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ABSTRACT: We analytically calculate the quasi-normal modes of various perturbations of the space-
like stretched and the null warped AdS 3 black holes. From AdS/CFT correspondence, these quasi-
normal modes are expected to appear as the poles in momentum space of retarded Green’s functions
of dual operators in CFT at finite temperature. We find that this is indeed the case, after taking into
account of the subtle identification of quantum numbers. The subtlety comes from the fact that only
after appropriate coordinate transformation the asymptotic geometries of the warped black holes
are the same as the ones of warped AdS ;. We show that in general the quasi-normal modes are in
good agreement with the prediction of the warped AdS/CFT correspondence, up to a constant fac-
tor. As a byproduct, we compute the conformal dimensions of the boundary operators dual to the
perturbations. Our results give strong support to the conjectured warped AdS/CFT correspondence.
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1 Introduction

The study of the quasi-normal modes has been a classical subject in black hole physics [1]. They
are called the “sound” of the black hole, characterizing the response of the black hole to various
perturbations. As usual, the perturbations of the black holes obey linearized equations of motion.
And the quasi-normal modes are defined as the perturbations subject to the physical boundary
condition which states that near the horizon of the black hole the local solution is purely ingoing and
at spatial infinity the solution is purely outgoing. As a result, the frequencies of the perturbations
are complex, indicating that the perturbations undergo damped oscillations, just as the ring of a bell.

In fact, the frequencies of the quasi-normal modes usually take only a discrete set of complex
values. The imaginary parts of the frequencies characterize the decay time of the perturbations.
Or in other words, their inverses characterize the relaxation time of the system back to thermal
equilibrium, with the black hole being taken as a thermal dynamic system. Especially for the black
holes in Anti-de-Sitter(AdS) spacetime, the above picture has a nice realization in its dual field
theory. From AdS/CFT correspondence [2], the black hole in the bulk corresponds to the quantum
field theory on the boundary at a finite temperature. In recent years, the correspondence at finite
temperature has been widely applied to the physical systems ranging from quark-gluon-plasma,
superconductor, superfluid to cold atom physics [7]. The quasi-normal modes of the black holes
correspond to the operators perturbing the thermal equilibrium in dual field theory [3]. In finite
temperature field theory, the return to equilibrium under the small perturbations is described by
linear response theory. The poles in the retarded green function of the perturbations in momentum
space encode the information of relaxation process. From AdS/CFT correspondence, these poles
are closely related to the quasi-normal frequencies of the black holes, as first suggested in [4]. The



qualitative agreements via numerical analysis have been found for the black holes in AdS space-
time [4, 5]. Moreover in a remarkable paper [6], the quantitative agreement has been confirmed for
the perturbations with various spins of the BTZ black hole.

Actually, the Banados-Teitelboim-Zanelli(BTZ) black hole sets up the first example of
AdS/CFT correspondence. It is a solution of the vacuum Einstein equations in three-dimensional
anti-de Sitter spacetime [8]. Its dual is a two-dimensional conformal field theory with independent
left and right sectors. At thermal equilibrium, these two sectors may have different temperatures
(Ty, Tg). For a small perturbation by the operator O with conformal weights (i, hg), its retarded
Green’s function has two sets of poles:

wr = k—4miT(n+ hy),
WR = —k—47TiTR(I’l+hR), (]])

with n being non-negative integer. In [6], it has been shown that these poles are in exact agreement
with the quasi-normal frequencies of corresponding pertubations of the BTZ black hole.

Recently, inspired by the study of AdS3/CFT, correspondence in the BTZ black hole, a new
kind of warped AdS3/CFT, correspondence has been proposed in [9]. It was pointed out that
for the spacelike stretched and the null warped AdS 3 black holes, there exist dual two-dimensional
conformal field theory descriptions. The proposal was supported by the study of thermodynamic on
both sides. It was further conjectured that v > 1 quantum topological massive gravity is holograph-
ically dual to a two-dimensional conformal field theory with central charges (cr, cg). However, this
correspondence is intriguing in the sense that the warped AdS 3 spacetime has very different confor-
mal boundary from the one of AdS 3. The naive expectation that the holographic CFT resides on the
asymptotic boundary seems not true any more. The dictionary in warped AdS/CFT correspondence
is not clear yet. As a step to understand the correspondence, we calculated the scalar quasi-normal
modes of the spacelike stretched AdS 3 black holes in [10]. At the first looking, the quasi-normal
modes we obtained are quite different from the prediction of the usual AdS/CFT correspondence.
In this paper, we resolve this puzzle. The key point in our analysis is to notice that the asymptotic
metric of the warped black holes is actually not the same as the one of the warped AdS 3 spacetime.
One needs to make local coordinates transformations to identify two geometries. Such transforma-
tions induce the identifications of two sets of quantum numbers in two different backgrounds. After
using the right quantum numbers, we find that the relations on the quasi-normal modes indeed are
in good match with the prediction of (warped) AdS/CFT correspondence.

Moreover in this paper, we calculate other kinds of the quasi-normal modes of the warped
black holes. Our calculation includes the vector and spinor quasi-normal modes of the spacelike
stretched warped AdS 3 black holes, and also the scalar, vector and spinor quasi-normal modes of
the null warped AdS 3 black holes. In all these cases, the quasi-normal modes could be obtained
analytically. And after taking into account of the subtlety on the quantum numbers, all the quasi-
normal modes are in good agreement with the prediction.

One subtle point in our study is on the boundary condition at the asymptotical infinity. In the
usual AdS black hole case, the effective potential is infinitely high and one may impose vanishing
Dirichlet condition at infinity on the eigenfunction. In the warped AdS black hole case, this is
not obvious. The asymptotic boundary condition on the gravitational perturbation has been un-
der intense study [19-21] to define the dual CFT. For other kinds of perturbations, one may just



require the flux at asymptotic boundary to be finite. This turns out to be equivalent to the van-
ishing Dirichlet condition in some cases. But generically the finite flux condition leads to more
quasi-normal modes.

To set up the correspondence, it is essential to have the conformal dimensions of corresponding
operators. One way to obtain the conformal dimensions could be from the equations of motion of
various perturbations and studying the asymptotic behavior of the solutions. In our case, there
is another way to compute the conformal dimension. This way stems from the existence of the
isometry algebra SL(2, R) x U(1) in the backgrounds, which allows us to identify the conformal
dimensions of primary operators in the dual CFT.

The remaining part of the paper is organized as following: in the next section, we focus on
the spacelike stretched warped black hole and analyze its quasi-normal modes. And in section 3,
we turn to the study of the quasi-normal modes of the null warped black hole. In section 4, we
compute the conformal dimensions of the operators dual to the perturbations from SL(2, R) x U(1)
algebra. In section 5, we end with the conclusions and the discussions.

2 Quasi-normal modes of the spacelike stretched warped AdS; black hole

The spacelike stretched AdS 3 spacetime is the vacuum solution of three-dimensional topological
massive gravity [11, 12]. This spacetime has an isometry group SL(2)g X U(1).. It could be a
stable vacuum with appropriate boundary behavior, if the parameter v > 1 [19]. Just as the BTZ
black hole could be constructed as the orbifold of the AdS 3 spacetime, the black hole asymptotic
to spacelike warped AdS 3 could be constructed from discrete identification as well. We would not
like to review the construction here. The interested reader can find the details in [9].

The metric of the spacelike stretched warped AdS 3 black hole takes the following form in
terms of Schwarzschild coordinates:

ds®> = P(df* + 2M(r)dsd0 + N(r)d6* + D(r)dr?), 2.1

where

M(r) = vr — % \Vrer—(vV2 + 3), (2.2)

N(r) = 2 (307 = Dr+ (2 +3)(ry + 1) —dvrr (2 +3)), (2.3)
1
T WA —rr—r)

D(r)

(2.4)

and —I~2 is a negative cosmological constant and the parameter v = ul/3 with u being the mass of
the graviton. Just like the BTZ black hole, there are two horizons located at » = r, and r = r_.
We will focus on the physical black holes without pathology, in which case we need to require
v > 1. When v = 1, there is no stretching and the above black hole becomes the usual BTZ black
hole. This kind of warped black hole was discussed in [14, 15], and its properties were studied
in [16, 17]. The other recent studies could be found in [22].

In [9], the temperatures of the warped black holes were identified to be

L_ 4yl T+ Tg (25)
Ty V2+3 Tx '




where

) V02 + 3)r, 1 a6
“Tsm YT T ) (20)

V3 —r)
B 8nl ’

are the temperature of the dual CFT. The dual two-dimensional CFT is supposed to have the cen-

Ty

Tr Q2.7)

tral charges
[ 4v [ 5v*+3

“Gev+3 RTGW 43y

It has been shown in [13, 20] that the above central charges could be obtained from central extended

cr (2.8)

Virasoro algebra, based on the fact that the asymptotic symmetries of the geometries form a semi-
product of a Virasoro algebra and a current algebra.
The scalar perturbation about this background obeys the equation of motion:

(V,V* = mH)d = 0. (2.9)

Since the background has the translational isometry along 7 and 6, we may make the follow-

ing ansatz
d = e—iwt+ik€¢. (210)
After introducing the variable
7= @2.11)
r—r-

we find that the equation of motion on ¢ is

d* de 1 A C ~

Z(I_Z)d_z2+(1_Z)d_z+m(Z B 1—_Z)¢_o, 2.12)
where
2
A:;(2k+wx/ﬁ(2v\/ﬁ—\/v2+3x/f)) : 2.13)
(ry — "—)2

2

B:—;(2k+w\/r__(2\}\/r__— vv2+3vﬁ)) : 2.14)
(ry —r-)?

C =30 — Dw? — m*P(V* +3). (2.15)

The solutions take the forms of hypergeometric function. Near the horizon, there are two indepen-
dent solutions

1 =2°(1 —2PF(a,b,c,2), ¢r=72%0-2PFla-c+1,b—c+1,2-c,z), (2.16)

where




and

2a + 1,
a+B+iV-B/(? +3),
a+pB—-iV-B/(* +3).

)
Il

The next step is to impose the physical boundary condition to determine the quasi-normal
modes. From the definition, the quasi-normal modes have to be purely ingoing at the horizon. The
eigenfunction ¢ satisfies this condition. On the other hand, the asymptotical boundary condition
at z = 1 is not obvious. In [10], we imposed the requirement that the outgoing flux should be finite
so that the coefficients of the divergent terms must vanish. This gives out two sets of quasi-normal
modes, determined by the relation

c—a=-n, or c—b=-n, (2.17)
with n being a non-negative integer.

1) Casel:c—a=-n
In this case, we are led to the following equation on w:

1
Fe—7_-1v2+3

1 4C
(4k+w6)+§[1+ 1—m]——n, (218)

where
0=20(ry +12) =22+ 3)ryr_. (2.19)

2) Case2:c—b=-n
In this case, the equation on w is much simpler,

1 2vw 1 4C
-n——=+i = =4/l - —— 2.20
T2 T2\ T 02eap 220
which has the solution

= —ilon+1 3]2211’"21223 221
wr =—-i3Cn+ 1+ n+5 (=1 + 4_1+v2+3 (v +3)p. (2.21)

Note that the frequency is pure imaginary, being independent of the angular momentum.

If one tries to solve w from the equation (2.18), one would get a solution of quite in-
volved form. Obviously, the quasi-normal modes look very different from the prediction (1.1)
of AdS/CFT correspondence.

However, this is just an illusion. We are going to show that the AdS/CFT correspondence
still holds, but in a subtle way. Firstly let us consider the conformal weight of the scalar field
of mass m, even though the general dictionary of warped AdS/CFT correspondence has not been



set up. Consider the scalar field of mass m propagating in the spacelike warped AdS 3, which has

the metric 5 5 )
dr 4v
2 _ 2\,7.2 2
ds® = 713 —(1 4+ r)dr” + T2 + m(dx+ rdr)”|. (2.22)
Near the boundary, with the ansatz i
O = -0y, (2.23)
the scalar equation takes the form
2ké
020 + (aﬂ e S—;)qﬁ -0, (2.24)
< Z
where ) 5
3(] -V )~2 l 2
= k™ + . 2.25
* 4y2 v2 + 3m (2.25)

At the asymptotical region, ¢ ~ . To have a well-behaved solution, A, should be negative.

In the end, we have the relation
1
+ 1 + S5. (2.26)

This is the conformal weight of the scalar field of mass m. We will present another derivation of
the conformal dimension of the primary operator dual to the scalar perturbation in section 4.

hg = -Ay =

N =

The subtlety comes from the asymptotic behavior of the spacelike stretched warped AdS 3
black hole. The metric of the asymptotic geometry of the black hole is of the form

ds*>  3(0v* — )r?de® dr?

- = + +df* + 2vrdtds. 2.27
2 4 (V2 +3)r2 VT (2.27)

It looks different from the spacelike warped AdS ;. However, after proper identification, it is actu-
ally the same as the asymptotic geometry of the spacelike warped AdS 3. Locally, the identification

is [19
e v +3 v 43

T — 0, X e —

: 2.2
! (625)

This identification suggests that in the warped black hole case, the correspondence relation should
be modified. Either from the scalar equation in (2.27), or from the above identification, we have
the following relations between the quantum numbers in two backgrounds:

2 - 2v
k, k= .
v2+3 v2+3w

o= (2.29)

Notice that the identification (2.28) between the asymptotic geometries is local. In fact, as
pointed out in [19] the global warped AdSs3 is not the ground state of the warped black hole. In
other words, the spacelike stretched AdS3 black holes with mass and angular momentum could not
be taken as the “excited” states. This is reflected in the fact that the Killing vectors 9, and d, of the
warped AdS; spacetime are translations along the noncompact orbits, while the Killing vector dy
of the warped black hole is along the compact orbit. Consequently, the quantum number @ is con-
tinuous, while the quantum number k should be integer-valued. However, the identification (2.29)



relating these two quantities stems from the local identification and does not care about the global
properties. We will see shortly that it is the identification (2.29) that make the conjectured warped
AdS/CFT correspondence manifest in the context of the quasi-normal modes.

The relations (2.29) allows us to reorganize (2.18) into

1 ~
WR = m(—4ﬂTle — ({4nTgl)(n + hg)). (2.30)

This is not exactly, but quite similar to (1.1). The discrepancy is the 1/(v> + 3) factor, which may
be from the warped geometry or the coordinates we choose which may induce the redefinition of
the temperature. Anyway, we would like to take (2.30) as the convincing evidence to support the
warped AdS/CFT correspondence.

Moreover, we have another set of the quasi-normal modes determined by (2.20). However,
in this case, due to the absence of the quantum number k, there is no relation on @;. In fact, the
relation (2.20) gives

k=—i(n+hyp), (2.31)

where h; = hg for scalar. The fact that there is only one set of the quasi-normal modes sounds
strange. This could be related to the fact that the isometry group of the spacelike warped AdS 3 is
U(1)p X SLQ2)g.

We would like to clarify the discrepancy between the relations (2.30), (2.31) and the re-
lation (1.1) furthermore. The strangest thing is the appearance of left-moving temperature 7,
in (2.30) rather than in (2.31). This is mainly due to the special property of the dual 2D CFT. In
fact, the existence of nonvanishing angular momentum in the warped black holes induce a chemical
potential in the right-moving sector. The scalar operator in 2D CFT not only has conformal weights,
but also has the right charge coupled to the chemical potential. More precisely the chemical poten-
tial Qg = 27T, qg = k. While the temperature 7, in the relation (2.31) could be recovered by
define the left-moving frequency in 2D CFT as w; = 27T k. This picture is inspired by the study
in Kerr/CFT correspondence [26] and will be discussed more clearly in our future work [27].

In the special case of zero mass black hole, the left-moving temperature T; o« MAPT = 0, the
dual CFT becomes a “chiral” one, similar to the one dual to the null warped background. Now the
chemical potential is zero, and the relation (2.30) is in better match with (1.1). However, unlike the
null warped black holes we will study in the next section, there still exist a left sector with (2.31).

Another interesting point is that one could also choose the conformal weight to be

1 /1
hg = 5 V1 + S5, (2.32)

if —% < sy < 0. In this case, the finiteness of the flux requires that
a=-n, or b = —n. (2.33)

Similarly, we get the above two relations (2.30), (2.31). It is remarkable that one cannot get this
conclusion from imposing the vanishing Dirichlet condition at asymptotic infinity. This fact sug-
gests that the requirement of finite flux is not only physical but also more powerful.

Before ending the discussion on the scalar quasi-normal modes, we would like to elucidate the
organization of the quasi-normal relations (2.18), (2.20) in terms of @& and k. The essential point



is that the warped AdS/CFT correspondence states that quantum gravity asymptotic to the warped
AdS; spacetime is holographically dual to 2D CFT. Therefore, in setting up the dictionary, one
needs to use the quantum numbers of the warped AdSs;. More technically, the quantum number ©
and k of bulk warped AdS; spacetime correspond to the eigenvalues of Ly and L in dual field the-
ory. Once we have the black hole in the bulk and change the local geometry, we should still use the
quantum numbers @ and & in the study of warped AdS/CFT correspondence at finite temperature.

In the remaining part of this section, we calculate the vector and fermionic quasi-normal modes
of the spacelike AdS3 black holes and rewrite them in terms of @ and k.

2.1 Vector perturbation

In order to obtain the quasi-normal modes of the vector fields, we should study the equations of the
massive vector fields which are second order ordinal differential equations

v F" = m*AY. (2.34)

However, one may work with the following first order equations whose solutions are the solutions
of the above equations in three-dimensional spacetime:

€P0,A5 = —mA,, (2.35)

where € f’g

symmetries along r and 6, we can make the following ansatz

is the Levi-Civita tensor with € = 1/+/=g. Since the background have translational

A# — e—iwl+ik9¢ﬂ. (236)

Then the equations of motion can be given explicitly

d —wk 2
Y api ([ 225 1 mim ) g, — (S + mi) o). (2.37)
dr ml ml
d k> —-wk
Yo op) ([ + mine) ) ¢, - (225 + mimr)) g0 (2.38)
dr ml ml
2D(r) .. .
¢r = - (ik; + iwpp)- (2.39)
ml
After changing the variables to
=" (2.40)
r—r_
we have the second order ordinary equation for ¢,
2 d v v
«(1-2) dz";’ £ —z)di;t +(Za By ]—_Z)qﬁt =0, (2.41)
where
1 2
A, = TSR (Zk +wAr:Qvry = V2 +3 \/r_)) ,
1 2
B, = S PR TETs (2k +wNrZvr- = v +3 \/r+)) ,
1
Cy = —5— (307 = Dw? — (P + 2mvD)(v* + 3)). (2.42)

(2 +3)?



The solutions can be written in terms of hypergeometric functions. There are two indepen-
dent solutions,

¢1 = Zav(l _Z)ﬁv-'-lF(aV + la bv + l’cv, Z)a ¢2 = Z_av(l _Z)ﬁv+1F(aV _CV + 2’ bV _CV + 2’2 _CV7 Z)a

(2.43)
where a, = —iVA,, B, = (-1 + V1 =4C,)/2 and

¢, =1+4+2a,, a,=a,+pB,+i\-B,, b,=a,+B,—i+\-B,. (2.44)

Since the quasi-normal modes are purely ingoing at the horizon, ¢, is the solution we need.

By using the equation (2.37), we obtain ¢ in terms of the variable z ,
- L1 ~ d
¢9 = AV¢[ + BV1_¢Z + Cvzﬂ, (245)
-z dz

where

- 1
A = ———— (—2wk +2m*Pvr_ —m* P Arer_ (0 + 3)) ,

2w? + 2m2 2
B = m*Pv(r, —r.)
Y Wt mi
é - _ml(v2 +3)ry — 1)
Y 202 + 2m2 2

Similarly the solution can be written in terms of hypergeometric functions explicitly. Finally
we have

g = Zav(l - Z)ﬁv{(Av + év(av + By — b)), — b, — )F(ay,b,,c,,2)

+ (2ﬁV(AV + Cv(a’v +pBy —by)) + avév(cv —ay - 1)) F(a,,b, +1,¢,,2)

ml(r+ - r_) 2
Voo (2 = (7 + 3)By) Flay +1,by + 1,¢,2) (2.46)
¢ = ad™ (1= Flay + 1,by + 1,6,,2). (2:47)

There are two special cases we would like to consider separately. If a, =0orc, —b,—1 =0

which may lead to w? + m*/> = 0, one can directly solve the equations. Here we introduce a new
parameter EV = fﬁl; for convenience. In the case w = —iml, we have Bv = 3, which means a, = 0.

In this case, one of the solutions of the equations of motion is

¢ =0, ¢g=2"(1-2P. (2.48)

This solution has purely ingoing mode at the horizon and so is the right solution we want. While
the other solution is that ¢, = z7* (1 — 2)" 2" and ¢p can be obtained from the equations of motion
correspondingly. One can find that ¢, approaches to z™® near the horizon and (1 — z)~!=2"!" at
infinity. This is a solution with outgoing mode near the horizon. Thus it is not the solution we need.

In the case w = iml, one has ¢, — b, — 1 = 0. Then one solution is ¢; = 0, ¢y =77 (1 — ).
It is a solution with outgoing mode. The other solution is a solution with ingoing mode, where
¢ = 2% (1 — 2)72™ and ¢, approaches to (1 — z)~!=>"!" at asymptotic infinity.



One has to impose the physical boundary condition at asymptotic infinity. One may require
the flux vanishing condition as the scalar field case. Let us consider the energy flux and the angular
momentum flux. They are defined as

Fe = fdtd@ V=¢T;, Fo= fdtd@ V—¢T,. (2.49)
Using the equations of motion and considering the flux at infinity after time averaging, we have

Fe = (k¢ + iwdg)d; + c.c., (2.50)
Foo = (ikey + iwpg)dl + c.c... (2.51)

For w is real, the leading term of the flux at asymptotic infinity is proportional to

[(c,)(ay + by +2 — ¢,) |

128,
T+ DMyt | 179 (2.52)

Generally the finite flux boundary condition for the solutions at asymptotic infinity gives the fol-
lowing relation:
b,+1=-n, or a,=-n. (2.53)

Note that a, = 0 also satisfies the boundary condition from the solution (2.48).

For v = 1, we need some special considerations since the third line of (2.46) may be zero. In
the end we find that it leads to the same quasi-normal modes as the ones in the BTZ black hole,
once the proper redefinition of the temperature is taken into account.

1. For the case b, + 1 = —n, we have

—i 1 1 (4k+w6)+%(1 +4/1 —4cv) = —n, (2.54)

re—r_1v2+3
which is very similar to (2.18) except replacing C with C,(v? + 3).
2. For the case a, = —n, we have

L 2vw
i
v +3

V1 -4C,, (2.55)

N =

1+
=n- -
2

For the general case v > 1, the relations (2.54), (2.55) lead to quite involved forms of the fre-
quencies of the quasi-normal modes. However, as we stated above, we have to consider the subtle
identification of the quantum numbers. As the first step to compare the above results with the CFT
prediction, we would like to discuss the conformal weights of the massive vectors. From the mas-
sive vector field equation in the spacelike stretched AdS 3 spacetime, after analyzing the behavior
of the solution at asymptotic infinity, we can determine its conformal weight. One choice is

1 1
hp =5+ 7+ (2.56)
with 5 h
31 =v9) -y  (m7l° + 2vml)
= k° + 2.57
S 4y2 v +3 @57

10—



Therefore, taken into account of the subtle identification (2.29), the above relation (2.53) could
be rewritten as

wp = T 3(—47rTLll~c — (i4nTrD)(n + hy)), or (2.58)
k = —i(n + hy). (2.59)
where A} = hy — 1.
As the scalar case, there is another choice of the conformal weight

1
+ 4/ + 5, (2.60)

Iy, = 7

N —

where 5 o
3(1 —v9)- 1= —2vml
s, = ( 2v )k2+(m 5 vm),
4v vi+3
which corresponds to the vector field with a different helicity. In this case, the vanishing boundary

(2.61)

condition cannot give the right constraint. One has to read from flux finiteness condition. In the
end, one obtains the same relations (2.58) with 2} = hy, + 1.

2.2 Fermion perturbation

In this subsection we analyze the quasi-normal modes of the fermionic fields on the spacelike
stretched warped AdSs black holes background. In order to solve the Dirac equations, we should
choose the vielbein for the background spacetime and calculate the corresponding spin connection.

The vielbein eﬁ is chosen as

l

0 1 2

e = do, e =I1~/D(r)dr, e° = ldt + M(r)ldo, 2.62
2+D(r) ") ") ( )

where e;dx* = e?. The spin connection can be calculated straightforwardly. The nonvanishing
components of the spin connection are

o = —0l® = —Mm, w? = -w? = -VDM',
M

wgl = —wéo =MM -N', ol =-w= )
2VD

The Dirac equations are
1
W%Gﬁ+?ﬁﬁﬁw+mT:Q (2.63)

where 2., = 1[v4, 761, ¥° = i0?, y! = 0!, * = 0°. Similarly, we change to the variable

r—ry
=
r—r_

and with the ansatz ¥ = (if,, y_)e **9 e then have

dy. (+ 2i(wvry, — we + k) . 2iwv N i)
dz T z02+3)(r—r) " (2 +3)1 -2 2(1-2) 4z Ve
, v

+ ($zw +ml— =

|
2)vw2+941—@w%

(2.64)
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where e = % Vrer—(v? + 3).
The solutions of these equations with only ingoing flux at the horizon are given by hypergeo-
metric functions

Wy = 220 = 2P Fag + 1,by,cp + 1,2), (2.65)

" crliv+ml—v/2) ar(1 )ﬂ; Flas.b ) (2.66)
- = Z —Z ar, ,Cfy2), .
af(bf—Cf) V2 + 3 e

where cy = 2C¥f+ I, ar = ay +ﬂf+)/f, bf =ay +,3f—)/f, and

2i(wvry —we+k) 1
: -, 2.67
/ V+3)(ry—r) 4 (267)

1 (ml=v/2)?  3w*(?-1)

ﬂf—z_\/ V3 (2432 (268)
2i _ - k 1

Vi = (wvr_ — we + k) 1 (2.69)

0V +3)ry—r2) 4

Similar to the vector case, there are two special cases: ¢y — by = 0 and ay = 0, both of which
lead to w? + (ml — %)2 = 0. In fact, if Imw < 0O then one has ¢y — by = 0, while we have ay = 0 for
Imw > 0.

For the case iw = ml - %, one has a solution with purely ingoing mode near the horizon as

Ve =0, y_ = 2%7(1 — 2%/, where By = (2;;1;:» + 1. The other solution has outgoing mode near

the horizon.

For the case —iw = ml — %, one solution with outgoing mode is _ =0, ¥, =77 ‘%(1 - z)ﬁf .
The other one which has ingoing mode is ¥, = z% (1 — z)l‘Bf and ¢_ has the same asymptotic
behavior of i, near the horizon and at infinity.

We impose the vanishing flux condition at asymptotic infinity. The flux is

V=8Pl YW = (1 — 27 (Wil = ). (2.70)

The leading divergent term of the flux is of order (1 — z)?%/~!, where if 8 '+ is complex we choose
Re(By) < 1/2 for the branch cut. Its coeflicient

F(Cf + I)F(Cf —ar— bf) 2
T(cs—apl(cy —bp + 1)

(2.71)

must vanish. Considering that the solution in the ¢y — by = 0 case also satisfy the boundary
condition, so we have

cf—ap=-n,or cf—by=-n. (2.72)
for the quasi-normal modes.

1. In the case: ¢y — by = —n, we have

2w \/ (ml—v/2P 30202 - 1) 013

—n+1i —
TS 213 (2 +372
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2. In the case: ¢y —ay = —n, we have

l 1 1 (ml—=v/2)?  3w*(v*-1)
- 4k + wo) + = + - = —n. 2.74
r+—r_v2+3( W)+ 7 \/ vV +3 (V2 +3)? . (&7%)
In the limit v = 1, the spectrum of the quasi-normal mode is
4k A(ry —r- 1
wg = == - i% (n + (1 + i - 1/2|)), (2.75)
1
wp = =2i (n + Elml - 1/2|) (2.76)

where § = 2(rz — /=) So the left and the right conformal weights are given by h; = |ml —
1/2]/2, and hg = (1 + |ml— 1/2|)/2. This is in precise match with the results in the BTZ black hole
obtained in [6], after considering the different choice of the vielbeins.

For the general case with v > 1, in order to compare with the prediction of warped AdS/CFT
correspondence, we need the conformal weights of the massive fermionic operators. In the similar
spirit as the scalar and the vector, we have

1 (ml—v/2? 3k2(?2 - 1)
K=<+ - . 2.77
k2 \/ vi+3 (2 +3)? 77
Taken into account of the identification (2.29), the relation (2.74) is of the form
1 -
~f _ ; A
Dp =5 (—4nT LIk — GAnTRD(n + IY)). (2.78)
and the relation (2.73) is of the form
K = ~in +h)), (2.79)
f_pf 1
where i, = hy — 3.
Similarly, one may have
1 (ml+v/2)2  3k2(02 1)
W=+ - , 2.80
R—2 \/ V243 (v? +3)2 (2.80)

and h{ = h£ - % Even in this case, the quasi-normal modes are still given by (2.78), (2.79).

Let us summarize the result we obtained in this section. No matter what kind of the perturba-
tions we considered, the quasi-normal modes of the spacelike stretched AdS 3 black hole could be
simply written as

(—4nTylk — (iAnTrD)(ny + hg)), (2.81)

T 2+3
k= —i(ny + hy), (2.82)

with np, ny being non-negative integers.
3 Quasi-normal modes of the null warped black holes

Null warped AdS 3 spacetime is another vacuum solution of three-dimensional topological massive
gravity.! It is only well defined at v = 1. Similar to other warped AdS3 spacetime, it also has

'For the related study on AdS wave solution, see [18].
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isometry group SL(2, R) X U(1)py- The null warped black hole could be taken as the quotient of
the null warped AdS 3. The metric of the null warped black hole is of the form
ds? dr?

- = ~2rdOdt + (* + r + &*)d6* + R (3.1

where 1/2 > a > 0 in order to avoid the naked causal singularity. The horizon is located at

r = 0. From the thermodynamics of this black hole, it was argued that there exist non-vanishing
right-moving temperature

Tp=2.

nl

One may propose the following conjecture: v = 1 quantum topological massive gravity with

3.2)

asymptotical null warped AdS 3 geometry is holographically dual to a 2D boundary CFT with the
2
left-moving central charge ¢; = é% and the right-moving central charge cg = gvv(v;j ;l).

black hole entropy, it seems that it is not necessary to have left-moving central charge since 7 = 0.

From the

However, the diffeomorphism anomaly requiring that ¢; — cg = —é asks for the existence of the
left-moving sector.

In order to check this conjectured correspondence, we study the quasi-normal modes in the
null warped black hole in this section. Firstly let us consider the scalar perturbation. The equation
of motion for the scalar field is

V20 — m*® = 0. (3.3)

Taken the ansatz ® = ¢ "“"**R(r), the equation becomes

d d 2wk 0} + 71+ a?
(g dpg), (L20k 00T Hral)  oaple_o, (3.4)
dr dr r r2
The above equation can be solved by Kummer functions
_z 1oz 1 ~ ~
R.=¢ 2z2‘mSF(§ +my—k, 1+ 2ms,z) 3.5)

where z = —iwal, i, = 3 V1 + m?2 — w? and k = ﬁ(m —2k). Here we choose —r < argz < n for
the branch cut. Actually the solution should be a combination

R=C|R. + CR_. (36)

Now let us consider the boundary condition for the quasi-normal modes. There have to be
only ingoing modes near the horizon where z approaches to the infinity. The asymptotic expansion
of Kummer function at asymptotic infinity is

F(V) e—ia;‘[ - + F('Y) eZZa—fy‘

Fla,y,2) ~ =—— z (3.7)
Iy —a) ()
where it requires —37” < argz < 5. In our case, the second term of the right hand equation cor-

responds to the outgoing modes near the horizon. For the solution (3.6), the vanishing outgoing

condition requires
I'(1 — 27y) C = (1 + 2iny) c

Clz_ - 5 2 = ~
I(§ — ity — K) (3 + ity — K)

) (3.8)
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where C is a constant. Next we require the flux at infinity to be vanishing. The flux is given by

2
F ~ L2000, - c.c.) (3.9)
l

For the solution R(z), the leading term of the corresponding flux is proportional to C{C> — c.c. and
the sub-leading term is proportional to C2C;r‘1+2”~“'. So if Re(ing) > %, the flux vanishes if C; = 0
that is 1

§+ﬁ1S—K:—n (3.10)

We will see that % + 7, is the conformal weight of the scalar of mass m in the following and
next section. While for the case Re(iy) < %, the flux vanishes when C; = 0 or C, = 0, which
indicate that : :

— + My — K= —n,or E—ﬁzs—/(z—n. (3.11)

2
Note that for the case Re(in;) < %, there are two possible choices of the conformal weights after
considering the identification of the quantum numbers: hg = % + ;. Therefore, the above relations
on quasi-normal frequencies could be simply written into

hgr — k = —n. (3.12)

In order to compare the quasi-normal mods with the result from the dual conformal field
theory, we first need to identify the conformal weights of the dual operators. Now we calculate the
conformal weight of the scalar field of mass m from its asymptotic behaviors. The metric of the
null warped AdS 3 spacetime could be of the following form

2 2 + g -\2
%:%+%+(%) . (3.13)
Near the asymptotic region, we have the scalar equation of motion:
4r2d—2R + 8riR + (4k2 — m*P)R = 0, (3.14)
dr? dr "
where we have introduced u> = 1/r and have made the following ansatz:
® = 7O+ R(p), (3.15)

The subscript 7 is introduced to denote the null background. The eigenfunction is of the form r%s

with —A; being the conformal weight. The equation (3.14) leads to

4k — m2 2

A§+As+"T=0, (3.16)
with the solution
As:—%i%\/l+mzlz—4l}3. (3.17)
In order that the solution is well-behaved, A should be negative, this helps us to take
As:—%i%y/l +m22 — 4l if m? < 4k2,
A :—%—%\/1+mzlz—4l~<ﬁ, if m? > 4k2. (3.18)
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The conformal dimension of the dual primary operator is just i, = —Aj.

Similar to the spacelike warped case, in order to compare with the prediction of dual CFT, one
has to consider the identification of quantum numbersdue to the coordinates transformations. In
the asymptotic region, we can make the following identification locally:

2 1 - +
u o -, x o0, x o =2t (3.19)

Correspondingly we have the identification between the quantum numbers:

k = —@y, (3.20)
w = 2k,. (3.21)

With this identification, the relation (3.10) can be rewritten as
wr = —k, — i2aTrI(n + hy) (3.22)

This is reminiscent of the relation (1.1). The factor 2 discrepancy with (1.1) comes from the subtlety
in defining the temperature. Actually, in some literatures, it is 27 rather than 47 appeared in (1.1).

Next, let us consider the quasi-normal modes of the massive vector field in the null warped
black hole background. One can work with the following first order equations

€ Pd,A5 = —mA,. (3.23)

On the null warped black hole background, they become

do, wk ml w?

ot - - 3.24
dr ( 2mlr? 2r) Y omir? P, (3.24)

doy ml(r? +r + a/2) k> ml w?

70 _ 2

dr ( 2r? T i bt 2 " omir be: (3:25)
¢r = 5——(ik¢; + iwdy), (3.26)

212

with the ansatz A, = e"""”ikggb#(r). From the above equations, we obtain a second order differential
equation for ¢,,

— 4
dx? 4

&g 1 (0 —m*P+2ml W - 2wk
d (‘“ AR S +a)a/)¢, (3.27)
X
where x = % It can be solved in terms of Kummer function analogous to the scalar field case
_z Ll 1 -~ ~

¢ =e 2727"F Eimv—K,li2mv,z , (3.28)
where z = —iwax, m, = % Viml = 1)2 —w? and k = t(w — 2k). Note that ¢y, ¢, can be solved
straightforwardly by using (3.25) (3.26). Considering the boundary condition for the quasi-normal
modes, we also have the similar relation as in the scalar case. One also has to make a combination
of the two solutions with only ingoing modes at the horizon. The coefficients in the combination are
(1 -2m,) (1 + 2m,)

Cl=-—— 0 0= T 3.29
rd-m-0 7 T 4 - (322
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with C being a constant. And the flux has a leading term proportional to C;C> — c.c. and the

—1+2m,

sub-leading term C5Cor . So from the condition that the flux should be finite at asymptotic

infinity, we have

+ 7/, — K = —n. (3.30)

N =

The conformal dimension of the massive vector field could be obtained easily:

L1 5
hp=5+5 \J(ml — 1)2 — 482, (3.31)

With this and the identification (3.20), we have the relation
@y = —k, — 27Trl(n + h}), (3.32)

from (3.30).

Lastly, we turn to the study of the quasi-normal modes of the fermionic perturbations. The
analysis of the quasi-normal modes for the fermionic fields in the null warped black hole back-
ground is analogous to the stretched case. We first choose the vielbein:

1
U= rlde+ U0 - o = = r7)do,

e =
I
1
= —d ]
e 2r T.
1
e? = —rldt + 51(1 +a+r+rHdo

and then calculate the spin connection. The none-zero components of the spin connection are

01 10 2 2 12 21 2 2 02 20
wy =-w, = +a -r)/l, wy =-wy =@ -r)/l, w"=-w] =1/,

wgl = —w%o = (@ -/, w%z = —w%l =(-1+a* -,

where W = et
Taking the ansatz ¥; = e “**%,(r) and making the redefinition of the fields as

Ui =Y =, o =Y+ Y, (3.33)

we rewrite the Dirac equations as

dyr] 2ml + 3 iw

— = ——Y + =Y .34
dr 4r i+ 212 V2 (3.34)
Al iw(? +r+ a?) - 2ikr 2ml — 1

—= = T+ - 3.35
dr 2r2 ! 4r ¥2 (3.35)

As before we change the variable to x = % and redefine the fields as P = x‘%w’l, then we obtain a
second order differential equation,

2P 11+ w?=ml-1)? 2 _ 2wk
—+—{ mi-3) o -2k o P=0, (3.36)

dx?2 4 X2 X
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which can be solved in terms of Kummer functions

, 1oz lym I .
Y =x2e 2227 F Eimf—/(,li2mf,z (3.37)

where 7y = 1 Joml - D=2, k= 7=(w - 2k).
The solution of ¢/ can be obtained by using (3.34). Similarly considering the boundary con-
dition for the quasi-normal modes, we have

1
2 +iny—K=—-n. (3.38)

The conformal dimension of the fermion operator is

R A
hR = 5 + 5 ml — 5 - 4kn (3.39)

This relation and the identification (3.20) give us
@ = ~ky, — 27 Tgl(n + h)), (3.40)

from (3.38).
In short, the quasi-normal modes for various perturbations, including the massive scalar, vector
and spin 1/2 fermion, of the null warped AdS 3 black hole could all be written in a concise form

g = —k, — 2nTrl(n + hg). (3.41)

This relation is quite similar to the prediction (1.1) of warped AdS/CFT correspondence, up to a
factor 2. We take it as strong evidence to support the conjectured correspondence.

4 Conformal dimensions

In this section, we try to compute the conformal dimensions of the dual operators corresponding
to various perturbations around the spacelike warped and null warped backgrounds. Instead of
analyzing the asymptotic behavior of the solution of the equation of motions of the perturbations,
we take a slightly more algebraic way. For both the spacelike stretched AdS 3 and the null warped
AdS 3, they have the isometry group SL(2, R) X U(1). The perturbations should respect the isometry
group. The highest conformal weight mode created by the bulk perturbations must obey the alge-
braic equation Li¢ = 0. Its L eigenvalue can be taken as the conformal dimensions of the primary
operators in the boundary CFT. It turns out that the conformal dimensions determined in this way
are in perfect agreement with the ones obtained before. For simplicity, we just focus on the scalar
and the vector perturbations.

4.1 Spacelike stretched case

Let us consider a massive scalar ® of mass m in the warped spacelike AdS 3 spacetime. From
warped AdS/CFT correspondence, such a scalar field have a counterpart boundary operator in dual
conformal field theory. We work in the following form of the spacelike stretched AdS 3:

12
V213

4y?

v2+3

ds? (— cosh? odt? + do? + (du + sinh O'dT)z) , 4.1)
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which is the same as (2.22) by the coordinate transformation r = sinh o, x = u.
Such a background has the U(1); x SL(2, R)g isometries. The U(1), isometry is generated by

Ly = i0y, (4.2)

and the SU(2)y isometry is generated by Lo, L; and L_; satisfying

[Lo,Ls1] = FLy1,  [Ly,L-1] = 2Ly, (4.3)
where
Ly = io-, 4.4)
Ly =-€" (aU + itanh 079 + i;ﬁu), (4.5)
cosh o
Ly=e (a(, —itanh 00, — i 1 au) . (4.6)
cosho
The scalar equation of motion now takes the form
—— 0, (cosh 79,)D COS; . Uaicp + i;ﬁg‘(‘;a,ap
_Z;‘;ﬁz(aﬁ + (%)aﬁcb - v’ilch - 0. 4.7)
The above equation could be rewritten as
{- [%(m_l +LLy) - ig] . 3@;; D2 v’fi}cp - 0. 48)
One may make the following ansatz )
O = e—i&)R‘r+iku¢. 4.9)
The corresponding highest weight mode should satisfy
Li® =0, Lo® = hg®. (4.10)

This helps us to fix the conformal dimension?

1 /1
]’LR:(I)RIEi Z+S, 4.11)

where s is defined to be (2.25). This is the same as (2.26), where we pick +.
For the highest weight state, we can even solve the equation (4.10) and get

—ihpr+iku Ftan~!si -
D=e lhR‘r+1kuektan smh(r(cosh O’) hR. (412)

In order to study the conformal weight for the vector fields in the space-like warped AdSs, it
is more convenient to use the Poincare coordinates [9]

12 d2 42
dsz— %4‘%
X ve+3

243

(—xzdtz + (d6 + xdt)z) . (4.13)

2The conformal weights of the scalar fields have been discussed in [23] in the similar way independently. We would
like to thank the anonymous referee for pointing this out.
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The Killing vectors of the space-like warped AdS3 are given by

V4

1 2i
i(——2 - z2) Oy + 2itxd, + 0y, (4.14)
X X

Vo = 10, — x0,, Vi =io,, V = idy, (4.15)
which satisfy the commutation relations:

[Vo, Virl = FVar, [Vi,V_1] =2V, (4.16)
For the highest weight state created by the vector field, it satisfies

LyA, =0,  LyA,=hpA,,  LyA,=—kA,, (4.17)
where £ denotes Lie derivative. Then the solution is

v .7 _1_}V .7 v -7
Ap=Cix'Mee™® A= Cox TR Ag = CaxTRe™. (4.18)

Using the equation of motion for the vector fields, we obtain

ik( +3) 2mlv(h — 1) — B2(* + 3)
Cr=—or "V Cx = 4.19
2 dmly " 3 ml(2hy — ml) (4.19)
and
1 1 m?2 =2mlv 3002 = D2
hh = = - - ) 4.2
R 2+\/4+ 213 42 (4.20)

This is slightly different from (2.56) by the sign before m, but is exactly the same as (2.60). The
difference comes from that through the coordinate transformation, the helicity also exchange, which
induce m — —m.
It is interesting to compare the above results with the ones in usual AdS3/CFT, correspon-
dence. In latter case, one has
hr +hy, = A, hg—hy = s, (4.21)

where s is the spin of the field,

A=1+ V1 +mB, (4.22)

for the scalar fields, and
A=1+|m|, (4.23)

for the vector fields. For warped AdS;/CFT, correspondence, the relations (4.21) still make
sense, even though we cannot determine /; directly. Another property shared by both cases is
that in the vector and the fermionic case, when the helicity changes, m changes sign and accord-
ingly the expression of the conformal dimension need to be changed slightly. However, the rela-
tions (4.22), (4.23) have to be modified greatly in the warped AdS case. One modification is on the
scale, from [ to 21/ Vv2 + 3. Another modification is more significant: in the warped case, another
quantum number from U(1)g appears in the conformal dimensions. This is not only true for the
spacelike stretched case but also true for the null warped case. As a consistent check, when v = 1,
our result reduce to (4.22), (4.23).
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One interesting feature in the conformal weights of operators in dual CFT is that they depend
on the U(1) quantum number k. The presence of this quantum number means that even though the
mass-square of the scalar field satisfies the Breitenlohner-Freedman bound for three-dimensional
AdS spacetime, the perturbation could still be unstable. As a result, superradiance may happen in
the spacelike stretched AdS; spacetime [23], just like in Kerr black hole [26]. Similar phenomenon
happens in the null warped AdSs spacetime as well.

4.2 Null warped case

For the null warped AdS 3 spacetime (3.13), it has isometry group SL(2, R)g X U(1)nu- The U(1)qun
is generated by
N =4d,, (4.24)

and SL(2, R)y is generated by

Ny = 0.,
Ny

_ u
X 0_+ Eau,
N_; = (x_)zﬁ_ — WP, + X ud,,
which satisfy the commutation relations:
[No, Nx1] = FNuy, [N1, N-1] = 2Np. (4.25)

The equation of motion of the massive scalar ® in the null warped AdS3 spacetime is of
the form
U*0> — ud, — 40> + 43, 0_ — m*P)® = 0, (4.26)

which could be rewritten as

1 5 , mP
E(NIN_I +N_1N1)—N0 + N +T O =0. 4.27)
The highest conformal weight state should satisfy
Ni® =0, No®=h3®d,  NO =ik, (4.28)
This just gives the constraint @ = 0 and the conformal weight h}, = 1 + 1 /1 + m22 — 4k2. The
solution of the highest weight state is
® = 2" (4.29)

The consistent boundary condition require A, > 0.
For the conformal weight of the vector field, the highest weight state satisfy

LA, =0, LAy = hpA,, LA, = ik,A,. (4.30)

This is consistent with the equation of motion. For any Killing vector &, we can choose a coordinate
y satisfying & = d,. In this special coordinates, the background metric is independent of y. The
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equation of motion for the vector fields can be seen as a linear operator acting on the vector fields.
Since the operator only depends on the metric, the operator commutes with the Lie derivative of the
Killing vector. So the equations for the highest weight solution are consistent with the equations of
the vector fields. The solution of (4.30) is

A, = Cruke*n” A_ = Cyure*n™" A, = CouPle1 gthnx” (4.31)
Using the equation of motion for the vector fields, we obtain

—2k2 C, = —2ik,

T ol —ml) 3T Tl

Ci Cy, (4.32)

and also find the conformal dimension

11 .
h= =+ = —1)2 - 4k2. 4.
he =3+ 2\/(ml )2 — 4k2 (4.33)

Comparing with the conformal dimensions in usual AdS/CFT correspondence, we see that the
only difference is the appearance of k terms in (4.33).

5 Conclusions and discussion

In this paper, we calculated the quasi-normal modes of various perturbations, including the massive
scalar, vector and spin one-half fermionic perturbations, of the spacelike stretched and the null
warped AdS 3 black holes. For the spacelike stretched black hole, all kinds of the quasi-normal
modes could be rewritten in terms of the quantum numbers @ and k in a simple way:

1 -
Wp = ——(=4nTrlk — (i4nTgl)(n + hg)),  or
Ve +3

k= —i(ny + hy), (5.1)

where np, n, are non-negative integers. Similarly, for the null warped black hole, the quasi-normal
modes are of the form
r = —ky — 27TRI(n + hg), (5.2)

with n being non-negative integer. The above relations are reminiscent of the relations (1.1) on
the poles of the retarded Green’s function. Since the conjectured correspondence is between the
spacelike stretched (null) warped AdS 3 and its holographically dual 2D CFT, one needs to use the
quantum numbers appeared in these spacetimes rather than the ones in the black holes to set up the
dictionary. This is why we rewrite the quasi-normal modes in terms of the quantum numbers @
and k of the spacelike (null) warped AdS 3. And actually it is in terms of these quantum numbers
that make the warped AdS/CFT correspondence manifest. This is the key point to set up the dictio-
nary. The phenomena happening here is extraordinary. The asymptotic geometries of the warped
black holes could be locally transformed to the ones of the warped spacetimes. The coordinate
transformations induce the identifications of two sets of quantum numbers. Taken this subtlety into
account, the quasi-normal modes of the warped black holes could be reorganized into (5.1), (5.2),
which are well consistent with the CFT prediction (1.1) and so support the conjectures.
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The relations (5.1), (5.2) were obtained after the identifications (2.29), (3.20) being taken into
account. However, the identifications come from the local transformations, rather than the global
ones. Especially, considered the fact that the global warped AdS3 spacetime is not included in the
black hole’s phase space, the above identifications deserve further investigations and clarifications.
We wish we can return to this issue in the future.

One interesting point is that it seems that we have only one set of the quasi-normal modes. For
the null warped case, this seems to be natural since the dual CFT has only right temperature. For
the spacelike stretched case, this sounds strange. However, recall that the isometry group of the
spacelike stretched AdS '3 is just SL(2, R)g X U(1),. For the highest weight operators corresponding
to the massive scalar, one can define its right-moving conformal weight from SL(2, R)g, but can
only define k from U(1),. This in fact is in consistence with (5.1).

Another interesting point in our result is that the above two relations (5.1), (5.2) are still a little
different from the predicted poles (1.1), up to a scale factor. This could be due to the ambiguity
in determining the temperature, originated from coordinate transformation. This possibility has
been shown in [10] for comparison with the BTZ black hole. It would be interesting to pin down
this issue.

In this paper, we proposed a conjecture that the quantum topological massive gravity asymp-
totic to the null warped AdS; is holographically dual to 2D CFT. Our study on the quasi-normal
modes of the null warped black hole support this conjecture. However it would be essential to
put this conjecture on a more solid ground. One interesting issue is that the holographic anomaly
suggests that there should be not only right sector but also left one as well. This could not be seen
from the study of the black hole thermodynamics and the quasi-normal modes. To understand this
issue better, it would be important to investigate the asymptotical boundary conditions on the gravi-
tational perturbations and check if the central charges could be derived from the symmetry algebra.

It would be worth looking for other evidence to support the warped AdS/CFT correspondence.
One possibility is to compare the absorption cross sections. This has been explored in the context
of Kerr/CFT correspondence [26]. For the warped AdS 3 black hole, since the equation of motion
of the perturbations are exactly solvable, we expect that the same analysis would be feasible [27].

In this paper, we discussed the quasi-normal modes of the scalar, vector and fermionic per-
turbations. It would be interesting to consider the gravitational perturbations. In this case, the
equations of motions is a third order differential equation, so is more difficult to solve. Neverthe-
less, It was shown in [19] that after fixing the gauge completely, the equations of motion in the
warped AdS3 could be simplified. We expect the same simplification may happen in the warped
black hole case.
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