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1. Introduction: spacetime and gravitational waves

EinsteinOs special relativity] [taught us that space and time are not simply abstract, external
concepts, but mustin fact be considered measured observables, like any other quantity in physics.
This reformulation enforced the philosophy that Newton sought to introduce in laying out his
laws of mechanics?):

... | frame no hypotheses; for whatever is not reduced from the phenomena is to be
called an hypothesis; and hypotheseshave no place in experimental philosophy
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Despite his intention to stick only with that which can be observed, Newton described space and
time using exactly the abstract notions that he otherwise depl8ed [

Absolute space, inits own nature, without relation to anything external, remains always
similar and immovable

Absolute, true, and mathematical time, of itself, and from its own nature, 3ows equably
without relation to anything external.

Special relativity put an end to these abstractions: time is nothing more than that which
is measured by clocks, and space is that which is measured by rulers. The properties of space
and time thus depend on the properties of clocks and rulers. The constancy of the speed of
light as measured by observers in different reference frames, as observed in the Michelsonb
Morley experiment, forces us inevitably to the fact that space and time are mixed into spacetime.
Ten years after his paper on special relativity, Einstein endowed spacetime with curvature and
made it dynamicalq]. This provided acovarianttheory of gravity p], in which all predictions
for physical measurements are invariant under changes in coordinates. In this theory, general
relativity, the notion of Ogravitational forceO s reinterpreted in terms of the behaviour of geodesics
in the curved manifold of spacetime.

To be compatible with special relativity, gravity must be causal: any change to a gravitating
source must be communicated to distant observers no faster than the speed of Mg,
leads immediately to the idea that there must exist some notion of Ogravitational radiationO. As
demonstrated by SchutZ][ one can actually calculate with surprising accuracy many of the
properties of gravitational radiation simply by combining a time-dependent Newtonian potential
with special relativity.

The Pbrst calculation of gravitational radiation in general relativity is due to Einstein.
His initial calculation B] was Omarred by an error in calculation® (EinsteinOs words), and
was corrected in 19189] (albeit with an overall factor of two error). Modulo a somewhat
convoluted history (discussed in great detail by KennePH)[owing (largely) to the
difbculties of analysing radiation in a nonlinear theory, EinsteinOs Pnal result stands today as the
leading-order Oquadrupole formulaO for gravitational wave emission. This formula plays a role
in gravity theory analogous to the dipole formula for electromagnetic radiation, showing that
gravitational waves (hereafter abbreviated GWSs) arise from accelerated masses exactly as
electromagnetic waves arise from accelerated charges.

The quadrupole formula tells us that GWs are difbcult to produceNvery large masses
moving at relativistic speeds are needed. This follows from the weakness of the gravitational
interaction. A consequence of this is that ieigremelyunlikely there will ever be an interesting
laboratory source of GWs. The only objects massive and relativistic enough to generate detectable
GWs are astrophysical. Indeed, experimental conbrmation of the existence of GWs has come from
the study of binary neutron star systemsNthe variation of the mass quadrupole in such systems
is large enough that GW emission changes the systemOs characteristics on a timescale short
enough to be observed. The most celebrated example is the OHulseDTaylorO pulsar, B1913+16,
reported by Hulse and Taylor in 1975]]. Thirty years of observation have shown that the orbit
is decaying; the results match with extraordinary precision general relativityOs prediction for such
a decay due to the loss of orbital energy and angular momentum by GWSs. For a summary of the
most recent data, see bPgure 1 b?][ Hulse and Taylor were awarded the Nobel Prize for this
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discovery in 1993. Since this pioneering system was discovered, several other double neutron
star systems OtightO enough to exhibit strong GW emission have been disd¢GiR[E]. [

Studies of these systems prove beyond areasonable doubt that GWs exist. What remainsis to
detect the waves directly and exploit themNieeGWs as a way to study astrophysical objects.

The contribution to this Focus Issue by Aufmuth and Danzmaihdiscusses the challenges

and the method of directly measuring these waves. Intuitively, it is clear that measuring these
waves must be difbcultNthe weakness of the gravitational interaction ensures that the response
of any detector to gravitational waves is very small. Nonetheless, technology has brought us to
the point where detectors are now beginning to set interesting upper limits on GWs from some
sources 17]D[20]. The prst direct detection is now hopefully not too far in the future.

The real excitement will come when detection becomes routine. We will then have an
opportunity to retool the Ophysics experimentO of direct detection into the development of
astronomical observatories. Some of the papers appearing in this volume will discuss likely future
revolutions which, at least conceptually, should change our notions of spacetime in a manner
as fundamental as EinsteinOs works in 1905 and 1915 (see, e.g., papers in this Focus Issue by
Ashtekar and Horowitz). Such a revolution is unlikely to be driven by GW observationsNmost
of what we expect to learn using GWs will apply to regions of spacetime that are well-described
using classical general relativity; it is highly unlikely that EinsteinOs theory will need major
revisions prompted by GW observations. Any revolution arising from GW science will instead
be in astrophysics: mature GW measurements have the potential to study regions of the Universe
that are currently inaccessible to our instruments. During the next century of spacetime study,
spacetime will itself be exploited to study our Universe.

1.1. Why this paper?

As GW detectors have improved and approached maturity, many papers have been written
reviewing this Peld and its promise. One might ask: do we really need another one? As a partial
answer to this question, we note that R. Price requested this paper very nicely. More seriously,
our goal is to provide a brief tutorial on the basics of GW science, rather than a comprehensive
survey of the Peld. The reader who is interested in such a survey can bnd theZibiR()].

Other reviews on the basics of GW science can be foun8in32]; we also recommend the
dedicated conference procedingS|p[35].

We assume that the reader has a basic familiarity with general relativity, at least at the level
of HartleOs textbookd§]; thus, we assume the reader understands metrics and is reasonably
comfortable taking covariant derivatives. We adapt what Baumgarte and Shagjrad]l
the OFortran conventionO for indieeds, c...h denote spacetime indices which run over
0,1,2,3o0rt,x,y,z Whilei j k,...,n denote spatial indices which run over2l 3. We use
the Einstein summation convention throughoutNrepeated adjacent indices in superscript and
subscript positions imply a sum:

u‘v, = E u‘v,.

a

When we discuss linearized theory, we will sometimes be sloppy and sum over adjacent spatial
indices in the same position. Hence,

uv;, = u'v' =u'v;, = E u'v;
i

New Journal of Physics 7 (2005) 204 (http://www.njp.org/)


http://www.njp.org/

3) Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

is valid in linearized theory. (As we will discuss in secti@nthis is allowable because, in
linearized theory, the position of a spatial index isimmaterial in Cartesian coordinates.) A quantity
that is symmetrized on pairs of indices is written as

Ay = 3(Aw + Apa).

Throughout most of this paper, we use OrelativistOs unitsO, irlGwhith= ¢; mass, space and
time have the same units in this system. The following conversion factors are often useful for
converting to OnormalO units:

1second= 299792458 m~ 3 x 1fm
IMo = 147663 m~>~ 1.5km
= 4.92549x 10 ®seconds~ 5 useconds

(1Mo is one solar mass.) We occasionally restore factoxs ahdc to write certain formulae
in normal units.

Section2 provides an introduction to linearized gravity, deriving the most basic properties
of GWSs. Our treatment in this section is mostly standard. One aspect of our treatment that is
slightly unusual is that we introduce a gauge-invariant formalism that fully characterizes the
linearized gravityOs degrees of freedom. We demonstrate that the linearized Einstein equations
can be written as bve Poisson-type equations for certain combinations of the spacetime metric,
plus a wave equation for the transverse-traceless components of the metric perturbation. This
analysis helps to clarify which degrees of freedom in general relativity are radiative and which
are not, a useful exercise for understanding spacetime dynamics.

Section3 analyses the interaction of GWs with detectors whose sizes are small compared
to the wavelength of the GWs. This includes ground-based interferometric and resonant-mass
detectors, but excludes space-based interferometric detectors. The analysis is carried out in two
different gauges; identical results are obtained from both analyses. Sédeones the leading-
order formula for radiation from slowly moving, weakly self-gravitating sources, the quadrupole
formula discussed above.

In section5, we develop linearized theory on a curved background spacetime. Many of the
results of Obasic linearized theoryO (se@jioarry over with slight modibcation. We introduce
the Ogeometric opticsO limitin this section, and sketch the derivation of the Isaacson stressPenergy
tensor, demonstrating how GWs carry energy and curve spacetime. Sgégionides a very
brief synopsis of GW astronomy, leading the reader through a quick tour of the relevant frequency
bands and anticipated sources. We conclude by discussing very briel3y some topics that we could
not cover in this paper, with pointers to good reviews.

2. The basic basics: gravitational waves in linearized gravity

The most natural starting point for any discussion of GWs is Olinearized gravityO. Linearized
gravity is an adequate approximation to general relativity when the spacetime pgtrimay
be treated as deviating only slightly from a Rat metijg;

8ab = MNab + hab’ ”hab” < 1. (21)

Heren,, is debnegl to be didg-1, 1, 1, 1) and||,, || means Othe magnitude of a typical non-zero
component ofz,,0. Note that the conditidit,,|| < 1 requires both the gravitational Peld to
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be weak, and in addition constrains the coordinate system to be approximately Cartesian. We
will refer to h,, as the metric perturbation; as we will see, it encapsulates GWs, but contains
additional, non-radiative degrees of freedom as well. In linearized gravity, the smallness of the
perturbation means that we only keep terms which are lineariNhigher order terms are
discarded. As a consequence, indices are raised and lowered using the Rajndthie metric
perturbationi,, transforms as a tensor under Lorentz transformations, but not under general
coordinate transformations.

We now compute all the quantities which are needed to describe linearized gravity. The
components of the afbne connection (Christoffel coefbcients) are given by

[ = 30 Ochay + Ophae — Bahye) = 5(3ch"y + 0ph"c — 0 Rye). (2.2)

Hered, means the partial derivativiy 9x“. Since we use,,; to raise and lower indices, spatial

indices can be written either in the OupO position or the OdownO position without changing the value
of a quantity: f* = f,. Raising or lowering a time index, by contrast, switches sifjn= — f;.

The Riemann tensor we construct in linearized theory is then given by

R = 0T %q — 04T %e = 3(3:0ph% + 040" hpe — 00" hpq — 3405h°). (2.3)
From this, we construct the Ricci tensor
Rab == Rcacb == %(8cabhcu + 8caahbc - Dhub - aaabh)’ (24)

whereh = h, is the trace of the metric perturbation ahtl= 9.9 = V2 — 8,2 is the wave
operator. Contracting once more, we bnd the curvature scalar:

R = R = (3.0°h°, — Oh) (2.5)

and Pnally build the Einstein tensor:

Guw = Rap — %nabR = %(acabhca + acaahbc - Dhab - aaabh - nabacadhcd + nath)- (26)

This expression is a bit unwieldy. Somewhat remarkably, it can be cleaned up signibcantly
by changing the notation: rather than working with the metric perturbatjgnwe use the
trace-reversegerturbationz,, = ha, — in.,h. (Notice thath®, = —h, hence the name Otrace
reversedQ.) Replacihg with /1, + %nabh in equation 2.6) and expanding, we bnd that all terms
with the trace: are cancelled. What remains is

Gap = 3(0:0ph% + 0°0uhpe — Ohap — 0ap0:0°h° ). (2.7)

This expression can be simplibed further by choosing an appropriate coordinate system,
or gauge Gauge transformations in general relativity are just coordinate transformations. A
general inbnitesimal coordinate transformation can be writteri'as x* + £4, where&*(x”) is
an arbitrary inbnitesimal vector Peld. This transformation changes the metric via

h;b = hab - 28(6!5[7)7 (28)
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so that the trace-reversed metric becomes
]:l/ab = h;h - %nabh/ = ]:lab - 28(!)";:&) + nabacSL‘- (29)

A class of gauges that are commonly used in studies of radiation are those satisfying the Lorentz
gauge condition

hg, = 0. (2.10)

(Note the close analogy to Lorentz gadigeelectromagnetic theory?A, = 0, whereA, is the
potential vector.)

Suppose that our metric perturbation is notin Lorentz gauge. What properties, satisfy
in order to impose Lorentz gauge? Our goal is to Pnd a new nmigjrsuch thav“s’, = O:

Fhly = 0hay — 0, — 08, + 0,06, (2.11)
= hg, — &, (2.12)

Any metric perturbatiot,, can therefore be put into a Lorentz gauge by making an inPnitesimal
coordinate transformation that satisbes

0&, = h. (2.13)

One can always bnd solutions to the wave equatibhd, thus achieving Lorentz gauge.
The amount of gauge freedom has now been reduced from four freely specibable functions
of four variables to four functions of four variables that satisfy the homogeneous wave equation
&b = 0, or, equivalently, to eight freely speciPable functions of three variables on an initial data
hypersurface.

Applying the Lorentz gauge conditio.(L0) to the expressior(7) for the Einstein tensor,
we bnd that all but one term vanishes:

Gap = — 30 (2.14)
Thus, in Lorentz gauges, the Einstein tensor simply reduces to the wave operator acting on the

trace-reversed metric perturbation (up to a factdr/2). The linearized Einstein equation is
therefore

Ohyy, = —167T,; (2.15)
in vacuum, this reduces to
Ohy, = 0. (2.16)

Just as in electromagnetism, the equatibi® admits a class of homogeneous solutions which
are superpositions of plane waves:

ha(x, 1) = Re / A3k A, (K)e®x—on, (2.17)

Here,w = |k|. The complex coefpcients,, (k) depend on the wavevectkibut are independent
of x andz. They are subject to the constrakitd,, = 0 (which follows from the Lorentz gauge
condition), withk* = (w, k), but are otherwise arbitrary. These solutions are gravitational waves.

3 Fairly recently, it has become widely recognized that this gauge was in fact invented by Ludwig Lorenz, rather
than by Hendrik Lorentz. The inclusion of the OtO seems most likely due to confusion between the similar names; see
[38] for a detailed discussion. Following the practice of Grifbtt89)[p 421), we bow to the weight of historical

usage in order to avoid any possible confusion.
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2.1. Globally vacuum spacetimes: transverse traceless (TT) gauge

We now specialize to globally vacuum spacetimes in whigh= 0 everywhere, and which are
asymptotically Rat (for our purposek,, — 0 asr — o0). Equivalently, we specialize to the
space of homogeneous, asymptotically 3at solutions of the linearized Einstein eq@ati®n (

For such spacetimes one can, along with choosing Lorentz gauge, further specialize the gauge
to make the metric perturbation be purely spatial

hn == hti == O (218)

and traceless
h=h!=0. (2.19)

The Lorentz gauge conditio@.(L0 then implies that the spatial metric perturbation is transverse:
d:hi; = 0. (2.20)

This is called the transverse-traceless gauge, or TT gauge. A metric perturbation that has been
put into TT gauge will be written as!, . Since it is traceless, there is no distinction betwiegn
andh]].

The conditionsZ.18 and €.19 comprise bve constraints on the metric, while the residual
gauge freedom in Lorentz gauge is parametrized by four functions that satisfy the wave equation.
It is nevertheless possible to satisfy these conditions, essentially because the metric perturbation
satispes the linearized vacuum Einstein equation. When the TT gauge conditions are satisbed
the gauge is completely bxed.

One might wondewhywe would choose TT gauge. It is certainly not necessary; however,
it is extremelyconvenientsince the TT gauge conditions completely bx all the local gauge
freedom. The metric perturbatidij,] therefore contains only physical, non-gauge information
about the radiation. In TT gauge, there is a close relation between the metric perturbation and
the linearized Riemann tens@&y,,., (which is invariant under the local gauge transformations
(2.8) by equation 2.3)), namely

Ry = —%E',-TjT- (2.21)
In a globally vacuum spacetime, all non-zero components of the Riemann tensor can be obtained
from R;,;, via RiemannOs symmetries and the Bianchi identity. In a more general spacetime, there
will be components that are not related to radiation; this point is discussed further in s22tion

Transverse traceless gauge also exhibits the fact that gravitational waves have two
polarization components. For example, consider a GW which propagates indihection:
him = hi'(t — ) is a valid solution to the wave equatidi;" = 0. The Lorentz condition
d:h = Oimplies that:]| (r — z) = constant. This constant must be zero to satisfy the condition
that i, — 0 asr — oo. The only non-zero components bf' are theni[, a1, k]| and
h}TyT . Symmetry and the tracefree conditiah X9 further mandate that only two of these are
independent:

hil = —h}] =h(t —2); (2.22)
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R =hTT = ho(t - 2). (2.23)

The quantities:. andh . are the two independent waveforms of the GW (see bijure

For globally vacuum spacetimes, one can always satisfy the TT gauge conditions. To
see this, note that the most general gauge transformétitimat preserves the Lorentz gauge
condition .10 satisbe&le* = 0, from equationZ.12). A general solution to this equation can be
written as

£ = Re f d*kC (k) g ®x—n (2.24)

for some coefbcient€“(k). Under this transformation the tensay, (k) in equation 2.17)
transforms as

Aab — A:zb = Aab — 2ik(aCb) + iT]abded. (225)
Achieving the TT gauge condition2.@0 and .19 therefore requires Pnding, for eakha
C“(k) that satisbes the two equations

0=n"Al, = n"Au + 2ik“C,, (2.26)

0=A), = Ay —iCpk, —1Cikp +18",(k*C,); (2.27)

8', is the Kronecker deltaNzero far + ¢, unity otherwise. An explicit solution to these equations
is given by
bjc bc
_ 3Abtl l ka + n _Abcla + 1
8iw? diw*

wherek’ = (w, k) andl* = (v, —K).

Aul’, (2.28)

2.2. Global spacetimes with matter sources

We now return to the more general and realistic situation in which the stressbenergy tensor is
non-zero. We continue to assume that the linearized Einstein equations are valid everywhere
in spacetime and that we consider asymptotically 3at solutions only. In this context, the metric
perturbatior,, contains (i) gauge degrees of freedom; (ii) physical, radiative degrees of freedom
and (iii) physical, non-radiative degrees of freedom tied to the matter sources. Because of the
presence of the physical, non-radiative degrees of freedom, it is not possible in general to write
the metric perturbation in TT gauge. However, the metric perturbation can be split up uniquely
into various pieces that correspond to the degrees of freedom (i), (ii) and (iii), and the radiative
degrees of freedom correspond to a piece of the metric perturbation that satisbes the TT gauge
conditions, the so-called TT piece.

This aspect of linearized theory is obscured by the standard, Lorentz gauge formulation
(2.19 of the linearized Einstein equations. There, all the componentg appear to be radiative,
since all the components obey wave equations. In this subsection, we describe a formulation of
linearized theory which focuses on gauge-invariant observables. In particular, we will see that
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only the TT part of the metric obeys a wave equation in all gauges. We show that the non-
TT parts of the metric can be gathered into a set of gauge-invariant functions; these functions
are governed by Poisson equations rather than wave equations. This shows than-{hiE
pieces of the metric do not exhibit radiative degrees of freeddithough one can always
choose gauges like Lorentz gauge in which the non-radiative parts of the metric obey wave
equations and thusppearto be radiative, this appearance is a gauge artifact. Such gauge choices,
although useful for calculations, can cause one to mistake purely gauge modes for a truly physical
radiation.

Interestingly, the Prst analysis contrasting physical radiative degrees of freedom from purely
coordinate modes appears to have been performed by Eddington in4®2Eddington was
somewhat suspicious of EinsteinOs anal@jsap Einstein chose a gauge in which all metric
functions propagated with the speed of light. Though the entire metric appeared to be radiative
(by construction), Einstein found thalythe OtransversebtransverseQ pieces of the metric carried
energy. Eddington wrote:

Weyl has classibed plane gravitational waves into three types, viz. (1) longitudinal-
longitudinal; (2) longitudinal-transverse; (3) transverse-transverse. The present
investigation leads to the conclusion that transverse-transverse waves are propagated
with the speed of lighin all systems of co-ordinatesVaves of the Pbrst and second
types have no bxed velocityNa result which rouses suspicion as to their objective
existence. Einstein had also become suspicious of these waves (in so far as they occur
in his special co-ordinate system) for another reason, because he found that they convey
no energy. They are not objective, and (like absolute velocity) are not detectable by
any conceivable experiment. They are merely sinuosities in the co-ordinate system,
and the only speed of propagation relevant to them is Othe speed of thoughis
evidently a great convenience in analysis to have all waves, both physical and spurious,
travelling with one velocity; but itis liable to obscure physical ideas by mixing them up

so completely. The chief new point in the present discussion is that when unrestricted
co-ordinates are allowed the genuine waves continue to travel with the velocity of light
and the spurious waves cease to have any bxed velocity.

Unfortunately, EddingtonOs wry dismissal of unphysical modes as propagating with Othe speed of
thoughtO is often taken by skeptics (and crackpots) as apphatigtavitational perturbations.
Eddington in fact showed quite the opposite. We do so now using a somewhat more modern
notation; our presentation is essentially the Rat-spacetime limit of Barddéhgas fge-invariant
cosmological perturbation formalism. A similar treatment can be found in the lecture notes by
Bertschinger42].

We begin by debning the decomposition of the metric perturbatjgnn any gauge, into
a number of irreducible pieces. Assuming that — 0 asr — oo, we debne the quantities
Bi» v, H, &, » andh[T via the equations

ha = 2¢, (2.29)
hi = Bi + 3y, (2.30)
hij = hjj" + 3HS; + dge ) + (8:9; — 36, V%) A, (2.31)
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together with the constraints

9;8: = 0 (one constrainf) (2.32)
d;e; = 0 (one constrainf) (2.33)
d:h);" =0 (three constraints) (2.34)
87h]." =0 (one constraint) (2.35)

and boundary conditions
y—>0 &—0 ir—0 VA0 (2.36)

asr — oo. Here H = §Yh;; is the trace of thespatial portion of the metric perturbation,
not to be confused with the spacetime trace- n*h,, that we used earlier. The spatial
tensork' is transverse and traceless, and is the TT piece of the metric discussed above
which contains the physical radiative degrees of freedom. The quargjtiasd 9, are the
transverse and longitudinal pieces/of. The uniqueness of this decomposition follows from
taking a divergence of equatio.80 giving V?y = 9;h,;, which has a unigque solution by the
boundary conditiond.36). Similarly, taking two derivatives of equatio®.31) yields the equation
2V2V2)\ = 39,0;h;; — V?H, which has a unique solution by equati@h36). Having solved for
A, one can obtain a uniqug by solving 3v2e; = 693,h;; — 23;H — 43;V?\.

The total number of free functions in the parametrizatiar29b@.31) of the metric is
16: four scalarsd, y, H andAi), six vector component$( ande;) and six symmetric tensor
components}(TjT). The number of constraint2 32B@.35 is six, so the number of independent
variables in the parametrization is 10, consistent with a symmetiél4ensor.

We next discuss how the variables g, y, H, ¢;, A and hl.TjT transform under gauge
transformationg® with £&* — 0 asr — oo. We parametrize such gauge transformation as

£ = (&, &) = (A, B; +3,0), (2.37)

whered; B; = 0 andC — 0 asr — oo; thusB; ando;C are the transverse and longitudinal pieces
of the spatial gauge transformation. The transformed metiig,is- 29.,£5,); decomposing this
transformed metric into its irreducible pieces yields the transformation laws

¢— p— A, (2.38)
B — B — B, (2.39)
y—>y—A-0@ (2.40)
H — H —2VZC, (2.41)
A — A—2C, (2.42)
g — & — 2B;, (2.43)
hiT — T (2.44)
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Gathering terms, we see that the following combinations of these functions are gauge-invariant:

(2.45)
(2.46)

(2.47)

hl.TjT Is gauge-invariant without any further manipulation. In the Newtonian lidnieduces to the
Newtonian potentia®d y, while ® = —2® .. The total number of free, gauge-invariant functions
is six: one function®; one function®; three functionsg;, minus one due to the constraint
9;8; = 0; and six function&T, minus three due to the constrailatbl.TjT = 0, minus one due to

ij

the (:onstrainﬁ"fhiTjT = 0. This is in keeping with the fact that in general the 10 metric functions

contain six physical and four gauge degrees of freedom.

We would now like to enforce EinsteinOs equation. Before doing so, it is useful to brst
decompose the stressbenergy tensor in a manner similar to that of our decomposition of the

metric. We debne the quantitipss;, S, P, 0, 0; ando via the equations
T, = p,
T = §; + 08,
T;j = P53 + 0y + 90 +(3;0; — %&J‘VZ)U,

together with the constraints

0;S; =0,
0;0; =0,
0;0;; =0,
Sijal-j =0,

and boundary conditions

S — 0, o, — 0, o — 0, V36 = 0

(2.48)
(2.49)

(2.50)

(2.51)
(2.52)
(2.53)

(2.54)

(2.55)

asr — oo. These quantities are not allindependent. The varighl€sS; ando;; can be specibed
arbitrarily; stressbenergy conservatiéfi, = 0) then determines the remaining variabks

o ando; via
V23S = d
Vg = -3p+ %S‘,

2

VZ(TZ' = 2$£!
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We now compute the Einstein tensor from the metd@29b.31). The result can be
expressed in terms of the gauge-invariant observables:

G, = —V?0, (2.59)
Gt,' == —%VZE,' - 8,'@, (260)
Gy = —10nT — 3,8, — 183,20 + ©) +5,[1V220 +©) - ®].  (2.61)

We Pnally enforce EinsteinOs equatign = 877, and simplify using the conservation relations
(2.56DR.59); this leads to the following Peld equations:

V20 = —87p., (2.62)
V2® = 47(p + 3P — 39, (2.63)
V2E; = —167S;, (2.64)
Oh]" = —16ma;;. (2.65)

Notice thatonly the metric components h,.TjT obey a wave-like equation. The other
variables®, ® and E; are determined by Poisson-type equations. Indeed, in a purely vacuum
spacetime, the beld equations reduce to bve Laplace equations and a wave equation:

V2@V — 0, (2.66)
V2o — 0, (2.67)
V2EY™* = 0, (2.68)
Oh;MY* = 0. (2.69)

This manifestly demonstrates that only thy? metric componentsNthe transverse, traceless
degrees of freedom of the metric perturbationNcharacterize the radiative degrees of freedom in
the spacetime. Although it is possible to pick a gauge in which other metric comp@pugetsr
to be radiative, they will not be: their radiative character is an illusion arising due to the choice
of gauge or coordinates.

The beld equationg(62be.65 also demonstrate that, far from a dynamic, radiating source,
the time-varying portion of the physical degrees of freedom in the metric is dominaﬂeyby
If we expand the gauge-invariant belis®, E; andhl.TjT in powers of ¥r, then, at sufbciently
large distances, the leading-ord@(1/r) terms will dominate. For the Pelds, ® and E;,
the coefbcients of the/t pieces are simply the conserved mgsEx p or the conserved linear
momentum- | d®x S;, fromthe conservation relation.66P@.58. Thus, the only time-varying
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piece of the physical degrees of freedom in the metric perturbation at oxdgr) is the TT
pieceh]". An alternative proof of this result is given in exercise 19.1 of Miseteal [4].

Although the variable®, 0, E; andh,TjT have the advantage of being gauge-invariant, they
have the disadvantage of being non-local. Computation of these variables at a point requires
knowledge of the metric perturbatidn, everywhere. This non-locality obscures the fact that
the physical, non-radiative degrees of freedom are causal, a fact which is explicit in Lorentz
gauge®. On the other hand, many observations that seek to detect GWs are sensitive only to the
value of the Riemann tensor at a given point in space (see s&jtibar example, the Riemann
tensor componentB;;, which are directly observable by detectors such as LIGO, are given in
terms of the gauge-invariant variables as

Ritjt == —%ﬁ';r + CD’,'J' + !5(,‘,]') - %@6” (270)
Thus, at least certain combinations of the gauge-invariant variables are locally observable.

2.3. Local regions of spacetime

In the previous subsection we described a splitting of metric perturbations into radiative, non-
radiative and gauge pieces. This splitting requires that the linearized Einstein equations be valid
throughout the spacetime. However, this assumption is not valid in the real Universe: many
sources of GWs are intrinsically strong Peld sources and cannot be described using linearized
theory, and on cosmological scales the metric of our Universe is not close to the Minkowski
metric. Furthermore, the splitting requires a knowledge of the metric throughout all of spacetime,
whereas any measurements or observations can probe only Pnite regions of spacetime. For these
reasons it is useful to consider linearized perturbation theory in Pnite regions of spacetime, and
to try to debPne gravitational radiation in this more general context.

Consider therefore a Pnite voluriien space. Can we split up the metric perturbatignin
V into radiative and non-radiative pieces? In general, the answer is no: within any Pnite region,
GWs cannot be distinguished from time-varying near-zone Pelds generated by sources outside
that region. One way to see this is to note that in Pnite regions of space, the decomposition of
the metric into various pieces becomes non-unique, as does the decomposition of vectors into
transverse and longitudinal pieces. (For example the végtor y?)o. is both transverse and
longitudinal.) Alternatively, we note that within any Pnite vacuum regipone caralwaysbnd
a gauge which is locally TT, that is, a gauge which satisbes the condigd®@.20 within
the region. (This fact does not seem to be widely known, so we give a proof in appendix A.) In
particular, this applies to the static Coulomb-type Peld of a point source, as long as the source
itself is outside of). Consequently, isolating the TT piece of the metric perturbation does not
yield just the radiative degrees of freedom within a local regionNa TT metric perturbation may
also contain, for example, Coulomb-type belds.

Within bnite regions of space, therefore, GWs cannot be debned at a fundamental levelN
one simply has time-varying gravitational belds. However, there is a certain limit in which GWs
can be approximately debned in local regions, namely the limit in which the wavelength of
the waves is much smaller than length and timescales characterizing the background metric.

4 One way to see that the guage-invariant degrees of freedom are causal is to combine the vacuum wave equation
(2.16 for the metric perturbation with the expressi@33 for the gauge-invariant Riemann tensor. This gives the
wave equatiofidReg,s = 0.
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This dePnition of gravitational radiation is discussed in detail and in a more general context in
sectionb. As discussed in that section, this limit will always be valid when one is sufbciently far
from all radiating sources.

3. Interaction of gravitational waves with a detector

The usual notion of Ogravitational forceO disappears in general relativity, replaced instead by the
idea that freely falling bodies follow geodesics in spacetime. Given a spacetime ggiiad
a set of spacetime coordinates geodesic trajectories are given by the equation

d2x dx? dx¢

+I%.—— =0, 3.1

dr2 *dr dr (3.1)
wherer is a proper time as measured by an observer travelling along the geodesic. By writing the
derivatives in the geodesic equatidhl) in terms of coordinate timerather than proper time
7, and by combining the = r equation with the spatiat, = j equations, we obtain an equation
for the coordinate acceleration:

d?x!
dr?
wherev' = dx’/dt is the coordinate velocity.
Let us now specialize to linearized theory, with the non-3at part of our metric dominated
by a GW in TT gauge. Further, let us specialize to non-relativistic motion for our test body. This

implies thatv’ « 1, and to a good approximation we can neglect the velocity-dependent terms
in equation 8.2):

= — (I, + 2[0 + T 070t + 0/ (I, + 2007 + T 0/0b), (3.2)

d?x
F + F 1t — O (33)
In linearized theory and TT gauge,

sinceh]T = 0. Hence, we Pnd thafd /dr? = 0.

Does this result mean that the GW has no effect? Certainly not! It just tells us that, in TT
gauge theoordinate locatiorof a slowly moving, freely falling body is unaffected by the GW.
In essence, the coordinates move with the waves.

This result illustrates why, in general relativity, it is important to focus upon coordinate-
invariant observablesNa naive interpretation of the above result would be that freely falling
bodies are not inBuenced by GWs. In fact, the GWs causpriper separatiorbetween two
freely falling particles to oscillate, even if tlemordinate separatioms constant. Consider two
spatial freely falling particles, located at= 0, and separated on theaxis by a coordinate
distanceL.. Consider a GW in TT gauge that propagates dowrntheis, /. (z, z). The proper
distancel between the two particles in the presence of the GW is given by

L. L.
L= / dxa/gxx:/ dx\/l+hg(t,z:O)
0 0

2" xx X

L.
~ / dx[1+2hTT(t,z=0)] = L[1+2h[T(1,z = 0)]. (3.5)
0
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Notice that we use the fact that the coordinate location of each particle is Pxed in TT gauge! In a
gauge in which the particles move with respect to the coordinates, the limits of integration would
have to vary. EquatiorB8(5) tells us that the proper separation of the two particles oscillates with

a fractional length changd. /L given by

‘%L ~ 171,z = 0). (3.6)
Although we used TT gauge to perform this calculation, the result is gauge-independent;

we will derive it in a different gauge momentarily. Notice tiaf acts as a strainNa fractional
length change. The magnitudieof a wave is often referred to as the Owave strainQO. The proper
distance we have calculated here is a particularly important quantity since it directly relates to
the accumulated phase which is measured by laser interferometric GW observatories (cf the
contribution by Danzmann in this volume). The Oextrad ppaseumulated by a photon that
travels down and back the arm of a laser interferometer in the presence of a5\ idSL /X,
wherea is the photonOs wavelength adis the distance the end mirror moves relative to the
beam splittet. We now give a different derivation of the fractional length char®y6) pased on
the concept ofeodesic deviatiarConsider a geodesic in spacetime givenxby- z°(1), where

T is the proper time, with four velocity“(r) = dz?/dr. Suppose we have a nearby geodesic

x“(1) = z%(v) + L*(v), whereL“(7) is small. We can regard the coordinate displacentérts a
vectorL = L9, on the Prst geodesic; this is valid to prst ordeLitwithout loss of generality,
we can make the connecting vector be purely spatial;, = 0. Spacetime curvature causes the
separation vector to change with timeNthe geodesics will move further apart or closer together,
with an acceleration given by the geodesic deviation equation

u"VyV.LY) = —Rpeg[2(D]u’ Lu?; (3.7)

see, e.g.,36], chapter 21. This equation is valid to linear orderIify fractional corrections
to this equation will scale ag /L, where £ is the lengthscale over which the curvature
varies.

For application to GW detectors, the shortest such lengthgtadethe wavelength. of
the GWs. Thus, the geodesic deviation equation will have fractional corrections oflofder
For ground-based detectofsis < a few km, whileix 2 3000 km (see sectiof.1); thus the
approximation will be valid. For detectors with=> 1 (e.g. the space-based detector LISA), the
analysis here is not valid and other techniques must be used to analyse the detector.

A convenient coordinate system for analysing the geodesic deviation equafirs (the
local proper reference framef the observer who travels along the brst geodesic. This coordinate
system is debned by the requirements

Zi(T) = 0’ gab(ta 0) = Nab, cm(tv 0) = 07 (38)
which imply that the metric has the form
x2
ds? = —dr? +dx? + O (—) . (3.9)
R2
5 This description of the phase shift holds only.ikk A, so that the metric perturbation does not change value very

much during a light travel time. This condition will be violated in the high-frequency regime for space-based GW
detectors; a more careful analysis of the phase shift is needed in thigi&hse [
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HereR is the radius of curvature of spacetime, giverftiy? ~ || Ru.|l- It also follows from the
gauge conditions3(8) that proper time and coordinate timecoincide along the brst geodesic,
thatz = 9, and thatL* = (0, L").

Consider now the proper distance between the two geodesics, which are locetedCat
andx’ = Li(r). From the metric §.9), we see that this proper distance is jilst = +/L,L;,
up to fractional corrections of orddr?/R?. For a GW of amplitudé: and wavelength., we
haveR 2 ~ /A2, so the fractional errors arehL?/A2. (Notice thatR ~ £/+/hNthe waveOs
curvature scal® is much larger than the lengthscdlecharacterizing its variations.) Since we
are restricting attention to detectors with« A, these fractional errors are much smaller than
the fractional distance change# caused by the GW (equatio8.)). Therefore, we can simply
identify |L| as the proper separation.

We now evaluate the geodesic deviation equat®) (n the local proper reference frame
coordinates. From the conditiors §), it follows that we can replace the covariant time-derivative
operatom®V, with 9/(df). Usingu = 9, andL® = (0, L’), we get

d’L’ :
T(t) = _Ritjt(ts O)L](l) (310)

Note that the key quantity entering into the equati®y),, is gauge-invariantin linearized theory,
SO we can use any convenient coordinate system to evaluate it. Using the expr2ssipio
the Riemann tensor in terms of the TT gauge metric perturbaﬁbrwe Pnd that

L 1dhTT

= -z J .
a2 > i L. (3.11)

Integrating this equation using (1) = L{ + §L () with |§L| < |Lo| gives

SLI() = hlT (1)L}, (3.12)

This equation is ideal for analysing an interferometric GW detector. We choose Cartesian

coordinates such that the interferometerOs two arms lie along &inel y-axes, with the beam

splitter at the origin. For concreteness, let us imagine that the GW propagates alaraxibe

Then, as discussed in secti@ri, the only non-zero components of the metric perturbation are

hil = —h]] =hyandh]| = h]] = h,, whereh.(r — z) andh, (1 — z) are the two polarization

components. We take the ends of one of the interferometerOs two arms as debning the two nearby

geodesics; the brst geodesic is debned by the beam spliter @i the second by the end-mirror.

From equation.12) we then bnd that the distanceés= |L| of the armsO ends from the beam

splitter vary with time as
OLx =1y Si

L 2" L

= —2h.. (3.13)

(Here the subscripts and y denote the two different arms, not the components of a vector.)
These distance changes are then measured via laser interferometry. Notice that the GW (which
is typically a sinusoidally varying function) acts tidally, squeezing along one axis and stretching
along the other. In this conbguration, the detector is sensitive only to the + polarization of the
GW. The x polarization acts similarly, except that it squeezes and stretches along a set of axes
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+ Polarization X Polarization

y y

Figure 1. Lines of force for a purely + GW (left), and for a purekyGW (right).
Figure kindly provided by Kip Thorne; originally published ).

that are rotated with respect to thandy axes by 45. The force lines corresponding to the two
different polarizations are illustrated in bPgure

Of course, we do not expect nature to provide GWSs that so perfectly align with our detectors.
In general, we will need to account for the detectorOs antenna pattern, meaning that we will be
sensitive to some weighted combination of the two polarizations, with the weights depending
upon the location of a source on the sky, and the relative orientation of the source and the detector.
See §5], equations (104a,b) and associated text for further discussion.

Finally, in our analysis so far of detection, we have assumed that the only contribution
to the metric perturbation is the GW contribution. However, in reality time-varying near-zone
gravitational Pelds produced by sources in the vicinity of the detector will also be present. From
equation 8.10 we see that the quantity that is actually measured by interferometric detectors is
the spacetimebspacetime or electric-type pkgeof the Riemann tensor (or more precisely the
time-varying piece of this within the frequency band of the detector). From the general expression
(2.70 for this quantity, we see thak,; contains contributions from boli’quT describing GWs,
and also additional terms describing the time-varying near-zone gravitational pelds. There is
no way for the detector to separate these two contributions, and the time-varying near-zone
gravitational Pelds produced by motions of bedrock, air, human bodies, and tumbleweeds can
all contribute to the output of the detector and act as sources of rE2{48].

4. The generation of gravitational waves: putting in the source

4.1. Slow-motion sources in linearized gravity

Gravitational waves are generated by the matter source term on the right-hand side of the
linearized Einstein equation

Oh,y, = —167T,,, (4.1)

cfequation .15 (presented here in Lorentz gauge). In this section we will compute the leading-
order contribution to the spatial components of the metric perturbation for a source whose internal
motions are slow compared to the speed of light (Oslow-motion sources®). We will then compute
the TT piece of the metric perturbation to obtain the standard quadrupole formula for the emitted
radiation.
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Equation ¢.1) can be solved by using a GreenOs function. A wave equation with source
generically takes the form

O£, %) = s(t, %), 4.2)

where f(z, x) is the radiative Peld, depending on timend positionx, ands(z, x) is a source
function. The GreenOs functioi(z, x; ¢, X') is the DAeId which qrises due to a delta junction
source; it tells how much Peld is generated at the OPbeld goitper unit source at the Osource
pointQz’, x):

OG, x;t',x) =8(t —1)8(x — x). (4.3)

The beld which arises from our actual source is then given by integrating the GreenOs function
againsts(z, x):

f(t,x) = f dr &' G, x; ¢, x)s(t, X). (4.4)

The GreenOs function associated with the wave opé&tatovery well known (see, e.g4)):

8 =1 Ix = x|/c])

G, x;t,x) =
( ) 4|x — X/|

(4.5)

The quantityr — |x — x'|/c is theretarded timeit takes into account the lag associated with the
propagation of information from events»ato positionx’. The speed of light has been restored
here to emphasize the causal nature of this GreenOs function; we set it back to unity in what
follows.

Applying this result to equatior(1), we bPnd

_ T _ v /
T (£, X) = 4f oy Tl = X = X1, %) (4.6)
X — x'|

As already mentioned, the radiative degrees of freedom are contained entirely in the spatial

part of the metric, projected transverse and traceless. Firstly, consider the spatial part of the

metric:

Ti(t —|x —X|,X)
X — x| '

hii(t, x) = 4 / d3x’ (4.7)
We have raised indices on the right-hand side, using the rule that the position of spatial indices
in linearized theory is irrelevant.

We now evaluate this quantity at large distances from the source. This allows us to replace
the factor|x — x| in the denominator witlhh = |x|. The corresponding fractional errors scale as
~L/r, whereL is the size of the source; these errors can be neglected. We also make the same
replacement in the time argument®f:

T;(t — |x —x'|,x') =~ T;;(t — r,X). (4.8)
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Using the formulajx — x'| = r — n'x’' + O(1/r), wheren' = x'/r, we see that the fractional
errors generated by the replacemeh8( scale ad./z, wherer is the timescale over which the
system is changing. This quantity is just the velocity of internal motions of the source (in units
with ¢ = 1), and is therefore small compared to one by our assumption. These replacements give

_ 4 .
hi(t, x) = - / d3x' TVt — r, X)), (4.9

which is the brst term in a multipolar expansion of the radiation peld.

Equation £.9) almost gives us the quadrupole formula that describes GW emission (at
leading order). To get the rest of the way there, we need to massage this equation a bit. The
stressDenergy tensor must be conserved, which mghatfs= 0 in linearized theory. Breaking
this up into time and space components, we have

o,T"+9,T" =0, (4.10)

3,T"+9;T" = 0. (4.11)
From this, it follows rather simply that

FT" = 3.0, TH. (4.12)
Multiply both sides of this equation by x/. We Prst manipulate the left-hand side:

FT"x'x) = *(T"x'x7). (4.13)
Next, manipulate the right-hand side of equatiéri@), multiplied byx'x/:

W THx'x) = 9 (THx'x7) — 20y (T™x/ + TV x') + 2TV, (4.14)

This identity is easily veribédby expanding the derivatives and applying the iderity = &/
We thus have

F(T"x'x7) = 8 (THx'x7) — 28, (T x7 + THx") + 2TV, (4.15)
This yields

4 3./ 4 3.7 [1a2 7ttt 1i /] ik /] kj i 1 kl 101 ]

— | T = | & [307(T" X" x"7) + Op(T*x"7 + THx") — 50,9,/(T¥x"x)]

2 .
== / d®x’ B2(T"x'x'7)

2 & o
=S [ @iy
r
2 & o
= d3x px'ix'. (4.16)

6 Although one of us (SAH) was unable to do this simple calculation while delivering lectures at a summer school
in Brownsville, TX. Never attempt to derive the quadrupole formula while medicated.
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In going from the Prst line to the second, we used the fact that the second and third terms under
the integral are divergences. Using GaussOs theorem, they can thus be recast as surface integrals;
taking the surface outside the source, their contribution is zero. In going from the second line to
the third, we used the fact that the integration domain is not time-dependent, so we can take the
derivatives out of the integral. Finally, we used the fact fitats the mass density. Debning

the second momeri}; of the mass distribution via

I;(0) = / dBx p(t, X )x"x", (4.17)
and combining equationg ©) and @.16 now gives

- 2 dzlij (t - r)
When we subtract the trace frof, we obtain the quadrupole moment tensor:

This tensor will prove handy shortly.

To complete the derivation, we must project out the non-TT pieces of the right-hand side
of equation 4.18. Since we are working to leading order irir] at each Peld point this
operation reduces to algebraically projecting the tensor perpendicularly to the local direction of
propagatiom = x/r, and subtracting off the trace. It is useful to introduce the projection tensor,

Pij = 81‘]‘ —hnin;. (420)

This tensor eliminates vector components parallahtéeaving only transverse components.
Thus,

’_l; = hy Py Py (4.21)
is a transverse tensor. Finally, we remove the trace; what remains is

hlT = hyPy Py — 3 Py Pyhy. (4.22)
Substituting equation4(18) into (4.22), we obtain our Pnal quadrupole formula:

2d%7, (t —r
hiTjT(t, X) = ;%Pﬂc(n)l)jl(n)- (4.23)

4.2. Extension to sources with non-negligible self-gravity

Our derivation of the quadrupole formul&.23 assumed the validity of the linearized Einstein
equations. In particular, the derivation is not applicable to systems with weak (Newtonian) gravity
whose dynamics are dominated by self-gravity, such as binary star sysf@msshortcoming

7 StressPenergy conservation in linearized gravit§,, = 0, forces all bodies to move on geodesics of the
Minkowski metric.
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of the above linearized-gravity derivation of the quadrupole formula was Prst pointed out by
Eddington. However, it is very straightforward to extend the derivation to encompass systems
with non-negligible self-gravity.

In full general relativity, we debne the quantit§ via

/_g'gab — nab . ljlab’ (424)

wheren® = diag(—1, 1, 1, 1). When gravity is weak this dePnition coincides with our previous
debnition of1* as a trace-reversed metric perturbation. We impose the harmonic gauge condition

3.(~/—gg®) = 9,h** = 0. (4.25)
In this gauge, the Einstein equation can be written as
Ogath® = —167(T + 1), (4.26)

where gy = nabaﬁ,a,, is the Rat-spacetime wave operator affdis a pseudo-tensor that is
constructed fromh?. Taking a coordinate divergence of this equation and using the gauge
condition @.25), shows that stressbenergy conservation can be written as

3,(T* + 1) = 0. (4.27)

Equations 4.25D@.27) are precisely the same equations as are used in the linearized-
gravity derivation of the quadrupole formula, except for the fact that the stressbenergy tensor
T is replaced byr*® + 1**. Therefore, the derivation of the last subsection carries over, with the
modiPcation that the formula(17) for I;; is replaced by

L = / X [T (2, x') + 1" (2, x)]x/'x". (4.28)

Inthis equation the termi describes gravitational-binding energy, roughly speaking. For systems
with weak gravity, this term is negligible in comparison with the teffhndescribing the rest-
masses of the bodies. Therefore, the quadrupole formi28 (and the original debnitior(17)

of I;; continue to apply to the more general situation considered here.

4.3. Dimensional analysis

The rough form of the leading GW Peld that we just derived, equatidiy, can be deduced
using simple physical arguments. First, we dePne some moments of the mass distribution. The
zeroth moment is just the mass itself:

My = / pd3x = M. (4.29)
(More accurately, this is the total mass-energy of the source.) Next, we debne the dipole moment:

M, = / px;x = ML,. (4.30)
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L; is a vector with the dimension of length; it describes the displacement of the centre of mass
from our chosen origin. (As suchM; is clearly not a very meaningful quantityNwe can change
its value simply by choosing a different origin.)
If our mass distribution exhibits internal motion, then moments ofrtess currentj; = pv;,
are also important. The brst moment is the spin angular momentum:

Sl = / PV Xy €jk d3x = S,‘. (431)
Finally, we look at the second moment of the mass distribution:
M2 = /pX[Xj d3x = ML,/, (432)

whereL;; is a tensor with the dimension length squared.
Using dimensional analysis and simple physical arguments, it is simple to see that the pbrst
moment that can contribute to GW emissiorMs. Consider PrsM,. We want to combiné/,
with the distance to our source,in such a way as to produce a dimensionless wavesirdihe
only way to do this (bearing in mind that the strain should fall off s, And restoring factors
of G andc) is to put

h ~ 92% (4.33)
cc r
Does this formula make sense for radiation? Not at all! Conservation of mass-energy tells us that
M, for an isolated source cannot vary dynamically. Thisannot be radiative; it corresponds
to a Newtonian potential, rather than a GW.
How about the momen¥,? In order to get the dimensions right, we must take one time
derivative:

h~——21 (4.34)

(The extra factor ot converts the dimension of the time derivative to space, so that the whole
expression is dimensionless.) Think carefully about the derivativé,of

dm d
o2 f o, P = / v Py = P (4.35)

This is the total momentum of our source. Our guess for the form of a wave corresponding to
M1 becomes

h~——. (4.36)
cor
Can this describe a GW? Again, not a chance: the momentum of an isolated source must be
conserved. By boosting into a different Lorentz frame, we can alwayR se0. Terms like this
can only be gauge artifacts; they do not correspond to radiation. (Indeed, ternds3iBeappear
in the metric of a moving black hole and correspond to the relative velocity of the hole and the
observer (seedfd], chapter 5).)
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How aboutS;? Dimensional analysis tells us that radiation fr8rmust take the form

p S8 (4.37)

Conservation of angular momentum tells us that the total spin of an isolated system cannot
change, so we reject this term for the same reason that we rejéc3@Nit cannot correspond
to radiation.

Finally, we examiné\/,:

h~ =2 (4.38)

There isno conservation principle that allows us to reject this term. Comparing to equation
(4.23, we see that this is the quadrupole formula we derived earlier, up to numerical factors.

In OnormalO units, the prefactor of this formula turns outGgd#a small number divided
by averybig number. In order to generate interesting amounts of GWs, the quadrupole momentOs
variation must be enormous. The only interesting sources of GWs will be those which have very
large masses undergoing extremely rapid variation; even in this case, the strain we expect from
typical sources is tiny. The smallness of GWs rel3ects the fact that gravity is the weakest of the
fundamental interactions.

4.4. Numerical estimates

Consider a binary star system, with stars of mags&ndm, in a circular orbit with separation
R. The quadrupole moment is given by
L] = /_,L(.X,'Xj — %RZ(SU), (439)

wherew = mymy/(m1 +my) is the binaryOs reduced mass arid the relative displacement,
with |x] = R. We use the centre-of-mass reference frame and choose the coordinate axes so
that the binary lies in they plane, saox = x; = RcosQt, y = x, = RsinQr andz = x3 = 0.
Let us further choose to evaluate the beld onztagis, so thah points in thez-direction. The
projection operators in equatiod.23 then simply serve to remove thg components of the
tensor. Bearing this in mind, the quadrupole formdl28) yields
2f1|.
hil=—L. (4.40)

r
The quadrupole moment tensor is

cod Qr — 5 cosQrsinQr 0
I; = uR*| cosQtsinQr cosQr—1 0 |; (4.41)
0 0 —%
its second derivative is
cosXyt sin22 O
T = —2Q°uR? | —sin22t —cosZX2t O . (4.42)
0 0 0
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The magnitudé: of a typical non-zero component bfT is

AuQPR® AuMPPRQ?3

r r

h (4.43)

We used KeplerOs third & replaceR with powers of the orbital frequencg and the total
massM = m, + m,. For the purpose of our numerical estimate, we will take the members of the
binary to have equal masses, so that M/4:

M5/302/3
h=——. (4.44)
r
Finally, we insert numbers corresponding to plausible sources:
5/3 2/3 .
j ~ 10-2 M 1h 1 kiloparse
2Mo P r
M \*® /0.01second¥* /100megaparseds
~ 10722 _— gap . (4.45)
2.8M¢ P r

The Prst line corresponds roughly to the mass, distance and orbital pBrie@f/ 2) expected

for the many close binary white dwarf systems in our galaxy. Such binaries are so common that
they are likely to be a confusion-limited source of GWs for space-based detectors, acting in
some cases as an effective source of noise. The second line contains typical parameter values
for binary neutron stars that are on the verge of spiralling together and merging. Such waves are
targets for the ground-based detectors that have recently begun operations. The tiny magnitude
of these waves illustrates why detecting GWs is so difpcult.

5. Linearized theory of gravitational waves in a curved background

At the most fundamental level, GWs can only be dePned within the context of an approximation
in which the wavelength of the waves is much smaller than lengthscales characterizing the
background spacetime in which the waves propagate. In this section, we discuss perturbation
theory of curved spacetimes, describe the approximation in which GWs can be debned, and
derive the effective stress tensor which describes the energy content of GWs. The material in
this section draws on the treatments given in chapter 35 of Mestrei{4], section 7.5 of Wald

[5]], and the review paper8$], 32].

5.1. Perturbation theory of curved vacuum spacetimes

Throughout this section we will for simplicity restrict attention to vacuum spacetime regions.
We consider a one-parameter family of solutions of the vacuum Einstein equation, parametrized
by ¢, of the form

B 2.
8ab = 8ap + Shub & Jar T 0(83)- (51)
8 In units withG = 1 and for circular orbits of radiug, R3Q2 = M.
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Hereg? is the background metric; it was taken to be the Minkowski metric in secBpfsnd
2.2 Here we allowg® to be any vacuum solution of the Einstein equations. The quahniity
is the linear-order metric perturbation, as in the previous sectigns a second-order metric
perturbation which will be used in sectiéiB. We can regard as a formal expansion parameter;
we set its value to unity at the end of our calculations.

The derivation of the linearized Einstein equation proceeds as before. Most of the formulae
for linearized perturbations of Minkowski spacetime continue to apply, yitheplaced by® ,
and with partial derivative8, replaced by covariant derivatives with respect to the background,
VB. Some of the formulae acquire extra terms involving coupling to the background Riemann
tensor.

Inserting equations.1) into the formula for connection coefpbcients gives

Ty, = 38 (0c8ab + 0p&dc — 0a8be) (5.2)

= %(88 “d — ghd) (.85 + ed.hap + 0pgh. + £0phae — 0agh. — €04hpe) + O(?)
=B +edT%. + O(e?). (5.3)

Here I'®¢ are the connection coefbcients of the background mefficand the Prst-order
corrections to the connection coefbcients are given by

8T, = —2hgB T8¢ + 184(3.hyy + dphae — dahye)
= 1B (VBhyy + VEhs — VEhy), (5.4)

where VB is the covariant-derivative operator associated with the background metric.
Equation 6.4) can be derived more easily, at any given point in spacetime, by evaluating the
expression{.2) in a coordinate system in which the background connection coefpbcients vanish
at that point, so thai, = V2. The result §.4) for general coordinate systems then follows from
general covariance.

Next, insert the expansioh.(d) of the connection coefbcients into the formula

Rch = 8"de - aerc + FZeFZd - FZeFleac (55)

for the Riemann tensor. Evaluating the result in a coordinate system in Whjch= 0 at the
point of evaluation gives

Ry = 8. TBF, — 3,TBL +£(3.8T%, — 3,6T%) + O(e%)
= RBabcd + 88Rabcd + 0(82). (56)

HereR®< , is the Riemann tensor of the background metric&Rfj,, = 9.8T¢, — 9,87, is the
linear perturbation to the Riemann tensor. It follows from general covariance that the expression
for §R%, ., in a general coordinate system is

SR peq = VBT, — V25T (5.7)
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Using the expressiorb(4) now gives
SR peq = S(VEVER, + VEVER, — VBVB p, — VBVBRT — VBVBR, + VEVB h,).  (5.8)
Contracting on the indicasandc yields the linearized Ricci tenséRr,,;:

8Rpa = —308hyy — 2VEVER + VEVE ,he,, (5.9)

where[1® = VBV®< indices are raised and lowered with the background metrichiaad:?,.
Reversing the trace to obtain the linearized Einstein te®sgy, and writing the result in terms
of the trace-reversed metric perturbation

Ijlab = ha — %nggB thcd (510)
yields the linearized vacuum Einstein equation
0=38G; = —30%hyy + RB, e — 1B VBVERe + 1VBVE e, + IVEVELe,, (5.11)

As in sectior?, the linearized Einstein equation can be simpliPed considerably by a suitable
choice of gauge. Under a gauge transformation parametrized by the vectd ptblel metric
transforms as

hap = hly = hay — 2VB &y (5.12)
the divergence of the trace-reversed metric perturbation thus transforms as

vBap', = vBi, — B, (5.13)
We can enforce in the new gauge the transverse condition

VB =0 (5.14)

by requiring thatt, satisbes the wave equatibits, = V8%h,,. We can further specialize the
gauge to satisfyr’ = 0. Dropping the primes, the metric perturbation is thus traceless and
transverse:

VBeh, =h=0. (5.15)
In this gauge, the linearized Einstein equatibri() simpliPes to
0=20Gp = —30%hs + RB,, h*. (5.16)

(Note, however, that one cannot in this context impose the additional gauge condiiea®
used in the debnition of TT gauge for perturbations of 3at spacetime.)
To see that the traceless conditioe= O can be achieved, note that the trace transforms as

h—h =h—2VBag, (5.17)
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Therefore, it is sufpcient to Pnd a vector bgldhat satispe§®¢, = 0 and
VBeg, —h/2=0. (5.18)

We can choose initial data fd, on any Cauchy hypersurface for which the quantiyl
and also its normal derivative vanish. Since the quanfityg) satispes the homogeneous wave
equation by equation$(11) and 6.14), it will vanish everywhere.

The wave equatior(16) differs from its Rat spacetime counterpattl6) in two respects:
prstly, there is an explicit coupling to the background Riemann tensor; and secondly, there is
a coupling to the background curvature through the connection coefbcients that appear in the
covariant wave operatar®. In the limit (discussed below) where the wavelength of the waves is
much smaller than the lengthscales characterizing the background metric, these couplings have
the effect of causing gradual evolution in the properties of the wave. These gradual changes can
be described using the formalism of geometric optics, which shows that GWs travel along null
geodesics with slowly evolving amplitudes and polarizations. S8d¢r a detailed description
of this formalism. Outside the geometric optics limit, the curvature couplings in equétibd) (
can cause the dynamics of the metric perturbation to be strongly coupled to the dynamics of the
background spacetime. An example of such coupling is the parametric amplibcation of metric
perturbations during inf3ation in the early Univers@][

5.2. General debnition of gravitational waves: the geometric optics regime

The linear perturbation formalism described in the last section can be applied to any perturbation
of any vacuum background spacetime. Its starting point is the separation of the spacetime metric
into a background piece plus a perturbation. In most circumstances, this separation is merely a
mathematical device and can be chosen arbitrarily; no unique separation is determined by local
physical measurements. [Althoughi, andh,, are uniquely determined once one specibes the
one parameter family of metrigg,(¢), a given physical situation will be described by a single
metric g, (o) for some bxed value ofy of ¢, not by the one parameter family of metrics.]
However, in special circumstances, a unique separation into background plus perturbation is
determined by the local physical measurements, and it is only in this context that GWs can be
debned. Such circumstances arise when the wavelgmjtine waves is very much smaller than

the characteristic lengthscalgscharacterizing the background curvature. In this case, one can
debne the background metric and perturbation, to linear order, via

g5, = (8w), (5.19)
Ehay = gu» — 85, (5.20)

Here the angular brackets -) denote an average over lengthscales large compakdultismall
compared t&; a suitable covariant dePnition of such averaging has been given by Brill and Hartle
[53]. A useful analogy to consider is the surface of an orange, which contains curvatures on two
different lengthscales: An overall, roughly spherical background curvature (analogous to the
background metric), and a dimpled texture on small scales (analogous to the GW). The regime
A < L is called thegeometric optics regime

We will argue below that the short-wavelength perturbatiby gives rise to an effective
stress tensor of order’h?/1?, whereh is a typical size ofx,,. This effective stress tensor
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contributes to the curvature of the background megfic This contribution to the curvature
is <1/£2. It follows thate?h?/22 < 1/L£2, or

A
eh < —. 5.21
$7 (5.21)
Since we are assuming thakk L, it follows that the short-wavelength pieek,;, of the metric
is small compared to the background metric, and so we can use the perturbation formalism of
section5.1 Consider now the splitting of the Riemann tensor into a background piece plus a
perturbation given by equatiob.@):

Rabcd = RSbcd + 85Rabcd + 0(82)- (522)

By the debnition §.19 of the background metric, it follows thgf, and R, , vary only over
lengthscaleg> £, and therefore it follows that to a good approximation

<Rshcd> = RSbcd' (5.23)
Hence the perturbation to the Riemann tensor can be obtained via
88Rabcd = Rabcd - <Rabcd)’ (524)

the same unique and local procedure as for the metric perturbat@d.(This Riemann tensor
perturbation is often called tH8W Riemann tenspit is a tensor characterizing the GWs that
propagate in the background metgf;.

The operational meaning of the GW belds,, and ¢5R,,., follows directly from the
equivalence principle and from their meaning in the context of Rat spacetime (s@gtion
Specibcally, suppose th@t is a point in spacetime and pick a coordinate system in which
g5 = n, andI’B¢ = 0 atP. Then we have

2
8w = Nap t 0 (%) + ghab + 0(82)7 (525)

wherex is the distance fror. Therefore, within a spacetime region arounth whichx « L,
the [3at-spacetime perturbation theory and measurement analysis of secaarbe applied.
Thus, the gravitational waveforms seen by observers performing local experiments will just
be given by components of the GW Riemann tensor in the observerOs local proper reference
frames.

We remark that the splitting of the metric into a background plus a linear perturbation
can sometimes be uniquely debned even in the redgimel. Some examples are when
the background spacetime is static (e.g. perturbations of a static star), or homogeneous
(e.g. FriedmanbRobertsonDBWalker cosmological models). In these cases the dynamic metric
perturbation are not actually GWs, although their evolution can be computed using the linearized
Einstein equation. For example, consider the evolution of a metric perturbation mode which is
parametrically amplibed during inf3ation in the early Universe. At early times during inf3ation,
the modeOs wavelengtlis smaller than the Hubble scalé)( the mode is said to be Qinside the
horizonO. Any excitation of the mode is locally measurable (although such modes are usually
assumed to start in their vacuum state). As inRation proceeds, the modeOs wavelength redshifts
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and becomes larger due to the rapid expansion of the Universe, and eventually becomes larger
than the Hubble scalé; the mode is then Qoutside the horizonO. At this point, excitations in the
mode are not locally measurable and are thus not GWs. Finally, after in3ation ends, the mode
Ore-enters the horizonO and excitations of the mode are locally measurable. The mode is now a
true GW once again.

Finally, we note that for perturbations of 3at spacetime, the debnition of GWSs given here
does not always coincide with the debnition in terms of the TT component of the metric given
In section2.2 However, far from sources of GWs (the regime relevant to observations), the
two dePnitions do coincide. This is because the TT piece of the metric will vary on scales of
a wavelength which is short compared to the lengthscale over which other pieces of the
metric vary (except for other dynamic pieces of the metric such as the time-varying quadrupole
term in the gauge-invariant Pedpl, those pieces vary on short lengthscales but are unimportant
since they are smaller than the TT piece by a factdf/r? or smaller).

5.3. Effective stressbenergy tensor of gravitational waves

Two major conceptual building blocks are needed for the derivation of the energy and momentum
carried by GWs $4]: the perturbation theory of sectidnl, generalized to second orderdn
and the separation of lengthscales £ discussed in the previous subsection.

We start by discussing the second-order perturbation theory. By inserting the expansion
(5.2 into the vacuum Einstein equation, we obtain

0= Gu = Gulg2]+ eG\y [heas 851+ 2G ) Ljear 851+ 2Ga [heas 851+ O(E¥). (5.26)

Here G,;[gB] is the Einstein tensor of the background metric, a?ﬁ[ - gEf] is the linear
differential operator on metric perturbations giving the linear perturbation to the Einstein tensor
generated by a metric perturbation. The explicit expressioﬁ,ﬁ’}[hcd, gEf] is given by equation

(5.11). The termei)[hcd; gEf] is the piece of the Einstein tensor that is quadratig i it can
be computed by extending the computation of seciidrto one higher order, and is a sum of
terms of the fornk,, VEVZh,, and(V2h,.) (VEh, ) with various index contractions; see equation
(35.58b) of MTW H]. It is worth recalling thatj,, is a second-order metric perturbation. We
must take the calculation to second order to compute the effective stressbenergy tensor of the
waves, since an averaging is involvedNthe Prst-order contribution vanishes by the oscillatory
nature of the waves.

Equating to zero the coefbcients of the different powets ok obtain the vacuum Einstein
equation for the background spacetime

Gab[g?d] = 0’ (527)
the linearized Einstein equation
G lha: 881 =0, (5.28)

together with the equation for the second-order metric perturbgtion

G Ljeas 851 = =G hea: 851, (5.29)
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We now specialize to the geometric optics regime L. We split the second-order metric
perturbation into a piecgj,,) that is slowly varying, and a piece

Ajab = jab - (jab) (530)
that is rapidly varying. The full metric can be now be written as
8 = (80, + €2 () + (ehap + €2 Ajuy) + O(), (5.31)

where the prst term varies slowly on lengthscales and the second term varies rapidly on
lengthscales-A. Consider next the average of the second-order Einstein equatis. (Using
the fact that the averaging operatipn-) commutes with derivatives, we get

G lljea); 851 = —(G g Uheas g571)- (5.32)
Subtracting equatiorb(32 from equation $.27) gives an equation fof j,,,:

Gl Ajedl = =G lhea; 851+ (GG Theas 85])- (5.33)
Equation b.32) can be rewritten using equatiof.27) as

Gurlgl + & (jea)] = 87T + O(c), (5.34)
where the effective GW stressbenergy tensor is

T = —8i(G$,)[hcd; g2 ). (5.35)
T

In the effective Einstein equatiob.34), all the quantities vary slowly on lengthscate£. The
left-hand side is the Einstein tensor of the slowly varying piece of the metric. The right-hand
side is the effective stressbenergy tensor, obtained by taking an average of the quadratic piece of
the second-order Einstein tensor. It follows from equat®B4) that7S"*" is conserved with
respect to the metrig®, + £2( ;). In particular, to leading order i it is conserved with respect
to the background metrig?, .

The effect of the GWs is thus to give rise to a correct{gg) to the background metric.
This correction is locally of the same orderag,,, the rapidly varying piece of the second-order
metric perturbation. However, any measurements that probe only the long-lengthscale structure
of the metric (e.g. measurements of the gravitating mass of a radiating source over timescales long
compared ta.) are sensitive only t¢j.,). Thus, when one restricts attention to long lengthscales,
GWs can thus be treated as any other form of matter source in general relativity. Typjgally
grows secularly with time, whilé j,;, does not.

A fairly simple expression for the effective stressbenergy tensor can be obtained as follows.
Schematically, the effective stressbenergy tensor has the form

TEVE ~ & (hay VBVEhy) + & ((VBhu) (VEh,)), (5.36)

® Our derivation of the effective Einstein equatidh34) requires the assumptiart(j,,) < g5, since we use
second-order perturbation theory. However, the Pnal result is valid without this assunifipth¢ curvature
generated by the GWs can be comparable to the background curvature.
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where & means Oa sum of terms obtained by taking various contractions ofQ. In this expression,
gradients scale ag'1, soVEV? ~ 1/12. However, the commutator of two derivatives scales as

the background Riemann tensor, which is of ordé£? Therefore, up to corrections of order

A2/L£2 which can be neglected, one can freely commute covariant derivatives in the expression
(5.36). Also, the average of any total derivative will vanish in the litnitk £ if the averaging
lengthscale is taken to b L. Therefore, one can Rip derivatives from one factor to another
inside the averages in equatidn30), as in integration by parts. Using these manipulations, the
expression for the effective stressbenergy tensor simpliPés3d|

1 - - - - - - - -
7o — o (VBho VP h — IVERVER — VBh,, VBhd — VB, VEh). (5.37)

In gauges satisfying the transverse-traceless conditma$)( this reduces to

1
7oVt — E<va'3ha,v;§‘hcd>. (5.38)

For example, for the plane wave propagating injlurection in Rat spacetime, given by

hy = — hy,, = hgCOSwt — wz),

h. = 0 (all other components) (5.39)

the energy density and energy Bux are given by

h2w? h2w?
T" =T% = -2 —(co(wt — =2, 5.40
16, (C0S (@ —w2)) = o (5.40)

If we restore factors of; andc, and insert numbers typical of bursts of waves that we hope to
detect, we get the energy 3ux

2 2
7 — 15 mwm2 (0 Y (5.41)
10-22 1kHz

where f = w/(2m). Note that this is a large energy [3ux by astronomical standards, despite the
tiny value ofhy; it is comparable to the Bux of re3ected sunlight from a full magij.|

6. A brief survey of gravitational wave astronomy

Having now reviewed the basic theory and properties of GWs, we conclude this paper by very
brie3y surveying the properties of important potential sources of GWs. Our goal is to give
some indication of the value that GWs may provide for astronomical observations; much of this
material is updated from a previous survey pa@ét.[We note that since the focus of this paper

is intended to be the theory of GW sources (and that this paggng>cantlyjlonger than was
intended or requested), we are quite a bit more schematic in our treatment here than we have been

New Journal of Physics 7 (2005) 204 (http://www.njp.org/)


http://www.njp.org/

33 Institute o/ Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

in the rest of this paper. This Pnal section is intended to be a very brief, somewhat superpcial
survey, rather than a detailed review.

We begin by contrasting gravitational radiation with electromagnetic radiation, which forms
the basis for almost all current astronomical observations:

Electromagnetic waves interact strongly with matter; GWs doHo¢ weak interaction of GWs

is both blessing and curse: it means that they propagate from emission to Earth-bound observers
with essentially zero absorption, making it possible to probe astrophysics that is hidden or dark
to electromagnetic observationsNe.g. the coalescence and merger of black holes, the collapse
of a stellar core and the dynamics of the early Universe. It also means that detecting GWs is
very difbcult. Also, because many of the best sources are hidden or dark, they are very poorly
understood todayNwe know very little about what are likely to be some of the most important
sources of GWSs.

Electromagnetic radiation typically has a wavelength smaller than the size of the emitting system,
and so can be used to form an image of the saurbés is because electromagnetic radiation is
usually generated by moving charges in the environment of some larger sourceNe.g. an atomic
transition in interstellar gas, or emission from hot plasma in a stellar environByeobntrast,

the wavelength of gravitational radiation is typically comparable to or larger than the size of
the radiating sourceGWs are generated by the bulk dynamics of the source itselfNe.g. the
motion of neutron stars in a binary. As a consequence, GWs cannot be used to form an image:
the radiation simply does not resolve the generating system. Instead, GWSs are best thought of
as analogous to soundNthe two polarizations carry a stereophonic description of the sourceOs
dynamics.

Gravitons in a gravitational-wave burst are phase-coherent; photons in electromagnetic signals
are usually phase-incohererithis arises from the fact that each graviton is generated from the
same bulk motion of matter or of spacetime curvature, while each photon is normally generated
by different, independent events involving atoms, ions or electrons. Thus GWs are similar to
laser light. We can take advantage of the phase coherence of GWs to enhance their detectability.
Matched Pltering techniques for detecting GW bursts with well-modelled functional form (like
those generated by coalescing compact binaries) extend the distance to which sources can be
seen by a factor of roughly the square root of the number of cycles in the waveform, a signibcant

gain [45].

An extremely important consequence of this coherency is thatdirect observable of
gravitational radiation is the straim, a quantity that falls off with distance as//A Most
electromagnetic observables are some kind of energy Rux, and so fall off with?daiv;
measuring coherent GWs is analogous to measuring a coheferdlettromagnetic radiation

Peld. This comparatively slow fall off with radius means that relatively small improvements in
the sensitivity of GW detectors can have a large impact on their science: doubling the sensitivity
of a detector doubles the distance to which sources can be detected, increasing the volume of the
Universe to which sources are measurable by a factor of 8. Every factor of 2 improvement in the
sensitivity of a GW observatory should increase the number of observable sources by about an
order of magnitude.
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In most cases, electromagnetic astronomy is based on the deep imaging of small belds of view:
observers obtain a large amount of information about sources on a small piece of the sky. GW
astronomy will be a nearly all-sky affair: GW detectors have nearysteradian sensitivity to

events over the sk consequence of this is that their ability to localize a source on the sky

is not good by usual astronomical standards; but, it means that any source on the sky will be
detectable, not just sources towards which the detector is OpointedO. The contrast between the
all-sky sensitivity but poor angular resolution of GW observatories, and the pointed, high-angular
resolution of telescopes is very similar to the angular resolution contrast of hearing and sight,
strengthening the useful analogy of GWs with sound.

From these general considerations, we turn now to specibcs. It is useful to categorize GW
sources (and the methods for detecting their waves) by the frequency band in which they radiate.
Broadly speaking, we may break the GW spectrum into four rather different bands: the ultra low-
frequency band, 168 < f < 10-¥Hz; the very low-frequency band, 19< f < 107" Hz; the
low-frequency band, 1¢ < f < 1Hz; and the high frequency band3lf < 10*Hz.

For compact sources, the GW frequency band is typically related to the source®s size
and mass\. Here the source sizR means the lengthscale over which the source®s dynamics
vary; for example, it could be the actual size of a particular body or the separation of members
of a binary. The Onatural® GW frequency of such a soufeg is (1/27)/GM/R3. Because
R > 2G M/c? (the Schwarzschild radius of a ma®g, we can estimate an upper bound for the
frequency of a compact source:

1 c3 Mo
fow(M) < N i 10*Hz ( m ) . (6.1)
Thisis arather hard upper limit, since many interesting sources are quite a bit largeGthan?

or else evolve through a range of sizes before terminating their emissi@ma2G M/c?.
Nonetheless, this frequency gives some idea about the types of compact sources that are likely
to be important in each bandNfor example, high-frequency compact sources are of stellar mass
(several solar masses); low-frequency compact sources are thousands to millions of solar masses,
or else contain widely separated stellar mass bodies.

6.1. High frequency

The high-frequency band, g f < 10 Hz, is targeted by the new generation of ground-based
laser interferometric detectors such as LIGO. (It also corresponds roughly to the audio band
of the human ear: when converted to sound, LIGO sources are audible to humans.) The low-
frequency end of this band is set by the fact that it is extremely difbcult to prevent mechanical
coupling of the detector to ground vibrations at low frequencies, and probably impossible to
prevent gravitational coupling to ground vibrations, human activity and atmospheric motions
[46]D[48]. The high end of the band is set by the fact that it is unlikely any interesting GW
source radiates at frequencies higher than a few kilohertz. Such a source would have to be a
relatively low mass £1Me) but extremely compact (cf equatiof.{)). There are no known
theoretical or observational indications that gravitationally collapsed objects in this mass range
exist.

The paper by Aufmuth and Danzmann in this volunit][discusses the detectors
relevant to this frequency band in some detail; our discussion here is limited to a brief
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survey of these instruments. Several interferometric GW observatories are either operating
or being completed in the United States, Europe, Japan and Australia. Having multiple
observatories widely scattered over the globe is extremely important: the multiplicity gives
rise to cross-checks that increase detection conbdence and also aids in the interpretation of
measurements. For example, sky location determination and concomitant measurement of the
distance to a source follows from triangulation of time-of-Right differences between separated
detectors.
The major interferometer projects are

e LIGO. The Laser Interferometer Gravitational-wave Observatéf} gonsists of three
operating interferometers: a single 4 km interferometer in Livingston, Louisiana, as well as
a pair of interferometers (4 km and 2 km) in the LIGO facility at Hanford, Washington. The
sites are separated by roughly 3000 km and are situated to support coincidence analysis of
events.

e Virgo. Virgo is a 3 km Frenchbltalian detector under construction near Pisa, 3&jI\r
most respects, Virgo is quite similar to LIGO. A major difference is that Virgo employs a
very sophisticated seismic isolation system that promises extremely good low-frequency
sensitivity.

e GEO600. GEO600 is a 600 m interferometer constructed by a GermanbEnglish collabor-
ation near Hanover, Germany{. Despite its shorter arms, GEO600 achieves sensitivity
comparable to the multi-kilometre instruments using advanced interferometry techniques.
This makes it an invaluable testbed for technology to be used in later generations of the
larger instruments, as well as enabling it to make astrophysically interesting measurements.

e TAMA300. TAMA300 is a 300 m interferometer operating near Tokyo. It has been in
operation for several years nosq. The TAMA team is currently designing a 3km
interferometer$9], building on their experiences with the 300 m instrument.

e ACIGA. The Australian Consortium for Interferometric Gravitational-Wave Astronomy is
currently constructing an 80 m research interferometer near Perth, Aus@@lidadping
that it will be possible to extend it to multi-km scale in the future. Such a detector would
likely be a particularly valuable addition to the worldwide stable of detectors, since all the
Northern Hemisphere detectors lie very near on a common plane. An Australian detector
would be far outside this plane, allowing it to play an important role in determining the
location of sources on the sky.

The LIGO, GEO and TAMA instruments have now been operating for several years;
see [L7]Pb[20] for the results and upper limits from the Prst set of observations. All of
these detectors have or will have sensitivities similar to that illustrated in BYjwehich
shows, in particular, the sensitivity goal of the pbrst generation of LIGO interferometers). This
Pgure also shows the Ofacility limitsONthe lowest noise levels that can be achieved even in
principle within an interferometer facility. The low-level facility limits come frognavity-
gradient noise noise arising from gravitational coupling to Ructuations in the local mass
distribution (such as from seismic motions in the earth near the test makesiiman
activity near the detectord[)] and density RBuctuations in the atmosphe4&]). At higher
frequencies, the facility limit arises from the residual gas (mostly hydrogen) in the interferometer
vacuum systemNstray molecules of gas effectively cause stochastic Ructuations in the index of
refraction.
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Figure 2. Sensitivity goals of the initial LIGO interferometers, and facility limits
on the LIGO sensitivity (taken fron2p]).

We now survey the more well-understood possible sources of measurable GWs in the high-
frequency band. We emphasize at this point that such a listing of sources can in no way be
considered comprehensive: we are hopeful that some GW sources may surprise us, as has been
the case whenever we have studied the Universe with a new type of radiation.

6.1.1. Coalescing compact binariesCompact binariesNbinary star systems in which each
member is a neutron star or black holeNare currently the best-understood sources of GWS.
Double neutron stars have been studied observationally since the mid-1970s; bve such systems
[12]D[16], tight enough to merge within a few 4@r 1¢° years have been identiPed in our
Galaxy. Extrapolation from these observed binaries in the Milky Way to the Universe at large
[61]P[64] indicates that GW detectors should measure at least several and at most several hundred
binary neutron star mergers each year (following detector upgrades; the expected rate for initial
detectorsis of the order of one event per several years, so that measurement of an eventis plausible
but of fairly low probability). Population synthesis (modelling evolution of stellar populations)
indicates that the measured rate of binaries containing black holes should likewise be interestingly
large (perhaps even for initial detector§plp[68]. The uncertainties of population synthesis
calculations are rather large, however, due to poorly understood aspects of stellar evolution
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and compact binary formation; data from GW detectors is likely to have a large impact on
this peld.

6.1.2. Stellar core collapse. Core collapse in massive stars (the engine of type Il supernova
explosions) has long been regarded as likely to be an important source of GWs; see, for example,
[69] for an early review. Stellar collapse certainly exhibits all of tlezessaryonditions for
strong GW generationNlarge amounts of mass (18289 Row in a compact region (hundreds
to thousands of kilometres) at relativistic speegs (= 1/5). However, these conditions are not
sufpcient to guarantee strong emission. In particular, the degree of asymmetry in collapse is not
particularly well understood.

If the core of a star is very rapidly rotating during collapse, then instabilities may develop
which lead to strong GW emissioid(]. If such instabilities develop, core collapse GWs could
be detected from events as far away as 10 Megapargésa[distance encompassing enough
galaxies that several events per year would be likely. Most models of massive stars, however,
indicate that such rapid rotation is not likely (e.g2]). Even without the growth of instabilities,
the asymmetric dynamics of core collapse is likely to lead to wave emission which would be
detectable within the Local Group of galaxies, with perhaps an event every few years detectable
by advanced interferometer&y. The wave strengthis likely to correlate strongly with the degree
of asymmetry in the supernova. If the GW event has an electromagnetic or neutrino counterpart,
we may gain a wealth of knowledge regarding the state of the precollapserdpre |

6.1.3. Periodic emitters. Periodic sources of GWs radiate at constant or nearly constant
frequency, like radio pulsars. In fact, the prototypical source of continuous GW is a rotating
neutron star, or GW pulsar. A non-axisymmetry in a neutron star crust (caused, for example, by
an oblateness that is misaligned with the starOs spin axis) will radiate GWs with characteristic
amplitude

2

h ~ 941 fee (6.2)
C r

Here [ is the starOs moment of inertfais the wave frequency, is the distance to the source

ande is the dimensionless fractional distortien= (I, — I,,)/1, wherel;; is the moment of

inertia tensor. The crucial parametecharacterizes the degree to which the star is distorted; it

is rather poorly understood. Upgraded interferometers in LIGO could set an upper liengtfon

order 10°® for sources at-10 kpc R7]. Various mechanisms have been proposed to explain how

a neutron star can be distorted to give a valuetbht is interesting as a GW source; ség, [/6]

for further discussion. Examples of some interesting mechanisms include misalignment of a

starOs internal magnetic beld with the rotation &dilsnd distortion by accreting material from

a companion staf7g, 79] (discussed in more detail below).

Whatever the mechanism generating the distortion, it is clearthdt be small, so that

h ~ 10-%* or smallerNquite weak. Measuring these waves will require coherently tracking their

signal for a large number of wave cycles. Coherently trackiraycles boosts the signal-to-noise

ratio by afactor~+/N. Thisis actually fairly difbcult, since the signal is strongly modulated by the

EarthOs rotation and orbital motion, OsmearingOthe wavesO power across multiple frequency bands.

Searching for periodic GWs means demodulating the motion of the detector, a computationally

intensive problem since the modulation is different for every sky position. Unless one knows

in advance the position of the source, one needs to search over a huge number of sky position
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Oerror boxesO, perhaps as many'asClifle rapidly becomes computationally limitedRadio
pulsar searches face this same problem, with the additional complication that radio pulses are
dispersed by the interstellar medium. However, radio observers usually use shorter integration
times, and often target their searches on small regions of the sky, so their computational cost is
usually not as great.) For further discussion, 88 for ideas about doing hierarchical searches
that require less computer power, s8&][

As mentioned above, one particularly interesting mechanism for distorting a neutron star
comes from accretion of material from a companion star. Accretion provides a spin-up torque to
a neutron star,

(d-]/dt)spin-up’\’ RZQ*M (63)

(whereJ is the spin angular momentum, is the orbital frequency of the accreting matter as it
plunges onto the star is the starOs radius aMblis the mass accretion rate). Without any kind
of braking mechanism, the neutron star would presumably spin-up until it reaches the Obreakup
limit®, i.e., the spin frequency at which centrifugal forces would begin to break it apart; the
breakup frequency is typically around 200003000 Hz.

Observations have showB7] that accreting neutron stars do, in fact, appear to have a
Ospeed limitONno accreting neutron star has been observed to spin faster tharBGLIHE |
is consistent with the fact that the fastest radio pdlshas a spin period of 641 H84]. This
suggests that some mechanism is removing angular momentum from the neutron star. A plausible
and very attractive possibility of how this angular momentum is removed is via GW emission.
Because the spin-down torque due to GW emission grows sharply with spin frequency,

(dJ/dt)spin-down o Q° (quadrupole emission) (6.4)

the limiting spin obtained by balancing the torqués2( and €.4) is relatively insensitive to

the mass accretion raf. Such a mechanism was originally suggested by Wag@yr &nd

was revived by Bildsten7g] to explain the narrow clustering in the spin frequency of accreting
low-mass x-ray binaries (LMXBs). Various mechanisms could provide the spin-down torqueN
Bildsten originally suggested that a quadrupole moment in the spinning star could be induced
by a thermally varying electron capture mechanism, but also noted that the r-mode instability
(see, e.g.§6] for a review) could be excited, leading to a similar spin-down law. Whatever
the mechanism, accreting neutron stars are obvious and very attractive targets for observing
campaigns with GW detectors, particularly given that their sky positions are well known.

10 This rather large number of patches on the sky is driven by the possible need to search for high-frequency pulsars
over several months of observation. The differericé between the Doppler frequency shifts for two adjacent

sky patches separated by an antflés of orderAf ~ ve f36/c, whereve ~ 3 x 10*ms™! is the EarthOs orbital
velocity andf is the gravitational wave frequency. The phase error over an observatiofitigieof orderA f Tops.
Demanding that this be less than unity yieB#s< ¢/(ve f T). The number of independent sky patches is then

Np ~ 47802 ~ Amvd f2T3 J/c? ~ 10 for £ = 1000 Hz andT,ps = 1/3 year. Fewer positions would be needed

if either the maximum frequency or the integration time is reduced; the bgures given here set the maximum values
that are plausible. Se&(] for more details.

11 The so-called OrecycledO radio pulsars spin at frequens@eral hundred Hertz; they are believed to be the
fossils of accreting neutron stars.
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6.1.4. Stochastic backgroundsStochastic backgrounds are OrandomO GWs, arising from a large
number of independent, uncorrelated sources that are not individually resolvable. A particularly
interesting source of stochastic waves is the dynamics of the early Universe, which could
produce an all-sky GW background, similar to the cosmic microwave background3gee [
[89] for detailed reviews. Stochastic waves can be generated in the early Universe via a variety
of mechanisms: amplibcation of primordial Buctuations in the UniverseOs geometry via inRation,
phase transitions as previously unibPed interactions separate, a network of vibrating cosmic
strings, or the condensation of a brane from a higher-dimensional space. These waves can actually
extend over a wide range of frequency bands; waves from in3ation, in particular, span all bands,
from ultra low frequency to high frequency.

Stochastic backgrounds are usually idealized as being stationary, isotropic and homo-
geneous. They are thus characterized by their energy density per unit frequeged M This
is often parametrized in terms of the energy density per unit logarithmic frequency divided by
the critical energy density to close the Universe

1
peirdIn f ’

wherepgit = 3HZ/87G is the critical density andf, is the value of the Hubble constant today.
Different cosmological sources produce different levelS2gf( /), centred in different bands.

In the high-frequency band, waves produced by inf3ation are likely to be rather weak: estimates
suggest that the spectrum will be Rat across LIGOOs band, with magRifude10~*° at best

[90]. Waves from phase transitions can be signibcantly stronger, but are typically peaked around
a frequency that depends on the temperaluod the phase transitior8[, 91]:

T

Because of their random nature, stochastic GWs look just like noise. Ground-based detectors
will measure stochastic backgrounds by comparing data at multiple sites and looking for
OnoiseO that is correlated, P2]. For comparing to a detectorOs noise, one should construct
the characteristic stochastic wave strain,

h o 732/ Qqu(fAS, (6.7)

whereAf is the frequency band across which the measurement is made. For further discussion
and the proportionality constants, s&&8][ Note that if Q4,(f) is constant, this strain level
grows sharply with decreasing frequencyNthe most interesting limits are likely to be set by
measurements at low frequencies.

Early detectors will have fairly poor sensitivity to the background, constraining it to a level
Qgw ~ 5 X 107%in a band from about 100 to 1000 Hz. This is barely more sensitive than known
limits from cosmic nucleosynthesi8T]. Later upgrades will be signibcantly more sensitive,
able to detect waves witkeg,, ~ 1071°, which is good enough to place interesting limits on
backgrounds from some phase transitions.

ng(f) =

(6.5)

6.2. Low frequency

There is no hope of measuring GWs in the low-frequency ban® £0f < 1Hz, using a
ground-based instrument: even if it were possible to completely isolate oneOs instrument from
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Figure 3. Orbital conbguration of the LISA antenna.

local ground motions, gravitational coupling to RBuctuations in the local mass distribution
ultimately limits the sensitivity to frequencieg > 1Hz. Nonetheless, many extremely
interesting sources radiate in this band. The only way to measure these waves is to build a
detector in the quiet environment of space, far removed from low-frequency noise sources.

Such an instrument is currently being designed jointly by NASA in the United States and
ESA, the European Space Agency: LISA, the Laser Interferometer Space Antenna. If all goes
well, LISA will be launched into orbit in 2013 or so. LISA will be a laser interferometer, similar
in concept to the ground-based detectors: changes in the distance between widely separated test
masses will be monitored for GWs. However, LISAOs scale is vastly larger than that of its ground-
based cousins, and so details of its operations are quite different. In particular, LISA will have
armlengthd. ~ 5 x 10°km. The three spacecrafts which delineate the ends of LISAQs arms are
placed into orbits such that LISA forms a triangular constellation orbiting the sun, inclined 60
with respect to the plane of the ecliptic and following the Earth with‘d&§. This conbguration
is sketched in bgur@. Since it essentially shares EarthOs orbit, the constellation orbits the sun
once per year, OrollingO as it does so. This motion plays an important role in pinpointing the
position of sources by modulating the measured waveformNthe modulation encodes the source
location and makes position determination possible.

Each of the three spacecrafts contains two optical assemblies, each of which houses a 1W
laser and a 30 cm telescope. Because of the extreme lengths of the interferometerOs arms, Fabryb
Perot interferometry as in the ground-based detectors is not possible: diffraction spreads the
laser beam over a diameter of about 20 km as it propagates from one spacecraft to the other. A
portion of that 20 km wavefront is sampled with the telescope. That light is then interfered with
a sample of light from the on-board laser. Each spacecraft thus generates two interference data
streams; six signals are generated by the full LISA constellation. From these six signals, we can
construct the time variations of LISAOs armlengths and then build both GW polarizations. More
information and details can be found @3.

Note that the LISA armlengths are not constantNas the constellation orbits, the distances
between the various spacecrafts vary by about 1% (including effects such as planetary
perturbations). These variations are far larger than the displacements produced by GWSs, which
are of the order of picometers. However, these variations occur over timescales of the order of
months, and are extremely smooth and well modelled. It will not be difbPcult to remove them from
the data leaving clean data in the interesting frequency band. Picometer scale variations are not too
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difbcult to measure in this band by gathering photons for timescales 10 segd@hgsl1 day.
Even though the bulk of the laserOs emitted power is lost by diffraction, enough photons are
gathered on this timescale that the phase shift due to the GW can be determined.

The GW signals are actually read out by monitoring the position of the so-called
Ogravitational sensorQO on each optical assembly; in particular, the position of a Oproof massO
which [3oats freely and constitutes the test mass for the LISA antenna is monitored. Because it
is freely [3oating, the proof mass follows a geodesic of the spacetime. MicroNewton thrusters
keep the bulk spacecraft centred on these proof masses, forcing the craft to follow their average
trajectory. In this way, the spacecrafts are isolated from low-frequency forces that could impact
the ability to measure GWs (e.g. variations in solar radiation pressure).

We now take a quick tour through some interesting LISA sources.

6.2.1. Periodic emitters. In the high-frequency band, the source of most periodic GWSs is
expected to be isolated neutron stars. LISAOs periodic GWs will come primarily from binary star
systems in the Milky Way, primarily close white dwarf binaries. Most of these systems do not
generate waves strong enough to backreact signibcantly, so that their frequencies do not change
measurably over the course of LISAOs observations. Certain systems are well known in advance
to be sources of periodic waves for the LISA band. These sources are understood well enough
from optical observations that they may be regarded as OcalibratorsONLISA should detect them
or else something is wrong!

Aside from these sources that are known in advance, it is expected that LISA will discover
a good number of binary systems that are too faint to detect with telescopes. Joint observations
by LISA and other astronomical instruments are likely to be more fruitful than observations with
a single instrument alone. For example, it is typically difbcult for telescopes to determine the
inclination of a binary to the line of sight (a quantity needed to help pin down the masses of the
binaryOs members). GWs measure the inclination angle almost automatically, since this angle
determines the relative magnitude of the polarizationands,,.

The total number of periodic binaries radiating in LISAOs band is expected to be so large that
they will constitute a confused, stochastic background at low frequenciesNthere are likely to be
several thousand galactic binaries radiating in each resolvable frequency bin. This background
will constitute a source of OnoiseO (from the standpoint of measuring other astrophysical sources)
that is larger than that intrinsic to the instrument nois¢ & 10> Hz.

6.2.2. Coalescing binary systems containing black hol€nalescing binary black hole systems

will be measurable by LISA to extremely large distancesNessentially to the edge of the
observable Universe. Even if such events are very rare, the observed volume is enormous so
an interesting event detection rate is very likely. One class of such binaries consists of systems
in which the member holes are of roughly equal mass®PD16M ). These binaries can form
following the merger of galaxies (or pregalactic structures) containing black holes in their cores.
Depending on the mass of the binary, the waves from these coalescences will be detectable
to fairly large redshifts {~ 5D10), possibly probing an early epoch in the formation of the
UniverseOs structur@4].

The other major class of binary systems consists of relatively small bodies (black holes
with mass~10D100/¢, neutron stars or white dwarfs) that are captured by larger black holes
(M~10°P10Ms). These Oextreme mass ratioO binaries are created when the smaller body is
captured onto an extremely strong Peld, highly relativistic orbit, generating strong GWs. Such
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systems are measurable to a distance of a few Gigaparsecs if the in-spiralling bodyMs a 10
black hole, and to a distance of a few hundred Megaparsecs if the body is a neutron star or
white dwarf. LISA will measure the waves that come from the last year or so of the smaller
bodyOs in-spiral, and thence probe the nature of the larger black holeOs gravitational Peld deep
within the holeOs potential. The rates for such events are not too well understood and depend
on the details of stellar dynamics in the cores of galaxies. Extremely conservative estimates
typically Pnd that the rate of measurable events for LISA should be at least several per year
[95, 96]. Recent thinking suggests that these rates are likely to be rather underestimatedNblack
holes (which are measurable to much greater distances) are likely to dominate the measured rate,
perhaps increasing the rate to several dozen or several hundred pe&ear [

Finally, it is worth noting that many events involving intermediate mass black holesNthose
with masses in the band running from a fevé id®a few 10 Mo Nwould generate GWs in LISAOs
sensitive band. There is a large body of tentative evidence for the existence of black holes in this
mass band (see, e.@g for a review), though as yet we have no Osmoking gunO unambiguous
signature for such a hole. If such black holes do exist and undergo mergers in sufpbcient numbers,
measurement of their waves will make possible a wealth of interesting tests of relaBity [
and could untangle some of the mysteries surrounding supermassive black hole formation and
growth.

6.2.3. Stochastic backgroundsAs discussed in sectiofi.1.4 ground-based detectors can
measure a stochastic background by correlating the data streams of widely separated detectors.
LISA will use a slightly different technique: by combining its six data streams in an appropriate
way, one can construct an observable that is completely insensitive to GWs, measuring noise
only [100. This makes it possible to distinguish between a noise-like stochastic background and
true instrumental noise, and thereby to learn about the characteristics of the backg@Und [

The sensitivity of LISA will not be good enough to set interesting limits on an inRationary
GW background: LISA will only reaclq, ~ 10, about four orders of magnitude too large
to begin to say something about inRati@d]] However, LISAOs band is well placed for other
possible sources of cosmological backgrounds. In particular, an electroweak phase transition at
temperaturd~100D1000 GeV would generate waves in LISAOs band (cf equéin These
waves are likely to be detectable if the phase transition is strongly Prst order (a scenario that does
not occur in the standard model, but is conceivable in extensions to the standard @if)del [

6.3. Very low frequency

The very low-frequency band, 10 < f < 10~" Hz, corresponds to waves with periods ranging

from a few months to a few decades. Our best limits on waves in this band come from
observations of millisecond pulsars. First suggested by Sar@#hdnd then carefully analysed

and formulated by DetweilerlD3, GWs can drive oscillations in the arrival times of pulses

from a distant pulsar. Millisecond pulsars are very good OdetectorsO for measurements in this
band because they are exquisitely precise clocks. The range of frequencies encompassed by the
very low-frequency band is set by the properties of these radio pulsar measurements: the high end
of the frequency band comes from the need to integrate the radio pulsar data for at least several
months; the low end comes from the fact that we have only been observing millisecond pulsars
for a few decades. (One cannot observe a periodicity shorter than the span of oneOs dataset.) A
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recent upper limit derived from this technique 19g

Qgwhig < 9.3 x 1078, 4x10°< f<4x10°Hz (6.8)

(where the limit is a 95% conbdence limit amdy, is the Hubble constant in units of
100 km second! Mpc ™).

The upper limit 6.8) already places constraints on some cosmological models (in particular
those involving cosmic strings). With further observations and the inclusion of additional pulsars
in the datasets, it is likely to improve quite soon. It is possible that the background in this band
will be dominated by many unresolved coalescing massive binary black Hélg§pinaries
that are either too massive to radiate in the LISA band, or else are in-spiralling towards the
LISA band en route to a Pnal merger several centuries or millenia hence. Constraints from pulsar
observations in this band will remain an extremely important source of data on stochastic waves
in the futureNthe limits they can set ofg,, are likely to be better than can be set by any of the
laser interferometric detectors.

6.4. Ultra low frequency

The ultra low-frequency band, 18 < f < 10713Hz, is better described by converting from
frequency to wavelength: for these waves, 18, < A < Hyt, whereH; ! ~ 10 light years

is the Hubble length today. Waves in this band oscillate on scales comparable to the size of
the Universe. They are most likely to be generated during inf3ation: quantum RBuctuations in the
spacetime metric are parametrically ampliPed during in3ation to relatively high amplitude. The
RMS amplitude to which the waves are ampliPed depends upon the energgscafen3ation:

Eig\’
hrmsO(( nB) ) (6.9)

mp

wheremp is the Planck mass. Measuring these GWs would be a direct probe of in3ationary
physics and would determine the inf3ation energy scale, which is currently unknown to within
many orders of magnitude. These waves have been described as the Osmoking gunO signature of
inlRation [LOG.

During inRation, quantum Ructuations impact both the scalar beld which drives in3ation
(the in3atonp) and the metric of spacetime. There exist independent scalar Buctuations (coupled
Buctuations in the infRaton and scalar-type Ructuations in the metric) and tensor Buctuations
(tensor-type RBuctuations in the metric). The Fourier modes of these scalar and tensor perturbations
are describable as harmonic oscillators in the expanding Univé@sge Each mode undergoes
zero-point oscillations in the harmonic potential. However, the potential itself is evolving due
to the expansion of the Universe. The evolution of this potential parametrically amplipes these
zero-point oscillations, creating quanta of the P&d.[During inRation, the UniverseOs scale
factora(r) grows faster than the Hubble lengifi !, and so each modeOs wavelength likewise
grows faster than the Hubble length. The modeOs wavelength eventually becomes larger than the
Hubble length, or the mode Oleaves the horizonO. After inRation ends the mode subsequently re-
enters the horizon. For gravitational perturbations, the number of quanta generated in the mode
is proportional to the factor by which the Universe expands between the two different horizon
crossings. Fluctuations in the inBaton seed density Ructuatip(s,= 8¢ (7)(aV/d¢) (where

New Journal of Physics 7 (2005) 204 (http://www.njp.org/)


http://www.njp.org/

44 Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

V(¢) is the potential that drives the inRaton Peld). The tensor-type Buctuations in the spacetime
metric are GWSs.

Density Buctuations and GWSs both leave an imprint upon the cosmic microwave background
(CMB). First, each contributes to the CMB temperature anisotropy. However, even a perfectly
measured map of temperature anisotropy cannot really determine the contribution of GWSs very
well because of cosmic variance: since we only have one Universe to observe, we are sharply
limited in the number of statistically independent inlBuences upon the CMB that we can measure.
Large angular scales are obviously most strongly affected by this variance, and these scales are
the ones on which GW most importantly impact the CMB.

Fortunately, the scalar and tensor contributions also impact the polarization of the CMB.
These two contributions can be detangled from one another in a model-independent fashion.
This detangling uses the fact that the polarization tegg) on the celestial sphere can be
decomposed into tensor harmonics. These harmonics come in two Ravours, distinguished by their
parity properties: the OE-modesO or Ogradient-typeO harf)opi@s (which pick up a factor
(=1 underd — —i), and the OB-modesO or Ocurl-typeO harifpjgh) (which pick up a
factor(—1)** undem — —n). These harmonics are constructed by taking covariant derivatives
on the sphere of the OordinaryO spherical harmiopias; see [L09 for details. Because scalar
perturbations have no handedness, they only induce gradient-type polarization. GWs induce both
gradient- and curl-type polarization. Thus, an unambiguous detection of the curl-type polarization
would conbrm production of GWs by inf3ation. (A caveat is that gravitational lensing can convert
E-modes to B-modes; this so-called Ocosmic shearQ ultimately limits the sensitivity to GWs of
CMB polarization studiesl[1d.)

7. Conclusion

This paper has summarized many of the most important topics in the theory of GWs. Due to
space and time limitations, we sadly were not able to cover all topics with which students of
this Peld should be familiar. In particular, we had hoped to include a discussion of strong peld
relativity and GW emission. We conbne ourselves, in this conclusion, to a (very) brief discussion
of important aspects of this subject for GW science, as well as pointers to the relevant literature.

Linearized theory as described in sectichand5 is entirely adequate to describe the
propagation of GWSs through our Universe and to model the interaction of GWs with our detectors.
In some cases, it is even adequate to describe the emission of waves from a source, as described
in section4 (although for sources with non-negligible self-gravity such as binary star systems,
one has to augment linearized theory as described in set@prHowever, many sources have
very strong self-gravity where the linearized treatment is completely inadequate. A variety of
formalisms have been developed to handle these cases.

e Post-Newtonian (PN) theory. PN theory is one of the most important of these formalisms,
particularly for modelling binary systems. Roughly speaking, PN theory analyses sources
using an iterated expansion in two variables: the Ogravitational poteptial/ r, where
M is a mass scale amatharacterizes the distance from the source; and velocities of internal
motion, v. (In linearized theory, we assungeis small but place no constraints an)
Newtonian gravity emerges as the pbrst term in the expansion, and higher-order corrections
are found as the expansion is iterated to ever higher order. Our derivation of the quadrupole
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formula in sectiond.2 gives the leading order term in the PN expansion of the emitted
radiation. See BlanchetOs recent revieWd][and references therein for a comprehensive
introduction to and explanation of this subject.

Numerical relativity. Numerical relativity seeks to directly integrate EinsteinOs equations on
a computer. Ideally, we would like to use a well-understood model of a GW source (e.g.
a binary system in which the beld strengths are small enough that it is well described by
post-Newtonian theory) as Qinitial dataO, and then numerically evolve the Einstein equations
from that point to some Pnal equilibrium conbguration. The form in which we normally
encounter EinsteinOs equation in textbooks is not well suited to this taskNthe coordinate
freedom of general relativity means that there is no notion of OtimeO built into the equation
G . = 8nT,,. One must introduce some notion of time for the concept of Qinitial dataO to
have any meaning. The four dimensions of spacetime are then split into 3+1 dimensions
of space and time. Having made this choice, EinsteinOs equations take on a particular form
which is amenable to numerical computation.

We recommend the reviews of numerical relativity by Lehiddi] and by Baumgarte
and Shapiro37]. For the purpose of our present discussion, it sufpces to remark that it has
proven to beextremelydifbcult to model some of the most interesting and important GW
sources. In particular, the bnal stage of binary black hole mergersNregarded by many as
the OHoly GrailO of numerical relativityNhas proven to be quite a challenge.
Perturbation theory. In some cases, GW sources can be modelled as nearly, but not quite,
identical to some exact solution of the Einstein bPeld equations. For example, the end state
of a binary black hole coalescence must be a single black hole. As we approach this Pnal
state, the system will be well-modelled as the Kerr black hole solution, plus some distortion
that radiates away. Another example is a binary consisting of a stellar mass compact body
orbiting a massive black hole. The binaryOs spacetime will be well described as a single
black hole plus a perturbation due to the captured body. These cases can be nicely described
using perturbation theory: we treat the spacetime as some exact backggBumdus a
perturbatior,,:

8ab = gaBb + hab' (71)

We are in the perturbative regimeljié,, || /|| g, | < 1. This system can then be analysed by
expanding the Einstein equations for this metric and keeping terms to brst ofdg(see
sectionb.1 for details but without the matter source terms included).

This approach has proven to be particularly fruitful when the background spacetime
is that of a black hole. For the case of a Schwarzschild background, the derivation of the
full perturbation equations is rather straightforward; Rezzolla gives a particularly compact
and readable summary13. Perturbations of Kerr black holes are not nearly so simple
to describe, largely due to the lack of spherical symmetryNexpanding the metric as in
equation (7.1) does not prove to be so fruitful as it is in the Schwarzschild case. Somewhat
miraculously, it turns out that progress can be made by expanding the curvature tensor: by
expanding the Riemann tensorRs., = RS, , + SR, and taking an additional derivative
of the Bianchi identity,

veRabcd + VdRabec + VcRabde = O, (72)

one can derive a wave-like equation for the perturbaii®y.,. This analysis was originally
performed by Teukolsky; see his original analydi$4] for details.
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Appendix A. Existence of TT gauge in local vacuum regions in linearized gravity

In this appendix, we show that one can always bnd TT gauges in local vacuum regions in
linearized gravity. More precisely, suppose thias a connected open spatial region angdz;)
Is an open interval of time. Then one can bPnd a gauge on the prédects, t;) x V that
satisbes, = h,; = §Vh;; = 9;h;; = 0, as long ag},;, = 0 throughoutr.

The proof involves a generalization of the gauge-invariant formalism of sezi#io Pnite
spacetime regions. We debne a decomposition of the metric perturbgtioerms of quantities
o, Bir v, hl.TjT, H, g; andA using the same equatioria29b@.35 as before. However we replace
the boundary condition2(36) with

mwzﬁﬁww, (A.1)
Moy =0, (A.2)
(VM) ov = Hpy, (A.3)
mx@W:Zmexmw, (A.4)

wheren is the unit outward-pointing unit normal @’. The reason for this particular choice
of boundary conditions will be explained below. These boundary conditions debPne a unique
decomposition of the metric withiR.

Next, we compute how the variablgsg;, y, h,.T,.T, H, ¢; anda transform under general gauge
transformations. We use the same parametrizafldv) of the gauge transformation as before,
except that we impose now the boundary conditign, = 0. We bnd that the transformation

laws 2.38DR.44) are replaced by the following equations which contain some extra terms:

¢ — ¢ — Al (A.5)
Bi— B — Bt — o, (A.6)
y—>y—A—0+y, (A7)
H — H —2V?C, (A.8)
A — A—2C, (A.9)
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g —> & — 2B; + 2n; — 2(t — 10)9;Y, (A.10)
LT — b1 — 200n; + 20t — 10)3;9;9. (A.11)

Here v is the time-independent, harmonic function debnedBy = 0 andvysy = Ajgy.i—r-
Similarly »; is the time-independent, harmonic transverse vector dePned?py= 0 and
(m X n)jy =n X By 1.

We debne the variableb, ® and E; by the same equation2.45P@.47) as before. From
the transformation lawsA(5)D@.11) these variables are still gauge-invariant, Whhif}é( is no
longer gauge-invariant in the present context. Next, imposing the linearized vacuum Einstein
equations using the expressio@59DR.61) yields

V20 =0, V2E; = —20,0, Vo =30 (A.12)

in V. The boundary condition&\(1)DA.4) together with the debnition2 @9P.47) imply that
the boundary conditions on the gauge-invariant variables are

CI)|3V = ®|3y = El‘.av =0. (A13)

(This is why we choose those particular boundary conditions.) Therefore, all the gauge-invariant
variables vanish® = ® = E' = 0inR.

It is now straightforward to show that one can choose a gauge in whiel;, = y = H =
¢; = » = 0. From the transformation law& G)DA.11), we can choos€ to makei = 0, choose
Alto makep = 0 and choos@®! to makes; = 0. The residual gauge freedom is then parametrized
by functionsA and B; that are time-independent. Next, from equatidri@) together with the
debnitions 2.45D@.47) it follows that

0=0=1H, (A.14)
0=d=-294 (A.15)
0=g; = —1§. (A.16)

Thus the only remaining non-zero pieces of the metric other than the TT piegearés;,

and these are both time-independent. Finally, we can use the residual gauge freedom given by
time-independent function$ and B; to sety ande, to zero, by equationg\(7) and @.10). (For

this purposed and B; will vanish onaV, by equationsA.1) and A.4), soy andn; vanish.)
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