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Abstract. It is theoretically demonstrated that parallel weakly tunnel coupled
quantum dots exhibit non-equilibrium blockade regimes caused by a full
occupation in the spin triplet state, in analogy to the Pauli spin blockade in serially
weakly coupled quantum dots. Charge tends to accumulate in the two-electron
triplet for bias voltages that support transitions between the singlet and three-
electron states.

From fundamental aspects of spin and charge correlations, the two-level system in a double
quantum dot (DQD) has recently become highly attractive. It has been demonstrated that spin
correlations lead to Pauli spin blockade in serially coupled quantum dots (QDs), where the current
is suppressed because of spin triplet correlations [1]-[4], something which may be applied in
spin-qubit readout technologies [5]. Pauli spin blockade has also been reported for general DQDs
with more than two electrons [6]. Recently, the Pauli spin blockade with nearly absent singlet—
triplet splitting has been employed in studies of hyperfine couplings between electron and nuclear
spins [7]-[12]. Besides being present in serially coupled QDs, it is relevant to ask whether an
analogue of the Pauli spin blockade is obtainable in parallel QDs.

The purpose of this paper is to demonstrate that parallel coupled QDs, see figure 1, exhibit
regimes of non-equilibrium triplet blockade. Here only one of the QDs is tunnel coupled to
the external leads while the second QD functions as a perturbation to the first QD. Important
quantities in order to find the non-equilibrium triplet blockade regime is that the QDs are coupled
through charge interactions, e.g. interdot Coulomb repulsion and exchange interaction, and
weakly through tunnelling. In the absence of interdot exchange interaction, there may be regimes
of usual Coulomb blockade in a finite bias voltage range around equilibrium.
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Figure 1. Left panel: the coupled QDs of which only one is tunnel coupled to
the leads. Right panel: processes leading to the non-equilibrium triplet blockade.
Faint and bold lines signify low and high transition probabilities, respectively.
See text for notation.

In the presence of a sufficiently large ferromagnetic interdot exchange interaction, the
triplet states |o)alo)g, 0 =1, | (one electron in each QD with equal spins) and [|1)4]{)s +
11)411)81/+/2 acquire a lower energy than the lowest two-electron singlet (the singlet states being
superpositions of the Fock states {[|1) al4)s — ) al1)81/v/2, 1) 410)s, 10) a1 )5}). Then, the
triplet naturally becomes the equilibrium ground state with a unit occupation probability, provided
that the two-electron triplet state has a lower energy than all other states. The triplet persists in
being fully occupied for bias voltages smaller than the energy separation between the triplet and
singlet states, although transitions between the one-electron states and the singlets may open
for conduction. However, for larger bias voltages, this low bias triplet blockade is lifted as the
transitions between the triplet and the one-electron states become resonant with the lower of the
chemical potentials of the leads. At this lifting, the current through the system is mediated via
transitions between the two-electron singlets and the one-electron states.

The non-equilibrium triplet blockade regime is entered at bias voltages such that transitions
between three-electron states and, at least, one of the singlet states become resonant, see figure 1,
while transitions between the three-electron states and the triplet lie out of resonance. At those
conditions, an electron can enter the DQD from the lead with the higher chemical potential,
through transitions between the singlet and the three-electron states. Transitions from the triplet
to the three-electron states are suppressed since the bias is lower than the energy barriers between
those states. However, electron tunnelling from the three-electron states in the DQD to the lead
with the lower chemical potential is supported through transitions from those states to the triplet,
since the tunnelling barrier to this lead is sufficiently low. Thereto, the probability for such
transitions are about unity whereas the probability for transitions between the three-electron
states and the singlet is at most a half. Finally, charge that end up in the triplet through this
process is trapped in this state because of the negligible probability for transitions between the
triplet and the one-electron states.

It is noticed that a finite (ferromagnetic) interdot exchange interaction is not a necessary
condition for the existence of a non-equilibrium triplet blockade regime. Nevertheless, a
ferromagnetic exchange yields a larger degree of freedom in the variation of the interdot
tunnelling and, also, allows a higher temperature.

For quantitative purposes, consider two single-level QDs (g4, €5, spin-degenerate) with
intradot charging energies (U,, Ug), which are coupled by interdot charging (U’), exchange
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(J = 0), and tunnelling (¢) interactions. Specifically, the DQD is modelled by [13]-[15] Hpgp =
> s Oy Cindiydio + Unignyy) + (U — J/2)(nay +na)(npy +npy) — 2084 - sp + Y, (td},
dg, +H.c.), where s; = (1/2) > _, dfac}w/dia/, 0,0 =1, |, i = A, B, are the spins of the two
levels. In analogy with the Pauli spin blockade in serially coupled QDs [1, 4], it is required
that the lowest one-electron states, the triplet, and the two lowest singlets are nearly aligned,
and that the lowest three-electron states lie below the equilibrium chemical potential . Hence,
Er~ Eq ~ Eqy &~ minizl{Eln} < minizl{E%} < u < E4, where E7 and Eg,, 1, 2, are eigen-
energies for the triplet and the two lowest singlet states, respectively, whereas E,,, E;, and
E, are the energies for the one-, three- and four-electron states, respectively. This requires that
w—ep~ Ae, U =~ Ae,and Uy ~ 2A¢e < Ug, where Ae = ¢p — 4. The inequality Uy < Up
points out that the QDs do not have to be identical, merely that the charging energy of the second
QD should be lower bounded by the charging energy of the first. It should be emphasized,
however, that the presence of the second QD is essential in order to obtain the effect discussed
in this paper. Finally, weakly coupled QDs, e.g. £ = 2¢/Ae < 1 implies that the energies for
the lowest one- and three-electron states acquire their main weight on QD,4. This condition
yields a low (large) probability for transitions between the triplet and the lowest one-electron
(three-electron) states.

In general there are 16 eigenstates of Hpqp, labelled {|N, n), Ey,} denoting the nth state
of the N-electron (N =1, ...,4) configuration at the energy Ey, [4]. In diagonal form, the
DQD is thus described by Hpgp = Yy, En|N, n)(N, n|. Taking the leads to be free-electron
like metals and the (single-electron) tunnelling between the DQD with rate vy, the full system
can be written as [4]

H= ) EuClylio+Hpep+ Y [Wio(dao)NiyarCio N, n)(N + 1, 1| + Hee ], (1

koeL,R ko, Nnn'

where (dA(,)’;V”IL,+1 = (N, n|lds,|N +1,n') is the matrix element for the transition |N,n)
(N + 1, n’|. The operator d,, signify that electrons tunnel from molecular like orbitals in the
DQD through QD4 to the leads, which appropriately describes the physical tunnelling processes.

Following the procedure in [4], the occupation of the eigenstates are described by a density
matrix p = {|N, n)(N, n|}. In the Markovian approximation (sufficient for stationary processes)
one thus derives that the equations for Py, = (|N, n)(N, n|) to the first order in the couplings
MR=2r%", R |k |*8(w — €1y) = I'p/2 between the DQD and the leads, can be written as

’

3 1 . _
Pw=— ) (Z 51w L fof (A v—10) Py—tw = foy (Anny—10) Pon]

ot
a=L,R n

— Z Flfv,,,NHn/[f,;(ANnn',Nn)PNn — fa_(ANHn’,Nn)PNHn’]) =0,

N=1,...,4, 2)

where P_;, = Ps, = 0. Here, Ay .vn = Ens1wr — Enn denote the energies for the transitions
IN,n)(N + 1, 7|, while Ty, 10 = 3, TYR(dao)isr- Also, fip(@) = flw — ppr) is the
Fermi function at the chemical potential ppr of the left/right (L/R) lead, and fi () =
1 — f{ /g (). Effects from off-diagonal occupation numbers (| N, n)(N, n[), which only appear
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in the second order (and higher) in the couplings, are neglected since these include off-diagonal
transition matrix elements to the second order (or higher) which generally are small for § < 1.
Since the low bias triplet blockade can be found for weakly coupled QDs whenever J > 0
is sufficiently large, the following derivation focus on the non-equilibrium blockade. The non-
equilibrium blockade discussed here is driven by opening transitions between the two- and three-
electron states. For simplicity, assume that the bias voltage V = (up, — ur)/e is applied such
that g = = eV/2. Thenfor [eV| < TAg/4, kgT < 0.01Uy, and § < 0.2, which is sufficient
for the present purposes, only the population numbers Py,,n = 1,2, Ny = P,,/3,n =1, 2, 3,
P>y, Pys and P3,,n = 1,2, are non-negligible. The other populations are negligible since the
corresponding transition energies lie out of resonance. Because of spin-degeneracy it is noted
that P, = N,/2,n = 1,2,and P53, = N3/2,n = 1, 2, whichreduces the system to five equations
for the population numbers. As discussed in the introduction, the non-equilibrium blockade
arises when transitions between a singlet and the three-electrons state are resonant. Therefore,
the bias voltage is tuned into the regime where ;. lies around these transition energies, e.g.!
min,, {Asy 2.} < pr < maxX,, {Aspon},n=1,...,5 n = 1,2 (here eV > 0, the case eV < 0
follows by symmetry of the system). For such biases it is clear that f{" (A, 1) = fr (Do) =
IL,n=1,...,5,n =1, 2,and that f§(Asy2,) =0,n=1,...,5n" = 1,2 Itis also clear that
the charge accumulation in the triplet is lifted for biases that supports transitions from the triplet
to the three-electron states, hence the bias voltage has to be such that f;' /R(A3n/’2n) ~ 0, that is
Asyoy = Esy — Er > u +kgT,n =1,2,3,n" = 1, 2. Thus, the equations for the population
numbers can be written as
N ! N 2/3 N 3
L T T Gy

1L2+A2 Az
Py = ”Z Jo Bardy g s, (3b)

2 A2 fiF(As120)

5 2+ 5 -1
. ZLZ A i (A312,) 3 + Z A2F (Astan) |: AZ fH(As1.20) ]} .
n=4

" L% + A’%ff(Aﬂ,zn) L2 + Asz (A31 2n)

a,n=4

(3¢)

Here, (W' =1,2,n=4,5) = Y, |(dao)}; P =E/[(1 + /1 + £ + £7], Lz— >y 1(dao)y 2
K=Y [(da) P = (1 +E)/[(1+/1+E)2+E], and A2 =" |(da,)2'|? are the matrix
elements for the relevant transitions. The above relations are due to spln degeneracy, e.g.
Aop11 = Agyp1p and Aszp o, = Aspon, n =1,...,5. Using equations (3), charge conservation
(1 =23y, Pvw = N1+ Nr+ ), P>, + N3) thus implies that

IS P7E LS L2+ pALY, fi (Baia)
NT_{1+1+2P(K/,3)2 (1+p+2,§ Ly + A7 fiT (Az1,20) >} Y

Now, the matrix elements L2, A%, n = 4, 5, are finite and bounded, however, L7, 2A3 — 1
and L%, A7 — 0as & — 0, hence the last term in equation (4) is at most 1/2 for weakly coupled

! There is one (spin-degenerate) transition energy (As, 26.n = 3, 4) in the vicinity of x which is only relevant for
eV > U since mini:l{A%,ln —u} 2 U/2.
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Figure 2. Variation of the ratio 2 p(«/ 8)? as function of J for different  at constant
Ae, U, Uy,p. The inset shows the region in (¢, J)-space where 2p(k/B8)* > 107.

QDs since p — 0, § — 0, in the considered bias regime (see discussion below). However, the
ratio 2 p(«/ B)? is finite for all £ and J > 0, whileitdiverges as & — 0for J = 0, see the main panel
in figure 2. For weakly coupled QDs, one thus finds that Ny ~ 1/(1 +[1 +2pk/B)*1™") ~ 1
whenever 2p(x/B)> > 1. The inset in figure 2 illustrates a subset in (t, J)-space where this
ratio is larger than 102. At this condition, the boundary is approximately given by J(f) =
Jo — 15¢2[1 + (101)?].

Using the transport equation derived in [16], identifying Grunein (@) = 127 P16 (w0 —

Ansiw.wn) and Gy, (@) = =127 Py, 6(@ — Aniiw,va), the current in the considered regime
is given by
eFo

5
I = [3(ﬂ2 — K+ Z [L2 — AL £ (As120)]
n=4

6h

5
+2 Z A2 FH(Asi2m)

n=4

&)

Ly + pAr Y, fo (Asi00) Nt
Lﬁ +A%ff(A31,2n) 1 +2p(K/:8)2.

This expression clearly shows that a large value of 2p(k/B)* yields a suppression of the
current, that is, at the formation of a unit occupation in the triplet state. For biases such that
ML < ming, {Asz,2,} is follows that f{"(As, ,,) &~ 0 = p ~ 0, which accounts for a lifting of
the triplet blockade where the current is ~2p(k/B)?* larger than in the blockaded regime.

The non-equilibrium triplet blockade depends on the interplay between J and ¢. A reduced ¢
leads to a strong localization of the odd number states in either of the QDs, which for Ae > 0
leads to that the lowest odd number states are strongly localized on QD 4. Then, the probability for
transitions between the triplet, and the one- /three-electron states is small /large (8 — 0/k — 1).

The singlets, on the other hand, are expanded in terms of the Fock states {[|1)ll)s —
|¢)A|T)B]/«/§, [14)410)B, |0) 4|14 )8} with weights that are slowly varying functions of ¢,
however, strongly dependent on J. A negligible J yields that the two lowest singlets are almost
equally weighted on the states [|1)all)s — |¢)A|T)B]/\/§ and |[1])4|0)g. Increasing J > 0
redistributes the weights such that the lowest singlet (|2, 4)) acquires an increasing weight
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Chem. pot. (1/Ae)

Bias voltage (eV/Ae)

Figure 3. Variation of the triplet occupation number Nt (a) and the modulus
of the current (units of el'g/h) (b) as function of the bias voltage and the
equilibrium chemical potential x. Here, £ = 0.01, kg7 = 0.01U, = 4t and J =
0.2(Us —U")/2.

on |[1])4|0)s, whereas the second singlet (|2, 5)) becomes stronger weighted on [|1)4l))s —
[$)alt)sl/ /2. Hence, for a finite J > 0 and ¢ — 0, this redistribution leads to that transitions
between the lowest one-electron states and |2, 4) (|2, 5)) occur with an enhanced (reduced)
probability, e.g. L7 — 1(L% — 0), and oppositely for transitions between the singlets and
the three-electron states, e.g. A3 — 0(A%Z — 1/2). This implies that p — 0 as t — 0 while
p(k/B)? remains almost constant. This constant, however, becomes larger (smaller) for smaller
(larger) J.

The typical variation of the triplet state occupation number N, calculated from equation
(2), as function of the bias voltage and the equilibrium chemical potential for 0 < J < Jy —
15#%[1 + (107)*]and ¢/ (kg T) < 2isplottedin figure 3(a)). Here, varying the equilibrium chemical
potential mimics the effect of applying an external gate voltage V, by means of which the levels
of the DQD are shifted relatively the equilibrium chemical potential. The extended diamond
marks the region where the occupation of the triplet is nearly unity and where the transport
through the DQD is blockaded. The calculated current is displayed in figure 3(b)), from which
it is legible that the triplet blockade regime is subset of a larger domain of a nearly vanishing
current through the DQD. The two diamonds within the low current regime are caused by a lifting
of the triplet blockade (see the introduction), where the current is mediated by transitions between
the one-electron states and the singlets.

As is seen in figure 3, shifting n in the range €5 + (Ae — J, 2A¢) causes an extension of the
low bias triplet regime since the transitions between the triplet and the one-electron states become
resonant at higher biases. On the other hand, the non-equilibrium triplet blockade is shifted to
lower biases since u lies closer to the transition between the three-electron states and the singlets.
The two blockade regimes merge into single as |[;t — Azy0,] < [0 — Appawl,n =4,5,n" =1, 2,
e.g. for u —ep € (3Ae/2,2A¢), see figure 3. Shifting w in the interval ep + (Ae/2, Ae — J)
removes the low bias blockade since the one-particle states become the equilibrium ground state.
The non-equilibrium blockade is shifted to lower biases, here caused by transitions between the
one- and two-electron states which tend to accumulate the occupation in the triplet.
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While the case Ae > 0 is considered here, the non-equilibrium blockade is also found in
the opposite case, e.2. Ae < 0 and u — ¢4 & Ae. In this case, however, the system has to be
gated such that only the four-electron state lies above i, whereas the charge accumulation of the
triplet state is governed by the same processes as described here.

It should be noted that higher order effects, as well as singlet—triplet relaxation, have been
neglected in the equation for the population probabilities Py,. However, in many aspects the
situation discussed here corresponds to the experiment reported in [ 1], hence the effect considered
should be measurable under much the same conditions. Therefore, as in the case of the serially
coupled DQD, the higher order effects give contributions that are at least two orders of magnitude
smaller than the second order contributions. Therefore, these can be neglected in the present
study. On the same basis as in the description of the serially coupled DQD [4], the singlet—triplet
relaxation may be neglected here.

The conditions required for the existence of non-equilibrium triplet blockade, concerning
the intra- and interdot charge interactions for weakly coupled QDs, have been experimentally
obtained for serially coupled QDs [1]-[3]. The additional requirement, i.e. a ferromagnetic
interdot exchange interaction which is larger than the interdot tunnelling and the thermal
excitation energy, is accessible within the present state-of-the-art technology [3, 12, 17, 18].
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