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Abstract. The controlled interaction between a single, trapped, laser-driven
atom and the mode of a high-finesse optical cavity allows for the generation of
temporally separated, entangled light pulses. Entanglement between the photon-
number fluctuations of the pulses is created and mediated via the atomic center-
of-mass motion, which is interfaced with light through the mechanical effect of
atom—photon interaction. By means of a quantum noise analysis we determine
the correlation matrix which characterizes the entanglement as a function of
the system parameters. The scheme is feasible in experimentally accessible
parameter regimes. It may be easily extended to the generation of entangled
pulses at different frequencies, even at vastly different wavelengths.
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1. Introduction

The increasing interest in realizing quantum networks by means of atoms and photons has raised
the issue of achieving full coherent control of atom—photon interactions. Photonic interfaces
with atomic ensembles, namely, with a macroscopic number of atoms, have been explored in
several milestone experiments, which demonstrated the generation of single photon sgurces [
two-mode squeezing in the polarization of emitted ligt}f aftomic memory for quantum states

of light [3]-[5], entanglement of remote ensembl&$ §nd teleportation between light and
matter [7].

Complementary to this approach, photonic interfaces using single atoms can take
advantage of the large level of control that can be achieved on the atomic internal and external
degrees of freedom. For instance, in microwave cavity QED, quantum state and entanglement
engineering using single atoms have been demonstratéil [n the optical regime, milestone
experiments demonstrated the realization of a one-atom |&8¢et ]|, revealed the mechanical
forces of single photons on single atomi]f[14], achieved the controlled interaction of a
trapped ion and a cavitylp, 16], yielding single-photon generation on demaad]H19], and
characterized the entanglement between a single atom and its emitted pb@t@d][ This
latter step was instrumental for establishing entanglement between two distant trapped particles
by projective measurement of the emitted phot®?.[Most recently, reversible quantum state
transfer between light and atoms in a cavity has been experimentally demons@iddhgse
results constitute relevant progress towards the realization of quantum networks with single
atoms P4, 25].

A possible implementation of quantum networks with continuous varial@ésusing
single atoms as interfaces requires the controlled interaction of light with the atomic external
degrees of freedom, which exploits the mechanical effects of light—atom intera@igng2P).

Using these concepts, in a recent proposal we predicted that a single atom, confined inside
a resonator, can act as a quantum medium, generating quantum correlations in the emitted
light [30, 31]. Such correlations can be two-mode squeezing types of correlations, which for
bipartite Gaussian systems are synonymous of EPR-entangleP@e&2]. In particular, under
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Figure 1. A trapped atom is confined by a harmonic potential of frequancy
inside a resonator. The atomic dipole is driven by two temporally separated
laser pulses, whose intensity as a function of time is displayed at the bottom,
and which couple with a cavity mode at frequency The intensities of the

two emitted pulses at the cavity output are shown as a function of time. In
this paper we show that, in a suitable parameter regime, they exhibit quadrature
entanglement.

suitable conditions, two classical light (laser) pulses, temporally separated at the input, exhibit

two-mode squeezing types of correlations at the output of this kind of device, as sketched in

figure 1. In this case, the quantum state of the atomic motion serves as intermediate memory
which mediates the entanglement between the first and second pulses at the cavity output.
Variation of the laser parameters driving the atom allows the degree of entanglement between
the pulses to be tuned.

In this work, we analyze the efficiency of the proposal for temporally separated entangled
pulses with single atoms3(, 31] by using a quantum Langevin equation description. This
description permits us to determine the correlation matrix and hence the amount of entanglement
one obtains using experimentally accessible parameter regimes. We show that this proposal is
viable to existing experiments, hence providing an important step towards continuous-variable
photonic interfaces with single atoms. We remark that here the atom acts as a source of
continuous variable (CV) ‘time-bin’ entangled pulses, which could be an alternative solution
for secure communicatior3f] with respect to those employing single-photon qubi&ljjand
references therein).

This paper is organized as follows. In sectidnthe model determining the system’s
dynamics is introduced, and the quantum Langevin equations for the coupled dynamics between
atomic motion and the cavity mode are derived. In sec8pthe corresponding correlation
matrix for the two propagating correlated pulses is determined and the degree of entanglement
characterized. In sectiod, entanglement is discussed as a function of the experimental
parameters. The conclusions and outlook are presented in sBctod the appendices report
details of the derivations in secti@and sectiors.
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2. Theoretical description

We summarize the basic concepts at the basis of the proposal for the creation of pairs of
temporally separated, CV entangled pulses. Let us consider a single atom in a harmonic trap
of frequencyv and confined inside a resonator, in the set-up sketched in figuret b, b'

be the annihilation and creation operator of an excitation of the quantized motion inside the
trap. The atomic dipole couples with a cavity mode at frequesgyvhich is far-off resonance

from the dipole frequencyw,. We denote bya, a' the annihilation and creation operator of

a cavity photon. A first laser pulse at frequengy~ w. + v illuminates the atom in the time
interval [0, T1]. In this regime, the simultaneous emission of a cavity photon and of a vibrational
guantum of the atom is resonantly enhanced, see fig{@g and the relevant dynamics are
described by the effective Hamiltonian

H® =ihx,a’b+h.c., (1)

where x; is the transition amplitude of the resonant process. This Hamiltonian describes an
interaction giving rise to two-mode squeezing, i.e. CV entanglement between the center-of-
mass oscillator and the cavity mode. If the pulse is implemented for a sufficiently short time, so
that photon leakage out of the cavity has negligible effects and the dynamics can be assumed to
be coherent, at the end of the pulse the cavity mode and the atom’s vibrational motion will be
entangled. Cavity decay will give rise to a propagating pulse, whose photon number is quantum-
correlated with the vibrational phonon numb28[29].

We then assume that at a timle> T, a second laser pulse tuned to the frequency
w. >~ w. — v drives the atom until the tim&,. In this regime, one has resonant enhancement
of the emission of a cavity photon with the simultaneabsorptionof a vibrational quantum,
see figure2(b). The effective dynamics is described by the Hamiltonian

H® =ihy,a'b+h.c., (2)

wherey; is the transition amplitude of the resonant process. Again, we assume that cavity decay
can be safely neglected, so that the dynamics is coherent. When the pulse difation — T

is appropriately chosen, the quantum state of the center-of-mass motion at ncempletely
transferred to the cavity mode at timie. Consequently, by cavity decay a second pulse at the
cavity output will be generated, which is entangled with the first @de31].

This proposal is based on the assumption that during the laser pulses the dynamics is
essentially described by the effective Hamiltonidh énd @), while detrimental effects like
atomic spontaneous emission, vacuum optical input noise entering the cavity and fluctuations
of the trapping potential can be neglected. These assumptions are justified in certain parameter
regimes, which have been discussed 39, [31]. The scope of this work is to explore the
robustness of the scheme when detrimental effects are small but canagiriogi neglected
in the dynamical equations. For this purpose, in this section we adopt a quantum Langevin
equations treatment, taking into account all sources of noise. This permits us to determine the
correlation matrix for the generated pulses, which are discussed in s&ctim to quantify
their degree of entanglement for a wide range experimental parameters, as shown imMsection

2.1. The system

We consider an atom of masg whose center-of-mass motion takes place essentially in one-
dimension (1D). We assume, in fact, that the radial potential is sufficiently steep, so that the
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Figure 2. Relevant energy level and resonant transitions during the two pulses.
Here,|g) and|e) denote ground and excited states of the atomic dipole transition
with linewidth y, n. the number of cavity photons, ang,.. the number

of vibrational excitations. (a) First pulse: the laser is detunedAQyfrom

the dipole, and by; = v from the cavity mode, driving resonantly the two-
photon transitiong, Nmee Nc) = |9, Nmec+ 1, Nc +1). These processes generate
two-mode squeezing between the cavity and the motion. (b) Second pulse: the
laser is detuned by, = A; — 2v from the dipole, hence driving resonantly the
two-photon transitiong, Nmee Ne) — |9, Nmec— 1, Nc +1). Choosing the pulse
duration properly, quantum-state transfer between motion and cavity mode can
be achieved, se@7, 28]. Note that by varying the frequency of the second laser
pulse and/or the atomic transition which it excites, the two output pulses can be
at different frequencies or wavelengths.

radial motion can be considered frozen out. Let the motion be along-theés, and letx, p
be the position and momentum of the atomic center-of-mass. The center-of-mass is a harmonic
oscillator with angular frequenay, whose Hamiltonian reads

Hmec=hv (b'b+3), (3)

wherex, p are related to the annihilation and creation operaboesd b' of a quantum of
vibrational energyhv by the relationsx = /h/2mv(b+b") and p = i./hmv/2(b" —b). The

relevant atomic internal degrees of freedom are the ground |sfatend the excited state),

which form a dipole transition with momedtand frequencyy. The transition couples to one
optical mode of the cavity at frequeneay. and to the laser, a classical field, which is a pulsed
excitation whose central frequenegy is tuned from one pulse to the next. We define our model

in the reference frame rotating @t, remembering that the frequency changes from the first to

the second pulse, and the two reference frames are hence related by a global time-dependent
phase. In the reference frame rotatingpathe total Hamiltonian is = H, + H + Hi.. Here,

is the atomic Hamiltonian witlh = w; — wg, while
H.= —hsa'a ()
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describes the dynamics of the cavity mode, with w_ — w.. The coupling between the atom
and the fields is described by

Hine=h (c"B(t) +o B'(1)), (6)

whereo = |g)(e| ando ' = |e)(g| denote the dipole lowering and raising operators &b

is the operator for the field degrees of freedom, which we decompose into laser and cavity
componentsB(t) = By (t) + B.. The cavity term isB; = g, cogkx cosd. + ¢)a, whereg, is the
coupling strength and the cavity mode wave ve&t¢t = |k|) forms an angl®. with the axisx

of the motion. The anglé. takes into account the position of the trap center inside the cavity.
From now on we will assume that the atomic motion is in the Lamb-Dicke regime, such that
the atom—photon interactions can be expanded at second order in the Lamb—-Dicke parameter
n = ky/h/2mv. In this limit term B, takes the forrh

2
B. = gc COSp.a (1 — % cog 6.(2bTh + 1)) — 1 €0SA:0e Sinpeab’+b).  (7)

The laser term isB, (t) = Q(t)g<*¥ whereQ(t) is the (slowly varying) Rabi frequency
andé, is the angle between the direction of propagation of the laser and the trap axis. In the
Lamb-Dicke regime, this operator reads

2
BL(t) = Q(t) (1 — % cog 6, (2b'b + 1)> +inS2(t) cosd, (b' +b). (8)

2.2. Quantum Langevin equations

The full dynamics of the system must take into account the coupling with the environment,
which is here represented by the dipole fluctuations, giving rise to spontaneous emission, by
vacuum fluctuations at the cavity input, giving rise to cavity decay, and by fluctuations of the
trapping potentials, which are responsible for damping and loss of quantum coherence of the
center-of-mass motion. Cavity decay is described by the Markovian noise opgtétprwhile

the heating due to the fluctuations of the trap potential is described by the phenomenological
Markovian input noise operatdr™(t) acting on the atomic motion. These two noise sources
are mutually uncorrelated and have zero mean value, and their only nonzero second-order
correlation functions are

@"®a"t)h) =8t —t), (9)
B"OL"M)) = (N+1) 8t —t), (10)
(b"(®)Tb" (")) = N§(t —t), (11)

whereN is the mean thermal vibrational number of the effective thermal reservoir coupling to
the atom center-of-mass motion. We denotecpyhe damping rate of the vibrational motion.
Pure heating corresponds to the limitigf— 0, simultaneously with an infinite temperature
of the associated effective reservoir, i.— oo, with 2,N = «p,, the heating rate, kept
constant 37].

4 Note that equation’f and @) are first order in the Lamb-Dicke parameter; nevertheless, we have also included
the termn?(2b’b + 1), which belongs to the second-order expansion. This term gives rise to ac-Stark shifts induced
by the field, which should be systematically taken into account when one considers transition rates between
vibrational states (which are at second order)inSee for instance3p, 36].
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The input noise terms associated with spontaneous emission are more involved because
the latter affects both the internal and the motional degree of freedom of the atom, due to
the presence of recoil. This effect has been neglected in the analysis preserdgdwhich
focused on the cw-generation of entangled light, and will be systematically taken into accountin
this work. For this purpose, the corresponding Langevin force must be defined. At second order
in the Lamb-Dicke parameter the Langevin force operatéi(t) associated with spontaneous
emission is given by (see also its detailed derivation in appehylix

2
Fit) = ﬁ/ d cos9/ N (cosd) f"(t) (1 — % cog6(2b'b+1) +incosh (b + b)) : (12)

wherey is the spontaneous emission rate of le\@| and NV (cos9) is the dipole pattern of

emission, such thaf d cosf A'(cosd) = 1. The integral is over the angtebetween the wave

vector of the emitted photon and the axis of the motion, &fidt) are the zero-mean, angle-
dependent Langevin forces, with the only nonzero correlation function

(PO £, (1)) =80 —0)8(t — 1), °)

It is convenient to isolate the zeroth-order term in the Lamb—Dicke parameter in equigjon (
and to rewriteF (t) as

F(t) = f"(t) + Fu(t), (14)
with the zeroth-order term

fint) = / d cos9/ N (cosh) f"(t) (15)
possessing the correlation function
(Fh () =8t —t). (16)

The termF(t) = F(t) — f™"(t) is hence at higher order . We shall see that spontaneous
emission noise is essentially described i8(t), because the higher order teffg (t) gives a
negligible contribution to the Langevin equations in the parameter regime considered in this
work (see appendiB).

In the frame rotating at the laser frequency the quantum Heisenberg—Langevin equations
(HLE) of the system readp]

alt) = (is — )a(t) +io (t) [B'(t), a(t) ] + v2ca" (), (17)

b(t) = —ivb(t) +io (t) [BT(t) + FT(t), bt)] +io (1) [B(t) + F (1), b(t)] — kpb(t) + v/26pb™ (1),
(18)

&(t) = [iA _ %] o (t) +io,(t) (B(t) + F (1)) , (19)

&, (t) = 2o (t) [B'(0) +F ()] — 2ic (1) [Bt) + F(1)] — ¥ (02() + 1) /2,  (20)

whereo, = 0’0 — oo andk is the decay rate of the cavity mode.

In the cases we are going to consider, both lasers as well as the cavity mode are tuned far-off
resonance from the dipole transition, i.A| > 2, g, |8], y. In this regime, the atomic internal
degrees of freedom can be eliminated in the second-order perturbation theory. Hence, we
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neglect the time evolution ef,, equation 20), and approximate,(t) ~ —1. Correspondingly,
equation {9) becomes

6(t):—(%—iA)a(t)—iB(t)—iF(t), 1)

whose formal solution is
t
o(t) = e (/27105 (0) —j / dse™(7/2-128[B(t —s) + F(t —9)]. (22)
0

We insert solutionZ?2) into the other HLE and neglect the transient term as we are interested in
the dynamics at times which are much larger tham1. The resulting HLE for cavity and trap
oscillators are

t
a'(t)=—isa'(t) — / ds e (/285 [BT(t —s) + FT(t —5)] [B(t), a'(1)]
0

—kal(t) +v2ca(t), (23)

t
b(t) = —ivb(t) +/ dse (/2718 [B(t —s) + F(t — )] [BT(t) + F'(t), b(t)]
0

t
— f ds e (/2408 [BT(t — )+ FT(t —9)][B(t) + F(t), b(t)]
0

— kpb(t) + v/ 26pb"™ (1), (24)

where we have not taken care of operator ordering, since, as we shall see, within the validity
limit of our treatment these integral terms will generate only linear contributions. We now
determine the solutions of these equations for the dynamics during the first pulse, between the
pulses, and during the second pulse.

2.2.1. Dynamics during the first laser pulsé@le first consider the dynamics during the first
pulse, i.e. in the time interval € t < T;, where we assume a square laser pulse with central
angular frequencyw ; and constant Rabi frequendg(t) = 2, during this time interval.
Correspondingly, we denote by = A; andd = §; the detuning of the laser from the atomic

and cavity frequency. We assume that the laser is far-off resonance from the atomic transition,
i.e. Aj is negative andlA;| > 1, g, . The laser frequency is tuned to the valug >~ w. + v,
namely, the cavity mode is resonant with the Stokes motional sideband of the laser light. This
condition allows to establish a parametric-amplifier type of interaction between the cavity
mode and motion, which is selectively enhanced provided that the Stokes sideband is spectrally
resolved, namely, whenT; > 1 andv > «, k. In particular, we take into account the presence

of ac-Stark shift$v, due to the mechanical coupling with laser and cavity modes, by tuning
the laser frequency to the value

ol =wctV, (25)

and hencé; =/, withv' = v +§v ands; = §; — &', ands” accounts for possible ac-Stark shifts
due to off-resonant couplings. The valuesofis determined in a self-consistent way, which is
extensively discussed in appendixsee also35].

Starting from equations2@) and @4), in this parameter regime we derive the effective
HLE, which describe the coherent interaction between the cavity mode and the vibrational
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motion during the first laser pulse, in the presence of losses and noise processes due to
spontaneous emission, cavity decay and vibrational heating. For later convenience, we study
the equations in the reference frame rotating at the cavity-mode frequency, which is obtained

from the reference frame of the laser frequency by the transformation

ar) =€"a'(), (26)

b(t) = €"h(t). (27)
In this reference frame, the HLE read

a'(t) = x;B(t) — (k +x1) A1) + V2cd™ (1) + V20 @™ (1), (28)
Bt) = 2 (1) — (o + K% — °5) B(t) + /255" (1) + V225,80 (1) — V26,8 (1) (29)

The equations are second order in the Lamb-Dicke parameter, and have been obtained by
neglecting off-resonant terms. The steps of the derivation are reported in appendix

We now define and discuss each term appearing in the equations. The effective coupling
between motion and cavity mode is

ngé COS¢C

n—
1

and corresponds to the Raman processes in which laser photons are scattered into the cavity

mode with a change in the center-of-mass excitation. The new noise operators appearing in
equations28) and @9), a}(t), are defined as

an) = fM)e ™", (31)
an) = f")e"t, (32)

and describe the coupling with external optical modes due to the photons scattered by the atom.
They possess the same correlation functions of the spontaneous emissiohmjsand at the

time scales of interesi,t > 1, they are uncorrelated from each other. These noise components
affect both the cavity mode and the vibrational motion. In particd() describes quantum

noise associated with incoherent scattering by the atom of a cavity photon into the external
modes at rate

Y1 = (COSA, +i tang, cost,) , (30)

_ v 1Gcl*cos ¢c
C2y2/A+ (A —v)?
while the corresponding input noise scales with

~ _ Y Qccoséc
L= \/;y/2+i(A1—v’)’ (34)

wherex, = |« |?. The two noise terms in equatiorlj and 32) also affect the atom’s motion
due to the mechanical effects of the scattering of laser photons. The incoherent change of
vibrational quanta due to scattering of laser photons takes place at rates

Kb:nzz |21)%2 cos 6,
T 2y2/4+ (A £ V)

(33)

KL

(35)

5 The rates in equatiorBp) can be put in relation with the cooling and heating rates of the rate equations of
cooling, see39]. In particular, forA <0 then/cEl > KEl and in this case, in the absence of the cavity coupling, the
motion would be cooled.
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while the corresponding termi& ; scaling the input noise are given by (see appeBix

-b . Y €2, cosH,.

et n\/;y/Z:Fi(Alzlzv’)’ (36)
so thatc®, = |£2,]2. The formal solution of equation&®) and @9) at timet = T, reads

a'(Ty) = g_1(T)&A(0) + x; f1(T1)b(0)

T
s [ ds 1Ti—9) [V2687(9) + V2a0s) - V22,3 (9)]

0

T1
+ f ds g 1(Ty —9) [«/ﬂai“(s) +~/§ELé‘E*(S)] , (37)
0

b(Ty) = x1 f2(T)E"(0) + g+1(T1)D(0)
+ f ds G (Ts — ) [v/2aali"(s) +v2e8,80(S) — V2, ()|
0

- " f(T—9) [ 2can(s) + «/ZELQTT(S)} , (38)
where we have intr(é)duced the time-dependent functions

gu1(t) = e st [cost(@lt) + K9_110 sinh(@lt)] , (39)

fi(t) = e‘“lste—l1 sinh(6.t), (40)

and the parameters

Ktk +/<b+1<£’1—/<E1

Kis = 2 , (41)
1o — Kt KL sz K1 /c_l’ (42)

01:\/ |X1|2+K120- (43)

Equations87) and 38) describe the dynamics of the coupled motion and cavity mode during the
first pulse in the presence of quantum noise. By setting all noise terms toczegcs O, they
reproduce the well-known coherent two-mode squeezing dynal@#swWhere entanglement
monotonically increases as a function of the interaction fimé&he presence of quantum noise
sets a limit to the establishing of these dynamics.

2.2.2. Dynamics between the two laser pulsés.the time interval,T; <t < T, the laser is

turned off and consequently there are no resonant photon scattering processes which couple the
cavity mode and the atom’s vibrational motion. The HLE describing the system without laser
excitation can be obtained immediately from equati@8 &nd 9) by setting2; = 0 and thus

x1= K2, =", =0. The resulting HLE are given by

A(t) = — (i + kL) A(t) + V2ca@"(t) + /2, a" (1), (44)
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b(t) =i87b(t) — kpb(t) + v/ 26,b" (1), (45)

where off-resonant coupling between motion and cavity mode is neglected? amdefined

in appendixB. This latter term is due to the definition of the reference frame rotating at
frequencyv’, which compensates the laser-induced ac-Stark shift on the motion: in the absence
of the laser, this component of the frequencys unbalanced. The assumption of neglecting
off-resonant coupling between motion and cavity mode is justified when the cavity-mode wave
vector is orthogonal to the axis of the motion, and thus there is no mechanical coupling. In
general, it is valid at zero order in the expansion in the small paramgter./|w. — wol,

which hence imposes a condition on the integration fimender which equationgld) and @5)

are valid. The solutions of equation®4j and @5) are

T
é(T) — e_(K+KL)(T—T1)é(Tl) + dse—(lc+/c|_)(T—S) [ ZKé.in(S) +\/§K_iéT (S):| ’ (46)

T1
.
B(T) = = T-TORT,) + /2, / dsei¥1—)(T-9)Gin(g) (47)
T1

whered(T,) andb(T,) are given by equation37) and @8). They yield the observables of
interest at timeTl, before the second laser pulse is switched on.

2.2.3. Dynamics during the second laser puls&’e now consider that in the time interval

T <t < T, asquare pulse of constant Rabi frequefiay) = 2, and central angular frequency

w2 Illuminates the atom. We denote By= w,, — w¢, and A, = w > — wg the detuning of the

laser frequency from the cavity mode and the dipole transition, respectively. In the limit in
which processes where absorption of a laser photon and of a phonon are resonant with emission
of a cavity photongw,, ~ w; — v, we derive the HLE from equation&7)—(20), describing the
interaction between the cavity mode and the vibrational motion during the second laser pulse,

in the presence of losses and noise processes due to spontaneous emission, cavity decay, and
vibrational heating,

A(t) = xaB(t) — (ke +x0) &t) + V2ica™ (1) + V25 AN 1), (48)
B(t) = —yza(t) — (i + 1% — k,) B(t) + /2D (1) + /22,80 (1) — v/2:° ,a™ (1), (49)

where parameterg, and«®, are found fromy; and«®, by replacingQ; — Q», 8; — 8, and
A1 — A in equations30) and @3). The details of the derivation are reported in apperlix
The solutions of equationg®) and @9) at the end of the second pulses T,, read

a(T2) = g_2(To— THA(T) + x2 f2(T — THB(T)
T
e | ds BT —9) [V265"(9) + V2e,al(s) — v2e (9|

T

+ f ds g o(To—9) [\/2Ka'”(s) + ﬁ;&ié‘f(s)] , (50)
:

New Journal of Physics 10 (2008) 033025 (http://www.njp.org/)


http://www.njp.org/

12 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

b(T) = — x5 f2(To — T)A(T) + Gea(T2 — THD(T)
T
+ f ds gia(T, — S) [,/szﬁin(s) +/2i,8N(s) — @EZaTT(s)]
g

2 TT2 ds (T, —9) [@a‘“(s) + /2 & (s)] , (51)
where we have introduced

gua(t) = e¥ost [Cos(ezt) + % sin(ezt)] , (52)

fo(t) = e—KZStQ—l2 sin(6st), (53)
and

as = KT Kb2+ il (54)

oop = T~ = Gt (55)

02 = \/ Ix2l? — Kkp. (56)

Equations §0) and 61) give the cavity mode and motion at the end of the second pulse. Setting
all decay and noise sources to zero, we recover the ideal polariton dynamics during the second
pulse, namely a periodic dynamics at frequepgy. Ideally, then, the states of the motion and

of the cavity mode are swapped wh&n— T = 8T, such that x,|8 T, = (2¢ + 1)1 /2, with ¢

an integer. At these values the functibnreaches its maximumf,2(8T2°)|K;j=0 =1, whileg_,
vanishesg,z(éTZO)IK;jzo = 0. The effect of decay and noise is to damp the oscillators, hence
to modify the oscillation frequency and the behavior of functidasg_,. In particular, the
maximum value off,(t) is always smaller than unity, and the maximafgfdo not occur at

the same instants of time in whigh,(t) vanishes. We optimize the process by setlipg- T

such that it fulfills the conditiog_»(T, — T) = 0. Denoting bys T,"' = T, — T the time interval
fulfilling this condition, it satisfies the relation

1 %
ST = = arctan—= . (57)
2 K2p

3. Quantifying the entanglement between the two pulses

The two time-separated pulses at the cavity output can be considered as two independent modes,
even if they originate from the same intracavity field at different times. In fact, the output field
a!(t) is related to the intracavity fielé(t) by the input—output relatiorBp]

a%U(t) = v2ca(t) — a"(t) (58)
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and it is characterized by the commutation relati@ft[t), &°“(t")"] = §(t —t’). In order to

have a quantity directly related to the detected field, we define the following integrated output
field over a generic measurement timg[40],

t+Tm

out(t Tm) ~out(t/). (59)

)
The field operatorsa®it, T,,) form a class of dimensionless bosonic operators,
[at, Ty, a ~"m(t Tw)] = 1, and they commute, i.e. they describe independent modes, as soon
as they do not temporally overlap, that @4t, Ty, & '(t’, T)] = 0 whenevert —t'| > T
The two output pulses we are interested in are therefore those associated with the operators
as(Ty, T) anda®™(T,, Ty). In the present scheme the two pulses are temporally separated and
therefore it is natural to considé&f, < T — Ty, which automatically warrants the independence
of the two integrated output modes.

In order to characterize the entanglement between the two pulses, one usually considers
the amplitude and phase quadratures of the two independent modes, which are in this case

aV‘OUt(-I-j ’ Tm) + aV'OUt(-I-j ’ Tm)T

XOUYT;, T) = 7 : (60)
&°U(T;, Tr) — &°UY(T;, T
POUtT',T — /> 'm o °m , 61
( J m) I\/z ( )
and construct the correlation matrix
Vk(?ut _ (SI?UISIOM-; §|OUI§|?Ut> | (62)

where we have defined the 4D vector

EOULT = [ XOU(Ty, T), POUY(Ty, Tn), XOU(T2, Ton), POUY(T2, T }

In equation 62), the averaging corresponds to taking expectation values with respect to the
initial state of the systerandthe environment. We now proceed in determining its elements.

We use the definition in equatiof9), the input—output relation of equatiofd), and the
explicit solution fora(t) in the two relevant time interval§;; <t < T;+ Ty, j =1, 2, which
is given by equation46), and get the following expression of the integrated output fields as a
function of the intracavity fields at the end of the pul&€$;) and of the input noise:

(T}, Tw) = a(T)&(Ty) +n"™ (T}, o), (63)

with the factor

2% [1 _ e—(K+KL)Tm]

Tm K+

a(Tm) = (64)

and the input noise term

Ty+Tm
(T, Tm) = / T O [”_"L 2 e-<K+KL><TJ+Tm—t>}

m Ktk Ktk

A (Tt Tm 1 @ (k+kL)(Ty +Tm7t)]
dt a"( . 65
V /T (k +xL) (%)

New Journal of Physics 10 (2008) 033025 (http://www.njp.org/)



http://www.njp.org/

14 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Using equation§3) in equation §2), we find that the correlation matrix°“t can be decomposed
into the sum of three contributions,

Vout:a(Tm)ZV +Vin+Vmix’ (66)

whereV™ is the contribution due to the input noise tenfi(T;, Tr), V™ is the contribution
due to the correlation between the intracavity fields at the end of the p@{3es and the
input noise, andV is the correlation matrix for the quadratures of the intracavity fields
X(Tj) = (@) +aT)" /2, P(T)) = —i(&(T;) — &(T;)")/+/2. Its elements have the form
+

Vi = @ka—zglm, (67)
where we have defined the 4D vectdr= (X (Ty), P(Ty), X(T2), P(T2)), and are reported in
appendixC. Using the correlation functions of the input no&g(t) anda’(t) one finds that
V' is proportional to the 4 4 identity matrix

VN =1[1-a(Tw)?] 8, (68)
while V™* has only four nonzero terms, which are all identiogh* = V1™ = Vi* = V3% =
Yy with

K e*(K"'KL)(T*Tl)g_Z(TZ -T)
2Tm K+

Equation 69) shows that the contributions due to correlations between intracavity fields at the
end of the pulse and input noise are zero as soon as we choose the optimal transfer condition
g_2(T, — T) = 0 of equation§7). (They are in any case negligible whent« )(T — Ty) > 1.)

Let us now consider what is the optimal integration tifag such thatv°'t~ V, i.e. the
correlation matrix at the cavity output reproduces the correlation matrix between the intracavity
fields. From equations66) and ©8), we see thafl,, must be chosen such that the quantity
a(Ty) is as close as possible to unity. In this case, most of the intracavity field is detected at the
cavity output at the end of the pulse, and at the same time the contribution of the input noise is
negligible. From equation6d) one gets thatt(Ty) < dmax, Whereomax > 0.9//1+k /x < 1,
and it is achieved fofr,2 >~ 1.25/(k + ).

In order to establish the conditions under which the two output pulses are entangled
we consider the logarithmic negativify,, a quantity which has been already proposed as a
measure of entanglementl]. In the continuous variable cagg, can be defined aglf]

Eyv =max[0, —In2n7], (70)

Vmix — Oé(Tm) {e—(K+KL)Tm _ 1} . (69)

where

1/2
N = 271/2 I:E(Vout) _ [E(VOUI)Z _ 4detvout]1/2] , (71)

with (VO = detA+ detB — 2detC, and we have used the22 block form of the correlation

matrix
awt_ (A C
vV =<CT B (72)
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Therefore, a Gaussian state is entangled if and onjy ik 1/2. This is equivalent to Simon’s
necessary and sufficient entanglement criterion for Gaussian states of a non-positive partial
transpose43], which can be written as 4det < X — 1/4.

We finally comment on our choice to quantify the entanglement in terms of the logarithmic
negativity instead of EPR variance®2]. The latter would seem a natural choice, but in fact
they provide an unambiguous characterization of entangleamiytor simple examples of CV
two-mode entangled states, such as the two-mode squeezed state. Any reasonable entanglement
measure has to be invariant under local transformations of the quadratures of each mode
separately. In our system, however, the common definition of EPR correladiang3] reads

Eepr= 3 [ A(XU(Ty, Tm) — XO(Ty, T))2+ A(POUY(Ty, Ton) + POU(T,, To))?],

with A(A)? the variance ofA, and depends upon the chosen set of quadratures, i.e. it does
not possess such invariance. The light pulses at the cavity output are in a two-mode squeezed
state only in the ideal limit when the noise contributions to the dynamics are negligible, and
when the ion’s motional state created by the first pulse is perfectly transferred to the second
pulse. Under realistic conditions the state of the two pulses is rather different from a two-mode
squeezed state; therefore using EPR variances would give an ambiguous quantification of the
generated entanglement. Nonetheless, there is a connection between squeezing and the measure
of entanglement provided by the logarithmic negativity. To be more specific, a simple and direct
guantitative connection between EPR varianceskBpaan be found in the case sfymmetric
bipartite states, i.e. states which are invariant under exchange of the two modes (the two pulses
in our case)42]. In such a case, the quantity 2= exp(— E, ) gives the largest amount of EPR
correlations, i.e. the minimum achievable valuégiz which can be attained in the CV bipartite

state by means of local operations, i.e. by considering all possible linear combinations of the
quadratures of each pulse.

4. Results

We now analyze the basic requirements and the efficiency of this scheme using parameters
accessible in present experiments with atoms in resonators. Our considerations follow and
extend the corresponding discussion3d][ For comparison, we will discuss along with some
realistic sets of parameters an idealized case where the cavity decay rate is set to a very small
value, and the noise terms are suppressed.

The atom’s internal degrees of freedom need to provide an optical dipole transition which
couples to both the laser and the cavity mode. A suitable example wouldbe-zh« F' =
closed atomic transition with the quantization alsalong the cavity axis, an@, k., and
laser polarizatiorE, mutually orthogonal. Ideal candidates would then be alkali-earth-metal
atoms or alkali-earth-metal-like ions, but other geometries can be found which allow for the
realization of this scheme using also alkali atoms or alkali-like ions. We consider an alkali-earth
atom in the geometrical configuratigh =0, 6. = w/2 and¢, = 0. This means that the trap
center coincides with an antinode of the cavity mode, and that the motion takes place along the
direction of the laser beam and orthogonally to the cavity axis, such that there is no mechanical
effect of the cavity field on the motion. This assumption is not strictly necessary but it is made
here in order to simplify the discussion.

In order to favor motional Raman transitions over resonant scattering, we assume a value
of the atom-field detunings which exceeds the values of the coupling strenghsnd g../n
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(n is the average number of cavity photons) and of the atomic transition linewidtlaking

a typical value of the linewidth of an optical dipole transitign= 27 x 5MHz, we choose
|A| =21 x 120MHz, 2 = 27 x 10 MHz andg. = 27 x 1 MHz, which are accessible values
for state-of-the-art experiments with trapped atoms or ions in resonatrsd, 44].

We also consider the motion to be restricted to the Lamb-Dicke regime, with a
Lamb-Dicke parameter =0.1. This leads to|yxil, |x2| ~ 27 x 8 kHz for the coupling
constants, while the loss rates associated with the various scattering processes aftq o~
21 x 0.2kHz. The trap frequency can be setia- 27 x 1 MHz, which is typical in ion
trap experiments36]. The heating rate of the vibrational motion may be estimatedas
2 x 20 Hz [45, 46.

The value of the cavity decay ratemust warrant the coherent creation of correlations
during the pulsesk(T1, « 1), as well as spectral resolution of the sidebands<(v). In
the examples we discuss, we assume values that range drofdr x 20 kHz, which is
experimentally accessibld4, 47], down to 2r x 1 kHz, which is more difficult to reach with
the present day technology, but serves as an idealized case for comparison.

Given the parameters, the laser pulse duratigrendT, — T, as well as their separatidn
must be adjusted in order to (i) create significant entanglement between the first pulse and the
motion, and (ii) efficiently realize the quantum state transfer between the motion and the second
pulses. At the same time the motion, which acts as intermediate quantum memory, needs to
remain coherent during laser excitation and cavity output.

We first focus on the dependence upon the duration of the second pulsd;. The
optimization of the state transfer from the center-of-mass motion to the cavity mode discussed
in section2.2.3yielded the condition of equatio®)), T,— T = 8T2°pt. Therefore, we expect
the entanglement to be maximum around this condition. This is confirmed by fgureere
the logarithmic negativity is plotted versus the normalized duration of the second pulse,
(T,—T) /<ST2Opt at various values of the cavity decay rate. The duration of the first pulse has been
fixed atT; = 40 us~ 2/|x1| =%, while the time interval between the two pulses has been chosen
to be related to the cavity decay time accordinglte- T, = 2/(k +«); the other parameter
values are those discussed above. It is evident that the entanglement between the pulses is
optimized when the duration of the second pulse satisfies equatian (

The dependence of the logarithmic negatiiy upon the time separatioh— T, between
the two pulses is shown in figuee Parameter values are the same as in figuegcept that
we have fixed the duration of the second pulse at the optimal VvglueT = 8T2°pt given by
equation §7). Entanglement (i.eE,/) decays essentially linearly, and notably its lifetime is
independent of the cavity decay rateln fact, E, always vanishes wheh — T, ~ «,, %, i.e. the
two pulses are entangled provided that their separation is not larger than the vibrational heating
time «;, 1. This is not surprising because the vibrational motion acts as the CV quantum memory
mediating the entanglement, and thus the heating time limits the achievable coherent storage
time.

Finally, the dependence of the logarithmic negativity upon the duration of the firstpulse
is shown in figureb. The other two timing parameters are, for each cufye; T = (STZOpt asin
figure4, andT — T, = 2/(k +«) as in figure3. The rest of the parameters have the same values
as beforeE, is always increasing and then tends to saturate at a value that, as expected, is
larger for smaller cavity decay rates. In the presence of noise one finds an empirical expression
for the asymptotic logarithmic negativity given ;™ ~ In[4|x1|/«] /4. This behavior can
be intuitively explained by the fact that the first laser pulse entangles the cavity mode and the
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Figure 3. Logarithmic negativityE,  versus normalized duration of the second
pulse (T, —T)/8T,™ (see equation 57)) at four different values of the
cavity decay rate. From bottom to top,= 27 x (16, 11, 6.4, 0.8, 0.8) kHz;
the top solid curve is plotted for comparison and corresponds to the
smallest value ofx with all other noise terms set to zero. The other
parameter values anmgA|, y, 2, 9., v) = 2 x (120, 5,10, 1, 1) MHz andn =
0.1, yielding (| x1. | xal. kL. k2;) = 27 x (8.5, 8.5,0.18, 0.18) kHz; the heating
rate is kp =27 x 20Hz. The duration of the first pulse is fixed &t =
40us~ 2/|x1)7t, while for each curve, the time interval between the two
pulses is related to the cavity decay time according to Ty = 2/(k +k) =
(20, 28, 49, 327, 400 us (bottom to top).
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Figure 4. Logarithmic negativityE, versus the time separation between the
two pulsesT — T; at the same values of the cavity decay ratas in figure3.
The other parameter values are also the same as in fRyasecept that the
duration of the second pulse has been fixed at the optimal Valud = (STZC""t =

(19, 22, 24, 29, 29) us (bottom to top).
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Figure 5. Logarithmic negativityE, versus duration of the first laser pul$g

for the same values afas in the previous figures. The time interval between the
two pulses and the duration of the second pulse are set for each curve according
toT — Ty =2/(k +«.) and T, — T = 8 T,”. The other parameter values are the
same as before.

vibrational motion like in a parametric amplifier, and this continuous variable entanglement
increases for increasinf. Cavity losses, however, limit the entanglement generation and are
ultimately responsible for the saturation of the entanglement at lagger

From figure5 it can be seen that choosing a lar§g in the saturation regime, has two
advantages: (i) entanglement is maximized; and (ii) the scheme is insensitive to fluctuations
of Ty. It must be kept in mind, however, that we are considering the entanglement between
two output light pulses which are counted for a time intef@lk= 1.25/(« + ) starting only
when each exciting laser pulse has finished (see se8jiohhis means that for large values
of T; the detection of the two entangled pulses is more difficult, especially when the cavity
decay rate is large. In these latter cases, the number of photons leaving thedcavigythe
first excitation pulse is larger than the average number of photons in the two detected output
pulses. In the saturation reginie = 40us, the average number of photons per entangled
pulse isi(Ty) = (&' (T1)a(Ty)) = (12.38, 3.65, 1.55, 0.76) for « = 2 x (0.8, 6.4, 11, 16) kHz,
where we have s&t® = 1.25/(x +«_ ), while the other parameters are as in the figures.

5. Conclusions

To conclude, we have characterized the quantum correlations of two temporally separated
entangled light pulses, emitted from a single atom inside an optical cavity, in the set-up first
proposed in30, 31]. By means of a quantum noise analysis we have quantified the amount of
entanglement one can extract from this system for experimentally accessible parameter regimes,
and we have shown that the quantum motion of a single trapped patrticle is an efficient quantum
medium which creates and mediates entanglement on demand between subsequent radiation
pulses.

This scheme offers promising perspectives for atom—photon interfaces and for devising
new cryptographic schemes exploiting time-correlated pulses and continuous alphabets, thus
extending those based on time-bin entangled photon @dfsTThe scheme may also be easily
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generalized to the generation of two pulses of different frequencies, or even at vastly different
wavelengths, by varying appropriately the frequency or wavelength of the second excitation
pulse.

An interesting outlook is to study the scalability of the scheme when the number of atoms
composing the quantum medium is increased in a controlled way, hence characterizing which
resources the collective excitations of the medium may offer for creating entangled light.
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Appendix A. Mechanical effects in the Langevin force

We derive the Langevin force considering the mechanical effects of the spontaneously emitted
photon on the atom. For this purpose, we consider a simple model, constituted by a dipole of
frequencywg at positionx and Hamiltonian of the center-of-mablgy,

Hat = haol€) (€] + Hew.
The dipole is coupled to the modes of the em-field at frequer@nd Hamiltonian

Hems = Z hwsaga&
s

with interaction Hamiltonian
Hine =h Z g€**oTas+h.c.,
S

wheregs is the vacuum Rabi frequency. The formal solution of the Heisenberg equation for
as gives

t
as(t) = e"'ag(0) —igs / dre™Te g (t — 7). (A1)
0
We substitute this result into the Heisenberg equation f@and obtain
t
& = —iwpo +io, Z gs€**e">ta (0) + o, Z g§f ghxO=xt=D]giost 5 (f _ 1) (A.2)
0
S S

We now make the Markov approximation, assuming that the characteristic frequencies of the
center-of-mass motion are much smaller than the optical frequencies of the em-field, which
couple quasi-resonantly with the dipole. Hence, in the integral we approxktiater) ~ x(t).
Takingo (t — 7) ~ €“97 ¢ (t), we obtain

& = —iwgo + oy Z gs€*e g4 (0) — o (1) Z g§/ g(@o—estgr (A.3)
0
S S
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The integral gives a real term, the linewidth= 27" 925 (wo — ws), and an imaginary part,
the Cauchy principal value shifting the transition frequency. Including this shift in the value
of wo we obtain

& = —iwgo — ga +io,Fo(t) (A.4)
with the noise source
Fot) =) g€ e"'ay(0) (A.5)
S

such that/Fo(t) Fo(t)") = y8(t —t'). Let us now investigate the form &(t) when the center-
of-mass motion is a harmonic oscillatdicy = Hmee given by equation3). By applying the
Lamb—-Dicke expansiorky(t) takes the form

2
Fo(t) = Z gseag(0) (1 — % cos 6s(2b'b + 1) + in coshs(b' + b)) , (A.6)

with ksx = n co®s(b" + b), whereds is the angle between the wave vector of the emitted photon
and the axis of the motion. Taking the continuous limit of the sum, we separate the integrals over
the modulus and the polar angle, and over the azimuthal @&nglé,, obtainingFq(t) ~ F(t),

with

2
F(t) =ﬁfdcos@¢/\/(cos@) fi(t) (1—%co§9(2b‘°b+1)+in cos@(b*+b)>, (A7)

where N (cosf) is the dipole pattern of emissiorf,d cos9.N'(cosd) =1 and fin(t) are the
angle-dependent Langevin forces,
(£n) £T(t)) =8(0 —0)8(t —t') (A.8)

and which have zero mean value.

Appendix B. Effective quantum Langevin equations

B.1. First laser pulse

Starting from equations2@) and @4), which are defined in the reference frame of the laser,

we move to a frame rotating at the effective vibrational angular frequencyv, and we

neglect all the terms oscillating at or larger. This approximation is justified in the regime we
consider, where we assume that the Stokes and anti-Stokes sidebands are spectrally resolved.
The operators in this reference frame are connected to the ones in the reference frame of the laser
by the transformatioa’(t) = €"ta’(t), b(t) = €"th(t), and their equations of motion have the
explicit form

. . t . .
a'(t) =i —8)a'(t) —«a'(t) +v2ca" )" - / dse (@/2*a0s[BY(t — )+ F'(t — 5)]e™"
0

2
X [gc COSe. (1 — % cog 6.(2b'b + 1)) — Qe SiNg; COSH;

x (Bt)e 't + BT(t)é”)] , (B.1)
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. t
b(t) =i(v' — v)b(t) — kpb(t) + /20" (1) + f dse (¥/21A0S[B(t — ) + F(t —5)]e™"
0

X [| HQ?[ cosg. + ngz Sin¢c COSQCéT(t)e—iv’t
+n?b(t)e " (Q} cog 6, + g} cosp. cog b.a" (e )
+ iﬂ\/?< f;nT(t) C0SH)g + nzﬁﬁ(t)e_iv/t( feinT(t) C0529>9]
t
_ / dse—((7/2)+iA1)S[ BT(t —9)+ FT(t _ S)]eiv’t
0

x [—in§21 cosh, +nge sing. cossa(t)e""
+12b(t)e " (€2, coS 6, + g COSP COF O A(T)E")
—inyy (fN(t) cost), +n?/ybt)e " (f(t) cog )], (B.2)

where (- - -}, in the equation fob(t) denotes the average over the azimuthal amgleith
weight given by the dipole pattern of emissign(cost), and we have introduced the noise
operatorsa”(t) = eVta"(t) and b"(t) = €”'b""(t), which are still delta-correlated. We use
the explicit expression foB(t —s), thereby neglecting the terms oscillatingator faster,
and perform the time integrals by making the Markovian approximatiof-eip/2 1A, +
imv)s} ~§8(s)/(y/2xiA+imv), form=—-1,0, 1.

After long but straightforward calculations we get the final, effective HLE at leading order
in the Lamb-Dicke parameter, which read

a'(t) =i — 8, +8)a'(t) + x1b(t) — (k +x)a (t) +vV2ca" () +vV2k a"(t) +F,,  (B.3)

B(t) = (v’ — v — 82)B(t) + 728T(1) — (iep + &%, — x°,)B(t)
+ /20" (t) + /22,80 (t) — V260 AN () T+ Ry (B.4)

Here, the coefficients

cosh. i tan¢gc cost;
= nQu1g’ co ot i ’ >
X1="13410; S¢C<Al_v’+ly/2 A1"'”//2 > ( )
) cosh i tang. Cosh.
= €107 CO 5t i ’ o0
X1="n3210¢ Sd)c(Al_v’—ly/Z A+iy/2 ) o

correspond to the Raman processes in which laser photons are scattered into the cavity mode
with a change in the center-of-mass excitation. Since we asgu¢A | (and alsaw <« [A4)),

we shall takey; = x1, and approximate; with equation 80). The noise operator&!(t) are

defined in equations3() and @2), while the rates , «?, are defined in equation83)—(35).

The noise scaling factoi@, of equation 86) are generally given by

b \/? Q1 coshy. Qi (cosh)g
K, 4= — —_ ,
ATy =ity T y/2tiag
b =—in\/2 Q4 cosH, +Q>{(cose)9
- 2 \y/2+i(A1—v)  y/2—iA)’
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but they reduce to the expression of equati®® pecause the average over the dipole pattern
gives(cosh)y, = 0.

The operatorsF, and F, in equations B.3) and B.4) represent nonlinear noise
terms associated with incoherent scattering processes. They give rise to ac-Stark shift
and losses, whose effect is, in general, detrimental for the effectiveness of the two-mode
squeezing processes, and are of the fdkm~ n2g2ab'b/(A +iy/2), F, ~ n?g?a’ab/(A +
iy /2), hermitian conjugates, and corresponding input noise operators. These terms can be
neglected in comparison with the laser-induced Raman scattering processes whenever the
inequality €2; cost,. > g./N cosh; is satisfied 1§ is the average number of cavity photons),
which is a condition on the parameters and on the geometry of the set-up. We will assume this
regime, and these terms will be neglected during the laser pulses. In this regime, the frequency
shifts of the cavity mode and of the vibrational motion read

(A1 —v)|ge|? cog ¢
YA (A )2

/

, (B.7)

y2/A+ A2 — 172 1
(y2/4+A§—v/2)2+v/2)/2 A%+)/2/4

5*;=2n2|91|2co§9LA1( ) (B.8)

These shifts must be taken into account when tuning the frequency of the first laser pulse. In
particular, since the dynamics we seek relies on resonant two-photon processes, where a laser
photon is absorbed and a cavity photon and a vibrational phonon are emitted, hence the cavity
mode frequency must be exactly at resonance with the Stokes sideband of the driving laser, i.e.

w1 =we+8 +v+8v. (B.9)

Here,8v can be extracted from equatioB.8) when|Sv| « v, which is satisfied provided that
n1Q1| < |A1] andn|Q1/Aq] < v, and reads

2A1n2|91|2C0§9L(y2/4+A2—l)2) A1
Sv ~ (y2/4+Ai_v2)2+v2y12 _2’72|Q]‘|200§0LW (BlO)
Consequently,
V =v+8v (B.11)

determines the effective frequency of the Stokes sideband.

We notice that the resonant conditidh ), giving the relationv ; — v’ = w. +§', gives us
a simple relation between the observables in the laboratory frame and the ‘tilded’ observables,
which are connected by the relations

aan(t) = €7, (B.12)
bian(t) = e'b(t). (B.13)

B.2. Second laser pulse

The main difference with the treatment of the dynamics during the first pulse is that the second
pulse is set to be a different resonance condition, e.g.

w2 =wc—v", (B.14)
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wherev” >~ v and the difference accounts for the ac-Stark shifts induced by the second laser
pulse on cavity and motion frequency. When the conditidri4) is fulfilled, the cavity mode
is resonant with the anti-Stokes motional sideband of the laser light, with angular frequency
w2 +v”. Spectral resolution of this resonance is warranted wigns> 1 andv > «, kp.

In the reference frame rotating at the frequency of the cavity mode, the HLE read

- . t .
a(t) =i(v" +8)a(t) — ka(t) + v/ 2a"(t) + / ds e (7/2-122s[B(t — g)
0
2
+F(t—s)]e™" [ — g cOSec (1 — % cos 6.(2b'b + 1))

+ng; sing. cosd.(b(t)e™" + BT(t)ei””t)], (B.15)

: t
b(t) =i(v” —v)B(t) — kpb(t) + /26D (1) + / ds e~ (7/2-1823[B(t — g)
0
+F(t —s)]e"""[in$2} coshy +ng; sing. cos.a’(t)e""
+n?b(t)e™"" (Q} cog O + g’ cosp. cog A AT (1)e")
+iny7 (£M(t) cost)s +n2/ybt)e ™ (£ (t) co 0),]

t
—~ / ds e (/211825 BTt —g) + FT(t —5)]e""
0

x [—1n€22 cOSH. + nQgc Sing, Cosecé(t)e—i“”t
+ Uzﬁ(t)e_i“”t(Qz CO§ 6.+ Jc COS¢¢ CO§ Qcé(t)e—iv”t)
—iny/y{£7(1) cos0)o +n*/yDOE™ (£,"(1) cos' 0], (B.16)

where the noise operatod(t) and b"(t) are the same as in equatior8.1) and B.2).
Following the procedure outlined before, we finally get the coupled HLE

A(t) = 1(V +8, — 8)A(L) + x2b(t) — (k +k)A(t) + v/ 2ca" (1) + V27 a7 (1) + Fa, (B.17)

Bit) =i(v' — v — 8DB() — Z3AM) — (ep + k% — K2)B() + v/ 2upb" (1)

Let us now define the coefficients appearing in these equations. The quantéieds’ are given
by equation 83) and B.7), respectively. In fact, together wiiq , they do not depend upon the
properties of the driving laser; moreover the two noise operab{® anda(t) are given by
equations 1) and B2). The nonlinear term&, and F, are the same as in equatiois3) and
(B.4), and are negligible as we take, cosf. > g.co%).. The coupling constants associated
with the Raman scattering processes are

coSsH, i tan ¢ cosh,
e N ’ B.19
X2 = 1§220; COSp <A2+u/+iy/2 Ap+iy /2 ) ( )
) cosf, I tan ¢ cost,
e N _ B.20
X2 = n8220. S¢°(A2+v/—iy/2 Ay +iy/2 ) ( )
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As we consider the limiz <« |A,| we shall takey, = x, from now on. The incoherent emission
or absorption of a vibrational quantum scales with the rates

b ¥ 1n?coso Q3

== B.21
2T 22 A (A v)2 (B.21)
and in the limit|A;| > y, v the rates scaling the input noise read
—b . \/? Qz COS@L
K2y=—in,| = _ ,
2y/2+1(Az—V")
b \/7 Q% cosh.
2y/2—i(Az+V")
Finally, the frequency shift of the vibrational motion reads
2Aon?|201%coS 0, (y? /4 + A3 —v'7? 2A
s — 2R ITCOS O /AT A=V 2105 120020, 222 (B.22)
(y2/4+ A2 —12)2+ 1122 A2+y2/4
For Ayl > v, n|22/As| < v, we find with good approximation
2Aon%|20|%CcoZ O (Y2 /4 + A2 —v?) 2A
oh~ SEEL B L ”2 é 2 — n?|QP cog L ———., (B.23)
(y2/4+ A5 —vo)2+vey As+yc/4

determining, together with equatioB.{7), the resonance condition for the central frequency of
the laser pulse,
So=wip—w.=38 —v— 8. (B.24)

For |A,| > v, choosingR, = Q4, thens? ~ 6, v” = v’ and the processes leading to absorption

of a phonon and emission of a cavity photon are resonantly enhanced by choosing the frequency
of the second laser pulseat, = w. — v'. We consider this regime, as it substantially simplifies

the calculations. When it is not fulfilled, one must consider an accumulated phase, which gives
simply a total phase shift and hence modifies the quadratures exhibiting entanglement.

Appendix C. Calculation of the elements of the correlation matrix

We derive here the elements of the intracavity correlation m&trof equation 67), assuming
that the cavity modes and the vibrational motion are initially in the vacuum state, and the fact
that input noise is uncorrelated with the cavity mode operators at former times. The elements
read

Vi2 =0,

Vi1 = Vap = (@' (TDA(Ty)) + 1/2,

Vaz = (@'(TH)a(To)) + Re((@"(T)*)} + 1/2,

Vag = (8" (Tp)A(T2)) — Re((@"(T%)} + 1/2,

Vs = —Im{(@"(Ta"(T2))},

Viz = [(&(Ta(T2)) + (A(T)&' (T)) + (@' (Tna(Tp) + (@' (Ta' (To)) + c.c]/4,

Vog = — [(A(T)A(TL)) — (A(TE"(T2))
—(@"(TyA(T)) + (A(T)'a"(Tp)) +c.c]/4,
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Vig= —i[{&(TDa(To)) — (A(T)A(T))
+(&"(TPa(Ty)) — (@'(Tya'(To)) —c.cl/4,

Vs = —i[(&(Tya(T2)) + (A(T)A' (T2))
— (@' (Tpa(Ty) — @' (Tpa'(Tp) —c.c]/4. (C.1)
Using equations37), (46) and 60) we obtain

T1
@"(Toa(T) = |x1)? (| f1(To)I? + (kn + 22, %) f ds| f1<s>|2> : (C.2)
0

(@' (T)a(To) = [g-2(To — T) P& T & (T a(Ty))
*lxel?| f2(To = T) P> (b (Ty)b(T)

To-T
+| 2% (ke + 2]ic®,|%) / | f2(s)|?
0

+2K—,jb|;<2|2| fo(To = THP(L — e 20T, (C.3)
(@(TDA(T)) = x2 F2(T, — T T (&(T)B(Ty)), (C.4)
(@ (Ta'(Tp) = (@&THa(T)", (C.5)
(@ (Tpal(T2) = 2x; fo(To — T)g_o(T, — T)e BT T =T gt (T))B' (Ty)), (C.6)
(E(TYa"(Tp)) = g2(To — THe @ TT(F(THET(Ty), (C.7)
(@"(Ta(Ty) = [@Ta'(T)", (C.8)

where we have used, = k(2N +1), and thatk, > k. In deriving these relations we also
assumed tha@'(T,)b(Ty)) = (&(T1)b'(T1)) = 0. In order to fully determine the above relations
as a function of the initial conditions, we need

T1 T1
(b"(T)B(T)) = [x1/?] F1(To) 12 +kn / ds [g+1(S) |2 + 2| x1|? f ds | f1(s)|?,
0

0
+2 OTl ds[£°,941(S) — xakL F1(9)[%, (C.9)
- Ty
(A(Ty)b(T1)) = g-1(T1) x1 F1(To) + x1(kn — 2p) A ds f1(5)g+1(s)
+2 OTl ds (¢ x1 f1(8) — £79-1(9) (K° 1G41(S) — KL xa Fa(9))
+ 2 X1 OTl g-1(8) fu(9). (C.10)

In deriving these expressions we assumed that the HLE conserve the commutation
relations. This is not fulfilled for long times, when the perturbative expansion loses validity.
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