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Tomography in Hilbert spaces
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Complesso Universitario di Monte S. Angelo, via Cintia, 80126 Naples, Italy

E-mail: marmo@na.infn.it, simoni@na.infn.it, ventriglia@na.infn.it

Abstract. We present a method of constructing the tomographic probability distributions
describing quantum states in parallel with density operators in abstract Hilbert spaces. After
the study of an infinite dimensional example, the well known Husimi-Kano quasi-distribution
is reconsidered in the new setting and a new tomographic scheme based on coherent states is
suggested. Starting from the Sudarshan’s diagonal coherent state representation, the associated
identity decomposition providing Gram-Schmidt operators is explicitly given.

1. Introduction
There are several representations of quantum states providing the possibility to present different,
but equivalent, formulations of quantum mechanics [1]. These representations are based on
different integral transforms of the density operator [2, 3] taken in the position representation.
The density operator in the position representation is mapped by means of the integral
transforms either to Wigner quasi-distribution function [4], or Husimi-Kano K−function [5, 6].
In this paper we have decided to keep up with the original notations of the pioneer papers on the
subject. Quasi-distributions are usually referred to as phase space representations of quantum
states. Another important phase space representation is related to the Sudarshan’s φ−diagonal
coherent state representation [7, 8].

Recently the tomographic representations of quantum states was suggested [9, 10, 11] using
the Radon integral transform of their Wigner functions. The tomographic representation
exhibits some specific property in comparison with the other phase space representations.
The tomographic probability distributions (tomograms) associated with quantum states are
standard positive probability distributions. The mathematical mechanism of constructing the
tomographic probabilities in abstract Hilbert spaces was first elucidated in [12] for the finite
dimensional case and in [13] for the infinite dimensional case.

As in the usual formulation of quantum mechanics there are several schemes like Schrödinger
picture, Heisenberg picture, Dirac picture, even in the tomographic approach exist several
different schemes, like symplectic tomography, photon number tomography and so on. Our aim
in this paper is to point out the common general mechanism of constructing all these tomographic
schemes and in this way to extend the list of the tomographies by including into the construction
properties of the coherent states [14] and properties of K−function and Sudarshan’s diagonal
coherent state representation [15] in the sense of their relation to distributions (i.e., generalized
functions). We call this extension coherent state tomography. From this point of view the
Husimi-Kano K−function will be interpreted as a tomogram of a quantum state.
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The paper is organized as follows. After a short account of our construction of a tomographic
setting in abstract Hilbert spaces in section 2, an infinite dimensional example is discussed
in section 3. The coherent state tomography is developed in section 4, where a resolution of
the unity is obtained which provides a relation between Sudarshan’s diagonal coherent state
representation and Husimi-Kano K−function in the suggested tomographic setting. In section
5, some further developments and perspectives are briefly drawn.

2. Tomography in abstract Hilbert spaces
We have given [12, 13] an interpretation of quantum tomography in an abstract Hilbert space
H by means of complete sets of rank-one projectors {Pµ}µ∈M , where M is a set of (multi-)
parameters, discrete or continuous, collectively denoted by µ.

In general, a tomogram of a quantum state |ψ〉 is a positive real number Tψ(µ), depending
on the parameter µ which labels a set of states |µ〉 ∈ H, defined as

Tψ(µ) := |〈µ|ψ〉|2 . (1)

Our main idea was to regard the tomogram Tψ(µ) as a scalar product on the (Hilbert) space H
of the rank-one projectors |µ〉 〈µ| = Pµ → |Pµ〉 ∈ H :

Tψ(µ) = Tr (Pµρψ) =: 〈Pµ|ρψ〉 . (2)

This equation may be generalized to define the tomogram of any density operator ρ̂ or any other
(bounded) operator Â

TA(µ) := Tr
(
PµÂ

)
= 〈Pµ|A〉 . (3)

Equation (3) shows in general that to any operator Â a function
〈
µ|Â|µ

〉
of the variables µ

corresponds in a given functional space. So a tomograph, that is a functional, linear in the
second argument:

T•(µ) := Tr (Pµ•) = 〈Pµ|•〉 (4)

T•(µ) : Â→
〈
µ|Â|µ

〉
, (5)

may be thought of as a de-quantization, and in fact is an useful tool to study the quantum-
classical transition by comparing classical limits of quantum tomograms with the corresponding
classical tomograms [16].

In the same sense, the inverse correspondence TA(µ) → Â may be considered to give a
quantization. The reconstruction of the operator Â from its tomogram TA(µ) may be written as

Â =
∑
µ∈M

ĜµTr
(
PµÂ

)
⇔ |A〉 =

∑
µ∈M
|Gµ〉 〈Pµ|A〉 . (6)

Here the Ĝµ’s are Gram-Schmidt operators, which take into account that in general the
projectors Pµ’s are not orthogonal, while the sum may be an integral with a suitable measure.

In other words, the reconstruction of any operator is possible because the tomographic set
{Pµ}µ∈M provides a resolution of the identity (super-) operator on H:

Î =
∑
µ∈M

ĜµTr (Pµ·) =
∑
µ∈M
|Gµ〉 〈Pµ| . (7)

We may then view |Gµ〉 and 〈Pµ| as dual supervectors.
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Thus, for the finite n−dimensional case, H =H⊗H∗ is n2−dimensional and a minimal
tomographic set is a basis {Pk}, k ∈

{
1, ..., n2

}
, of rank-one projectors which may be

orthonormalized by a Gram-Schmidt procedure

|Vj〉 =
n2∑
k=1

γjk |Pk〉 , 〈Vi|Vj〉 = δij . (8)

In general, every |Vj〉 is a linear combination of projectors, rather than a single projector like
|Pk〉 . Then a resolution of the super-unity on H in terms of the Pk’s reads as

În2 =
n2∑
i=1

|Vi〉 〈Vi| =
n2∑

i,j,l=1

γ∗ilγijPjTr(P̂l•)

=
n2∑
l=1

|Gl〉 〈Pl| =
n2∑
j=1

|Pj〉 〈Gj | , (9)

where the Gram-Schmidt operator Ĝl has been introduced

|Gl〉 =
n2∑
i=1

γ∗il |Vi〉 =
n2∑
i,j=1

γ∗ilγij |Pj〉 . (10)

We observe that Ĝl is a nonlinear function of the projectors Pk, because also the coefficients γ’s
depend on the projectors. Moreover

〈Pi|Gl〉 =
n2∑
j=1

γ∗jl 〈Pi|Vj〉 =
n2∑

j,k=1

γ∗jl(γ
∗)−1
ik 〈Vk|Vj〉

=
n2∑
j=1

γ∗jl(γ
∗)−1
ij = δil . (11)

Similar formulae hold even for any other tomographic, i.e. (over-) complete, set {Pµ}µ∈M .

For instance for the spin tomography, in the maximal qu-bit case M is the Bloch sphere S2

of all rank-one projectors and we have

Î =
∫ 2π

0

∫ π

0
|G(θ, φ)〉Tr(P (θ, φ)•) sin θdθdφ , (12)

where, in matrix form,

P (θ, φ) =
1
2

[
1 + cos θ e−iφ sin θ
eiφ sin θ 1− cos θ

]
(13)

and

Ĝ(θ, φ) =
1
4π

[
1 + 3 cos θ 3e−iφ sin θ
3eiφ sin θ 1− 3 cos θ

]
, (14)

so that, for any operator Â, it results [12]:

Â =
∫ 2π

0

∫ π

0
Ĝ(θ, φ)Tr(P (θ, φ)A) sin θdθdφ (15)

=
∫ 2π

0

∫ π

0
P (θ, φ)Tr(Ĝ(θ, φ)A) sin θdθdφ . (16)
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In summary, the set {Pµ}µ∈M is tomographic if it is complete in H. A tomographic set
determines a tomograph

(Pµ, Â)→ TA(µ) = Tr
(
PµÂ

)
. (17)

This definition is appropriate in the finite n−dimensional case, where

|µ〉 ∈ Hn ⇔ Pµ ∈ Hn2 = B(Hn) = Hn ⊗H∗
n ,

but in the infinite dimensional case the relation H = B(H) is no more valid and there are several
relevant spaces, as the space of bounded operators B(H) and that of compact operators C(H),
the space of Hilbert-Schmidt operators I2 and that of trace-class operators I1. Their mutual
relations are:

I1 ⊂ I2 ⊂ C(H) ⊂ B(H) .

B(H) (and C(H)) are Banach spaces, with the norm ‖A‖ = sup(‖ψ‖=1) ‖Aψ‖ , while I2 is a
Hilbert space with scalar product 〈A|B〉 = Tr

(
A†B

)
and corresponding norm ‖•‖2. Finally, I1

is a Banach space with the norm ‖A‖1 = Tr (|A|) . The following inequalities hold true:

‖A‖ ≤ ‖A‖2 ≤ ‖A‖1 .

So I2, the only Hilbert space at our disposal to implement our definition of tomographic set, is
endowed with a topology which, when restricted to the trace-class operators, is not equivalent
to the topology of I1. This may have serious consequences.

In fact, in the finite dimensional case, the set {Pµ}µ∈M is complete iff

Tr (PµA) = 0 ∀µ ∈M =⇒ A = 0 . (18)

Such a condition guarantees the full reconstruction of any observable from its tomograms. Now,
in I2, Eq. (18) reads:

〈Pµ|A〉 = 0 ∀µ ∈M =⇒ A = 0 & A ∈ I2 . (19)

Then, as I2 is a ∗−ideal in B(H), there may exists a non-zero operator B, which is bounded
but not Hilbert-Schmidt, such that

Tr (PµB) = 0 ∀µ ∈M .

In other words, different observables may be tomographically separated only when their
difference is Hilbert-Schmidt.

Nevertheless there is a second case, when the set {Pµ}µ∈M of trace-class operators is complete
even in I1. Then, recalling that I1 is a ∗−ideal in its dual space B(H):

I∗1 = B(H) ,

the expression Tr (PµA) is nothing but the value of the linear functional Tr (•A) in Pµ. Hence,
Eq. (18) holds unconditionally

Tr (PµA) = 0 ∀µ ∈M =⇒ 0 = ‖Tr (•A)‖ = ‖A‖ =⇒ A = 0 . (20)

Thus, the finest tomographies are those based on sets of rank-one projectors which are complete
both in I2 and in I1. As a matter of fact, this is the case for the main tomographic sets, like
the symplectic, the photon number and the coherent state tomographic sets.

After the discussion of some of the topological subtleties of the infinite dimensional case, we
are now ready to study an example, which allows for the construction of a minimal tomographic
set, i.e., a basis of rank-one projectors.
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3. A (minimal) tomographic set spanning both I2 and I1

Let {en}∞n=1 be an orthonormal basis of an Hilbert space H. Now switch to the Dirac notation,
en ←→ |n〉 , and get an orthonormal basis {Enm} = {|n〉 〈m|}∞n,m=1 of I2.

In the basis {|n〉}, we have

(Enm)jk = 〈j |Enm| k〉 = δjnδmk ; (21)

Tr(E†
qpEnm) =

∑
jk

〈
j
∣∣∣E†

qp

∣∣∣ k〉 〈k |Enm| j〉
=

∑
jk
δjpδqkδknδmj = δqnδpm . (22)

A Hermitian orthogonal basis may be constructed with the compact operators

E+
nm =

1
2

(
Enm + E†

nm

)
(n ≤ m) ; (23)

E−
nm =

i

2
(Enm − E†

nm) (n > m) . (24)

The Hermitian basis is readily diagonalizable: for n 6= m the set {E+
nm, E

−
nm}n,m is isospectral,

with simple eigenvalues ±1/2 and respective eigenvectors∣∣Ψ+,±
nm

〉
=

1√
2

(|n〉 ± |m〉) ,
∣∣Ψ−,±

nm

〉
=

1√
2

(|m〉 ± i |n〉) , (25)

where ± label the eigenvalues. Their associated projectors

P+,±
nm =

∣∣Ψ+,±
nm

〉 〈
Ψ+,±
nm

∣∣ , P−,±
nm =

∣∣Ψ−,±
nm

〉 〈
Ψ−,±
nm

∣∣ , (26)

together with the diagonal (n = m) projectors

Pnn = |n〉 〈n| , (27)

are a tomographic set. In fact, as

P+,±
nm =

1
2
(Pnn + Pmm)± E+

nm , (28)

P−,±
nm =

1
2
(Pnn + Pmm)± E−

nm , (29)

the set contains a basis of I2 of rank-one projectors. Moreover, the set is complete in I1. In
fact, assume that the linear functional Tr(A•), with A ∈ B(H), vanishes on the tomographic
set. Then the diagonal matrix elements of A are zero

Tr(APnn) = 〈n |A|n〉 = 0 ∀n , (30)

and we have

Tr(AP+,±
nm ) =

1
2
Tr(A

(
Pnn + Pmm ± 2E+

nm

)
)

= ±1
2
(〈m |A|n〉+ 〈n |A|m〉) = 0 , (31)

Tr(AP−,±
nm ) =

1
2
Tr(A

(
Pnn + Pmm ± 2E−

nm

)
)

= ± i
2
(〈m |A|n〉 − 〈n |A|m〉) = 0 , (32)
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which yield

〈m |A|n〉 = 0 ∀m,n ⇔ A = 0 , (33)

so that A is the zero operator.
Finally we observe that a minimal tomographic set, i.e. a basis of rank-one projectors, may

be chosen by taking just one projector from each pair P+,±
nm with n < m, only one projector

from each pair P−,±
nm with n > m and all the diagonal Pnn’s. Such a minimal set is obviously

complete both in I2 and in I1.
We can evaluate explicitly the resolution of unity determined by the full (non-minimal) set

of projectors. Start from the representation of a (bounded) operator B as

B =
∑
n,m

〈n |B|m〉 |n〉 〈m| . (34)

In view of the decomposition as a sum of two selfadjoint operators

B =
1
2
(B +B†)− i( i

2
(B −B†)) , (35)

we may assume B selfadjoint. Then:

〈n |B|m〉 =
1
2

[〈
Ψ+,+
nm |B|Ψ+,+

nm

〉
−

〈
Ψ+,−
nm |B|Ψ+,−

nm

〉]
+

i

2
[〈

Ψ−,+
nm |B|Ψ−,+

nm

〉
−

〈
Ψ−,−
nm |B|Ψ−,−

nm

〉]
. (36)

Thus, we get the reconstruction formula

B =
∑
n

PnnTr(BPnn)

+
∑
n<m

E+
nm

[
Tr(BP+,+

nm )− Tr(BP+,−
nm )

]
+

∑
n<m

E−
nm

[
Tr(BP−,+

nm )− Tr(BP−,−
nm )

]
. (37)

Upon introducing a third label α to enumerate the P±,±’s, we obtain the resolution of the unity
as

Î =
∑
n

|Pnn〉 〈Pnn|+
∑

n<m,α

|Gαnm〉 〈Pαnm| , (38)

where ∣∣G+,±
nm

〉
= ±E+

nm,
∣∣G−,±

nm

〉
= ±E−

nm . (39)

4. The coherent state tomography
In contrast with the previous example of a countable tomographic set, the coherent state
tomographic set is generated by the displacement operators {D (z)} depending on a complex
parameter z

D (z) = exp
(
zâ† − z∗â

)
, z ∈ C . (40)
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Upon acting on the projector |0〉 〈0| of the vacuum Fock state â |0〉 = 0, they yield the projectors

|z〉 〈z| = D (z) |0〉 〈0| D (z)† , z ∈ C , (41)

associated to the usual coherent states

|z〉 = exp(−|z|
2

2
) exp

(
zâ†

)
exp (−z∗â) |0〉 = exp(−|z|

2

2
)

∞∑
j=0

zj

j!
â†j |0〉 .

We recall that the coherent states are a (over-) complete set in the Hilbert space H.
It is possible to interpret the well known Husimi-Kano K-symbol of a (bounded) operator Â

as the coherent state (CS) tomogram of Â:

KA(z) :=
〈
z

∣∣∣Â∣∣∣ z〉 =: Tr(|z〉 〈z| Â) . (42)

In particular, when Â is chosen as a density operator ρ̂, the identity holds∫
d2z

π
〈z |ρ̂| z〉 = Tr(ρ̂) = 1 , (43)

which allows for the probabilistic interpretation of the CS tomography. As a matter of fact [14],
the K-symbol exists also for a number of non-bounded operators. The CS tomographic set is
complete both in I2, the space of Hilbert-Schmidt operators, and in I1, the space of trace class
operators acting on the space of states. In fact, the formulae

Â =
∫
d2z

π

d2z′

π

〈
z

∣∣∣Â∣∣∣ z′〉 |z〉 〈z′∣∣ (44)

and [17] 〈
z

∣∣∣Â∣∣∣ z′〉 = e−
|z|2+|z′|2

2

∞∑
n,m=0

(z∗)n(z′)m

n!m!

[
∂n+m

∂z∗n∂zm

(
e|z|

2
〈
z

∣∣∣Â∣∣∣ z〉)]
z∗=0
z=0

show that if the tomograms
〈
z

∣∣∣Â∣∣∣ z〉 of a bounded operator Â vanish for any z ∈ C , then Â is
the zero operator. The previous equation is implicit in Eq. (6) of Sudarshan’s paper [7].

So, a resolution of the unity exists, which allows for the full reconstruction of any (bounded)
operator from its CS tomograms. We are interested in the explicit determination of such a
formula.

Now, the Sudarshan’s diagonal coherent state representation φA(z) of an operator Â is defined
through the equation

Â =
∫
d2z

π
φA(z) |z〉 〈z| . (45)

analogous to the (dual) reconstruction formula,

|A〉 =
∑
µ∈M
|Pµ〉 〈Gµ|A〉 . (46)

If our guess is right we can get explicitly the first form of the reconstruction formula,

Â =
∑
µ∈M

ĜµTr
(
PµÂ

)
=

∑
µ∈M
|Gµ〉 〈Pµ|A〉 . (47)
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To do that, we have to invert the well-known relation:

KA(z′) =
〈
z′

∣∣∣Â∣∣∣ z′〉 =
∫
d2z

π
φA(z)

∣∣〈z|z′〉∣∣2 =
∫
d2z

π
φA(z)e−|z−z

′|2 (48)

which follows at once from Eq. (45) defining φA(z). This relation shows that KA(z′) is given by
the convolution product of φA times a gaussian function. Then, denoting with KA(z′R, z

′
I) and

φA(zR, zI) the K and φ symbols, with z′ = z′R + iz′I ; z = zR + izI , the Fourier transform [18]
of Eq. (48) reads:

K̃A(ξ, η) = e−(ξ2+η2)/4φ̃A(ξ, η) , (49)

from which
φ̃A(ξ, η) = e(ξ2+η2)/4K̃A(ξ, η) , (50)

that formally yields

φA(zR, zI) =
∫
dξdη

2π
e(ξ2+η2)/4K̃A(ξ, η)ei(ξzR+ηzI) . (51)

The presence of the anti-gaussian factor shows that the inverse Fourier transform of φ̃A(ξ, η)
exists only when the asymptotic decay of K̃A(ξ, η) is faster than the growth of e(ξ2+η2)/4.
However, the integral always exists as a generalized function, as proven by Mehta and Sudarshan
in ref. [15]. By virtue of this remark, we may go on and substitute the previous expression into
Eq. (45) getting

Â =
∫
d2z

π

[∫
dξdη

2π
e(ξ2+η2)/4K̃A(ξ, η)ei(ξzR+ηzI)

]
|z〉 〈z|

=
∫
d2z

π

[∫
dξdη

2π

∫
dz′Rdz

′
I

2π
KA(z′R, z

′
I)e

(ξ2+η2)/4ei[ξ(zR−z′R)+η(zI−z′I)]
]
|z〉 〈z| . (52)

Upon interchanging the order of integration, we may write the expected reconstruction formula
as

Â =
∫
d2z′

π
Ĝ(z′)KA(z′) , (53)

where the Gram-Schmidt operator Ĝ(z′) reads:

Ĝ(z′) :=
∫
d2z

2π

∫
dξdη

2π
e(ξ2+η2)/4ei[ξ(zR−z′R)+η(zI−z′I)] |z〉 〈z| . (54)

So, the resolution of the unity generated by the CS tomographic set is

Î =
∫
d2z′

π
Ĝ(z′)Tr(

∣∣z′〉 〈
z′

∣∣ •) . (55)

We note the duality relation

KG(z′)(z) =
〈
z

∣∣∣Ĝ(z′)
∣∣∣ z〉 =

∫
dξdη

2π
ei[−ξz

′
R−ηz

′
I ]e(ξ2+η2)/4K̃|z〉〈z| (ξ, η)

=
∫
dξdη

2π
ei[−ξz

′
R−ηz

′
I ]φ̃|z〉〈z| (ξ, η) = φ|z〉〈z|

(
z′

)
. (56)
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This, substituted in the reconstruction formula Eq. (53), gives also the reproducing kernel
formula

KG(z′′)(z) =
∫
d2z′

π

〈
z

∣∣∣Ĝ(z′)
∣∣∣ z〉KG(z′′)(z

′) =
∫
d2z′

π
KG(z′)(z)KG(z′′)(z

′) (57)

or equivalently

φ|z〉〈z|
(
z′′

)
=

∫
d2z′

π
φ|z〉〈z|

(
z′

)
φ|z′〉〈z′|

(
z′′

)
. (58)

Since it results
φ|z〉〈z|

(
z′

)
= πδ(z − z′) , (59)

we get the orthonormality relations

KG(z′)(z) = Tr(|z〉 〈z| Ĝ(z′)) = πδ(z − z′) (60)

between dual sets of supervectors.
Finally, we can use the previous expression of KG to check the reconstruction formula in

matrix form as: 〈
z

∣∣∣Â∣∣∣ z〉 =
∫
d2z′

π
KG(z′)(z)KA(z′) = KA(z) . (61)

5. Conclusions
The identity resolution that we have obtained for the CS tomographic set may be recovered
even in the context of the generalized phase space distributions associated with the Agarwal-
Wolf Ω-operator ordering [17]. The coherent states are closely connected with linear vibrations
(linear harmonic oscillator). The deformed oscillators, e.g. q-oscillators [19, 20] and f -oscillators
[21, 22] are related at a classical level with specific non-linear vibrations, so that non-linear
coherent states were introduced [23, 24, 25] to describe the corresponding states of a non-linear
quantum oscillator, which yields in the linearity limit the standard coherent state counterpart.

We have succeeded [26] in developing the generalized version of the previous CS tomographic
approach for generic deformations of coherent states connected with f -oscillators, q-oscillators,
and s-deformations associated to operator ordering [27, 28]. In particular we have obtained, for
a specific choice of the non-linearity coded by a function f = fq, the q-deformed coherent state
tomography.

Also, by using (f, s)-deformed coherent states, we have developed [26] the (f, s)-deformed
version of the photon number tomography [29, 30, 31] as well as we obtain the identity
decomposition for the deformed tomographies.

To conclude, we observe that recently the problem of introducing deformed phase space
representations of operators was also addressed in ref. [32] according to some of the ideas
exposed above.

We hope to extend the obtained results to the case of multi-mode quantum systems and
entangled states in future papers.

References
[1] Styer D F et al 2002 Am. J. Phys. 70 288
[2] Landau L D 1927 Z. Phys. 45 430
[3] von Neumann J 1927 Nach. Ges. Wiss. Göttingen 11 245
[4] Wigner E 1932 Phys. Rev. 40 749
[5] Husimi K 1940 Proc. Phys. Math. Soc. Jpn. 22 264
[6] Kano Y 1965 J. Math. Phys. 6 1913
[7] Sudarshan E C G 1963 Phys. Rev. Lett. 10 277

Particles and Fields: Classical and Quantum IOP Publishing
Journal of Physics: Conference Series 87 (2007) 012013 doi:10.1088/1742-6596/87/1/012013

9



[8] Glauber R J 1963 Phys. Rev. Lett. 10 84
Glauber R J 1963 Phys. Rev. 131 2766

[9] Bertrand J and Bertrand P 1987 Found. Phys. 17 397
[10] Vogel K and Risken H 1989 Phys. Rev. A 40 2847
[11] Mancini S, Man’ko V I and Tombesi P 1995 Quantum Semiclass. Opt. 7 615
[12] Man’ko V I, Marmo G, Simoni A, Stern A, Sudarshan E C G and Ventriglia F 2006 Phys. Lett. A 351 1
[13] Man’ko V I, Marmo G, Simoni A and Ventriglia F 2006 Open Syst. Inform. Dynam. 13 239
[14] Klauder J R and Sudarshan E C G 1968 Fundamentals of Quantum Optics (New York: Benjamin)
[15] Mehta C L and Sudarshan E C G 1965 Phys. Rev. 138 B274
[16] Man’ko V I, Marmo G, Simoni A, Stern A and Ventriglia F 2005 Phys. Lett. A 343 251
[17] Mandel L and Wolf E 1995 Optical coherence and Quantum Optics (Cambridge: Cambridge University

Presss)
[18] Schleich W P 2001 Quantum Optics in Phase Space (Berlin: Wiley-VCH)
[19] Biedenharn L 1989 J. Phys. A:Math. Gen. 22 L873
[20] Mac Farlane A 1989 J. Phys. A:Math. Gen. 22 4581
[21] Man’ko V I, Marmo G, Sudarshan E C G and Zaccaria F 1997 Phys. Scr. 55 528
[22] Man’ko V I, Marmo G, Solimeno S and Zaccaria F 1993 Int. J. Mod. Phys. A 8 3577
[23] de Matos Filho R L and Vogel W 1996 Phys. Rev. A 54 4560
[24] Man’ko V I, Marmo G, Sudarshan E C G and Zaccaria F 1996 f-Oscillators, Proc. IV Wigner Symp.

(Guadalahara, Mexico, July 1995) ed Atakishiyev N M et al (Singapore: World Scientific) p 421
[25] Aniello P, Man’ko V I, Marmo G, Solimeno S and Zaccaria F 2000 J. Opt. B, Quantum Semiclass. Opt. 2

718
[26] Man’ko V I, Marmo G, Simoni A, Sudarshan E C G and Ventriglia F 2006 A tomographic setting for

quasi-distribution functions Preprint quant-ph/0604148
[27] Sudarshan E C G 1962 Structure of Dynamical Theories in Proc. Brandeis Summer Institute on Theoretical

Physics (1961) notes compiled by G. Carmi (New York: Benjamin)
[28] Cahill K E and Glauber R J 1968 Phys. Rev. 176 1857

Cahill K E and Glauber R J 1969 Phys. Rev. 177 1882
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