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Abstract
We present a Lagrangian for the bilinear discrete KP (or Hirota–Miwa)
equation. Furthermore, we show that this Lagrangian can be extended to a
Lagrangian 3-form when embedded in a higher dimensional lattice, obeying a
closure relation. Thus we establish the multiform structure as proposed in Lobb
and Nijhoff (2009 J. Phys. A: Math. Theor. 42 454013) in a higher dimensional
case.
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1. Introduction

In [8] the idea was put forward that lattice systems which are integrable in the sense of
multidimensional consistency [3, 13] should have a Lagrangian structure which reflects
this property. That is, rather than the Lagrangian being a scalar object (or equivalently a
volume form), it should be a discrete multiform from which, through the Euler–Lagrange
equations, copies of the relevant equation in all possible lattice directions can be derived.
These copies of the same equation, albeit with different parameters associated with different
lattice directions, coexist on an extended lattice in view of the multidimensional consistency,
and should consequently be viewed as parts of one single ‘integrable’ infinite-dimensional
system. Examples from a particular class of quadrilateral lattice systems in 1+1 dimensions
(those classified in [1]) were studied in [8], namely equations of the form

Q(u, ui, uj , uij ;αi, αj ) = 0, (1.1)

where u = u(ni, nj ) depends on two discrete variables ni and nj , shifts of u in the ni-direction
are denoted by ui (so that for example ui = u(ni + 1, nj )) and the αi are lattice parameters
associated with the ni-direction. Although actions for these equations were given in [1],
it was shown in [8] that all cases admit a special choice of three-point Lagrangians, which
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subsequently can be interpreted as Lagrangian 2-forms. This was based on the surprising
observation that such Lagrangians obey the following closure relation:

�iLjk + �jLki + �kLij = 0, (1.2)

which implies that they are closed 2-forms on a multidimensional lattice. Here the difference
operator �i acts on functions f of u = u(ni, nj , nk) by the formula �if (u) = f (ui)− f (u),
and on a function g of u and its shifts by the formula �ig(u, uj , uk) = g(ui, uij , uik) −
g(u, uj , uk). On the basis of relation (1.2) a new variational principle was proposed for
integrable (in the sense of multidimensional consistency) lattice equations which involves the
geometry of the space of independent variables.

Whereas in the previous paper the focus was on integrable lattice equations in 1+1
dimensions, here we want to study the case of three-dimensional integrable systems, the prime
example being the lattice Kadomtsev–Petviashvili (KP) system. Discrete equations of KP
type have been studied extensively since the early 1980s (cf for example [4, 11]), following
on from the famous ‘discrete analogue of a generalized Toda equation’ (DAGTE) introduced
by Hirota in [6] which is a bilinear form for the lattice KP equation3. Other related KP-type
lattice equations were introduced in [11]. The equation we will refer to as the bilinear discrete
KP equation, in order to distinguish it from equations that actually lead to the original KP
equation in a continuum limit, is taken in the following form:

Ajkτiτjk + Akiτj τki + Aij τkτij = 0. (1.4)

Here Aij = −Aji are constants, τ = τ(ni, nj , nk) is the dependent variable depending on three
discrete independent variables ni, nj and nk corresponding to lattice directions, and subscripts
of τ , e.g. as in τi , denote shifts in the ni-direction so that, for example, τi = τ(ni + 1, nj , nk)

and τj̄ = τ(ni, nj − 1, nk). The constants can be removed by a gauge transformation, but we
find it more instructive to retain them. Miwa gave the connection between the KP hierarchy
and Hirota’s difference equation in [10], showing how solutions to the KP hierarchy can be
transformed into solutions to (1.4); hence, it is often called the Hirota–Miwa equation.

The main results of this paper are twofold: first to give a Lagrangian for the bilinear
discrete KP system associated with (1.4) (in fact, whereas the continuous KP equation admits
an obvious Lagrangian structure, it has to our knowledge never been established for any
KP-type equation on the three-dimensional lattice), and second to establish the Lagrangian
multiform structure, in the sense of [8], based on a higher dimensional analogue of (1.2), and
show that the relevant Lagrangian obeys a four-dimensional closure relation.

2. Lagrangian structure

2.1. Scalar Lagrangian

It is a common feature of Lagrangians for equations of Korteweg–de Vries (KdV) and KP type
(already in the continuous case) that those equations emerge as Euler–Lagrange equations by
varying the action with respect to a dependent variable which obeys a potential (i.e. integrated)
version of the equation. Hence, the variational equation is typically a ‘derived form’ of the
equation obeyed by this canonical variable, with respect to which the action is minimized.
The same holds true in the case of a Lagrangian structure for the lattice KP system, where we

3 Hirota introduced his difference equation in a form equivalent to

ατiτı̄ + βτj τj̄ + γ τkτk̄ = 0, (1.3)

where the notation is explained in the text, and where α, β, γ are constants satisfying α + β + γ = 0.
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will use the τ -function as the canonical variable. Thus, by fixing three directions i, j and k,
we introduce the following Lagrangian:

L(τi, τj , τk, τij , τjk, τki;Aij , Ajk, Aki)

= ln

(
τkτij

τj τki

)
ln

(
−Akiτj

Ajkτi

)
− Li2

(
− Aij τkτij

Akiτj τki

)
=: Lijk, (2.1)

where Li2 denotes the dilogarithm function defined by

Li2(z) = −
∫ z

0

ln(1 − z)

z
dz. (2.2)

The Lagrangian (2.1) produces the following discrete Euler–Lagrange equation:

δL

δτ
=

{
ln

(
−Akiτjk̄τi + Aij ττij k̄

Ajkτik̄τj

)
+ ln

(
−Akiτj̄kτı̄ + Aij ττı̄j̄k

Ajkτı̄kτj

)

− ln

(
−Akiττij̄k + Aij τj̄kτi

Ajkτij̄ τk

)
− ln

(
−Akiττı̄j k̄ + Aij τjk̄τı̄

Ajkτı̄j τk̄

)}
1

τ

= 0, (2.3)

which is a consequence of (1.4) through the fact that it is a combination of four copies of the
equation shifted in appropriate lattice directions.

Consequently the following functional of the lattice fields τ(ni, nj , nk):

S[τ ] =
∑

ni ,nj ,nk

L(τi, τj , τk, τij , τjk, τki;Aij , Ajk, Aki) (2.4)

with L given by (2.1) can be considered to constitute an action for the lattice equation (2.3)
as a derived equation of the bilinear discrete KP equation. However, we want to go further
and take into account that the bilinear KP equation is part of a multidimensionally consistent
system of equations, as has been recognized in recent years, cf e.g. [2, 14, 16]. In order to
incorporate this multidimensionally consistent system of equations into a single Lagrangian
framework we will now proceed to define the Lagrangian multiform structure for the lattice
KP system.

2.2. Lagrangian 3-form

The first step is to introduce a Lagrangian 3-form Lijk, where i, j and k denote any three
distinct directions in a multidimensional lattice Λ, whose vertices are labelled by integer
vectors n = (ni)i∈I, where I is an arbitrary set of labels i, j and k taking values in I. The lattice
3-formLijk is based on the form of the Lagrangian (2.1), but we require it to be skew symmetric
(i.e. antisymmetric with respect to the swapping of any two indices) and we associate with
it an elementary oriented cube σijk spanned by unit vectors ei which are associated with the
corresponding lattice direction labelled by i in the multidimensional lattice Λ. This leads us
to define the following Lagrangian 3-form:

Lijk = 1
2

(
Lijk + Ljki + Lkij − Likj − Ljik − Lkji

)
,

which when written out explicitly and simplified is

Lijk = ln

(
τkτij

τj τki

)
ln

(
−Akiτj

Ajkτi

)
− Li2

(
− Aij τkτij

Akiτj τki

)

+ ln

(
τiτjk

τkτij

)
ln

(
−Aij τk

Akiτj

)
− Li2

(
−Ajkτiτjk

Aij τkτij

)
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+ ln

(
τj τki

τiτjk

)
ln

(
−Ajkτi

Aij τk

)
− Li2

(
− Akiτj τki

Ajkτiτjk

)

− 1

2

(
(ln(τij ))

2 + (ln(τjk))
2 + (ln(τki))

2 − (ln(τi))
2 − (ln(τj ))

2 − (ln(τk))
2

− ln(τij ) ln(τjk) − ln(τjk) ln(τki) − ln(τki) ln(τij ) + ln(τi) ln(τj )

+ ln(τj ) ln(τk) + ln(τk) ln(τi) + (ln(Aij ))
2 + (ln(Ajk))

2 + (ln(Aki))
2

− ln(Aij ) ln(Ajk) − ln(Ajk) ln(Aki) − ln(Aki) ln(Aij ) +
π2

2

)
, (2.5)

where the constant terms arise from dilogarithm identities which will be elucidated in the
proof below.

This Lagrangian is antisymmetric by construction. Considered as a usual scalar
Lagrangian defined in the three-dimensional sublattice of the directions i, j, k the Euler–
Lagrange equations of the corresponding action would yield an equation combining 12 shifted
copies of the original bilinear equation (1.4), namely

δLijk

δτ
=

{
ln

(
−Akiτjk̄τi + Aij ττij k̄

Ajkτik̄τj

)
+ ln

(
−Akiτj̄kτı̄ + Aij ττı̄j̄k

Ajkτı̄kτj

)

− ln

(
−Akiττij̄k + Aij τj̄kτi

Ajkτij̄ τk

)
− ln

(
−Akiττı̄j k̄ + Aij τjk̄τı̄

Ajkτı̄j τk̄

)

+ ln

(
−Aij τı̄kτj + Ajkττı̄jk

Akiτı̄j τk

)
+ ln

(
−Aij τik̄τj̄ + Ajkττij̄ k̄

Akiτij̄ τk̄

)

− ln

(
−Aij ττij k̄ + Ajkτik̄τj

Akiτj k̄τi

)
− ln

(
−Aij ττı̄j̄k + Ajkτı̄kτj̄

Akiτj̄kτı̄

)

+ ln

(
−Ajkτij̄ τk + Akiττij̄k

Aij τj̄kτi

)
+ ln

(
−Ajkτı̄j τk̄ + Akiττı̄j k̄

Aij τj k̄τı̄

)

− ln

(
−Ajkττı̄jk + Akiτı̄j τk

Aij τı̄kτj

)
− ln

(
−Ajkττij̄ k̄ + Akiτij̄ τk̄

Aij τik̄τj̄

)}
1

τ

= 0. (2.6)

Equation (2.6) is actually a 19-point equation existing on a cube as in figure 1. It comprises
the 12 shifted copies of (1.4) as illustrated in figure 2, where to each configuration of six points
on an elementary cube correspond two copies of (1.4).

The main observation which allows the establishment of the multiform structure is that
the Lagrangian 3-form defined in (2.5) is a closed form on the solution space of the original
bilinear equation (1.4). In fact we have the following closure property.

Proposition. The Lagrangian defined by (2.5) satisfies the following closure relation on
solutions to equation (1.4) when embedded in a four-dimensional lattice:

�lLijk − �iLjkl + �jLkli − �kLlij = 0, (2.7)

where the difference operator �i acts on functions f of τ = τ(ni, nj , nk, nl) by the
formula �if (τ) = f (τi) − f (τ), and on a function g of τ and its shifts by the formula
�ig(τ, τj , τk, τl) = g(τi, τij , τik, τil) − g(τ, τj , τk, τl).
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