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ABSTRACT: Classically, the dual under the Seiberg-Witten map of noncommutative U(N),
N = 1 super Yang-Mills theory is a field theory with ordinary gauge symmetry whose
fields carry, however, a #-deformed nonlinear realisation of the N' = 1 supersymmetry
algebra in four dimensions. For the latter theory we work out at one-loop and first order
in the noncommutative parameter matrix 0 the UV divergent part of its effective action
in the background-field gauge, and, for N # 1, we show that for finite values of N the
gauge sector fails to be renormalisable; however, in the large N limit the full theory is
renormalisable, in keeping with the expectations raised by the quantum behaviour of the
theory’s noncommutative classical dual. We also obtain —for N > 3, the case with N = 2
being trivial- the UV divergent part of the effective action of the SU(N) noncommutative
theory in the enveloping-algebra formalism that is obtained from the previous ordinary
U(N) theory by removing the U(1) degrees of freedom. This noncommutative SU(N)
theory is also renormalisable.
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1 Introduction

Noncommutative gauge theories are known to arise as low energy limits of (super)string
theory [1, 2], and they are interesting on their own as examples of nonlocal theories. One
of their intriguing features is that noncommutative U(N) gauge theories, considered as
effective descriptions of the dynamics of D-branes with Neveu-Schwarz backgrounds, are
known to have a dual description in terms of fields with ordinary gauge invariance [1]. This
equivalence, which can be traced back to the possibility of choosing different yet equivalent
regularisations of the D-Brane effective action, can be formulated by means of a map which
relates noncommutative and ordinary gauge fields in a way consistent with their respective
gauge symmetries, so that orbits of noncommutative gauge transformations are mapped
into orbits of ordinary gauge transformations. These maps are called Seiberg-Witten maps.
Their role linking different DBI actions has also been shown to hold, at least to a certain
approximation, in the A/ = 1 supersymmetric case [3]. In principle, this equivalence holds
for the D-Brane effective actions, but one may wonder whether it also holds, at the quantum



level, for the noncommutative gauge theories that do not involve the higher order terms
present in the DBI actions.

The idea of mapping noncommutative to ordinary gauge symmetries was the starting
point for the formulation of noncommutative gauge theories for arbitrary gauge groups by
means of Seiberg-Witten maps pioneered in refs. [4-6]. In the “standard” formalism, closure
under gauge transformations restricts the gauge groups to be U(N) and the representations
to be (anti-)fundamental or bi-(anti)-fundamental, while the formalism which makes use of
Seiberg-Witten maps, also referred to as the enveloping algebra formalism, makes it possible
to consider arbitrary gauge groups and representations by mapping the enveloping-algebra
valued noncommutative gauge fields to ordinary Lie-algebra valued gauge fields.

The quantum properties of noncommutative gauge theories, both in the standard and
enveloping algebra approaches, have been analysed in many works. Concerning the stan-
dard approach, nonsupersymmetric noncommutative U(N) Yang-Mills theories are plagued
by pathological IR divergences coming from the UV /IR mixing effect [7], which are sup-
pressed in the large N limit, in which only planar diagrams contribute and the sole effect of
noncommutativity is producing phase factors depending on the external momenta which
can be taken out of the loop integrals. Noncommutative supersymmetric gauge theories [8]
exhibit a better behaviour in the infrared, as the problematic divergences are milder or
altogether absent [9-11]. These milder noncommutative IR divergences are logarithmic
and can be integrated leading to a consistent renormalisable supersymmetric noncommu-
tative Wess-Zumino [12] and most likely to consistent renormalisable, or even UV finite,
supersymmetric noncommutative U(N) theories [13, 14]. A noncommutative extension of
the MSSM has been put forward in ref. [15], which contains more “particle” states than
the ordinary MSSM due to the noncommutative anomaly cancellation conditions [16, 17]
and other noncommutative requirements.

On the other hand, concerning the theories defined by means of Seiberg-Witten maps,
they are known to have gauge anomaly cancellation conditions identical to their commu-
tative counterparts [18], and their renormalisability properties have been studied in a wide
number of papers [19-27]. The results can be summarised as follows: pure gauge theories,
U(1) or SU(N), are one-loop renormalisable at least to first order in the noncommutativity
parameters. The introduction of matter fields in the form of Dirac fermions or complex
scalars in arbitrary representations (but such that the matter Lagrangian in terms of non-
commutative fields does not involve a covariant derivative with a star-product commuta-
tor), does not spoil the renormalisability of the gauge sector of the theory; however, the
full theory seems to be nonrenormalisable in all cases analysed. These cases for which the
renormalisability of the matter sector has been addressed are: Dirac fermions with gauge
groups U(1) [20, 21] or SU(2) in the fundamental representation [22], and U(1) complex
scalars [25]. Renormalisability is spoilt by the appearance of divergences in matter field
Green functions which cannot be removed by multiplicative renormalisations or field redef-
initions. There is still no definitive answer concerning whether other types of matter fields
or representations could overcome this problem, despite promising results concerning chi-
ral fermions [27]. Still, the renormalisability properties of theories with Majorana fermions
or/and covariant derivatives involving a star-product commutator have not been studied.



Moreover, supersymmetry could be expected to make some divergences go away. However,
though generally supersymmetry is associated with a cancellation of divergences between
bosonic and fermionic degrees of freedom, and noncommutative U(N) theories defined by
means of Seiberg-Witten maps have been shown to be compatible with supersymmetry, it
turns out that the latter is realised nonlinearly in the ordinary fields [3], and thus it is not
clear how it will affect divergences.

Comparing the quantum properties of noncommutative theories in both the standard
and enveloping algebra approaches raises interesting questions regarding their equivalence
for U(N) gauge groups, for which the Seiberg-Witten map establishes a classical equiva-
lence. The different gauge anomaly cancellation conditions makes this equivalence doubtful
in the presence of chiral fermions, at least when noncommutativity is treated perturbatively.
In the case of theories without matter, the equivalence has been found to hold for non-
commutative Chern-Simons [28] —a theory which is UV finite—, whereas for other gauge
theories with or without matter there is no concluding evidence, since on the side of the
enveloping algebra approach the theories studied have exclusively U(1) and SU(N) gauge
groups, while to make contact with the standard formalism one should consider U(N) in
the large N limit, in which the theories, at least at the one-loop level, are supposed to be
well behaved and renormalisable for infinitesimal noncommutativity.

We have so far identified several issues that need further investigation, and, indeed,
there are two goals that one can achieve by studying the renormalisabilityof the N = 1
super Yang-Mills -expanded theory. On one hand, the study of the renormalisability prop-
erties, both for the gauge sector and the full theory, of noncommutative theories defined
by means of Seiberg-Witten maps (i.e., theories defined within the enveloping-algebra for-
malism of refs. [4-6]) with Majorana fermions and/or involving a covariant derivative with
star-product commutators and /or supersymmetry. This study is much needed since, within
the enveloping-algebra formalism, the inclusion of fermions in noncommutative SU(N) the-
ories in a nonsupersymmetric way leads to nonrenormalisable theories: the fermionic part
of nonsuperymmetric noncommutative SU(N) is nonrenormalisable —see ref. [22]. On the
other hand, to check in a highly-nontrivial setting the equivalence at the quantum level
of the standard and enveloping algebra (f-expanded) approaches for supersymmetric non-
commutative U(N) gauge theories in the large N limit,i.e., the quantum duality of super-
symmetric noncommutative U(N) formulated in terms of noncommutative fields and the
supersymmetric theory, whose fields are ordinary gauge fields carrying a nonlinear reali-
sation of supersymmetry, obtained from the former by using the Seiberg-Witten map. In
this regard, it should be stressed that the Seiberg-Witten map is not a field redefinition of
the ordinary field —it maps ordinary gauge orbits to noncommutative gauge orbits— and,
hence, it is far from clear that renormalisabilityof the planar sector of the standard noncom-
mutative supersymmetric U(N) theory implies renormalisability of the large-N part of its
classical ordinary dual under the Seiberg-Witten map. Besides, the Seiberg-Witten map is
defined by products of fields at the same point and renormalisation of the Green functions of
elementary fields does not imply renormalisation of Green functions of composite operators.

It is plain that the final and more ambitious goal regarding the perturbative renor-
malisability of the planar (and SU(N)) sector of the theta-expanded U(N) SYM theory



would be to prove renormalisability at any order in 6#” and the number of loops. Here
perturbative renormalisability is understood in the physical sense that once the coupling
constants and mass parameters that occur in the classical action —these coupling constants
and mass parameters being a finite set— have been renormalized, the so remaining (if any)
UV divergences can be accounted for by field redefinitions which are parametrised by an
infinite number of UV divergent parameters, which constitute the physically irrelevant part
of the Seiberg-Witten map. This all-order perturbative renormalisability proof seems to
be technically out of reach at the moment and to carry it out will require a great deal of
ingenuity —though some partial all-order-in-theta proofs have been given in refs. [19, 26]-,
in this regard some improvement of the techniques introduced in ref. [29] may be of help.
This all-order renormalisability proof is a preliminary requirement to fully establish quan-
tum Seiberg-Witten map duality, on the one hand, and, to fully make sense out of any
noncommutative field theory formulated within the enveloping algebra formalism. How-
ever, as it has happened in the past in the history of quantum field theory, in the absence
of general proofs explicit one-loop computations at first order in #* are always welcome
since they may serve as a guidance on how to achieve the ultimate goal and to reveal
whether some properties such as supersymmetry maybe useful to attain that goal —U(N)
YM theory in the large-N limit in the case at hand—. Besides, these computations show in
which cases the ultimate goal cannot be accomplished—for finite N, the U(N) YM theory
in the case analysed here—. All in all, a full perturbative proof of the renormalizability of
the kind of #-expanded theories studied in this paper requires far more work and a better
understanding of both the technical issues and formal ideas involved in their formulation.

The aim of this paper is to take the first steps in the study of the two open issues
mentioned above by analysing the renormalisability properties of N'= 1 U(N) super Yang-
Mills in the enveloping algebra approach, with the ordinary fields taking values in the
fundamental representation of the gauge group. First, the theory has a Majorana fermion
with a covariant derivative involving a star-product commutator; supersymmetry is also
present for the noncommutative fields, and it is inherited by the ordinary fields albeit
in a nonlinear fashion. Secondly, since we have a U(N) gauge group in the fundamental
representation, the theory can also be formulated in the standard approach, in which case,
in the large N limit, it is renormalisable and well-behaved for small noncommutativity. We
will analyse whether one-loop renormalisability in the background field gauge is achieved at
least for large N. Further, in order to complement previous research regarding theories with
simple gauge groups, we will study the renormalisability properties of the SU(N) model
that results from eliminating the U(1) degrees of freedom in the U(N) theory, with the
goal of seeing whether the modified field content and interactions yield a better behaviour
at the quantum level. To tackle these problems, we will compute the divergent part of
the one-loop effective action at first order in the noncommutative parameters 0", using
the background field method in the background field gauge and dimensional regularisation,
and we will study whether the divergences can be removed by appropriate multiplicative
renormalisations of the parameters of the theory plus nonmultiplicative field redefinitions.

The paper is organised as follows. The model and the background field method are
introduced in section 2. Section 3 is devoted to the computation of the full divergent part



of the one-loop effective action: first, a method is outlined which allows to obtain the
full result by calculating a minimum number of diagrams, whose divergent parts are then
computed in dimensional regularisation; following this the full gauge invariant expression is
finally reconstructed. The renormalisability of the theory, both for arbitrary finite and large
N, is studied in section 4, and then conclusions are drawn in section 5. Two appendices
are included, the first one with some Lie and Dirac algebra identities, and the second one
displaying the Feynman rules employed in the computation.

2 The model and the background field method

The action of the model, in terms of noncommutative fields, is the following,

1 i
S = /d4x——TrFV*FW+—
292 M 92

Fu = 0uA, — 0,A, —i[Au, Alx, Diy = 0, —i[Ay, %, (2.1)

TrAD, A,

where the fields take values in the enveloping algebra of U(N), A, = A;‘ TA, A = AATA
and A is a Majorana spinor (see appendix A for conventions). The U(N) fields will be
taken in the fundamental representation. The noncommutative product x is the usual
Moyal product,

a*xb=aexp [%0“”(5ng} b,

with h setting the noncommutative scale. The model has AN/ = 1 supersymmetry in terms
of the noncommutative fields; it can be formulated in terms of a noncommutative vector
superfield in the Wess-Zumino gauge.

The noncomutative fields are defined in terms of U(N) Lie algebra valued ordinary
fields, which we denote by a,,, [, by means of the following Seiberg-Witten maps,

h
Ay =a, — ZW{“O" dsa, + g} + hS, + O(h?),

h
A=1— Zeaﬁ{aa,QDg[—i—i[ag,[]}+h£+0(h2), (2.2)

where D, = 0, —ilay, |, fu = Oua, — Oya, —ifa,, a,], and &, £ represent the ambiguities
in the map at order h, given by sums of terms which involve a contraction with 0*¥ have
the appropriate mass dimensions and transform in the adjoint representation of the gauge
group; they can be argued to be equivalent to field redefinitions, as will be seen in section 4.

We will work with the following decomposition of the U(N) fields in the fundamental
representation into their SU(N) and U(1) parts:

1
ay = a, T + b“\/ﬁ’ fuw = [0, T° +g“”\/ﬂ’

1
(= AT 4 . (2.3)

V2N



This will allow us to study the properties of both the U(N) theory and the SU(N) theory
that results from suppressing the U(1) degrees of freedom b, u.

We will argue in the next section that, for the purpose of checking renormalisability,
it suffices to compute the divergent part of the effective action ignoring at tree-level the
ambiguities &, £ of the Seiberg-Witten maps in eq. (2.2); the ambiguities, however, have
to be taken into account when considering the allowed counterterms. The action in terms
of ordinary fields, after expanding (2.1) with eqgs. (2.2) with &, = £ = 0, turns out to be
the following

S§ =50 + sV 1 0(n?),

SO — _ % / 'z Trfu, i + g% / d'z (L, (24)
i

1 /d4x Tr0* Iy { DL, §op}

1 1
s :4—92 /d4m Treaﬁfuufwfaﬁ N ? /d4m Treaﬁfozufl?Vfaﬁ .
- % / d*e Te0“P Iy { DL, f 1 }-

In the previous action, all the noncommutative terms involve traces of the type
TeTA{TB, T} = 1d4BY (see appendix A). For N < 3, the SU(N) part of the Lie al-
gebra, for arbitrary representations, has d®¢ = 0, which means that the SU(N) theory
obtained by eliminating the U(1) degrees of freedom is, to order h, equivalent to its com-
mutative limit. Therefore, when studying the SU(N) theory we will only consider N > 3.
As shown in ref. [3] (see also [30]) the fields in the action in eq.(2.4) carry a nonlinear
realisation of A/ = 1 supersymmetry which define supersymmetry transformations that
leave that action invariant.

In the enveloping algebra approach, quantisation is performed on the ordinary fields.
In order to compute the effective action with the background field method [31], we split
the gauge field a, in a background part b, and a quantum part g,

a, = by + qy. (2.5)

A gauge transformation of a,, da, = D,c, can be generated by two types of transformations
of the fields b, ¢:

Quantum gauge transformations: dq, = D[q|,c, db, = —i[b,, c], Dlql, = 0, —i[qy, |,
(2.6)

Background gauge transformations: dq,, = —i[qy, c|, b, = Db],c, Db, = 0, — ilby, |.
(2.7)

In order to quantise ¢ with the path integral formalism, a gauge fixing procedure is needed
for the transformations in eq. (2.6). The background field method relies in a clever choice
of the gauge-fixing function which is covariant under the transformations (2.7). With the

gauge-fixing choice G = D,[f} g" = 0, the gauge-fixing and ghost action are the following

1

ng = o

/d4:6 (Dg’]q“)Q, Sgh = /d4:6 éDE’}D[bJFq}“C. (2.8)



Quantising the fields g, [, [, the generating functional of the background Green functions
is given by

Z[J,6,6:b) = /[dq] [d1)[dl] exp[i(S[b + g, 1] + Syrlq; ] + Synle, & q; b + Jug* + 51+ 15)],
(2.9)

where J, 5,5 are sources for the gauge field and Majorana fermions. Note the use of “ to
distinguish the background currents and functional generator Z from the ones defining the
true Green functions of the theory, when the splitting of eq. (2.5) is not used and functional
integration is performed over a. The generator of connected background Green functions
is given by

WJ,6,5;b) = —ilnZ[J,5,5;b].

Defining the background classical fields as

LW WL oW
1=%5 "T 55 T s

then by performing a Legendre transformation we get the functional T which generates the
1PI connected background Green functions:

TG, b = W[J,&,5;b] — /d4:c Jq" — /d4x 5?—/614;5?5. (2.10)

In a similar fashion, without using the splitting of eq. (2.5), one can define the true Green
function generators Z[J,o,a] and W[J,o,d] as well as the true classical fields ﬁ,f,?. Stan-
dard formal manipulations show that the effective action of the theory I'[a, f,g] is related
to [, , 2 b] of eq. (2.10) by the following identity [31]:

Cla,1,1] =TI0,1,1;b] ’b:af[:i,:[:? (2.11)
where I' is computed with an unusual gauge-fixing. From the r.h.s. of eq. (2.11) it is clear
that the effective action is obtained by calculating the background effective action for the
Majorana fields after integrating out the quantum fields ¢, with the background fields b,
taken as external sources. We thus can write

. k k
R —i s 2 -
P[a’ ' [] - /d4m Zk: Qk(k!)QF[a](ikl),--vik, Jts s Jks H [;?l H [jB;p7

A1, .., Ag, Bi,., B, =1 p=1

where the factor (k!?) takes into account the permutations of the I's and I's, while the factor
2% comes from the fact that, since the Majorana fermions are self-conjugate, it is always
possible to interchange one [ with an [. T'[a](®) is nothing but the sum of background 1PI
diagrams with k fermionic legs, k anti-fermionic legs and no quantum gauge field legs, and
with the background field b renamed as 4. Expanding I'[a]*) in the number of background
gauge fields, one gets

k n

LA 4 =i =(n,k) 24 “B C,
rla L= /d v Z Z 2k(k!)2ri17--7ik7 T Jks M1, B H [ill H [jpp S - (2.12)
k n

A1, ., Ay, B1,.,By C1,..,Cp =1 p=1 m=1




In the previous formula I'(™*) is equivalent to a background 1PI diagram with n background
gauge field legs, k fermionic legs and k anti-fermionic legs. Note that our definitions do not
involve any symmetrisation over the background gauge fields. Symmetrising over them we
can make contact with the usual expansion of the effective action in terms of 1PI Green
functions:

. k
A 4 — (k) Br
Tla. LY = /dx Zk:zn!2k(k!)2 i1,y iky Gy dks By fin H[ H[P
n p:

A1, ., Ay, Bi,.,By, C1,..,Cn !

’:]:

m=1

where T'(™F) which is obtained from I'™*) by summing over the permutations of the
background gauge fields, is the 1PI Green function with n gauge fields and k fermion pairs.

The advantage of using background diagrams coming from the functional generator
in eq. (2.9) is that I'[0,[,[;b] is gauge invariant, so that the effective action I'[a, E,T] is
indeed gauge invariant. As explained in the next section, this can be used to simplify the

computation of the divergent part of the effective action.

3 Computation of the divergent part of the effective action

The aim of this section is to compute the divergent part of the effective action at first
order in h#, by calculating the background 1PI diagrams I'™*) with no external quantum
gauge fields of eq. (2.12) using the Feynman rules associated with the functional generator
in eq. (2.9). These rules can be derived from the expressions for the action, gauge fixing
and ghost terms given in eqgs. (2.4), (2.8), keeping in mind the splitting (2.5).

Before plunging into the computation, we will justify a number of simplifications that
do not imply a loss of generality on the final result concerning the regularisation and
renormalisation of the theory.

e We shall carry out our computations in dimensional regularisation with D = 4 —2¢ —it
is always advisable to keep an eye on dimensional reduction. That this regularisation
does not preserve supersymmetry will have no bearing on our conclusions since our
computations are one-loop and the inclusion of the e-scalars of dimensional reduction
to turn our dimensionally regularised theory into a theory regularised by dimensional
reduction —and thus supersymmetric— will not modify the value of UV divergences
that we will compute, but will add new ones which would be subtracted by introducing
counterterms made out of “evanescent” operators and couplings —see ref. [32, 33] for
further details.

e Choice of gauge @ = 1 in the gauge-fixing term in eq.(2.8). This choice of gauge
simplifies the gauge field propagator. This brings up the question of whether, if
problematic divergences appear for o = 1 that make the theory nonrenormalisable,
the consideration of an arbitrary o might help remove these divergences. The answer
is negative whenever any of the problematic divergences appearing at &« = 1 do not
go away on the mass shell. This is due to the results in ref. [34] (see also [35]) which
establish that the background field effective action is independent of the gauge-fixing



term if the background fields are on shell. Thus, when the background fields are on
shell any divergent contribution remaining will be independent of any gauge-fixing
term that we chose.

e Setting to zero the tree-level ambiguities &, £ of the Seiberg-Witten map of eq. (2.2).
This choice simplifies greatly the computation of the diagrams, though when studying
renormalisability one can still contemplate infinite renormalisations of &, £, which
tantamounts to consider the most general field redefinitions that cannot be reab-
sorbed by gauge transformations, as will be explained in section 4. Again, one may
still object that considering arbitrary &, £ at tree level might be of use to cancel
possible pathological divergences (i.e., that cannot be removed by field redefinitions
or multiplicative renormalisation) appearing for 62"6’3 = gtree — (), This possibility is
precluded by the arguments presented in ref. [36], proven there for a specific model
but expected to have general validity. In this reference the authors claim that, given
a theory which is multiplicatively renormalisable, then by quantising the theory after
performing a field redefinition, the divergences in terms of the new fields can be reab-
sorbed by the same multiplicative renormalisations of physical parameters as in the
original case, plus infinite field redefinitions. In our case, we worry about possible di-
vergences at order hf for 6};‘36 = g% = () which cannot be removed by infinite field
redefinitions. The theory at order A" is known to be multiplicatively renormalisable,
and considering arbitrary 6}}66,2“66 is equivalent to performing finite field redef-
initions of order h on the ordinary fields a,,[,I. Thus, the additional divergences
dependent on 62"6’3, £ that might appear would be equivalent to infinite field re-
definitions and therefore by assumption would not be useful to cancel the original
problematic divergences at 62”36 = gtee — (), It follows that the conclusions about the
renormalisability of the theory obtained for 62“36 = £ = () have a general validity.

e Computing a minimum number of diagrams. The use of the background field
method guarantees that the result for the effective action will be gauge invariant.
Furthermore, its divergent part computed in dimensional regularisation will be local.
Thus, if one chooses a basis of all possible local gauge invariant terms up to order
h, the divergent part of the effective action will be a linear combination of these
terms. The coefficients in this linear combination can be determined by identifying
its contributions with any given number and types of fields with the poles in the
dimensional regularisation parameter ¢ of the corresponding 1Pl Green functions
with the same number and types of external fields. By appropriately choosing the
basis, it can be guaranteed that the contributions to its elements with a minimum
number of fields are also independent of each other, so that the unknown coefficients
in the expansion of the divergent part of the effective action in terms of the basis
can be determined from the diagrams with lowest number of fields.

We have thus argued that we can determine unambiguously the renormalisability of the
theory by computing the effective action for a =1, 6};‘36 = gire¢ — (), Under these assump-
tions, the Feynman rules relevant to our computations are those given in appendix B; they



use a compact notation for the Lie algebra indices, following ref. [37, 38], in which the U(N)
field expansion in the Lie algebra generators in the fundamental representation is taken as
a, = aﬂATA

)

where T4 = {T°, 7%}, with T° = \/% the U(1) generator and T denoting the SU(N)
generators; more details are given in appendix A. This allows to compute simultaneously
diagrams involving both SU(N) and U(1) fields, and the results for the SU(N) theory can
also be easily obtained by setting the external “A” indices to SU(N) indices “a”, and by
taking care to drop the contributions of U(1) indices in terms involving contractions of
internal U(N) Lie algebra indices “A”.

Let us start by identifying the diagrams that need to be computed by constructing
the appropriate basis of local gauge invariant terms whose integrals are independent. We
use the decomposition in eq. (2.3). Local gauge invariant terms are then constructed from
traced products of the field strengths and fermion fields and their covariant derivatives; we
can classify them in three sectors: SU(N) sector -only including fields in the Lie algebra
of SU(N)- U(1) sector, and mixed sector. A list follows:

e SU(N) sector:

t1 = 0°°Tr fog fru ' ty = 0°°Tr fo fou /"

t3 = 0°PTrAvy, D> D), ty = 0P Tr)\y,5" D2 D),

ts = 0°PTeMy"{ fu5, Do}, te = 0°PTeIM{ fup, D)},

tr = 0P T \yo{ fau, DM}, ts = 0P TrAyas" { DY fo, A}, (3.1)
ty = 0P TNV {Dg fros A}, tio = 0°“CTeAy" Dy, fuss N,
t11 = 0°PTr Ay, [D* f3,, Al t1g = HaﬁTrS\fyaﬁ“[fW, D"\,
t1g = 0°PTr Ay, 7 [foor DAl t1a = 0°PTr Ay, 7 (8o, DpAl,

t1s = 0°PTeN; (Yo )i [ (8N b A ], tis = 0P TN )i [ O i) A -
e U(1) sector:
up = aaﬁgaﬁgm}gum U = Haﬁgaugﬁuglwa us = Haﬁa'YaaQaﬁua

Uy = eaﬂmaﬁﬂa%Mu, us = Gaﬁafy“@augﬂﬁ, ug = Gaﬁﬁ’y“auugaﬁ, (3.2)
ur = 0P a0 ugp,,  us = 0 uyastud’ g, ug = 00Uy uds g0

e Mixed sector:

v = 0P Trgas f* fuv, vy = 0P Trg"” fopfu, vs = 0" Trgay fou [
vy = HO‘BTrngaﬁfW, vs =0 “ﬁTrﬂv“fugDa)\, vg = HO‘BTrﬂW"faﬁDu)\,
vy = HQﬁTrﬂv“DHfaﬁ)\, vg = HQﬁTrﬂ%,fguD“)\, vg = HQﬁTrﬂ%,D“fgu)\,
V10 = Ho‘ﬁTrﬁ’yag"D”fW)\, v = Ho‘ﬁTrﬁ’yag"fWD”)\, vy = HO‘BTrﬁ’yap”Dgfpa)\,
(3.3)

,10,



V13 = HQﬁTrﬂwaprng)\, Vg = HQﬁTrﬂ%{pgfgaDp)\, V15 = HQﬁTrS\V“Da)\gW,
v1g = HaﬁTrS\'y“DM)\gag, vy = HaﬁTrS\'yaD“)\ggﬂ, v1g = HaﬁTrj\'yaﬁ“)\a”gW,
V19 = HO‘BTrS\VaPU)\aﬁgPU.

In the formulae above, “Tr” denotes the trace over the SU(N) generators. The list of
terms spans modulo total derivatives all the possible gauge invariant terms of order h6*
with the appropriate dimensions with zero or two Majorana fields. Again, the Majorana
properties (A.3) and (A.4) have been used, so that any term with two Majorana fermions
not present above can be expressed as a linear combination of the t;, u; and v;, again modulo
total derivatives. In the case of terms with four Majorana fermions, t15 and ¢4 do not span
all the allowed contributions, but the missing ones will play no role in our calculations and
we will safely ignore them.

The contributions to the previous list of terms with a minimum number of fields are
independent of each other, which, as explained before, allows to fix the coefficients of
the expansion of the divergent part of the effective action, 'YV, in terms of the t;, u;, v;
by computing only the 1PI diagrams with the least possible number of fields. Let us
identify the diagrams that need to be computed, using the notation in eq. (2.12) for the
1PI background Green functions.

At order h°, the possible gauge invariant terms are Tr fuw fHY and TrAPA. Thus,
using the notation of eq. (2.12) only the diagrams contributing to 29 _with two external

(0,1)

background gauge field legs- and T -with two external quantum fermionic legs- need to

be computed. At order h, we have, schematically, the following types of terms:

e Terms of the type Trofff,TrOgf f,0ggg, which are spanned by tq,t2, ui,us and
v] — vy in egs. (3.1), (3.2) and (3.3), whose contributions with three gauge fields are
independent. Thus it suffices to compute diagrams with three external gauge fields,
contributing to T'(3:0),

e Terms of the type TrOAD3 )\, §ud3u, which are spanned by t3,t4 and ug,u4 in egs. (3.1)
and (3.2). They involve at least two fermionic fields, so that their coefficients in the
expansion of T4 can be fixed by computing T(®1), which arises from diagrams with
two fermionic legs.

e Terms of the type -neglecting ordering- TrOAD f X, T\ f D, 0udgu, 0ugdu, TraD f,
Traf DX, TrADMg, TrtANOg, which are spanned by t5 — tis,us — ug,v5 — vig in
egs. (3.1), (3.2) and (3.3). Their contributions with one gauge field and two Majorana
fields are again independent, so that it suffices to compute the diagrams contributing
to (LY fe., with one background gauge field leg and two quantum fermionic legs.

e Terms of the type TrAAAN, such as ty5,%16 in eq. (3.1). Though t15,%16 do not
span all possibilities, it is clear that the computation of I'(*:2) (diagrams with four
external fermionic legs) will completely determine the corresponding contribution to
the effective action T'.

— 11 —



Figure 1. Diagrams contributing to I'®:9 at order h.

Summarising, at order h the only diagrams that have to be computed are those contribut-

ing to the 1PI Green functions T30 T T@LY and T©2, We proceed in the next
sections, using dimensional regularisation at D = 4 — 2¢ dimensions, with the Feynman
rules displayed in appendix B. The calculations are quite involved and were done with the
symbolic manipulation software Mathematica.

3.1 Commutative limit

Here we quote the known commutative result for the dimensionally regularised divergent
part of the effective action:

i 3¢°N 1 N _
ord,div __ D. 99 b v D .
o) = / @ 167T26Tr[ 22 ! ] - / At e [TADA. (3.4)

7 symbols with which we denoted the classical fields in

For simplicity, we suppressed the
section 2; we will keep doing so in the rest of the paper. Note that the divergent part only
involves the SU(N) fields a, A, since the U(1) sector is free in the commutative limit. In
fact, since the U(1) sector is free, in the SU(N) case the result is identical,

ord,div _ ord,div
Pisvovy = Toivy- (3.5)

3.2 Noncommutative contributions to I'(3:0)

The diagrams that contribute are shown in figure 1. Note that, though we did not provide
in appendix B the Feynman rule for the vertex appearing in the first diagram, this diagram
is directly zero since it involves an integral of the type

/ dDzl?lgggi : (3.6)

which vanishes in dimensional regularisation.
The results for the diagrams are too lengthy to be displayed here individually. We will
quote the final expression for the contribution to the divergent part of the effective action

- 12 —



Figure 2. Diagrams contributing to T'®1) at order h.

in position space:

2
.#(3,0),NC,div Ay Ay As 39 Nh[ 1 1 }
i a,.a.:ca = —1——t2 (37)
H1 T2 TR 2 2 2
pany e TR 16mRe 14970 0% ] laaa
2gQNh[ 1 1 ] 5
v+ 2v4) — ——F—=(v2 + 2v + O(h?),
1677 [1g2van T2 T g e TR o)

b

where “|4q0” and |pq,” denote the contributions with lowest number of fields, i.e., three
SU(N) gauge fields and one U(1) and two SU(N) gauge fields, respectively. Recall that
the t;,u;, v; are the gauge invariant terms defined in egs. (3.1), (3.2) and (3.3). To get the
SU(N) result, the external Lie algebra indices of the diagrams have to be set to SU(N)
indices, and any U(1) contributions to internal contractions have to be eliminated. It turns
out that all diagrams involve contractions of the type appearing in eq. (A.1) of appendix
A, which, when setting the uncontracted indices to SU(N) indices, do not involve any
contributions from internal U(1) indices. This is equivalent to saying that the U(1) fields
do not run in the loops when the external fields are the aj,. From this we conclude that
the SU(N) result is obtained from eq. (3.7) by simply setting to zero the U(1) fields:

o i 3¢°Nh [ 1 1

pEONCAY o gas gas 29 TRy g O(h?). 3.8

B A R Te P | W ") )
ai,az,as

3.3 Noncommutative contributions to I'*:1)

The diagrams contributing to the T©Y) Green function at order  are shown in figure 2.
The first diagram is zero as it involves again an integral of the type shown in eq. (3.6). For
external colour indices A, B, it is easily seen that the rest of the diagrams are zero since they
are proportional to either fACPdBCD = ( or fBCPJACD = (. To get the SU(N) result one
has to set the external indices to a, b and drop any U(1) contributions in the contractions
of the internal indices. However, since fl¢Pqe¢P = fbedgacd 16 (1) contributions must
be eliminated, and the same argument as before applies. Therefore,

=(0,1),NC,div _ (0,1),NC,div __ 9
) = Doy = O(7). (3.9)

3.4 Noncommutative contributions to I':1)

The diagrams contributing to the I'®1) Green function at order 6 are shown in figure 3.
Again, we will write down the final result of the lengthy computation:

i (11 NCdiv ~ iNh [T 1 1 1
S e =~ |3 6—5“‘5’58‘%’59] .
[U(N)] AB,C ar\
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Figure 3. Diagrams contributing to I'*"1) at order h.

+ N ! > +2 L L (3.10)
— | —== | |vs — zv vg — —V1p — =V .
16r%e\van /|~ 2° R ati)

iNh 1 1 3 3

BahiAay (T | - ° ° O(h?).

1672¢ (W) [ V15 + V16 + 718 + 4019] - +O(h7)

To get the SU(N) result, using the same arguments as in the previous subsection it suffices
to set the U(1) fields to zero:

© =(L1)NCdiv yTa\b ¢ iNh [1 1 1 1 )
=TI 0 AMNaS =— —— | —tg — =ty — —lg — —1g + O(h ) (311)
D A o U |

3.5 Noncommutative contributions to I'(®:2)

The diagrams that contribute are shown in figure 4; it is easily seen that the box diagrams
are finite since, though they would appear to be logarithmically divergent, one of the mo-
menta in the noncommutative vertex is always external, as can be seen from the Feynman
rule in appendix B. The final result is as follows:

. v 3iNh
L pOANCdy o B — 200 g4 O(h?), (3.12)
16 [U(N)] i,7,k, 1 J 51272e

A,B,C,D

Again, for external SU(N) fields no U(1) fields run in the loops, and the SU(N) result is
identical.

L 5(02),NCdiv  Yayeybyd 3iNh 2
—rI - Aj )‘k)‘j)‘l = — 5 ti6 + O(h*). (3.13)
16 [SU(N)] Z]l)’ kc:ld 5127T €
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q s
+ three perm. of momenta and indices
p r
5B LD
Cq
Cp,k=1...16

Figure 4. Diagrams contributing to I'®2) at order h.

3.6 Final expression

From the previous discussions and the notation employed in the results of the 1PI Green
functions in egs. (3.7), (3.9), (3.10) and (3.12), which are expressed as the contributions
with the lowest number of fields of linear combinations of the gauge invariant terms
ti,ui,v; of egs. (3.1), (3.2) and (3.3), it is clear that the final result for the first-order
noncommutative correction to the divergent part of the one-loop effective action is
simply given by the integral of a sum of the ¢;,u;,v; with the same coefficients as in
egs. (3.9), (3.7), (3.10) and (3.12):

; 3°NT[ 1 1 29°N 1 1
Fle’NC:—h/de< [—t ——t}—i—— ————(v1+2vy) — ———=(v2+2v
(U] 16m2e|4g2 ' g2 2| " 1672 4¢2 QN( 1+204) g2 /QN( 2+203)
iN 1,11, 1] N (1 3 oy ] 1
— —|=te—ztr—<tls—— | == |v5 — zve+2vs — ~vip—ZV
16m2e|4 © 277 8% 167 T 16m2e\\aN /|0 2 ¢ Tt g0 9T
1 3 3 3iN
- - = Svpg| — ———t O(h2). 3.14
vis + 5v16 + s + 4?)19} P19 16) +O(h?) (3.14)

Similarly, the SU(N) result obtained from the expressions in egs. (3.8), (3.9), (3.11)
and (3.13) is

; 3g°N[ 1 1 iN 1, 1 1 1 3iN
rdvNe h/dD oty — —sty| — | ~tg— =ty — =ty — —tg| — st
[SUV)] NT672e|22 g2 162|457 277 8 16| 51202 °

+ O(h?). (3.15)

Equivalently, substituting the expressions in egs. (3.1), (3.2) and (3.3), and adding the
commutative contribution of eq. (3.4), we arrive to the following formula for the one-loop
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divergent part of the effective action at first order in the noncommutative parameters

: 3g°N h h
I1([1IIJ\EN)] = _/de< g 2 T1"|: Qf;wfuy + QMVfaﬁfunyV - g—@a faufﬁufu :|

1674€e
N
~ Tonte ———[iTrAIDA]
292Nh 1 1
T Hozﬁauuy2yauu_ 9046 Mya V2C|{ e
1672¢ r|:4g2\/ﬁ (g ﬁf f,u +29, fﬁf ) ng (9 fufﬁ +2g ,ufﬁuf ):|
Nh

. . .
- Tr | =0C D" fo5, DA} — =0 Xy, DAY — =0 X~y s L DY fo, A
g T | 407N o DA = 587 (e D) = G0N0 D" )

P Nh 1 3
- %eaﬂAfmp"{Dﬁfpa, A}] +— (—)Tr [waﬁuw FupDaX — 51’9“5@7“ Fap Dy

1672 \ /2N
+ 2i0°% iy f5, DX — iaaﬁz—%ﬁﬂpv Fuvh — %aaﬁa%ﬂwﬁ fm)\] (3.16)
Nh 1 - 7 _ 3 _
—— | == | Tr| — i8*° X" D, —0P Xy Dy Ngas + 0O X705 N Gy
16w26<\/ﬁ> r[ 10%7 Ay Agu5+2 MY DyAgap + 1 Mag" 20" g,
3i 5 o 3iNh .
S 0R0 N | — S5 0TI s VL] ) + O

The corresponding expression in the SU(N) case is

. 362N h h
div _ D v v 1eY
F[SU(N)} - _/d x<167T26T [ 29 2f,ul/f "' 9“ faﬁful/fu - 9_9 fa,ufﬁufu :|
~ Torac [1TeADA]
€
Nh

1 - 7 - i _
- Tr| 0P My"{ fap, DA} — 50°7 DAY = —0°Xy,5"{ D" f
167‘(’26 In|:40 )"7 {faﬁ’ M)‘} 26 )‘Va{fﬁw )‘} 86 )"7043 { fu 7)‘}
3iNh

51272¢

- 0 Dafn V| — SR 0T Rk G A ) + 002, (317
It is worth noting that, for N = 2, all the terms with SU(N) fields whose traces yield
factors d®¢ = 2TrT{T® T°} in egs. (3.16) and eq. (3.17) vanish. This means that all
terms involving only SU(N) fields vanish; in the U(2) case, we are only left with SU(2)-
U(1) mixed terms, while for the SU(2) theory the noncommutative divergences disappear.
This fact is independent of the representation considered since, for a representation R of
SU(N), TrgT{T* T} o< TrpT*{T®, T¢}.

In the U(1) case, it is also clear from egs. (3.16) and eq. (3.17) that, as in the SU(2)
theory, the divergent part of the effective action reduces to its commutative counterpart.

4 Analysing renormalisability

In this section we will analyse whether the divergences in the effective actions, given in
egs. (3.16) and (3.17), can be subtracted from appropriate multiplicative renormalisations
of fields and parameters and infinite shifts on the Seiberg-Witten map ambiguities &, L
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-see eq. (2.2). We will use the minimal subtraction scheme. The counterterms in the action
that cancel the divergences of the effective action are trivially given by

/deﬁd — /dePdiV.

Were the theory to be renormalisable, these counterterms would arise from multiplica-
tive renormalisation and from ambiguities of the SW maps, which, as will be argued, are
equivalent to field redefinitions. We define the multiplicative renormalisation as

a, = ZM%l, b, =27 A= 2PN, uw=ZVE, g =298, h=2Z,h", (4.1)

with Z; =1+ 0Z;. It is easily seen that gauge invariance forces
0Z, = 0.

On the other hand, the SW map ambiguities at order h, &, and £, are given by terms
transforming in the adjoint representation of the gauge group, with the appropriate mass

dimensions and index structure, involving a contraction with #°?; under a U(N) gauge

transformation of the fields with gauge parameter ¢ = ¢*T% + —A_C, they transform as

V2N
56, =i[c"T*, 6,], sL=1i[c"T? L]

We restrict ourselves to ambiguities that respect the parity transformation properties of
the fields; doing so is justified since considering additional types of field redefinitions would
yield terms in the modified action involving an odd number of ¢#*#? tensors, which do not
appear in the divergent parts of the effective actions given in egs. (3.16) and (3.17) and
thus need not be considered when checking renormalisablity. The most general solution we
found satisfying the specified requirements is of the form

S, =5, +T,1,£=L+ MI, (4.2)
such that

Su=y10°" D, fag + ¥20," D fua + Y30, {00, (aN)i} + 1910 [Ni, (Vuap)i] + iy50, v

+ Y607 uVppo Ay yr € IR,
L=k10°%{ fu3, \}+ k20" D> X+ k3070 0 N+ ka0 vl { o, A} +k50%P 70" { Dy, DI A

+ k605 { faps A} + k70°P 5[ fap, N + ks0%P gapX + ko0 0t g\ + k100 5905\
+ k110 fogu + k12070 fau + k130°P s fapu, ki € C, (4.3)

T, :zleaﬁaugag + 200,%0" gva + iz;;é?o‘ﬁﬁfyﬂagu + iz, TrO? [\, (YuapA)il, 21 € R,

M =10 go5u+120"P 02 u+130°% o1 g, u 140" 76" 0, D5+ 150" Y5 g u+ 16 Tr0 P fop, A}
+ LTy fs A} 4 I8 Tr0P 5 fup, A}, 1 € C,

where 998 = %GO‘BWHPJ. In the U(N) case, since the enveloping algebra coincides with the
Lie algebra, the previous ambiguities are equivalent to field redefinitions of b, a,, A, u. The
ambiguities in the SU(N) case are obtained by setting b, = v = 0. Since in principle there
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still remain contributions along the identity operator after setting b, = u = 0 in eq. (4.3),
it would seem that the SU(N) ambiguities are not equivalent to field redefinitions, which
would invalidate our arguments concerning the possibility of setting the ambiguities to zero
at tree-level without losing generality when dealing with the renormalisability of the theory.
However, in the SU(N) case it is easily seen that the contributions to the ambiguities along
the identity, coming from the terms of eq. (4.3) proportional to yu, k1, k4, ke, 24, ls, l7, s,
do not yield modifications of the action at order h, so that these contributions can be
ignored and the ambiguities can be thought as Lie algebra valued and thus equivalent to
field redefinitions. Note that the field redefinitions proportional to w4, k1, k4, k¢ not only
yield contributions along the identity but also on the Lie Algebra, and thus still have to

be taken into account.

4.1 Commutative renormalisation

The U(N) and SU(N) —N > 1- theories at order h = 0 are multiplicatively renormalisable;
the divergences appearing in eq. (3.4) -see also eq. (3.5)- can be absorbed by the following
values of the renormalisation constants in eq. (4.1):

3¢°N 3¢°N ¢*N 3g°N

N 7 7, = 7, = 4.4
327726’5b 02 0Zu (44)

67, =0, 67,= _39N _gN _3¢°N.
“ ’ g 16m2¢’ 4dm2e’ 1672¢

4.2 Renormalisation of the noncommutative bosonic sector

Starting with the U(N) case, N > 1, let us consider the order h noncommutative divergences
only involving gauge fields in eq. (3.16). A key issue is that the ambiguities in the SW
map given in eq. (4.3), when introduced in the action by means of egs. (4.2), (4.3), (2.2)
and (2.1), do not generate any purely bosonic terms. Thus the purely bosonic divergences
can only be renormalised, if at all, by means of multiplicative renormalisations. In terms
of the basis of gauge invariant terms given in egs. (3.1), (3.2) and (3.3), the tree-level
noncommutative contribution to the bosonic part of the action is

h h h h
Stree,NC — /de t _ _t + _— U1 — u + v + 2?}
[U(N)]bos (—492 1 e 2 842 SN 1 242 5N 2 4q2 /_QN( 1 1)
h
N m(vz + zvg)) +O(h?), (4.5)

so that the counterterm action originated by the multiplicative renormalisations of eq. (4.1)
would be, keeping in mind 07, = 0 and suppressing the “R” superindices for simplicity:

h o h
ct,NC o D
SUN)Jbos = /d $<(—25Zg +062) (4—92t1 - ;’52>

3 h h
4+ —20Z,+ 64, + =67, Uy — U
( 9T b) (892\/2N ' 92N 2)

1 h h
(=202, 4+0Zn+=62p | | ——— (v1+204) — ——(v2+2v3) | | +O(R?),
-2z, 02450 (T ) =T (o) ) ) +002)
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which should be made equivalent with minus the bosonic part of the divergent part of the
effective action in eq. (3.14)

2 2
div,NC D [ 39°N L ﬁ 29°N h h
F[U(N)]bos——/d x<16w26 [492t1—92t2 +167T26 4g2m(v1+2v4)—7gzm(v2+2v3)

+ O(h?). (4.6)
For N > 3, for which the terms ¢; and t, are nonzero, this forces the three following
identities,
3¢°N
=—-204,+ 62
1672¢ g+ 0%n,
3
0= —2529 + 67, + 552{,, (4.7)
29°N 1
— =—-20Z,+ 07 + =6Zy.
1672€ g T 0%+ 50%

Using the commutative results in eq. (4.4), the first equation implies
07y =0,

as has been obtained for a number of other noncommutative theories, but then the second
and third identities in eq. (4.7) are not satisfied. In the N = 2 case, only the last two
identities are relevant, since t; = to = 0; again, they are incompatible with the O(h°)
results of eq. (4.4).

From this we arrive to the first conclusions of our paper: the U(N) theory is not
renormalisable, for NV > 1. In principle we have derived this only for our choice of gauge-
fixing; to extend the result for arbitrary gauge-fixing, we have to consider the on-shell
divergences, which are independent of the gauge-fixing. The equations of motion are of the

form
1 -
(Duf™) = 5802525} + O(), - Dug” = O(h), Pu = O(h), (48)
h
(PA)" = S0 DT Y Dy, fap} + WP TIT Y {DA, fua} + O(R?),

where the details of the O(h) part in the equations in the first line of (4.8) will not be
relevant to our purposes. Since the bosonic divergences of eq. (4.6) —see egs. (3.1) and (3.3)—
do not involve covariant derivatives of field strenghts, it is easy to see that the on-shell
conditions of eq. (4.8) cannot be used to relate the bosonic divergences in eq. (4.6) among
themselves or with the fermionic divergences. Thus the on-shell bosonic divergences have
the same form as in eq. (4.6) and the same conclusions about nonrenormalisability apply.

However, in the large N limit, N — oo while keeping the 't Hooft coupling ¢>N finite,
both the tree-level contributions in eq. (4.5) and the problematic divergences in eq. (4.6)
associated with the u; terms are subleading, so that the second and third identities in
eq. (4.7) need not be considered, and therefore the gauge sector is renormalisable in this
limit with 675, = 0, in keeping with the expectations raised by the quantum behaviour of
the SW duals of the NC U(N) theories in the enveloping algebra approach.
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In the SU(N) case, N > 3, we only have the divergences coming from the ¢; terms,
which are multiplicatively renormalisable with 67, = 0; thus, the SU(N) gauge sector
is renormalisable, as has been obtained already for other NC theories in the enveloping
algebra approach with different matter content [20-25].

It remains to examine the renormalisability of the gaugino sector. Given the previous
conclusions, it suffices to study only the large N limit of U(N) or the SU(N) theory for
N > 3, since the U(N) theory fails to be renormalisable for finite N > 1.

4.3 Renormalisation of the noncommutative gaugino sector

In the large N limit, given the decomposition in eq. (2.3), the tree-level interactions in-
volving U(1) fields are subleading with respect to those of SU(N) fields, so that at leading
order in N the U(1) fields are free. This is also reflected at the quantum level, since the
divergences involving U(1) fields in the effective action in eq. (3.16) are subleading. Thus,
for large N the U(1) fields can be neglected, and the problem of renormalisability is the
same as for the SU(N) theory. The tree level part of the SU(N) action involving gaugino
fields and taking into account the SW map ambiguities of eq. (4.3) restricted to the SU(N)
case is given, for N > 3 and in the basis of gauge invariant terms of eq. (3.1), by

16
h
tree,NC _ D, 1. 2
S[SU(N)}gaugino - ? /d €z Zs Citi + O(h?),
Cg = —4iRe/<:5—4iRe/<:2, 04 = —QIka,
Cs = %—QiRek4, Co = —i + 2iRek,
C7 = —2iReky, Cs = —2iy4 + Rekg + ilmkg,
] 1
Cy = —%Rekz; + Rekg + ilmkg, Cio = 5(2y1 + Imks — Rek‘5),
1

Ci1 = 5(4y3— 299 + 2Imk3—2Rek5), C1o = 2Reky + 2ilmks + 2Rekg + 2Rekr,
C13 = —2Reks + 2Rekg + 2Rek7, C14 = 2Imks — 2Reks,
Cis = ys, Cie6 = iy

The previous formulae follow from eq. (2.1), the SW map in eq. (2.2) for a, = a, and
the ambiguities of eq. (4.3) for T, = M = b, = v = 0. The Dirac algebra identities
in eq. (A.2) were extensively used. The counterterm Lagrangian generated by the mul-
tiplicative renormalisations of fields and parameters of eq. (4.1) and by infinite shifts of
the ambiguity parameters y; = yiR + 5yZR, ki = k:ZR + 5le is given, for yZR = k:ZR = 0 -recall
that we computed the divergences in the effective action for zero values of the SW map
ambiguities-, by

16
h
ct,NC o D 2
S[SU(N)]gaugino - ? /d xzs((gcl)tl + O(h )a (49)
503 = —42'5Rek‘5 - 42'5Rek‘2, 604 = —25Imk:2,
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6C5 = 5 (207, + 62,) - 2idReky, 6Cs = —2(~20Z, + 02,) + 2idReky,
0C7 = —2i0Reky, 0Cs = —2i0ys + 6Rekg + i6Imks,

) 1
§Cy = —%5Rek4 + Rekg + i6Tmks, 6C1p = 5 (20y1 + STmks — SReks),

1
6CT = 5(45y3 — 20y2 + 26Ilmks — 25Rek:5), 0C19 = 20Reky +2idImks +26Rekg +20Rek7,

0C13 = —20Reks + 20Rekg + 20Rekr, 0C14 = 20Imks — 20Reks,
6C15 = dys, 0C16 = 10y,

where the “R” superindices have been suppressed for simplicity and the result 67, = 0 of
the previous subsection was used.

For the theory to be renormalisable, the previous counterterm action has to be matched
with minus the divergent part of the effective action in egs. (3.15) and (3.17) involving
gaugino fields. This contribution involving fermion fields, expressed in the basis of gauge

invariant terms of eq. (3.1), is

div,NC ~ [.p.(iNh 1 1 1 1 3iNh 9
Fgaugz‘no,[SU(N)} - /d x(167r2e [Ztﬁ - §t7 - §t8 - Etg] + mtw) +O(h%). (4.10)

Matching eqgs. (4.9) and (4.10), we get the following system of equations:

t3: 0Reks + 0Reky = 0, ty: 0lmks =0,
ts : z(—252 +5Z)—2'5R/€ =0 tg : i(—Q(SZ +07Z)) — 2i6Rek —ﬁ
575 g A i0Reky = 0, 61 7 g A WReky = o5,
. iNg? . ) iNg®
t7 . —2i0Reky = —=— tg : —2i6 0Rek 6lmks = ——
T mOReks = oo ae 81 ~2ibys + 0Reko +idlmhs = o050
] ) iNg?
tg: —=0Reky + 0Rekg + idlmks = —=——, t10: 20y1 + 0lmks — 0Reks = 0,
2 256m2e
t11 : 4dys — 20y + 20lmks — 20Rek; = 0, t19 : OReky + idImks 4+ dRekg + 0Rek; = 0,
t13 : —O0Reks + 0Rekg + 0Rek7 = 0, t14 : 0lmks — 6Reks = 0,
, 3iN g?
t15: dys = tig : 10ys = — . 4.11
15 0y3 =0, 16 © 10Ya F12n%e (4.11)

Projecting into real and imaginary parts, there are 17 real equations for 13 real vari-
ables,

oY1, 0yo, 0y3, 0ys, 0Rek1, 0Reks, 0Imks, 0lmks, 6Reky, 6Reks, 6Rekg, dlmkg, dReks.

Remarkably, the equations are not independent and there is a one-paramter family of

solutions,

6y1 = 5y2 = 6y3 = 5Imk:2 = 5Rek6 = 0,
3¢g°N
51272¢’

0Imks = 6Reky = —0Reky = dReks,

0ys =
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2
g°N
SRek; = 6Reky = ———
R61 Re4 647‘1’26’
Ng2

This shows that, at one-loop and order €, the U(N) theory in the large N limit and
the SU(N) theory are renormalisable.

5 Conclusions

In this paper we have calculated the O(#) divergent part of the background field effective
action for the classical dual under the Seiberg-Witten map of noncommutative N' = 1
U(N) super Yang-Mills, as well as for the SU(N) theory that results from suppressing the
U(1) degrees of freedom in the former U(N) theory. Our results can be summarised as
follows: the quantisation of the classical dual under the Seiberg-Witten map of NV = 1
U(N), N > 1, super Yang-Mills yields an U(N) supersymmetric ordinary quantum theory
that is not renormalisable —and neither is its gauge sector— for finite values of N. In the
large N limit, however, the U(N) theory remarkably becomes renormalisable. On the other
hand, the SU(N) theory for arbitrary N > 2 also turns out to be renormalisable.

That both —i.e., the standard, quantised in terms of noncommuative fields, and the
f-expanded, defined by means of the Seiberg-Witten map— large N supersymmetric U(N)
theories are one-loop renormalisable and have the same running coupling constant hints
at the fact that the classical duality between noncommutative theories established by the
Seiberg-Witten map may survive at the quantum level: as was mentioned in the intro-
duction, the noncommutative U(N) super Yang-Mills theory, at one-loop and large N, is
renormalisable and has a smooth *” — 0 limit, and this behaviour is reproduced in the dual
theory formulated by means of the Seiberg-Witten map. This is in agreement with previ-
ous studies regarding the survival at the quantum level of the Seiberg-Witten map duality,
although they focused on UV finite theories such as noncommutative Chern-Simons [28].

On the other hand, the SU(N) result represents the first case in the literature in which
a noncommutative theory in the enveloping algebra approach involving fermion fields turns
out to be one-loop renormalisable at order . This could be attributed to the consideration
of Majorana fermions and a noncommutative covariant derivative involving a star product
commutator, or perhaps, more likely, to the effects surviving in the large N limit of the su-
persymmetry present in the parent U(N) theory. Though the role of supersymmetry in the
SU(N) case asks for futher analysis, the fact that the fermionic divergences can be renor-
malised, in contrast to the cases previously studied in the literature —in which the bosonic
sector was found to be renormalisable, but not so the fermionic sector— suggests that a
symmetry relating fermions and bosons may actually be present, making the corresponding
divergences not independent. Our result encourages the study of noncommutative models
sharing features with the SU(N) theories studied here, with either Majorana fermions or
supersymmetry in terms of noncommutative fields; it raises the hope of constructing renor-
malisable noncommutative gauge theories in the enveloping algebra approach with matter
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fields. Also, the effect on the ordinary fields of the supersymmetry of the noncommutative
fields in the SU(N) case is still not understood and needs further investigation.
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A Lie algebra, Dirac algebra, Majorana spinors

Following the notation of ref. [38], we denote the Lie algebra generators of U(N) in the
fundamental representation as 74 = {T°,7%},a = 1,...,N? — 1, with T° = —L_ and T
the standard SU(N) generators. The generators satisfy

9

[TA,TB] — ,L-fABCTC, {TA,TB} — dABCTC,

where fABC are totally antisymmetric, with fo¢ having their usual SU(N) values and
fOBC = 0, whereas d4BC are totally symmetric, d**° having their usual SU(N) values and
dOBC =\ /2/N§BC, a0 =0, d°0 = | /2/N. We will make use of the following identities:

fACDfBCD _ NCA(;AB,

N
fDAE pEBF (FCD _ _EfABC’ (A1)
N
fDAEfEBFdFCD _ _EdABCCACBdCa
ca=1—-040, da=2—cy.

Concerning Dirac v matrices, satisfying {y*,7"} = 2n"”, we use a basis of opera-
tors in the space of spinors constructed from antisymmetrised products of these matrices:
{AH, 4 4P ~5}, with the following definitions

vV 1 v 4 vV 1 4 v v v v 4
=50 =), A= S0 R AP =Py =y =Py,
7: g
75 = =y Cuwpor" Y P
In order to express products of v matrices in terms of the previous basis, the following
identities can be used:
VAT =0t + 4",
YA AP =Pyt — Py P - AP
e e e o e e L L R R T U
— e APy, (A.2)
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Majorana spinors are self-conjugate, satisfying
A=C)\, A=-\Tc! (A.3)
for a charge conjugation matrix C such that

+1a FZ = ]1’75,,}/MVP

A4
-1, T = ,yu,r}/lﬂ/. ( )

ct=c™, c"=-c, orfc'=nly, ni= {

B Feynman rules for a = 1, &};°° = £ =0

The background field legs are denoted by an encircled ”b”. We define the Feyn-
man rules without symmetrising over these background field legs, which is consistent
with the definition of the expansion of the effective action in terms of diagrams
provided in eq. (2.12). Since we are doing one-loop calculations, only vertices with
two quantum gauge fields contribute; vertices with one quantum gauge field are
ignored since they do not contribute to 1PI diagrams. Since we are dealing with
self-conjugate Majorana fermions, the vertices with Majorana fermions have to be
symmetrised with respect to the conjugation of the interaction in each fermion pair,
using (A.4) [39]. The Feynman rules used in our computations are then the following:

p - 9 SAB, v p . 9 AB
—ig? 6“4 o B ig°(p)ijo
AN U, B e —2 L1 < 7 9 \P)ijo
: p* +ie TR e
p SAB
A <€ B PN 0
p? + i€
k2 V,B

1
H?fABC[U“p(k‘l — k3 — k2)” +n"P (k3 — ko)*

VA k v
a ' . + 0 (ky — k1 + ky)?]
3 2
u, C
k
N _Z(Vu)iijBC
q p g
i, A J,B
Ky A Q v, B .
1
_@[fABFfFCD(n,u)\nup _ nupnl/)\ + ,,Tul/n)\p)
fADFfFBC’(n,an)\p _ nu)\nup _ nppnu)\)]
AC () p,D FACE fEBD (e — ppeih))]
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v, B

ko
1
H@aaﬁdﬁc [k ks - ksn!Pn? — K kG K m?
Ak — 2k R K0 — KT RaRE " —ky - ks (B.1)
ks 0, Cc +ki- kgkp po v

EnPn"?)]+ (permutations of all legs)

u,C
1
k H@HaﬁdABc(%)ij[—U”aqppﬁ + 20" qapp + 1" Ppas
q P + 0P’ — 1 q,pg)
’i, A j7 B

—1
i, A Q v, B PN @eaﬁfABFdCDF[k?, . k4npanl/,8n)\p_ kgki\nuanl/ﬁ

+ARSRY PN — AR — KRy

— KGRSO ke - ka2 (kS K e
N0 T A T TR T )

+ (permutations of all legs)

w,C Q q i, A
k1
<
ko
I/,D ° p j,B
. 1 (07 v 14 o,V
O (Vo)is | 5 (A"CF FEPF — aBCOE pAPE)RS (PP — o) + k]

—q
2g2

—

1
o+ S(@APE BOE _ gBDE PACE) i (o — o) 4 i)

1
+ 5d PP+ )P + (p+ @) (" — )]
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