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Miloš Milosavljević,1,2 Christopher J. Miller,3 Steven R. Furlanetto,1 and Asantha Cooray4

Received 2005 September 28; accepted 2005 December 16; published 2006 January 17

ABSTRACT

The presence of multiple luminous galaxies in clusters can be explained by the finite time over which a galaxy
sinks to the center of the cluster and merges with the central galaxy. The simplest measurable statistic to quantify
the dynamical age of a system of galaxies is the luminosity (magnitude) gap, which is the difference in photometric
magnitude between the two most luminous galaxies. We present a simple analytical estimate of the luminosity
gap distribution in groups and clusters as a function of dark matter halo mass. The luminosity gap is used to
define “fossil” groups; we expect the fraction of fossil systems to exhibit a strong and model-independent trend
with mass:∼1%–3% of massive clusters and∼5%–40% of groups should be fossil systems. We compare our
predictions to the luminosity gap distribution in a sample of 730 clusters in the Sloan Digital Sky Survey C4
Catalog and find good agreement. This suggests that theoretical excursion-set merger probabilities and the standard
theory of dynamical segregation are valid on cluster scales.

Subject headings: cosmology: observations — dark matter — galaxies: clusters: general — galaxies: halos

1. INTRODUCTION

Virialized cold dark matter halos grow hierarchically by the
merging of smaller virialized halos. Galaxies, which populate
the halos, also grow hierarchically by the merging of pre-
existing galaxies. Halo merger rates can be estimated analyt-
ically using the excursion-set theory (Bond et al. 1991), which
is commonly known as the extended Press-Schechter formalism
(Press & Schechter 1974; Bower 1991; Lacey & Cole 1993).
The merger rates can also be extracted from large-scale cos-
mological simulations. At the same time, direct measurement
of merger rates in galaxy groups and clusters, however, is chal-
lenging. We here show that a simple statistic, the luminosity
gap, can be applied to large galaxy surveys such as the Sloan
Digital Sky Survey (SDSS) to test the predictions of the excursion-
set merger probabilities.

Dark matter halos merge from the outside in. Mergers ef-
fectively begin when the components approach within a virial
radius of each other; they conclude when the separate identities
of the two halos have been erased, either by the merging of
the halo centers or by the complete tidal disruption of the
smaller halo. The duration of the merger defined this way de-
pends on the rate at which dynamical friction induces orbital
decay of the tidally truncated subhalos. If a galaxy is located
at the center of each subhalo, the galaxies appear as separate
objects until the conclusion of the merger. The timescale of
orbital decay can exceed the age of the system; this is why the
number of galaxies in a group or cluster (the “occupation num-
ber”) exceeds unity.

A confirmation of this paradigm can be found in the ex-
istence of “fossil” groups of galaxies, which contain a single
ultraluminous galaxy at the center and no other galaxy
brighter thanL�. The X-ray luminosity of fossil groups is
comparable to that of rich clusters and indicates dynamical
masses of about 1013–1014 M,. Jones et al. (2003) selected
fossil groups with the criterion , where the lu-Dmag 1 212
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minosity gapDmag12 is defined as the difference in photo-
metric magnitude between the most and second most lumi-
nous galaxies in the group; we adopt this definition as well.
Fossil groups have been identified as cluster-sized systems
old enough that any previous merger with a halo hosting a
�L� galaxy has completed so that all luminous galaxies have
agglomerated onto the central galaxy. Their incidence rate is
8%–20% among observed systems in this mass range, at least
if the mass is inferred from the X-ray luminosity (Jones et
al. 2003). Numerical simulations by D’Onghia et al. (2005)
predict a larger fraction of fossil systems: for a33%� 16%
mass of 1014 M,. These investigations suggest that fossil
groups, poor clusters, and rich clusters can be distinguished by
the time elapsed since the last major merger. We show here
that the incidence rate of fossil groups can be estimated ana-
lytically from excursion-set theory.

In § 2 wecompute the timescale on which dynamical friction
drives orbital in-spiral of a tidally truncated subhalo inside the
primary halo. In § 3 we estimate thesubhalo mass distribution
as a function of the subhalo mass and distance from the center
of the primary halo. In § 4 we calculate thedependence of the
luminosity gap on the halo mass. We also derive the fraction
of fossil systems in groups and clusters as a function of mass.
Finally, in § 5 wecompare the predictions of our model to the
luminosity gap distribution in 730 clusters from the SDSS C4
Catalog (Miller et al. 2005). Throughout the Letter we assume
the standard cosmological model consistent with the results
from the Wilkinson Microwave Anisotropy Probe (Spergel et
al. 2003).

2. DYNAMICAL EVOLUTION

Consider a subhalo of massMs merging into a primary halo
of mass at redshiftzm. We define a “merger” as theM ≥ Mh s

time when the center of subhalo crosses the virial radius of the
new composite halo of mass . After the halosM p M � Mh s

coalesce, the subhalo spirals toward the center of the composite
halo. The effective dynamical mass of the subhalo decreases
after the merger because bound mass is tidally stripped as the
orbit of the subhalo decays. We denote the bound mass by
Ms(Rs), whereRs is the tidal truncation radius. This is related
to the separationr of the subhalo from the center of the com-
posite halo via , whereM(r) is the mass3 3M (R )/R p M(r)/rs s s



L10 MILOSAVLJEVIĆ ET AL. Vol. 637

Fig. 1.—Probability distribution for the luminosity gapDmag12 at z p 0
calculated using eq. (6). From left to right, the curves correspond to halos
with mass , 1013.5, 1014.5, and 1015.5 M,. We assume ,12.5M p 10 lnL p 2

, and throughout. While the initial mass of the satellite1M p M R p R (M)2min vir

is always smaller than the mass of the primary, the luminosity of the satellite
galaxy may exceed that of the primary because of the scatter in theLc-M
relation, leading to a negative luminosity gap; the measured quantity is
FDmag12F.

Fig. 2.—ProbabilityPf(M) that a halo of massM contains a fossil system of
galaxies. The curves assume and (solid line),1ln L p 1 M p M ln L p 22min

and (dashed line), and and (dot-dashed line).1 3M p M ln L p 1 M p M2 4min min

The shaded rectangle is the measurement of Jones et al. (2003).

Fig. 3.—The r-band luminosity gap distribution from 730 clusters in the
SDSS C4 Catalog (Miller et al. 2005). We evaluate the luminosity gap relative
to (a) the first and second most luminous galaxies and (b) the first and the
third most luminous galaxies. We also show predictions of our model with

and (thick line) and with and (dot-1 1ln L p 1 M p M ln L p 1 M p M2 2min min

dashed line). Fossil systems are located to the right of the dashed line;P ≈f

in the data and 2.7% in the model.2.9%

of the composite halo contained within radiusr. This relation
yields Rs andMs(Rs) in terms ofr.

The subhalo experiences a torque , wherer isT p Fr � FF
its position relative to the center of the composite halo andF
is force of dynamical friction (Chandrasekhar 1943),FFF p

. Herer(r) is the density of the com-22 24pG M (R ) r(r) ln (L)/vs s

posite halo at distance radiusr, is the Coulomb logarithmln (L)
(which in principle depends on the orbit of the subhalo and on
the orbital phase space distribution of dark matter), and isv
the velocity of the subhalo. To simplify the calculations we
assume circular orbits. Then the velocity of the subhalo is the
circular velocity in the composite halo . In1/2v p [GM(r)/r]
numerical simulations of satellites in halos, (Vela´z-ln (L) ∼ 2
quez & White 1999; Fellhauer et al. 2000).

The galaxies spiral toward the center of the composite halo
at the rate , where�1 1/2dr/dt p (dJ/dr) T/M (R ) J p [GM(r)r]s s

is the specific angular momentum associated with the orbit of
the subhalo. We assume that the density profile of the halo
follows the form of Navarro et al. (1997), with the concentra-
tion parameter from the Bullock et al. (2001) fit. The orbital
decay rate can be integrated to find the distance of the subhalo
from the center of the composite halo as a function of time.

3. SUBHALO DISTRIBUTION

We would like the probability that a subhalo of massMs is
located at distancer from the center of the composite halo of
massM. The extended Press-Schechter formalism does not
directly yield such an expression because halos grow through
an entire hierarchy of mergers. We present a variation of one
of the established models for the subhalo mass function (e.g.,
Nusser & Sheth 1999; Fujita et al. 2002; Sheth 2003; Lee 2004;
Oguri & Lee 2004). These models ignore a number of issues,
such as halo triaxiality and the evolution of substructure within
substructure. Our confidence in their validity stems from their
success in reproducing subhalo statistics in large-scale numer-
ical simulations (e.g., Zentner et al. 2005), gravitational lensing
observations (e.g., Natarajan & Springel 2004), and the cluster
luminosity function (Cooray & Cen 2005).5

Lacey & Cole (1993) give an expression for the fraction of

5 Note that the known problems with the extended Press-Schechter merger
rates are not severe for the mass ratios of interest (Benson et al. 2005).

mass of a halo with massM at redshiftz that lies in progenitors
with masses betweenMs and at redshiftzm:M � dMs s

f (M , z FM, z)s m

2d (z ) � d (z) dj (M )c m c sp 1/2 2 2 3/2 F F(2p) [j (M ) � j (M)] dMs s

2[d (z ) � d (z)]c m c# exp , (1){ }2 22[j (M ) � j (M)]s

wherej(M) is the mass variance on scaleM and dc(z) is the
critical overdensity for collapse at redshiftz. The progenitor
mass function is obtained by multiplyingf(Ms, zmFM, z) by the
halo multiplicity factor, .dN/dM p (M/M )fs s

Lacey & Cole (1993) define the formation redshift as the
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time at which the most massive progenitor halo contains half
of the mass of the final halo. Equation (1) is integrated with
respect toMs and differentiated with respect tozm to obtain the
growth rate of the fraction of the halo mass in large objects;
we interpret this as the probability that a halo at redshiftz
formed at a redshift betweenzm and ,z � dzm m

M
dP d

(z , M, z) p f (M , z FM, z) dM , (2)m � s m sdz dzm m Mmin

where is a minimum mass cutoff.1M ≥ Mmin 2

Following Oguri & Lee (2004), to approximate the proba-
bility that a halo of massM acquired a subhalo of massMs at
redshiftzm, we multiply the subhalo mass function by the for-
mation redshift distribution .2d N/dM dz ∼ (dN/dM )(dP/dz )s m s m

This approximation is heuristic; doing better requires inte-
grating over merger trees. Such a treatment would improve
upon the imprecise definition of “formation time” (Cohn &
White 2005) and its likely correlation with subhalo properties,
but we defer that to future work. The present calculation is
similar to sampling over merger tree halo formation histories,
except that we ignore all but the couple of most-massive sur-
viving subhalos and do not keep track of the order in which
the mergers take place.

The probability that a subhalo of massMs lies a distance
from the halo center is given byd2N/dMs dr pr ! R (M, z)vir

, where the average density of the halo2(d N/dM dz )(dz /dr)s m m

is 200 times the mean density of the universe within the virial
radius, and is the inverse of�1dz /dr p (dr/dt) (1 � z )H(z )m m m

the derivative of the separation at redshiftz with respect to the
merger redshiftzm, whereH(zm) is the Hubble parameter at this
redshift.

The luminosity gap is independent of the subhalo position,
so we integrated2N/dMs dr with respect to radius to obtain6

z (M , 0)m s 2dN d NR (M ) p (M , z ) dz , (3)s � s m mdM dM dzs z (M , R) s mm s

where is a constant radius andzm(Ms, r) is implicitlyR ≤ Rvir

defined by the relation

z (M , r)m s
dr ′R [z (M , r)] � r p dz . (4)vir m s � m′dzz m

We solve equation (4) approximately by evaluating the virial
radius atz rather thanzm and by evaluatingdr/dzm at Rvir(z).
The latter approximation is justified becausedr/dzm depends on
radius only weakly, especially when .r ∼ Rvir

The integration of equation (3) over the interval (Ms, M)
yields the number of subhalosNR(Ms) with mass greater than
Ms. This defines a one-to-one relation betweenMs of a particular
subhalo and the expected number of subhalos above this thresh-
old. It is straightforward to show that the distribution of the
kth most massive surviving subhalo mass is

dN d
�N (M )R kp � [F (M )e ], (5)k kdM dMk k

where and .F (M ) p 1 F (M ) p 1 � N (M )2 2 3 3 R 3

6 We suppress the explicit dependence onM and z everywhere.

4. THE LUMINOSITY GAP DISTRIBUTION

We next calculate the distribution of luminosities of the first
and second most luminous satellites in a galaxy cluster. Thus
we need to relate the initial mass of a subhalo to the luminosity
Lc of its central galaxy. At ,Lc in any halo is tightlyz ≈ 0
correlated with its mass with a functional formL (M) pc

(Vale & Ostriker 2004; Cooraya cd �1/dL (M/M ) [b � (M/M ) ]0 0 0

& Milosavljević 2005a, 2005b). Our fit to ther-band luminos-
ities in Seljak et al. (2005) yieldsL0 p 5.7 # 109 L,, M0 p
2 # 1011 M,, a p 4, b p 0.57,c p 3.78, andd p 0.23. The
relation possesses lognormal intrinsic scatterdNscat/dL(LFM)p

(Cooray &11/2 �1 2 2[(2p) ln (10)SL] exp {� log [L/L (M)] /S }c2

Milosavljević 2005b), where in ther-band in clus-�0.02S ≈ 0.17�0.01

ters (Cooray 2006).
We assume that the most luminous galaxy is located at the

center of the composite halo. Then the remaining subhalos
cannot contain the most luminous galaxy in the cluster; the most
luminous galaxy in a subhalo is the second most luminous mem-
ber of the cluster. The distribution of galaxy luminosities asso-
ciated with thekth most massive subhalodN/dLk is obtained by
integratingdN/dMk multiplied by thedNscat/dMk(LkFMk) over the
subhalo massMk.

The luminosity gapDmag1k is the (observed) magnitude dif-
ference between the first andkth most luminous galaxies in a
cluster. The most luminous galaxy is the central galaxy, and
the second one lies in the largest surviving subhalo. In systems
of massM the gap is distributed as

dN
(Dmag FM)1kdDmag1k

� �
dN dNscatp (L , M) (LFM)� � kdL dL0 0 k

5 Lk# d Dmag � log dL dL, (6)1k k( )[ ]2 L

whered(x) is the Dirac delta function. In Figure 1 we plotdN/
dDmag12 for halos of various masses; the median luminosity
gap is larger in smaller halos.

The incidence ratePf(M) of “fossil” systems ( )Dmag 1 212

can then be calculated by integrating equation (6). In Figure 2
we plot Pf(M) for several combinations of input parameters.
On scales , the probability that the system is fossil14M ∼ 10 M,

is about 3%–6%, fairly close to the observed value (Jones et
al. 2003). It is, however, smaller than the same probability
estimated from the simulations of D’Onghia et al. (2005) (see
§ 1). The three curves illustrate the errors we expect from our
simplified treatment; they do not affect our qualitative results
but may be distinguishable with more extensive observations.

5. THE LUMINOSITY GAP IN SDSS C4 CLUSTERS

We measured the luminosity gap distribution on 730 clus-
ters in the SDSS C4 Cluster Catalog (Miller et al. 2005) at
mean redshift . The three brightest cluster mem-AzS p 0.087
bers were identified from the SDSS photometry as being
within a projected 500h�1 kpc radius of the center of the
cluster. In addition, these galaxies must have colorsm � mr i

that lie within 2j of the E/S0 cluster ridgeline as determined
by spectroscopically confirmed members (Visvanathan &
Sandage 1977). We utilize extinction-corrected model-fit
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magnitudes and apply K-corrections (ver. 3.2; Blantonz p 0
et al. 2003).

The masses of these clusters are estimated from the totalr-
band luminosities via ;�1 �2log (h M) ≈ �2.46� 1.45 log (h L )r

95% lie in the range . The total14 �1(0.5–10)# 10 (h/0.7) M,

luminosity is a better mass estimator than the line-of-sight ve-
locity dispersion or the richness of the cluster (Miller et al.
2005; see also Lin et al. 2004; Popesso et al. 2005 and ref-
erences therein). A histogram of the luminosity gap distribution
is shown in Figure 3. The mean luminosity gap is

.ADmag S ≈ 0.7512

To predict the luminosity gap distribution of the C4 sample,
we multiply dN/dDmag12 of equation (6) at by the massz p 0
function of C4 clusters and integrate over mass. The resulting
composite model luminosity gap distribution is shown by the
thick solid and dot-dashed lines in Figure 3a. The agreement
of the model and data is remarkable for the choice of the
dynamical friction parameter . For , theln L p 1 ln L � 2
model distribution develops a local minimum atDmag p 012

and its maximum shifts to (Fig. 3,dot-dashedDmag ∼ 0.612

line). Such behavior is not apparent in C4 clusters, but it has
been detected in luminous red galaxies (LRGs) in SDSS im-
aging data by Loh & Strauss (2006), who measured the lu-

minosity gap within 1.0h�1 Mpc of LRGs and found that the
peak moved to positive values in underdense fields. These
curves illustrate the sensitivity of the luminosity gap to the
detailed properties of mergers; clearly the qualitative fit is ex-
cellent, but more detailed model-fitting may in the future enable
tests of particular aspects of merger dynamics.

In Figure 3b we present the luminosity gap distribution rel-
ative to the third most luminous galaxy in the cluster. The model
overpredicts the frequency of smallDmag13 because it treats
the luminosities of the second and third most luminous galaxies
as independent, whereas the former must exceed the latter by
definition.

We are grateful to D. Buote, C. Conselice, E. Pierpaoli, C.
Sarazin, and J. Taylor for inspiring discussions. Support for
this work was provided by NASA through Hubble Fellowship
grant HST-HF-01188.01-A awarded by the Space Telescope
Science Institute, which is operated by the Association of Uni-
versities for Research in Astronomy, Inc., for NASA under
contract NAS5-26555. The research has made use of data ob-
tained from or software provided by the US National Virtual
Observatory, which is sponsored by the National Science
Foundation.

REFERENCES

Benson, A. J., Kamionkowski, M., & Hassani, S. H. 2005, MNRAS, 357, 847
Blanton, M. R., et al. 2003, AJ, 125, 2348
Bond, J. R., Cole, S., Efstathiou, G., & Kaiser, N. 1991, ApJ, 379, 440
Bower, R. G. 1991, MNRAS, 248, 332
Bullock, J. S., Kolatt, T. S., Sigad, Y., Somerville, R. S., Kravtsov, A. V.,

Klypin, A. A., Primack, J. R., & Dekel, A. 2001, MNRAS, 321, 559
Chandrasekhar, S. 1943, ApJ, 97, 255
Cohn, J. D., & White, M. 2005, Astropart. Phys., 24, 316
Cooray, A. 2006, MNRAS, 365, 842
Cooray, A., & Cen, R. 2005, ApJ, 633, L69
Cooray, A., & Milosavljević, M. 2005a, ApJ, 627, L85
———. 2005b, ApJ, 627, L89
D’Onghia, E., Sommer-Larsen, J., Romeo, A. D., Burkert, A., Pedersen, K.,

Portinari, L., & Rasmussen, J. 2005, ApJ, 630, L109
Fellhauer, M., Kroupa, P., Baumgardt, H., Bien, R., Boily, C. M., Spurzem, R.,

& Wassmer, N. 2000, NewA, 5, 305
Fujita, Y., Sarazin, C. L., Nagashima, M., & Yano, T. 2002, ApJ, 577, 11
Jones, L. R., Ponman, T. J., Horton, A., Babul, A., Ebeling, H., & Burke, D. J.

2003, MNRAS, 343, 627
Lacey, C., & Cole, S. 1993, MNRAS, 262, 627

Lee, J. 2004, ApJ, 604, L73
Lin, Y. T., Mohr, J. J., & Stanford, S. A. 2004, ApJ, 610, 745
Loh, Y.-S., & Strauss, M. A. 2006, MNRAS, in press (astro-ph/0510500)
Miller, C. J., et al. 2005, AJ, 130, 968
Natarajan, P., & Springel, V. 2004, ApJ, 617, L13
Navarro, J. F., Frenk, C. S., & White, S. D. M. 1997, ApJ, 490, 493
Nusser, A., & Sheth, R. K. 1999, MNRAS, 303, 685
Oguri, M., & Lee, J. 2004, MNRAS, 355, 120
Popesso, P., Biviano, A., Bo¨hringer, H., Romaniello, M., & Voges, W. 2005,

A&A, 433, 431
Press, W. H., & Schechter, P. 1974, ApJ, 187, 425
Seljak, U., et al. 2005, Phys. Rev. D, 71, 043511
Sheth, R. K. 2003, MNRAS, 345, 1200
Spergel, D. N., et al. 2003, ApJS, 148, 175
Vale, A., & Ostriker, J. P. 2004, MNRAS, 353, 189
Velázquez, H., & White, S. D. M. 1999, MNRAS, 304, 254
Visvanathan, N., & Sandage, A. 1977, ApJ, 216, 214
Zentner, A. R., Berlind, A. A., Bullock, J. S., Kravtsov, A. V., & Wechsler,

R. H. 2005, ApJ, 624, 505


