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Table 3. Comparison of the various approximation methods used in section 6.

p = 0, q = 1

� = 0.001, �̃ = Š 1.2, � = 0.01 � = 0.001, � = Š 1.2, � = 0.25
Eexact Š0.485 120 51 Š0.398 891 4 Š0.679 527 538 Š0.173 133 65
Etrunc Š0.485 118 85 Š0.398 892 6 Š0.679 526 948 Š0.173 133 70
E± Š0.485 149 98 Š0.398 917 9 Š0.695 319 170 Š0.188 748 78
Eapprox Š0.483 127 71 Š0.396 872 3 Š0.693 495 562 Š0.186 504 44

p = 0, q = 2
� = 0.01, �̃ = Š 3, � = 0.01 � = 0.01, �̃ = Š 3, � = 0.25

Eexact Š5.598 553 57 Š4.362 720 53 Š5.729 411 23 Š4.204 191 36
Etrunc Š5.595 253 82 Š4.365 290 48 Š5.726 052 57 Š4.206 495 71
E± Š5.604 351 72 Š4.358 369 85 Š5.757 065 43 Š4.205 656 13
Eapprox Š5.632 771 68 Š4.367 228 32 Š5.806 225 78 Š4.193 774 23

Bender–Dunne polynomials. The resulting phase diagrams at fixed M, consisting of lines of
quadratic exceptional points punctuated by triply-exceptional (cubic) cusps, generalize the
previously-observed story at M = 3 in an appealing way, and the perturbative treatment about
M = 1 has allowed us to understand the transition to infinitely-many complex eigenvalues
which occurs as M decreases below 1 from a new perspective. The dualities described in
appendix B were crucial in making a reliable numerical treatment of the problem, and may
be of independent theoretical interest, especially given the role that these models play in the
ODE/IM correspondence.
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Appendix A. Basis for an n × n Jordan block

(See [16] for a discussion of the n = 2 case.) To illustrate a method we can use to construct
the basis of an n × n Jordan block, which arises when n eigenstates merge, we will work with
a toy model. Take an n × n matrix L, depending on one parameter �:

L(�) =
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. (A.1)
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symmetry of the inner products in n and m can be used to avoid the problem. In these cases,
when M = 1, the (ŠM)n in the expressions above become (Š1)n = 0 so the inner products
are zero. For n = m and n = m ± 1, by taking the limit M � 1 in (C.2) it can be shown [30]
that the only non-zero inner products are
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The matrix elements corresponding to (C.2), (C.3) and (C.4) for 
Š
n can be found by sending

� � Š �.
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is given by
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which, unlike (C.2), is always well defined (and indeed zero) at M = 1.

Appendix D. The inhomogeneous complex square well

In the main text, the large-M limit of the spectrum of
�
Š

d2

dx2 Š (ix)2M Š �(ix)MŠ1 +
�2 Š 1

4
x2

�
�(x) = E�(x), �(x) � L2(C), (D.1)

was needed. The � = 0, � = 1/2 case was investigated in [35], where it was dubbed the
‘complex square well’. To treat the more general case, we start with the same variable change
as in [35], and set
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Š i +
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2M . (D.2)

Taking the limit M � � , using the identity limM �� (1 + x/M)M = ex and dropping all
subleading terms, (D.1) becomes
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where
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2
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� 2

E (D.4)

and the scaled parameters

�̃ =
2�

M + 1
, �̃ =

2�

M + 1
(D.5)

were used to ensure the survival of the inhomogeneous and angular-momentum terms in the
limit. Note that in terms of �̃ and �̃, the parameters �± of (2.1) are simply

�± = 1
4 (�̃ Š 1 ± 2�̃). (D.6)

The special feature of this limit is that the resulting ODE (D.3) is exactly solvable. Here we
highlight the link with the simple harmonic oscillator by making a further variable change to
w = Ẽ1/4 ei�z/4 and trading �(w) for 
(w) =

�
w �(w). Substituting in, 
(w) satisfies

Š
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