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Table 3. Comparison of the various approximation methods used in section 6.

p=0qg=1
=0.001, =S1.2, =001 =0.001, =S1.2, =025

Eowt 5048512051 $0.3988914  S0.679527538 S0.17313365

Erune 5048511885 $0.3988926  $0.679526948 $0.17313370

E. S$0.48514998 $0.3989179  S0.695319170 $0.18874878

Eapprox  50.48312771  $0.3968723  $0.693495562  S0.186504 44
p=04q=2

=001, =83 =001 =001, =83, =025

Eewt  55.59855357 S$4.36272053 S5.72941123  S4.20419136

Ewne  S55.59525382 $4.36529048 $5.72605257  $4.20649571

E. $5.60435172 S4.35836985 S$5.75706543  $4.20565613

Eapprox  55.63277168  S4.36722832 5580622578  S4.19377423

Bender-Dunne polynomials. The resulting phase diagrams at fixed M, consisting of lines of
quadratic exceptional points punctuated by triply-exceptional (cubic) cusps, generalize the
previously-observed story at M = 3 in an appealing way, and the perturbative treatment about
M = 1 has allowed us to understand the transition to infinitely-many complex eigenvalues
which occurs as M decreases below 1 from a new perspective. The dualities described in
appendix B were crucial in making a reliable numerical treatment of the problem, and may
be of independent theoretical interest, especially given the role that these models play in the
ODE/IM correspondence.
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Appendix A. Basis for an n x n Jordan block

(See [16] for a discussion of the n = 2 case.) To illustrate a method we can use to construct
the basis of an n x n Jordan block, which arises when n eigenstates merge, we will work with
a toy model. Take an n x n matrix L, depending on one parameter

0 1 0
L()y= = - 0 (A1)
0O ... O 1
o ... O
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symmetry of the inner products in n and mcan be used to avoid the problem. In these cases,
when M = 1, the (SM), in the expressions above become (S1), = 0 so the inner products
are zero. Forn = mand n = mz 1, by taking the limit M 1in (C.2) it can be shown [30]
that the only non-zero inner products are

#
Z0) X H(x) =1+ +2n (C.3)
" # D — .
r-:+1(X) X2 ;(X) = n?-—-l-j-]_( S n). (C4)

The matrix elements corresponding to (C.2), (C.3) and (C.4) for ,? can be found by sending
S . " « H#
The matrix element  (x) (ix)®™ 3(x) is given by
;(X) (iX)ZMl r?](x) = .Sm(M )(1 S )m( S M)n (M + 1)
sinC )] (@S +m) (1+ +n)mIn!
x 3Fp(Sm,1+M,M+1S ;1S ,M+1S Sn;1), (C.5)
which, unlike (C.2), is always well defined (and indeed zero) at M = 1.

Appendix D. The inhomogeneous complex square well

In the main text, the large-M limit of the spectrum of

_d? . . N 281
S =SS @Vt +—2 (x)=E (X, x) L0, (D.1)
dx?2 x2
was needed. The = 0, = 1/2 case was investigated in [35], where it was dubbed the

‘complex square well’. To treat the more general case, we start with the same variable change
as in [35], and set

<. z 1
X = SHW Eam, (D.2)
Taking the limit M , using the identity limy (1 +x/M)M = ¢* and dropping all
subleading terms, (D.1) becomes
¢ + 2|§(1+ei 7) + i E~e 2+ -2 (2)= 0 (D.3)
dz2 16 16 16 - '
where
. 2 2
E = (D.4)
M+1
and the scaled parameters
~ 2 - 2
VeSS Ve (B-3)

were used to ensure the survival of the inhomogeneous and angular-momentum terms in the
limit. Note that in terms of and ™, the parameters . of (2.1) are simply

+= 381220 (D.6)
The special feature of this limit is that the resulting ODE (D.3) is exactly solvable. Here we
highlight the link with the simple harmonic oscillator by making a further variable change to

w = EY4el Z4and trading (w) for (W)= W (w). Substituting in, (w) satisfies
G , E+7281
S v + w+ — - S” . (D.7)
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