
P {25 = ap} = P {z; = ao} = B (a) Lp (a0)- (92)

Considering now %; as an initial process and x¢+ as an Inverted ome, on
applying (92) we get (91).
(91) shows that the distribution vp can be uniquely reconstructed
from the transition function p(x, y) and the characteristic measure P.
LEMMA 6. For DAE there exist the limits

(kya 'VD) T %B (y)v (y E EA*)Y
(LDv Ky) T N (y)v (y E E)
Here for y € E

58 (9) = 20,

1
S(y)L_S(y) )

(Outside E &g and S may tend to +, S depends only on the transition
function p(x, y), and &#p depends only on p(x, y) and B.)
PROOF. By (31) and (71) for y € E

(vpG) (y) __GLp (y)
(kyq VD) == —_ﬁW ’ (LDv %U) D ) .

By (87) it follows from this that

(ky, vD)f% for ycE.
By (24), GLp(y) is the probability that the path of the Markov process
with initial state y and transition function p(x, y) hits?® D. Hence it is
clear that GL, (y) 41 and (L, =,) $1/s(y). It remains to note that

(ky, vp) = 2 vp (x) ky ()
xXED

is a continuous function of y on E* and hence that for D ¢ E this

function does not diminish for y € JE. Similar arguments are applicable

to (Lp, %y).

1 we recall that being transient almost all paths hitting D leave D.
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THEOREM 16. For the Hunt process with transition function p(x, y)
and characteristic measure B almost all non-terminating paths have in the
topology M, a limit x,, € B, Almost all paths not having a beginning have
in the topology M— a limit x_ € B. Here

Pz el =\ emmdy), (T=EUB), (93)

r

Plael)={Swu @), @=EUB (9%)
£
(W) is the spectral measure of the excessive function I, and uf is the
spectral measure of the excessive measure By.

PROOF. By 19.A y; = T+t is a Markov process with transition
function p(x, y) and initial distribution vp. By Theorems 4 and 5 for
almost all non-terminating paths the limit of this process y,, exists and
is in B, By (83) the probability that y_C. eI is

5 (ky, vp) un (dy) (95)

r

(Z is the moment of cut-off of y:). We denote by (p the set of paths of
the process x¢ not meeting D. Evidently outside D yZ = xr. Hence (95)

differs from P} x; € I'} by not more than P(Cp). But for D } E we have
P (Cp) {0, and hence the limit (95) is equal to P {x; € I'f . This proves
(93).

The remaining statements of the theorem are obtained by apnlying the
part already proved to the inverse process. Here we have to use Theorem 11
and the Corollary to Theorem 15.

So far the question of the existence and uniqueness of a Hunt process
with given transition function p(x, y) and characteristic measure {3 has
remained open. First we prove the uniqueness theorem.

THEOREM 17. The transition function and characteristic measure
determine a Hunt process uniquely to within a random translation of time.
PROOP. As in §9, let N(x) denote the number of the state x. For
each path {a:} we consider the smallest of the numbers N(a:;) and call the
first moment for which this smallest number is attained canonical. The
canonical moment v is a function of the path that can be defined by the

conditions

N (z;)> N (x,) for all t,
N(z:)=>N(x,) for t<Zw.
By means of a random translation of time we can make sure that v = 0. We

assume that this condition is satisfied and put
D, = {z: N () <k}, 6, = 0p,, v, = Vp,. We note that O < v = 0 for any

k. Next, N (z;) > N (xch) for t < Op. Hence
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{on = —m} = {op +~m = 0} = {N (Zgpst) > N (Zg, 1) for ¢ =0, 1, ..,

ey om— 1, N (5, +4) > N (#5,+n) for t=>m} = {v' = m},

where v’ is the canonical moment for the process Yt = Xopset (t 2 0). By
19.A

P {op = —m, Toy == T, Tp = Gp, Tpig = Anigs - - o Ep == Q) =

= P {yO =, yn—%—m —_ ana AR yr+m = Qy, U, - m}- (96)
lLet an € Dr. Then the left-hand side of (96) is zero for n < —m. Hence,
summing over all x € D and over allm > 0 \/ (—n), we get

P {xn = Ay, Tpdg = Quits - - oy Ly = ar} =

= ka {‘U, + n'>) O’ Ynt+v = Qpy - - - Yritv = ar}' (97)

Thus, the measures of simple sets in Q' can be reconstructed from the
transition function p(x, y) and the measures V. By the Corollary to
Theorem 15 the latter is defined uniquely by p(x, y) and the measure B.
It remains to use Lemma A of §18.

The following existence theorem holds.

THEOREM 18. Let B be an excessive measure for the transition
function p(x, y), where B(x) < o for all x € E, Then there exists a Hunt
process corresponding to p(x, y) and E.

To prove this theorem measures Vvp can be defined by (92) and then the
measures of simple sets can be given by (97). The detailed execution of
this plan is somewhat unwieldy (it is carried through in [3], Chapter 10,
§12).

If B = oG, the required Hunt process is obtained by considering a
Markov process with initial distribution <.

The general case can be treated as follows: It is easy to verify that
if D, 4 E and Vi = vp, are defined by (92), then v,G 4. We construct
the Hunt process with characteristic measures Pp = ViG, produce in each of
them arbitrary displacements of time, making the canonical moment zero,
and then take the limit as k » .

Appendix
Measures in spaces of paths

We prove Theorems A and B stated in §2 and Lemma A of §18. First we
prove the propositions on the uniqueness of a measure. Here we depend on
a simple lemma from set theory.

A system % of subsets of a set () is called a T-system if the inter-
section of two sets of @ also belongs to €. The system &€ is called a
A-system if: A;) the sum of two disjoint sets of % also belongs to &¥;
Ap) if A, BES and AD B, then A\ B¢CH; As) 1f Ay, ..., 4,, ... € #
and A, 4 A, then 4 ¢ j¢; L) Q€ sp.
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LEMMA B. If the A-system &# contains the T-system &, then S§
contains the O-algebra o (%), generated by %.

This lemma is proved in the first few pages of [2] (see Lemma 1.1).

COROLLARY. Suppose that two measures given on a O-algebra & in
a space § coincide and are finite on a N-system ¥ generated by %, If 2
can be partitioned into the sum of a countable number of pairwise disjoint
sets Q, €6, then the two measures coincide everywhere on .

PROOF. We denote by 5¥ the family of all sets 4 € % on which the
measures coincide and are finite. We putA € g%, if A € &4 and
A=Q,; AE€EE, if A €% and A C Q,. Let F, be the o-algebra in the
space {), generated by %,. Evidently %, is a m-system, §#.1is a A-system in
Qn and 4, = 5#,. By Lemma B &, = H,.

We put A €% if A, Q,EF, for all n, Evidently & contains ¥ and
is a O-algebra. Hence & — #. Thus, if 4 € F, then for all n,

ANQ, € o = #, = S¥. But if two measures coincide on 4 (} Qn for all
n, they coincide on A.

It is now quite simple to prove the uniqueness of the measure in
Theorems A and B. It is sufficient to apply the Corollary just proved to
the m-system of all simple sets and to note that the simple sets
[ao} (ap € E£) are pairwise disjoint and that their sum is the entire space
of paths.

To prove Lemma A of §18 we denote by ¢ the family of sets of the form

{g =8, Tmy; = Ams Tmg = a;nw s Ty T Ay, g = t}, (0.1)

where —co s my <My << ... <M <EL T o0 k=12 ... we
note that the sets
{E=s, 2, =12 (=1} (oo <sK<EL + o0, z€E),
{(E=—o0, zy =2, { =1t} (—o<t<+ o, z€E),
{§E=—o, 7 =2 {=+o0} (z€E)

belong to €, are pairwise disjoint, and that their sum is the whole space
of paths. It remains to verify that the given measures are finite and
coincide on 6. For the sets

[am-"an]g’l:{§<mv xm:amy---vxn:an’>§n} (02)

this is true by the conditions of the Lemma. Hence this is true also for
the sets

E<s, tmy = Gmyy Tmg = Ay « « -, Ty = Ay, § 2> 1) (0.3)
(—oo<<sImy <<mpg << ... <<mpLt<<+ 00),

which can be expressed as a countable sum of pairwise disjoint sets (0.2).
Letting s§ — oo or ¢t -+ o we conclude that the measures coincide
on the sets (0.3) also for s = — o and for t = + ®. Hence it is clear that
the measures coincide on all sets (0.1).

The proof of the existence of the measures described in Theorems A and
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B is based on the following general theorem from measure theory.
THEOREM B. Let £ be an algebra of sets in the space Q (that is,
a family of sets containing together with any two sets their sum and
together with any set its complement). Let P(A) be a non-negative
function on A, satisfying the conditions:
o, If Ay, A, belong to # and are disjoint, then

P(4:U4) = P (4y) + P (4,).

B. The space Q can be partitioned into a countable union of disjoint
subsets Q, € A4 such that P(p) < .,
Y. IfA; D A4,> ... D ApD ... are sets in A and lim P(4p) > 0,

then [y An is non-void.
n

Then, on the O-algebra ¥ generated by 4 there exists a measure
coinciding with P on 4.

The sequence of sets A, € # 1is called a nest, if
Ag24,=2 ... 24, =2 ...,limP4,)>0and P(4,) <oco. By
virtue of B it is easy to prove that the condition Y is equivalent to the
following:

Y'. Every nest has a non-void intersection.

Theorem A will be deduced from the following theorem:

THEOREM D. Let ¥ be a 0-algebra in the space Qyo0f non-
terminating paths generated by the simple sets [ao ... an). For any n and
any ag ... an € E suppose that a non-negative number p(ao, a1, ..., Gn)
is given, where

Z p(ao, Agy -y all) =Pp (aOv gy oovy an~1)- (04)

an
Then there exists a measure P on the O-algebra % for which
Play, ai ... a,] = plag ay, ..., an). (0.5)

PROOF. We call a simple set in Q,of the form [ag, ai, ..., an) a
simple n-set. A set that can be represented as the sum of simple n-sets is
called a cylinder n-set.?

We note that for m > n:

a) If a simple m-set A intersects a simple n-set B, then A C B,
(Hence it follows that for m=n A = B.)

b) If a simple m-set intersects a cylindrical n-set, then it is
contained in it.

¢) A simple n-set is a cylindrical m-set.

d) A cylindrical n-set is a cylindrical m-set.

e) The sum and the complement of a cylindrical n-set is also a
cylindrical n-set.

1 fTheorem D, as the Theorem E deduced below, is a particular case of a well

known theorem of Kolmogorov on measures ip products. In this particular case
the general proof is simplified significantly. In this account of a
simplified proof we follow the book of Kemeny, Snell and Knapp [3] .
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Properties a), c), e), are evident, b) follows from a), and d) from
¢). By d) and e) the family A of all cylindrical sets is an algebra. We
define on this algebra a measure, relating to each cylindrical n-set A
the sum of the values p(ao, ..., ap) over all simple sets lag, ..., an)
contained in A. Although every cylindrical n-set A is at the same time an
(n + 1)-set, by (0.4) the number associated with A does not depend on
whether it is regarded as an n-set or as an (n + 1)-set. It is easily seen
that the function on A introduced in this way satisfies o and P. If we
prove that it satisfies also condition y’, then Theorem D follows from
Theorem C.

We require the following:

LEMMA C. If the sets Cp, form a nest, then for each m there exists
a simple m-set B such that B [} Cn also forms a nest.

We note that

0 < limP (Cp) = lim X P(BNCy) = 2 1imP (B C,) (0.6)

(the sum is taken over all simple m-sets B; the signs of summation and
limit can be interchanged, since P(B j Cn) < P(B | Co) for all n and
SP(B N Co) = P(Cy) < ®. From (0.6) it follows that for some B
lim P(B § Ca) > 0 and hence B [} Cn is a nest.

We come to the proof of Y'. Let A, be a nest. By d) we may regard
An as a cylindrical n-set. By Lemma C a simple 0-set By can be chosen so
that Af = Ap N By form a nest. Next, a simple 1-set B, can be chosen so
that 42 = A} N By = An N Bo N By form a nest. Continuing this
construction, for each m we construct the nest
Ay = A7 '0NB,, = A, NByNBy"...NB, Obviously
PA,NBoNB:iN. - -NBp) = 0. Hence A,NByNBN...NB, 1is non-
void. In view of a) By 2 B1 D ... 2 By, and in view of b) Bn C An.
Obviously there exists a path w = bgby ... bn ... such that
Bn = [boby ... bn). It is clear that w € By C An, and hence the
intersection of A, is non-void. _

PROOF OF THEOREM A. We extend the space E to E adding to F
one more point *. We put

p(at)a Ay ovey (Ln)?—
plag, ay, ..., a,), when aq, @i, ..., €L,
== ¢ p(ag, &, ..., an), when ag, ay, ..., €L, anri=... =a,=»x,

0 , otherwise.

It is easily seen that p satisfies (0.4). Let Q,be a space of non-
terminating paths and % .a O-algebra in this space generated by
cylindrical sets. We reject from each path in !—')m containing the element
* the part of it beginning with the first asterisk (paths not containing
* are left unchanged). So we obtain a mapping & of Q, into Q.

By Theorem D there exists a measure P on the O-algebra ¥ such that
Plagay . .. a,l =p(a, a, . .., a;). The formula

P(A) = Plat(4)], (4€c&F)
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defines a measure on % ,where P la, ... a,] =;) (@o, @1y -« - @) =
= p (ap, a1, - .., a,) for ap, a, ..., a, €E.
PROOF OF THEOREM B. The formula

an if n=0,
an=1{ am_y if n>0,
a_2n if n<O0

defines a mapping of Q_ into Q. (Under this mapping the path
ApQ1020304 .... gOES LNLO ... G4Q2Q081a3 ... ). We put

’ k
b ((10, Ay, 2, « . -, azk) = Pk [azhv Aog-2y « + «5 A2y Ggy A1y « -+ azk—ilv

14 k
b (a’Ov ay, Az, -« -, a2h—1) = P_r+1 [azk—Zv <oy gy Qg Ay oo -y aZk-il'

By (3') - (3") the function p’' satisfies (0.4). By Theorem D a measure
P’ can be constructed in { such that P’ laga; . .. a,]l = p’ (ag, ay, - . ., ay).
We define in ! the measure

P (4) = P’ [a"1 (4)].
It is easy to see that for it

& %
Pla_y, ..., ap, - .., aplle = pZp (@n, - .+, g, . . ., az).

Using the additivity of p and the properties (3') - (3") of pZ, it is
easy to prove that for any m < n

Pla, ... a,0% = pn(a,, ..., a,).
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