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ABSTRACT: We study the stochastic motion of a relativistic trailing string in black hole
AdSs. The classical string solution develops a world-sheet horizon and we determine the
associated Hawking radiation spectrum. The emitted radiation causes fluctuations on
the string both above and below the world-sheet horizon. In contrast to standard black
hole physics, the fluctuations below the horizon are causally connected with the boundary
of AdS. We derive a bulk stochastic equation of motion for the dual string and use the
AdS/CFT correspondence to determine the evolution of a fast heavy quark in the strongly
coupled N/ = 4 plasma. We find that the kinetic mass of the quark decreases by AM =
—\/¥AT/2 while the correlation time of world sheet fluctuations increases by /7.
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1 Introduction

In recent years the dynamics of strongly coupled non-abelian plasmas has been investigated
vigorously [1]. This interest in plasma physics was motivated in part by the heavy ion
program at RHIC [2-4] and the upcoming program at the LHC. For the experimentally
accessible temperature range, the medium is close to the deconfinement transition and the
QCD coupling constant is not small [5]. Thus it is important to compare perturbative
expectations for the QCD plasma to all available strong coupling results.

The AdS/CFT correspondence relates N' = 4 Super Yang Mills (SYM) at strong
coupling and large N, to type IIB supergravity on a curved background, AdSs x S5 [6—
8]. Although N' =4 SYM is not QCD, the AdS/CFT correspondence has provided new
insight into the strongly coupled regime and the RHIC experiments [9, 10]. In particular,
the calculation of /s in N’ =4 [11-13], provided a concrete example of a strongly coupled
plasma which realizes the small shear viscosity needed to explain the elliptic flow observed
at RHIC [5]. Since this work on shear viscosity many other transport properties of strongly
coupled plasmas have been computed using the correspondence. Of particular relevance to
this work is the energy loss of heavy quarks [14-20].
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Figure 1. (a) An approximately static heavy quark string. Hawking radiation induces a random
force close to the horizon which is ultimately transmitted to the boundary [21, 22]. (b) The rapidly
moving trailing string analyzed in this work. At z = 1/,/47T the speed of the quark equals the
local speed of light and the ws-horizon develops. Fluctuations are induced above and below the
world sheet horizon. In addition there is a cross correlation between the fluctuations above and
below the ws-horizon.

The steady state motion of a heavy quark traversing the AN/ = 4 plasma under the
influence of an external electric field is represented in the gravitational theory by a semi-
classical trailing string [14, 16] — see figure 1. The momentum carried down the string
determines the energy loss of the heavy quark in the field theory

d 1
d_lt) = —nyv, = 5\/X7TT2, (1.1)

where v is the velocity and v = 1/v/1 — v? is the Lorentz factor. The momentum broadening
of the quark probe was determined by studying small fluctuations around the drag string
solution [15, 17, 18]. There is a point in the bulk where the quark velocity equals and then
exceeds the local speed of light parallel to the brane. At this point the dual string develops
a world-sheet event horizon (ws-horizon) which is distinct from the black hole horizon.
The associated Hawking radiation from this ws-horizon determines the fluctuations on the
string. At small velocities the fluctuations computed in this way are consistent with the
drag in eq. (1.1) and the fluctuation-dissipation theorem [15].

The momentum broadening dicussed above was computed by disturbing the string
with an external force, and subsequently following the ring down of this disturbance with
the classical equations of motion. In reality external forces are unecessary since Hawking
radiation emanates from the ws-horizon and induces stochastic motion in the bulk. This
picture was clarified recently in refs. [21, 22] which determined the stochastic equation of
motion for a slowly moving quark string. (In this limit the string is nearly straight and
the ws-horizon coincides with the black-hole horizon.) The effect of Hawking radiation is
to supplement the dissipative boundary conditions at the black hole event horizon with an
associated random force. The classical string equations of motion transmit this random
force to the boundary, leading to the stochastic motion of the heavy quark. The amplitude
of the random term is suppressed by A\L/4 reflecting the quantum mechanical nature of
black hole irradiance.

In this work we extend the analysis of ref. [22] to the rapidly moving trailing string.
The random fluctuations of the string are generated at the world-sheet horizon and prop-



agate both upward toward the AdS boundary, and downward toward the horizon of black
hole. Our study of the world sheet radiation determines the statistics of these fluctuations
both above and below the world-sheet horizon. In addition there is cross correlation, i.e.
fluctuations above the ws-horizon are correlated with fluctuations below the ws-horizon.
This completes the analysis begun in [19] of the fluctuations above the horizon. Since the
fluctuations below the horizon are causally connected with the boundary, these random
vibrations will be reflected in the field theory by the stress tensor fluctuations induced by
the heavy quark. We have also re-derived the heavy quark effective equation of motion [19]
and computed a velocity dependent mass shift.

The paper is organized as follows. In section 2 we briefly review the trailing string
solution. In section 3 we compute the stochastic equation of motion of the semiclassical
string in bulk by integrating out the fluctuations in a strip around the world-sheet horizon.
This bulk evolution ultimately determines the equation of motion for string end point which
is dual to the heavy quark. The heavy quark partition function and its equation of motion
are derived in section 3.3. Finally, the bulk fluctuations are re-derived in terms of the
bulk to bulk Green” functions in appendix A. A discussion of the physical picture which
emerges from this analysis is provided in section 4.

2 Preliminaries

2.1 Finite temperature in AdS/CFT

According to the AdS/CFT correspondence, N' =4 SYM at finite temperature and infinite
't Hooft coupling is dual to a black brane solution which is asymptotically AdSs x S5. The
metric of this solution can be written as

L2
2 _
ds-;

<—f(z)dt2 + dx? + d22> , (2.1)

1
f(z)
where L is the AdS radius, f(z) = 1 — (27T)%, and T is the Hawking temperature of the
black brane.

As is well known, the singularity of the metric at z = 1/7T in eq. (2.1) is only
a coordinate singularity reflecting the fact that the metric does not describe the entire
space-time of the black brane solution. A global set of coordinates, known as Kruskal
coordinates, can be introduced which removes this singularity [23]. The Kruskal map is
shown in figure 2. The set of coordinates eq. (2.1) describes only the right quadrant of
the Kruskal plane — see figure 2. An identical set of coordinates may be introduced to
describe the left quadrant of the Kruskal map. We will denote by

{ti,xi,zi} with ¢ = 1,2, (22)

the coordinates of the right and the left quadrant respectively. The doubling of the fields
in the presence of the black branes corresponds [24] to the appearance of type 1 and 2 fields
in finite temperature field theory [25].
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Figure 2. Kruskal diagram for the AdS black hole. The coordinates (1, 21) span the right (R)
quadrant while (¢2, 22) span the left quadrant (L). The dash-dotted lines and the dashed hyperbolas
represent the future and past horizons and the singularities, respectively. The thick hyperbolas on
the sides of the two quadrants are the boundaries at r = oo (or z = 0).

2.2 Review of the trailing string

The dynamics of a heavy external quark in the fundamental color representation of the
gauge theory are determined, according to the correspondence, by a semiclassical string
stretching from the boundary of AdS to the horizon [26]. The forced motion of the quark
under a constant external electric field in the & direction is dual to the classical solution
to the Nambu-Goto action plus an electric field acting on the boundary endpoint

1

S:—M

/dtdz —dethgp + /dt Exp(t), (2.3)
where hgp is the induced metric, € is the external field and Z(¢) = X (¢,€) the position of
the boundary end point of the string.

The demand that the solution is stationary (i.e. that the action is time independent
and real) fixes the velocity of the quark in terms of the external field.

2& 1
V= \/_ 2 —> (24)
ArT V 1+ A;lrg:T‘l
and the string solution is given by
X(t,2) = vt + vVAX7s(2), (2.5)



with the trailing string profile [14, 16]

AXps(z) [tanfl(Zﬂ'T) - tanhfl(sz)] . (2.6)

1
27T
In these coordinates, the induced metric on the string is non-diagonal. The induced metric
is diagonalized by the set of coordinates

. t+((2)
t = A (2.7)
((2) = %LT (tan™!(27T) — tanh ™! (27T))
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(2.8)
(2.9)

This change of variables is singular at the position z = 1/,/47T which is the world-
sheet horizon. The induced string metric in these coordinates is given by

L* L? 1
hfi:_égf(z)a héé:?%’ h;; =0, (2.10)

which shows a horizon at £ = 1/#T. The singular change of variables eq. (2.7) should be

understood as two different local charts describing the space above and below the world-
sheet horizon.

The fluctuations around the solution eq. (2.5) are described by the Nambu-Goto action.
For small fluctuations it is enough to expand this action to quadratic order. Denoting by

X1(t,z) and Xp(t, ) the longitudinal and transverse fluctuations, the action is
So[ X1, Xr] = Sp[XL] + Sr[X7], (2.11)
with
¢ L [ dias 5y (0:%) m__(5.%)
Sr[X] = —5/ z KTO(Z)( 2X> —W< fX) ﬂ : (2.12)
SpX] = 7* Sr(X], (2.13)
where the subscripts 7', L denote transverse and longitudinal fluctuations and

L? f(2) 7T L?
T,(3) = — = :
o(2) 2me2 22 7 " 2702

(2.14)

We remark that the dynamics of the longitudinal and transverse fluctuations are the same
and they only differ by an overall 42 factor in the action. The classical equations of motion
are, thus, the same for longitudinal and transverse modes and, in Fourier space, are given by

mo? A

0; (Tg(z)ag)z(w, 2)) topm e @) =0. (2.15)



Classical solutions to this equation can be expressed in terms of the in-falling solution
Fu(2) = |1 — 2aT|79/4 T (3), (2.16)

with F,(2) a regular function. For arbitrary Z and @, the function F,(2) is only known
numerically; however an analytical expression for the solution can be obtained in the low
frequency limit

14 27T 9
—_— O 2.17
which is valid as long as z is not exponentially close to the world-sheet horizon (& In(1 —
2nT) < 1). We would like to remark that, even though the z—derivative of this expression
has a kink at £ = 1/7T the tension force of the string close to the horizon is the same on
both sides of the horizon

TO(é)aéFw(é)’2:(1+e)/7rT ~ TO(é)aéFw(é)léz(lfe)/wT ’ (218)

The in-falling solution F;, determines the retarded correlator of the random force acting
on the quark as it propagates through the strongly coupled thermal medium [15]

Gr(w) = —To(2)F;(2)0: F5(2) . (2.19)

As noted in [22] the imaginary part of Gi coincides with the Wronskian of eq. (2.15) and,
thus, it is independent of Z.

A general solution of the equation of motion can be expressed as a linear combination

of F,(z) and F,*(z). Analyticity demands that the solutions below and above the world
sheet horizon are connected by [17]
X1(@,2) = ay (©)eP?CVS2T B (2) 4 by (0)F, (), (2.20)
where we have added the subscript 1 to denote that the these string fluctuations take
place in the right quadrant of figure 2. A similar analysis may be performed in the left
quadrant yielding

Xi(@,2) = a;(@)ed0CEDI2T B (5) 4 by () Fu(3), (2.21)
with ¢ = 1,2 and ;=1 and d9 = —1. The fluctuations in both quadrants are also related
by analyticity. Following [17]

as(@) = e e May (@),  ba(@) = e by (@), (2.22)
with w = &/,/7 the boundary frequency in the ¢ coordinate and o = 1/2T.

As noted in [24], the identification of X, with the type 2 fields of the Schwinger-Keldysh

contour corresponds to the choice of ¢ = 1/2T. And arbitrary choice of o may be found
by performing the change of variables [22]

X7 (@,2) = 0T Xy (0, ). (2.23)

With this choice, the relation eq. (2.22) still holds if we now identify o with the o-contour.
From now on we will focus on ¢ = 0 and drop the ¢ superscript.



3 String fluctuations from the stretched world-sheet horizon

3.1 The partition function

The discussion in the section 2 was concentrated in the strict A — oo limit in which
the string partition function is saturated by the classical action and the motion of the
string is purely classical. String (quantum) fluctuations are suppressed by A. As shown
in [22], in order to recover the stochastic motion of the heavy quark, we must take A
large but finite and consider the quantum fluctuations induced by the world-sheet horizon
(Hawking radiation).

Since A is large, we shall concentrate on small fluctuations around the local minimum of
the classical action given by the solution eq. (2.5). The partition function is then given by

Z, =212, (3.1)
Z, = / D, X1 (F, 2Dy Xo (i, 2)eSe X1l -iSalXa] (3.2)

with o = L ,T. The measure D; is a complicated object which we will not need to specify.
Since the partition function factorizes and the classical action for longitudinal fluctuations
is proportional to the transverse ones, we will concentrate in the latter and we will drop
the subindex T'. The extension to longitudinal fluctuations is straightforward and we will
quote the main results at the end.

The partition function integrates over all values of Z and, in particular, across the
world-sheet horizon. Since the set of coordinates eq. (2.7) do not cover the hyper-plane
2% = 1/7T we must integrate out the region surrounding this hyper-plane. We introduce

() = X(150), 2a = (182", (3.3)
and express the partition function as
ZzZ = /Dﬁ:ﬁ”_D:EﬂD:E%”_D%”ﬁL (3.4)
ZR[ay ay |20 (a0, 2 )27 (Y a5,

with Z< (Z7) the string partition function restricted to 2 < 2, (£ > 2,,) while Z% is the
partition function in the neighborhood of 2 = 2,,.
Since the action is quadratic, the partition function is given by the classical action up

to a constant independent of the endpoint

ZUEY3Y) o e —tr) R [To(E)dty (-0)0: Xy (@24)~To(2-)aY (-0)0: X1 (6,2-)]

w o3 [ 52 [To(21)28, (—0)0: X4 (&,24) —To (2235 (=0)0: Xo— (@,2-)] (3.5)

For sufficiently small € we have T,(2_) ~ —T,(24) = Tp(2w).
The classical solution eq. (2.20) may be expressed in terms of the Z}, .

. 1 2 (@) -3 (@)
ai(w) = ediw/2T _ 1 : w* - ) (36)
w
b(A) B 1 €5i®/2T£';U7(C:}) - i’;ﬂr(d)) (3 7)
W)= s _ g Fw ; :
@



where, again, Fj,(24) = F,(2-) = FY

Following [22] we introduce the “ra” basis

In this basis, the exponent of eq. (3.5) is given by

1 da
iS5 = i3 To(z0) % X (3.9)

(%F}U ec&/2T . . . . . . . .
lmm{ ) o (6 (-9) - a5, (-0) (57-0) - 85,(@)

aéF(}JU 6@/2T+1 AW ~ AW ~ T TS
gt { s} S (0 - a8 (-0) (68 @) - 38, 2)

viv (—o (a0 (@) (ZFE 4 OB | qw o (28 _ OB
To_(—w) | z,_(w T s Ty (w T — s
w o w o (OFYQFWEN L (O:FY QFY
_xa+(—W) xT’-f— ((A)) qu + FAw* + x?"—(w) FZU - Fw* )

where eq. (2.18) has been used. The action can be simplified further since

O FY 1
;ww =ion, n= 5\/X7rT2, (3.10)

w

T, (2w)

as it can be easily seen from eq. (2.16) and eq. (2.14).
The partition function Z~ (2", ] depends on the fluctuations at £ > 2 and, in particular
at the AdS horizon 2" = (1 —€)/7/7T.

o “hANah( A cw  aw  sh ahlzh [sh sh

273y, 43 ] = / Dil (@)25(@) 27 [t 3., o, a4)2" o, 2] | (3.11)

where we have made explicit the dependence on the coordinates at the horizon (&) =

X; (&, 2"). Since we want to describe the string dynamics at all scales causally connected

with the boundary, we perform the matching between the fluctuations on the left and right

sides of the Kruskal plane, figure 2, at 2". As in eq. (3.5) the partition function at the
horizon is given by the classical action

sh - ~ ~
2" [ah,8)] o LT @20 -2 G kr(02)] (3.12)

An analysis similar to the one performed at 2% must be performed at 2". The classical
solution eq. (2.20) close to the horizon sets

Xa(@, 2" =0. (3.13)

Thus, the effective action Z” forces the string fluctuations to fulfill eq. (3.13). To show
this, we perform the matching slightly above the horizon in the left universe and identify

W) = X8 + e,w), (3.14)



and we will take € — 0 at the end.! To leading order in € we find

a(@) = % (3.15)
b(&) = % (3.16)

Substituting the classical solution eq. (2.20), eq. (3.15) and eq. (3.16) in eq. (3.12) and
taking the the small € limit we obtain

zh [xlfxlﬂ - l%exp{—iTo(éh)/%w%W} , (3.17)
— NG (ff;(@)) , (3.18)

with A a divergent constant (independent of the string coordinates) which can be absorbed
into the normalization of the partition function. Note also that, unlike the v = 0 case [22],
the partition function does not depend on the string coordinates at 2”. The horizon effective
action eq. (3.18) breaks the symmetry between the r and a coordinates in the string action.

The partition function in the bulk is also conveniently expressed in the ra basis. Inte-
grating the classical action by parts, we find

Xi@z)=2v .
25y a3 ] = [ Dib@)pile) [ D Xo(6, 2D X0 (3,2)  (3.19)

Xi((ﬁvg):‘i'li)
[em(zb)[ 49 35 (—@)0: Xr(@,6) eszo(z«_)j%g};ﬂf(fw)ag)zr(w,z«_) %
P92 [0 48 Ra(-2,2)[0: (To(2)0: X0 (,2))+ 28— X, (&, z)]:|
2z a2, ] = /  DX(,5)D X, (&, %)

X,(W,Z+):l‘;u+

|:ezTo(z+) 4 3w (—0)0: Xr(@,24) %

Crde 2t s . A N 5 A
elfg_"f5+ dz Xa(—@,2) [Bg(To(z)Bng(w,z)) WXT(W z)]:| , (320)

where we have introduced the notation T,(z,) = T,(2 = €). In writing Z> [2%, ,2¥, ] we
have used eq. (3.13).
3.2 Stochastic string motion

The “a” coordinates in the partition function eq. (3.5) can be integrated out, after intro-
ducing a random force term in eq. (3.9)

& To(zw 9z Fw ew/2T w . w R i w0
—4J g T { 2 }e@mi(mk(w)m(w))(xa,w)—%(w))

(3.21)

@w FE;U w/2 w ~VEw (2
/’wa zf% 5: (=)=, (= w))gw(w) c217r TO(sz) {aéF}Jv} w/2T+1§ (=@)E¥ (@)

IThis procedure avoids the complication that in eq. (2.20) the solutions in the left and right universe
above the world-sheet horizon are proportional.



The quadratic term in Z¥, in eq. (3.9) can be understood as a discontinuity in the
average string position across the world-sheet horizon

BY = 3" 4 A (3.22)

The discontinuity A is random, with a Gaussian distribution given by eq. (3.9). This
discontinuity is natural, since the correlation between the two sides of the horizon can
be viewed as a tunneling process across a barrier. Close to the horizon, the fluctuations
are large and the procedure of analytically continuing across the horizon is similar to the
matching of WKB solutions in quantum mechanics in the vicinity of a turning point.

Integrating over the “a” coordinates, the partition function is expressed as a product
of é—functions.

@

Z = / Dib Db DY D, X, <eif o To(20)5 (~2)0: X7 (5:8) (3.23)

x0 (Tomaﬂr(w,m (@) — Ty() S @$<®>>>A ’
£,A

where the subscripts é , A denote average with respect to the random force and discontinuity
variables. These are given by a gaussian distribution such that 2

N N L Fw e@/QT
o0/2T _
(A@)A(-D) = + ! ! (3.25)

2T, (20)Im {_a;; } @2 117

w

The partition function is determined by the classical solutions to the string equations of
motion with von Neumann boundary conditions at the boundary, the boundary conditions
at the ws-horizon

and a discontinuity at the ws-horizon eq. (3.22). The classical solution is given by

Rl12) = @) + “pms B (€000) + Tole) 526
10 (5T — 1) A) Fwaf) , (3.28)

where ImG R, has been defined in eq. (2.19).

2Note that in the A — oo the (A(—&)A(X)) vanishes and the discontinuity disappears.

,10,



The equations of motion propagate the stochasticity at the world-sheet horizon to all
scales. From eq. (3.28) the bulk two point function for transverse fluctuations is given by

Craym(@, 2,5) = <AX (@, 2) AKX, (& ')> (3.29)
_ ImFj(2)ImFy(2)
mGp@) 20

1ImF, (2)iFz(2) /2T —1

2 ImGp(w) ev/2T 41

9 1ImFy () (i) Fp(2) /2T — 1

+0(2' 7T 1)2 TG (@) ST 1 ]
1F*( )F (AI) ©/2T _ 1
2 ImGgr(w) /2T +1°

+0(2T — 1)

—0(Z'7T —1)0(3xT — 1)=

where 7 = 1/(e*/T — 1) and we have subtracted the average string position
AX,(&,2) = Xp (@, 2) — 20(0) Fi (2) . (3.30)

Finally, we may express the two point correlator in the original ¢, z coordinates. Un-
doing the change of variables eq. (2.7),

dw —zw —Zw 2)—C(2") A
Grsym (t. 23, 2") v / (=19 = CE=CE) G (/73 207, 2'VA) 5 (3.31)

where the function ¢(z) has been defined in eq. (2.7) and relates the AdS ¢-coordinate to .

3.3 Heavy quark partition function

After integrating out £ in the string partition function eq. (3.23) we get the partition
function for the string boundary end point. This is the partition function for the heavy
quark. Since 2° < 1 we find

Q_ b i [ 52 &b (—0) (22(&)To(26)0: Fo () +€8(@) )
29 = / Dit Db < >éw N (3.32)
where we have used Im Gr = —T,(2)Im 05 F;, (€) and we have defined the boundary force as
. . D FY
@) = 1 (6°0) + To(au) T2 A@) ) (3.39)

It is easy to show by integration that the boundary force distribution is also Gaussian with

the second moment given by

(E@)8(~2)) = — (1 +20) Im GR(&). (3.34)
The first term in the exponent of eq. (3.32) is divergent [22]

VA
—w
2¢

To(26)0:F(€) = — Gr(®), (3.35)

- 11 —



however, this divergence can be understood as the contribution of the (large) quark mass
M, = \/X/Qe with € = |/7ye.
Using eq. (3.35) and undoing the change of variables eq. (2.7) we find

ZjQ« — /DxZDm? <eifg*ﬁxg(*w)(‘/MOWQJB?(W)*WGR(ﬁw)mlﬁ(w)Jrﬁ(w))> (3.36)

A’

with &(w) = ﬂéb(ﬁw) Integrating out the x% coordinate we find that the average
position of the quark follows the equation

d22 / t—t /
ity i+ [t G = JEGECE (3.37)

as previously derived in [19].
The effective equation of motion may be further clarified by studying the long time

dynamics w — 0 limit of eq. (3.37). Expanding the retarded correlator to second order

AM
Gr(®) = —inw + —&?, 3.38
(@) 7 (3.38)
with
VAT
AM = 72 . (3.39)
Denoting My, = M — AM, we obtain
d22b dab
Mg T Tr — ¢t 3.40
Y Vikin dt2 +77’Y dt ( ) ) ( )

where we have recovered the subscript 1" to denote transverse fluctuations. Note that, due
to the mass shift eq. (3.39), the heavy quark becomes effectively lighter as the velocity
increases. This reduction of the kinetic mass coincides with the result argued in [28].

3.4 Extension to the longitudinal fluctuations

The analysis of longitudinal fluctuations around the trailing string solution is completely
analogous to the one performed above for transverse modes. Thus, we will not repeat the
computation here but we will simply state the main results. From the observation that the
action is multiplied by a factor 2 a simple rule can be given to obtain the longitudinal
expressions from the transverse ones; it is sufficient to replace T, — v2T,,.

The stochastic longitudinal fluctuations may be expressed as

A ImF; (%) 0s F%
_ b (2 w w w 2 ) ~
Xpr =27, F5(2) + —'yQImGR(d))F“’ <§L + 7 To(2w) Fo AL(W)>
9: 17 (2)

+O(2 — 1)AL(®) (3.41)

T w0
with :&Ii , is the boundary value of the fluctuation and £ and Ay are random variables
distributed according to the two point functions

(@)L (@) = Y (@) (—)) (3.42)
(Ap(@)AL(-w)) = %@(@)A(—@» ; (3.43)
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with the transverse correlators defined in eq. (3.24) and eq. (3.25).
The correlation function for string fluctuations around the average value is also pro-
portional to the longitudinal correlator

1 . NP
— GT.sym (@,2,2) (3.44)

CLom(@.2,2) = (AX 16, 2)AK 1, (-, 7)) =
>

On the boundary, the stochastic string motion leads to a random longitudinal force

which is related to the random variables £}, Ay, as

610) = VIS (60 + 7 Tuten) 2 80(0) ) (3.45)
The boundary force-force correlator is
(€LW)EL(-w)) = =" (14 2n(yAw)) ImG r(yw) (3.46)
Finally, the effective equation of motion for the boundary end-point of the string is
given by
e e far e (t;;) o () = €0(0) (3.47)

which in the low frequency limit is

=&(t). (3.48)

4 Summary and outlook

4.1 Summary of the main results

In this work we have analyzed the stochastic motion of the trailing string generated at the
world-sheet horizon by integrating out the near horizon string fluctuation. In contrast to
the static case, the string fluctuations below the world-sheet horizon are causally connected
to the boundary. The integration of these modes leads to a discontinuity in the string
across the world-sheet horizon A, and the generation of a random force acting on the
string above and below the horizon ¢Y. The subindex av = L, T indicates that the force is
different for the longitudinal and transverse components. The discontinuity A, should not
be understood as a discontinuity of the wold-sheet since our description in term of small
string fluctuations is only valid outside of a small region around the world-sheet horizon;
the discontinuity refers to the different positions of the string above and below the stretched
horizon. We have sketched these dynamics in figure 3. The computations in this work have
been performed in the set of coordinates eq. (2.7). In this discussion we will undo this
change of variables and restore the AdS coordinates eq. (2.1). For simplicity of notation,
we will only summarize the transverse fluctuations and drop the subscript 7', since the
extension to the longitudinal case is straight forward, section 3.4. From eq. (3.23) and

,13,



z=(1-)¥""n T

Z+:(1+8)/Y1/27t T

z=1/nT

_—
A

Figure 3. Sketch of the string profile across the world-sheet horizon. The string fluctuation within
the stretched horizon lead to discontinuity in string position A and the appearance of a random
force £ which acts on both ends of the string. The tension force across the world-sheet horizon is
discontinuous due to the different velocities of the string endpoints. There is a balance of forces on
each side of the world-sheet horizon among the tension force, the random force and a resistive force
+1yX (t, 2+) and a force which depends on the separation of the string endpoint 7yA(t). Note that
we plot the longitudinal fluctuations for clarity; there are also fluctuations transverse to the string
motion.

undoing the change of variables eq. (2.7) the forced motion of the wold sheet end points of
the string is given by?3

To(24)0: X0 (t, 24) — £°(t) = +nyA (4.1)
(€M (t) = Gogmt =) (AMAF)) =Galt—t)  (42)

with the discontinuity variable A = X(¢,z4) — X(¢,2_) and the correlators are obtained
from eq. (3.24) and eq. (3.25)

o )_1 e V2T 4 ( )_1 1 V2T
sym &) = T AR A Y W e AT L1

(4.3)

In deriving this expression we have assumed that ¢ < 1 —1/,/7 so that the strip does not
overlap with the world-sheet horizon. Thus, we shall not take v — 0 below?

The horizon equations of motion eq. (3.26) and eq. (3.27) can be interpreted as the
balance of the random force at the horizon with the tension force, F, and a drag like force

$We use that X (w,2) = efi“’g(z))z(wﬁ, zy/) with ¢ given in eq. (2.7).
4This is a consequence of exponentiating eq. (2.7), e~ ! which leads to two poles at 2 = 1/7T and
z = 1/7T; these poles coincide at v = 0. We have explicitly checked that we reproduce the v = 0 limit. In

this limit, the transformation eq. (2.7) is trivial and the equations of motion are the same as in [22]
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on the string endpoints.

‘7:(2—) +&— 77’YA - UWX(t7 Z—) ) (44)
Flzp) —&—mA = -y X (t, 24),

where we have identified the tension force F(zy) = +£T,(5+)0. X (t,2+) and & = VW (see
appendix B for a derivation of this expression). The string is discontinuous across the
world-sheet horizon and the point above and below the horizon move with different speeds
which leads to a discontinuity of the tension force. The equation of motion on each side of
the horizon depends on the endpoint on the other side via A which might be interpreted
as a force of magnitude £nyX (t,z4) due to the motion of the string on the other side of
the horizon. The net force introduced by the horizon is F(z_) + F(z4) = nyA and grows
as the separation of the two sides of the string grows.

The classical string equations propagate the stochastic motion on the world-sheet hori-
zon endpoint to all scales.

Of particular interest is the motion of the boundary endpoint, since it is dual to the
position of the heavy quark. For these, the fluctuations below the world sheet horizon
may be integrated out leading to a second random force at the world sheet horizon. The
effective force acting on the boundary is given by eq. (3.33)

t /

t—1t ;

s = [t F (S5 (@) - mAw)) (4.6
Vel

where F'(t,2") is the retarded boundary to horizon propagator eq. (2.16). Note that the

time it takes the noise to propagate to the boundary ~ ,/4/7T grows with the velocity of

the quark. The force correlator at the boundary is given by

(E(DEw)) = G (7;) , (47)

with the zero velocity symmetrized correlator

Gr(w) = —(1+ 2n)Im Gr(w). (4.8)
From eq. (4.7) is easy to conclude that the noise correlation time 7¢ grows with the velocity

of the quark

val
~ M 4.9
e~ (4.9)
The combination of the random force eq. (4.6) and von Newmann boundary conditions at
the boundary leads to the equation of motion for the boundary end point eq. (3.37), which
in the low frequency limit may be expressed as
dp

— =€ mp+L), (4.10)
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with g = 1/Myi,. This equation describes the forced motion of the particle in a dissipative
medium with the random force correlators

<§T(t (t) = vars(t —t'), (4.11)
(ELEL(t)) = ¥PI2Rb(t — 1), (4.12)
k= VT3, (4.13)

These equations have been previously derived in [19].
As in [22], the string position at an arbitrary point z may be expressed as the reaction
of the in-falling string to the motion at the boundary xo(¢) plus a random piece.

X(t,z) = /dt’F” (t—t,2) mo(t') + AX(t, 2). (4.14)

where the in-falling function F¥(w, 2) = e~ F(,/Aw, \/72) and {(2) is given in eq. (2.7).
The random function AX (¢, z) vanishes at the boundary and it is given by the distribution

(AX(t,2)AX(t',2')) = Geym(t, z;1',2"), (4.15)
with the explicit expression for Gsym(t, z;t', 2") given by eq. (3.31).

4.2 The low frequency limit and the physical picture

To further clarify the dynamics of the string, we consider its motion over a long time
interval 7 such that
val
T 10~ =, 4.16
CTRT ( )
i. e., much larger than the correlation time of the noise. Over this time interval, the
dynamics are well approximated by the low frequency limit of the string motion.
We study the reaction of the string to a small fluctuation xy(¢) on the quark motion
over the stationary trajectory induced by the external electric field. This fluctuation is
relaxed in a time given by the inverse drag coefficient p

Mkin
T ~
ENVVE

which, for sufficiently heavy quarks, is large compared to 7. We will demand the time

(4.17)

interval 7 < 7 so that the velocity can be considered as stationary. In this time interval,
the average motion of the string is obtained from the low frequency expansion of eq. (4.14)

(X(t,2)) = wo(t) + do () AXTs(2), (4.18)

with the trailing string profile given by eq. (2.6). Thus, the reaction of the string to the
perturbation leads to a trailing string solution with a velocity given by v = vz + X (t).
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z=1l/n'T

Figure 4. Schematic view of the string fluctuations induced by the world-sheet horizon at three
different times. On average the string is given by the trailing string solution eq. (2.5) with the
velocity given by the motion of the boundary end point. At any given time, the string deviates
from the average by a drag-like string but with a characteristic higher effective temperature /7T
and with a random amplitude —&/7. This stochastic ensemble of stings generates a random force
of the boundary &. The string above and below the horizon are separated by a random variable A.
As in figure 3 we only plot the longitudinal fluctuations for clarity.

On top of the average value eq. (4.18), there is a random string profile which is given
in eq. (3.28) which in the low frequency limit is®

AX(t,2) = _ﬁﬁ <tan1 (2myAT) + %m ‘%D 10 (VArT2 — 1) A1),

1
8ny/T

(EWEW)) = MyATS(E— 1), (AWDA(K)) = 5t — 1), (4.20)

This result can be interpreted as follows: the random force & generates an ensemble of
strings which fluctuate around the average string eq. (4.18). Each of the strings in the
ensemble have the same z-functional form which corresponds to the trailing string profile
but with a higher characteristic temperature, /4T which is the position of the world-sheet
horizon. As the string goes across the world sheet horizon, there is a discontinuity in the
position A which can be understood as an effect of tunneling through a barrier. This
barrier is due to the fact that at the world-sheet horizon the average velocity of the string
is larger than the local longitudinal speed of light.

Finally, let us remark that turning off the electric field and in the very long time
limit 7 > 7 the momentum of the quark is relaxed and the velocity tends to its (small)
equilibrium value. Thus, v — 0 and the long time dynamics are described by the static
string [22].

®Note that the discontinuity of the derivative in eq. (4.1) vanishes at w = 0
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4.3 Limits on the validity of the approach

The results in this paper are based on the assumption that the heavy quark maintains an
approximately constant speed during a time which is large compared to all medium scales,
so that the dynamics of the quark are controlled by medium averages. Since the force
correlation time grows with the quark velocity, eq. (4.9), the requirement that the 7¢ < 7
demands that

M, in
VA < Tk . (4.21)

This velocity limit coincides parametrically with the one derived in [17] by determining
the maximum value of the external electric field that the a D7 brane can support. The
observation above provides a more physical interpretation for this velocity constraint: at
the critical value of v the correlation time between the random forces acting on the quark
becomes comparable to the motion time scale; thus, the structure of the interaction cannot
be neglected.

We also note that there is a different constraint on the velocity coming from the fact
that the kinetic mass of the quark must be large in order for the relaxation time to be
large compared to the thermal wavelength. As a consequence, the medium modified mass
AM should be small compared to the vacuum mass M,, AM < M,. Remarkably, this
consideration leads (parametrically) to the same critical v factor eq. (4.21). From the field
theory side it is not clear to us why these two constraints should coincide.

We would also like to understand this limit on + from the point of view of the dual gauge
theory. The long correlation time signals that the fluctuations due to normalizable modes
become large. Indeed, the assumption that the normalizable modes are suppressed is set by
the condition that their classical action is large (and thus, their spontaneous fluctuations

are unlikely). Taking the average over the normalizable fluctuations of eq. (2.12) we obtain
T
STIAX]) « —T, 4.22
(ST[AX]) 7 (4.22)

where 7 is the total time of observation.® To derive this expression we have used that, in
hat coordinates, the only dimensionful quantity in the solution is T'. Since the fluctuations
are suppressed by VA, the factor v\ in front of the action cancels. Demanding that the
action is large in the typical time scale for the motion of the quark, 7 = 7r leads to
1 MT .
v b

which coincides with the limit eq. (4.21). Above the critical velocity, the emission of excited
7

(4.23)

string modes cannot be neglected in the description of the heavy quark dynamics.
To conclude this discussion, we would like to address what is the typical size of the
stretched horizon €. The full Nambu-Goto action for transverse fluctuations
2 1

Sng = —?1@ /dfdf2 %\/1 + f(£)(0:X)2 — %(@X)Q- (4.24)

SIn hat coordinates the action scales as 7 = T/\7-
"This provides a natural explanation to why the action of the string becomes imaginary for velocities
larger than the critical one [27] since new channels, such as the emission of excited string states, appear.

,18,



The implicit assumption on the expansion performed in eq. (2.12) is that the fluctuations
remain small. However, the solution to the small fluctuation problem diverges logarithmi-
cally close to the horizon. Thus, the last term inside the square root in eq. (4.24) grows

faster than linearly sufficiently close to the horizon. Then, we must impose
1 P N\2
- <(3tX(t, €)> > <1. (4.25)
€

Since for the typical fluctuation @ ~ T and since the correlation function eq. (3.29) is

inversely proportional to n we obtain the condition

€ 1

> ,
In? Ve VA

where we have used € = /ye. Thus, as long as the coupling A is large, the width of the

(4.26)

stretched horizon can be small compared to temperature. As it also decreases with - it is
possible to separate the world-sheet horizon from the AdS horizon as long as the velocity
is not too small v > 1/\1/4.

4.4 Outlook

As we have seen, the string fluctuations induced by the world-sheet horizon lead to the
stochastic motion of the quark at the boundary. Since only the fluctuations above this
horizon are causally connected to the quark, this correspondence between sting and quark
fluctuations probes only the region Z < #T". However, as we have stressed, one of the inter-
esting features of the trailing string is that the effective horizon is outside the AdS event
horizon. As a consequence, the fluctuations below the world-sheet horizon are causally
connected to the boundary and they are reflected in the boundary theory via the corre-
lation of fields associated to the quark. The strength of these correlations is, in essence,
proportional to the correlation function eq. (3.31) which we rewrite here for longitudinal
fluctuations in the low frequency limit

1 2
GLsym(w,Z,Zl) = m <77_TAXTS (\/"—)/Z) AXTS (\/"—)/Z/)

+8?7LT9(Z\57TT —1)0(<\FaT — 1)> . (4.27)

Expression eq. (4.27) shows a very strong suppression of the fluctuations with the
quark velocity. However, the correlation of associated fields do not need to show such a
large suppression. To illustrate this point, we discuss the computation of the stress tensor
associated to the quark. The calculation proceeds by solving the back-reaction of the AdS
metric to the string dual to the quark [29, 30]. The small deviations from the AdS metric
are sourced by the (five dimensional) stress tensor of the string which is given by

22

S

TMN(t, k) _ _L\/gaXMaXNe—ivkx(t-l—AXTs(z))e—ikxXL(t,z)—ileT(t,z) \ (428)
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where 7MN

is the 5-dimensional stress tensor (which is different from the stress tensor in
the gauge theory).

The stress tensor eq. (4.28) depends on the fluctuations not only through the exponent
but also through the dependence on the coordinates. Since we have restricted our analysis
to the small perturbation regime, we expand eq. (4.28) to leading order in X, Xp. To
this accuracy, the fluctuations do not change the average value of the stress tensor, which
is given by the trailing string, but they lead to a non vanishing correlator. As an example,

the 7% correlator at small momentum k —0 is given by
YAz
2 LD
B(2)B(2')0,0p (AXp(t,2)AXL(t,2")) +
A(2)B(2')0.0p <AXL(t, 2)AX(t, z')> +

)AXL(t/’ Z/)> )

2
(AT ATo0) = +° ( ) [A(Z)A(z')azaz/ (AXL(t,2)AXL(t',2)) +

B(2)A(2)0:0, (AXL(t, 2 (4.29)

where the functions A(z) and B(z) are given by
A(z) = —v ((ﬂ'TZ)2(1 — 2% — (WTZ)4/’)/2)) , (4.30)
B(Z) — U(l — (W;—‘Z)4/72) , (431)

and do not vanish in the large + limit. The overall 7% factor compensates the explicit
~5/2 suppression of the correlator eq. (4.27) leading to a strong apparent enhancement
~7/2 of the stress tensor correlation function. However, note that the v/ dependence on
the functional form of the correlation function eq. (4.27) may change this scaling with the
energy; its exact functional form will be addressed elsewhere.
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A Green’s function derivation of the fluctuation patern

In this appendix we provide a different derivation of the two point correlation function
eq. (3.29). We consider the string partition function with external sources

ZT[le J2] :/DSX1D8X2GZ'ST[X1]iST[XQ}‘FZ'fdfldﬁl]l(fl,ﬁ’l)Xl (51,21)71']‘(11?2(:122 J2(£2,22)X2(£2722).
(A1)

Since in eq. (3.29) the boundary value of the fluctuation AX is zero, we impose this
condition eq. (A.1).
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The connected correlation function is given by

; 4y 1 9PInZ

iGi(t =t 5,8y = (1)) o 2 2T .
2 6Ji(E,2)01(,2) |5,

(A.2)

Under the presence of the source, the classical solution to the string equations of motion
is given by
0; (T,(2)0: Xs(w, 2 M @5 0,2 A
: (To(2)0: %, 2)) + 7 i@ 2) + i@,2) = 0. (A.3)
The connections of the type 1,2 solutions is performed as in the case without sources.
The correlation function eq. (A.2) is then given by the Green’s function [22]

A B 9<(2)9>(2)0(2], 2i) + 9>(2)9<(25)0(%;, 2})

s s 5/ —
Gz](wv Z, 2 ) To(éé)W(ég)

(A.4)

with g<(2) (g>(2')) the solution of the homogeneous normalizable in the right (left) classical
string solution and W (z) = ¢g_(2)g>(2) — g<(2)g% (=) is the Wronskian of these solutions.
The function 0(%1,2]) = 0(21 — 27), 0(22, 25) = 0(2}, — 22), 6(21,25) = 1 and 0(%9, 2]) = 0.

Using the analytical continuation eq. (2.20), the solutions g~ (2), g<(2’) are given by

g<(2) = 2% <Fw(2) — 69(1*2)”@/2F5(2)> (right quadrant) (A.5)
1 . o

g=(2) = % <Fw(2) — e_mee(l_z)w/QFg(é)) (right quadrant) (A.6)

g<@):§;Q%@y—J%fWP@WﬂEy@) (left quadrant) (A7)
1

gg@::%<ﬂxa—e”@4hwﬁg@0 (left quadrant) | (A.8)

After introducing the r a basis, the symmetrized correlator is given by

C7Ysym - i (Gll + GQQ + G12 + 621) . (Ag)

After a tedious but straight-forward computation, the symmetrized correlator computed
in this way coincides with eq. (3.29). The extension to longitudinal fluctuations is also
straight forward.

B Momentum flux at the world sheet horizon

The canonical momentum densities associated to the string are

1 hroOp XY — hooO- XY
T 5L ToVo ooVt
o= 35hE = ~ 5w Ve , (B.1)
1 hroOr XV — hrr Os XY
o L ToUr TTY0
T = 68013(% = _271.&/9#” v—h ) (B.2)

where Lyg is the Nambu-Goto lagrangian, hy, is the induced metric on the world sheet
and g the AdS-metric. The string equations of motion are the continuity equations

Oy, + Dy = 0. (B.3)
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The total energy and momentum of the string are

E = —/dO’T['tO, pi = /dO’T['iO. (B.4)
Using eq. (B.3), the change in momentum in the string between the interval (o, 0}) is

dpi o o
ot (0a) — 7 (o) - (B-5)

The left hand side of this equation yields the forces acting on the string. The right hand
side gives the tension forces at the string endpoint F(o,) = —n{(0,), F(op) = 77 (0p).

For the trailing string eq. (2.5) we choose as (7,0) the AdS coordinates (t,z). To
leading order in the fluctuations, the induced metric is

L2

hi =~ (1 - (mﬁ)‘*) , (B.6)
L2 1 Tz \*
’W?W(“(W))’ B
22}2 T 2
htz = _% (B8)

The transverse force on the string end point at the world sheet horizon z+ = 24 /,/7 is

TE(zy) = — <To(éi)6ZXT(t, 24) — Xt zi)> . (B.9)

Using eq. (4.1) we find

T () = = (£0) AW —myXr(t, 2)) - (B.10)
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