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Abstract

We present a Lagrangian for the bilinear discrete KP (or Hirota—Miwa)
equation. Furthermore, we show that this Lagrangian can be extended to a
Lagrangian 3-form when embedded in a higher dimensional lattice, obeying a
closure relation. Thus we establish the multiform structure as proposed in Lobb
and Nijhoff (2009 J. Phys. A: Math. Theor. 42 454013) in a higher dimensional
case.
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1. Introduction

In [8] the idea was put forward that lattice systems which are integrable in the sense of
multidimensional consistency [3, 13] should have a Lagrangian structure which reflects
this property. That is, rather than the Lagrangian being a scalar object (or equivalently a
volume form), it should be a discrete multiform from which, through the Euler-Lagrange
equations, copies of the relevant equation in all possible lattice directions can be derived.
These copies of the same equation, albeit with different parameters associated with different
lattice directions, coexist on an extended lattice in view of the multidimensional consistency,
and should consequently be viewed as parts of one single ‘integrable’ infinite-dimensional
system. Examples from a particular class of quadrilateral lattice systems in 1+1 dimensions
(those classified in [1]) were studied in [8], namely equations of the form

Q(uyui,uj»uij;aiaaj)z()v (L.1)

where u = u(n;, n;) depends on two discrete variables n; and n ;, shifts of u in the n;-direction
are denoted by u; (so that for example u; = u(n; +1,n;)) and the «; are lattice parameters
associated with the n;-direction. Although actions for these equations were given in [1],
it was shown in [8] that all cases admit a special choice of three-point Lagrangians, which
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subsequently can be interpreted as Lagrangian 2-forms. This was based on the surprising
observation that such Lagrangians obey the following closure relation:

Aiﬁjk+Aij,'+Ak£,’j =O, (12)

which implies that they are closed 2-forms on a multidimensional lattice. Here the difference
operator A; acts on functions f of u = u(n;, nj, ny) by the formula A; f (u) = f(u;) — f (),
and on a function g of u and its shifts by the formula A;g(u, u;, ur) = gu;, u;j, uix) —
g(u,uj,u;). On the basis of relation (1.2) a new variational principle was proposed for
integrable (in the sense of multidimensional consistency) lattice equations which involves the
geometry of the space of independent variables.

Whereas in the previous paper the focus was on integrable lattice equations in 1+1
dimensions, here we want to study the case of three-dimensional integrable systems, the prime
example being the lattice Kadomtsev—Petviashvili (KP) system. Discrete equations of KP
type have been studied extensively since the early 1980s (cf for example [4, 11]), following
on from the famous ‘discrete analogue of a generalized Toda equation’ (DAGTE) introduced
by Hirota in [6] which is a bilinear form for the lattice KP equation®. Other related KP-type
lattice equations were introduced in [11]. The equation we will refer to as the bilinear discrete
KP equation, in order to distinguish it from equations that actually lead to the original KP
equation in a continuum limit, is taken in the following form:

Ajk‘l.'i‘l.'jk+Aki‘L’j'Cki+Aijfkfij =0. (14)

Here A;; = —A; are constants, T = 1(n;, nj, ny) is the dependent variable depending on three
discrete independent variables n;, n; and n; corresponding to lattice directions, and subscripts
of 7, e.g. as in 7;, denote shifts in the n;-direction so that, for example, 7; = t(n; + 1, nj, ny)
and t; = t(n;,n; — 1, ng). The constants can be removed by a gauge transformation, but we
find it more instructive to retain them. Miwa gave the connection between the KP hierarchy
and Hirota’s difference equation in [10], showing how solutions to the KP hierarchy can be
transformed into solutions to (1.4); hence, it is often called the Hirota—Miwa equation.

The main results of this paper are twofold: first to give a Lagrangian for the bilinear
discrete KP system associated with (1.4) (in fact, whereas the continuous KP equation admits
an obvious Lagrangian structure, it has to our knowledge never been established for any
KP-type equation on the three-dimensional lattice), and second to establish the Lagrangian
multiform structure, in the sense of [8], based on a higher dimensional analogue of (1.2), and
show that the relevant Lagrangian obeys a four-dimensional closure relation.

2. Lagrangian structure

2.1. Scalar Lagrangian

It is a common feature of Lagrangians for equations of Korteweg—de Vries (KdV) and KP type
(already in the continuous case) that those equations emerge as Euler-Lagrange equations by
varying the action with respect to a dependent variable which obeys a potential (i.e. integrated)
version of the equation. Hence, the variational equation is typically a ‘derived form’ of the
equation obeyed by this canonical variable, with respect to which the action is minimized.
The same holds true in the case of a Lagrangian structure for the lattice KP system, where we

3 Hirota introduced his difference equation in a form equivalent to
atit + BTty +yut; =0, (1.3)

where the notation is explained in the text, and where «, 8, y are constants satisfying o« + 8 +y = 0.
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will use the t-function as the canonical variable. Thus, by fixing three directions i, j and k,
we introduce the following Lagrangian:

L(Ti, Tj, s Tijs Tjks This Aij» Ajrs Aki)

. AT . ATt
= 1n<ﬂ> 1n(—k—lff> — L12<—ﬂ> = Liji, .1
TjThi Ajit ATty
where Li, denotes the dilogarithm function defined by
. “In(l —z
Lir(2) = —/ hd=2 - )dz. (2.2)
0

The Lagrangian (2.1) produces the following discrete Euler—Lagrange equation:
SL {ln(— AtipTi + Aijrrij,;) . ln<— Api Tt + AT Tk >

st AjTiRT| AT T
B ln(— Ak TTig + Aijfykfi) B ln(— ATt + Aijtjkfi)}l
AT Tk ATty T
=0, 2.3)

which is a consequence of (1.4) through the fact that it is a combination of four copies of the
equation shifted in appropriate lattice directions.
Consequently the following functional of the lattice fields 7 (n;, n;, ny):

S[t]l = Z L(t, Tj, T, Tij, Tjks This Aijs Ajis Aki) 2.4
ni,nj,ng

with L given by (2.1) can be considered to constitute an action for the lattice equation (2.3)
as a derived equation of the bilinear discrete KP equation. However, we want to go further
and take into account that the bilinear KP equation is part of a multidimensionally consistent
system of equations, as has been recognized in recent years, cf e.g. [2, 14, 16]. In order to
incorporate this multidimensionally consistent system of equations into a single Lagrangian
framework we will now proceed to define the Lagrangian multiform structure for the lattice
KP system.

2.2. Lagrangian 3-form

The first step is to introduce a Lagrangian 3-form L;;;, where i, j and k denote any three
distinct directions in a multidimensional lattice A, whose vertices are labelled by integer
vectors n = (n;);c;, where I is an arbitrary set of labels i, j and & taking values in /. The lattice
3-form L; j is based on the form of the Lagrangian (2.1), but we require it to be skew symmetric
(i.e. antisymmetric with respect to the swapping of any two indices) and we associate with
it an elementary oriented cube o;;x spanned by unit vectors e; which are associated with the
corresponding lattice direction labelled by 7 in the multidimensional lattice A. This leads us
to define the following Lagrangian 3-form:

Lijk = 5 (Lije + Ljti + Liij — Litj — Ljix — Liji)

which when written out explicitly and simplified is
ij At . Ajj T Tij

Lo = 1<k_> m(_k_r,) _ L<__k)
TjThi Ajit AT

TT; A;iT AiTiTj
+ln< ’ ”‘)m(- ’-’ ") —Liz<——"k ’ -”‘)
tkfij Akitj Aijtkrij
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¥ 1n<ﬂ> 1n(——A”‘T"> - Lig(——Akiroki )
TiTjk AT AjTiTik
1 2 2 2 2 2 2
- 5((111(%]')) + (In(7;))” + (n(7;))” — (In(7;))” — (In(z;))” — (In(zx))

— In(7;;) In(7jx) — In(tji) In(tx;) — In(7y;) In(z;;) + In(7;) In(z;)
+1In(t;) In(t) + In(t) In(z;) + (In(A;)* + (In(A j))* + (In(Ag))>

2
— ln(Aij) ll’l(Ajk) — ll’l(Ajk) ll’l(Aki) - ln(Ak,‘) IH(AZ‘J') + %) , (25)

where the constant terms arise from dilogarithm identities which will be elucidated in the
proof below.

This Lagrangian is antisymmetric by construction. Considered as a usual scalar
Lagrangian defined in the three-dimensional sublattice of the directions i, j, k the Euler—
Lagrange equations of the corresponding action would yield an equation combining 12 shifted
copies of the original bilinear equation (1.4), namely

S»Cijk _ {]n(— AkiTj]ETi + AijTTijl_c> +1n<_ Akirjktz' + A,‘j'L"ijk)
5t Ajk‘lfi/;‘fj Ajkl';k‘[j

ATt + ATt

( ApitTjp + ATt )
]le]Tk

ottt

+ln( ATt +Ajktr,jk)+ln( AijTirT + Ajt -,;)
Akl Trj Tk Akt TijTk

—ln( )

+1n< )

]kTIJTk

A,jrr,]k + ATt

( AjjTT + Ajkt,krj)

Akt jkrl Akt TikTr

Ajleka + Ak,‘L"L'”k

( ]ktt/fk"'AktTTz]k)
Azjfjkft

B ln(— Atk + Ak,-r,—jtk> 3 1n<— AjpTTr + Akﬂiﬂk) } 1
ATt AijTir Ty T

=0. (2.6)

Al_]rjkrl

Equation (2.6) is actually a 19-point equation existing on a cube as in figure 1. It comprises
the 12 shifted copies of (1.4) as illustrated in figure 2, where to each configuration of six points
on an elementary cube correspond two copies of (1.4).

The main observation which allows the establishment of the multiform structure is that
the Lagrangian 3-form defined in (2.5) is a closed form on the solution space of the original
bilinear equation (1.4). In fact we have the following closure property.

Proposition. The Lagrangian defined by (2.5) satisfies the following closure relation on
solutions to equation (1.4) when embedded in a four-dimensional lattice:

A Lijr — DiLju + AjLui — ALy =0, 2.7

where the difference operator A; acts on functions f of © = t(n;,nj,ng,n;) by the
formula A; f(t) = f(r;) — f(t), and on a function g of t and its shifts by the formula
Aig(t, tj, w, ©) = g(T, Tij, Tik, Tit) — &(T, Tj, Tk, T1).
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