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ABSTRACT: We numerically study the dynamics of false vacuum bubbles which are inside
an almost flat background; we assumed spherical symmetry and the size of the bubble is
smaller than the size of the background horizon. According to the thin shell approximation
and the null energy condition, if the bubble is outside of a Schwarzschild black hole, unless
we assume Farhi-Guth-Guven tunneling, expanding and inflating solutions are impossible.
In this paper, we extend our method to beyond the thin shell approximation: we include the
dynamics of fields and assume that the transition layer between a true vacuum and a false
vacuum has non-zero thickness. If a shell has sufficiently low energy, as expected from the
thin shell approximation, it collapses (Type 1). However, if the shell has sufficiently large
energy, it tends to expand. Here, via the field dynamics, field values of inside of the shell
slowly roll down to the true vacuum and hence the shell does not inflate (Type 2). If we add
sufficient exotic matters to regularize the curvature near the shell, inflation may be possible
without assuming Farhi-Guth-Guven tunneling. In this case, a wormhole is dynamically
generated around the shell (Type 3). By tuning our simulation parameters, we could find
transitions between Type 1 and Type 2, as well as between Type 2 and Type 3. Between
Type 2 and Type 3, we could find another class of solutions (Type 4). Finally, we discuss
the generation of a bubble universe and the violation of unitarity. We conclude that the

existence of a certain combination of exotic matter fields violates unitarity.
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1 Introduction

Our Universe experiences an accelerated expansion; also, our Universe seems to have had
a period of exponential expansion, so called inflation [1]. The simplest explanation of
these phenomena are to assume that our Universe is or was in a vacuum with non-zero
vacuum energy [2], as the vacuum energy effectively gives a cosmological constant. Af-
ter the discovery of landscape [3], it becomes natural to assume that there are a lot of
different vacua.

Once a complex potential structure is allowed, it is inevitable to include some kind of
quantum tunneling from one vacuum to other vacuum. Some authors have studied these
phenomena [4, 5]. For simplicity, we assume that the background is a positive false vacuum
with a small cosmological constant or an almost flat background. This de Sitter space
violates the energy conservation; thus any kinds of tunneling can be allowed in principle,
i.e., tunneling from low to high vacuum is possible and of course, vice versa [5].

If a true vacuum bubble is generated in the de Sitter background, then the true vacuum
bubble will expand and dominate all over the background [4]. Here, we need to observe
the causal structure of de Sitter(inside)-de Sitter(outside) combination [6]. However, what
will happen if a false vacuum bubble is generated? If the false vacuum bubble collapses,
we need to observe the de Sitter-Schwarzschild-de Sitter combination [7, 8, 10], where the
Schwarzschild implies a Schwarzschild black hole due to the collapse of the transition region.
On the other hand, if the size of a false vacuum bubble becomes on the order of the horizon
size of the background [5] again we need to observe the de Sitter-de Sitter combination.

The most difficult situation is when the size of a false vacuum bubble becomes less
than the horizon size of the background but greater than the horizon size of the false vac-
uum [11]. In this case, the false vacuum bubble has to inflate in physical coordinates but
the outside observer will only see the Schwarzschild structure. Then, if we assume the null
energy condition, this structure seems to be a kind of de Sitter-Schwarzschild-de Sitter
space, where the Schwarzschild means the Schwarzschild wormhole [7, 8, 10, 11]; of course,
it is a mathematically allowed solution. However, when the null energy condition is vio-
lated [12], its exact causal structure is not well-known, but maybe a dynamical generation
of a wormhole will be accompanied.

Next natural question is the meaning of the inside de Sitter space. It implies the
generation of a bubble universe which is separated from our Universe, while an outside
observer sees a black hole [7]. Is it possible to happen in a laboratory? If we assume
the null energy condition and global hyperbolicity, in a general relativistic sense, it seems
to be impossible since the initial condition needs a kind of singularity from a singularity
theorem [13]. This kind of bubble is known as an unbuildable bubble [10]. In a semi-classical
sense, it seems to be possible via tunneling from a buildable bubble to an unbuildable
bubble, i.e., tunneling from the outside to the inside of a Schwarzschild wormbhole [8, 10, 14].

However, if the background is the anti de Sitter space and if one assumes AdS/CFT [16],
false vacuum bubbles are expected to evolve by a unitary way. Therefore, one may guess
that tunneling from a buildable state to an unbuildable state should be excluded in the anti
de Sitter background [10, 15]. Also, it is reasonable to apply this principle to a background
de Sitter space.



Up to now, these results were based on the thin shell approximation. According to
the thin shell approximation, the transition region needs a kind of energy shell to satisfy
the Einstein equations. However, in a real situation, the transition layer will have a non-
zero thickness and the field values of inside of the shell will have non-trivial dynamics. Of
course, it is very difficult to solve such dynamics by hand, and hence one needs a numerical
approach [17-19]. If we extend our calculations beyond the thin shell approximation, then
we can describe not only the geometry (metric and shell), but also the field dynamics which
was ignored in the thin shell approximation.

In this paper, we prepare a false vacuum bubble inside of an almost flat background.
According to the thin shell approximation, as one tunes the initial parameters, basically two
behaviors are expected: namely the collapse or expansion of a shell [7]. We could reproduce
the collapsing solution easily. However, one interesting issue is whether the expansion of
a false vacuum bubble is possible or not. According to the thin shell approximation with
the null energy condition, this seemed to be impossible unless assuming tunneling from a
buildable state to an unbuildable state [10, 14].

Here, in this paper, we remark two important points:

e First, an expanding bubble solution which contains the inflating region is difficult to
obtain not by the reason of geometry, but by reasons of field dynamics. Field values
of a false vacuum bubble is unstable as the shell expands.

e Second, general relativity does not exclude a generation of an inflating bubble if one
assumes exotic matter fields. We show that a wormhole is dynamically generated to
induce a bubble universe along the shell. It does not necessarily require tunneling

from the outside to the inside of a Schwarzschild wormbhole.

Since a generation of an inflating bubble implies the violation of unitarity, the authors
suspect that some holographic arguments on the unitary evolution seem to have potential
dangerous; or some holographic arguments restricts our assumptions on the initial state of
a bubble.

This paper is structured as follows. In section 2, we study previous results of the
thin shell approximation. In section 3, we introduce numerical setup to extend beyond the
thin shell approximation and introduce simulation parameters. In section 4, we observe and
classify solutions of false vacuum bubbles and discuss interesting physical issues. Finally, in
section 5, we comment our contributions from studies beyond the thin shell approximation
and discuss the unitarity issue with the generation of a bubble universe.

2 Basic results of the thin shell approximation

2.1 Thin shell approximation

We assume spherical symmetry and observe the dynamics of a false vacuum bubble inside
of the true vacuum background. Traditionally, some authors studied this problem by using
the thin shell approximation [7—11, 20]. The thin shell approximation is based on the

following two assumptions:



1. The inside false vacuum region is governed by the de Sitter metric and the outside
true vacuum region is governed by the Schwarzschild metric.

2. Between the two regions, there is a thin mass shell which has a proper surface tension.

The metric ansatz for the inside and the outside regions, respectively, are

ds? = — fi(r)dt? + dr? + r2d0?, (2.1)

1
fi(r)

and

ds? = — fo(r)dt? + dr? + r?dQ?, (2.2)

fo( )
where fi(r) =1—72/I? and f,(r) =1 —2m/r.

The metric ansatz for transition region is
dsgheu = —dT2 + R(T)2dQ27 (23)

where r = R(7) holds. We get the equation of motion for the shell

VI2 + Fi(R) = 12 + fo(R) = kR, (2.4)

where k = 4o and o is the surface tension of the transition region. This can be reduced
to the following form:

R? 4+ Veg(R) =0, (2.5)

where

(i) = Jolr) = wr2)°

‘/eff(r) = fo(r) - 4202 (26)

However, to maintain the information of the sign of each roots, we need to compare the
extrinsic curvature for the outside and the inside of the shell. The extrinsic curvatures are

_ fi(R) = fo(R) + w*R* | [
5= T = £/ R + fi(R), (2.7)

defined as follows:

and

f( ) fo( — K
o = = +\/R2+ f, 2.8
b 2kR +folR (28)
Now, to satisfy the Einstein equations,
Bi — Bo = KR (2.9)

should hold. The sign of the extrinsic curvatures in R — 0 or R — oo limit intuitively tell
us the asymptotic direction of the (expanding or collapsing) shell [10].
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Figure 1. Solutions of the thin shell approximation (symmetric cases). Since f; is always positive
in R — 0 limit, dSp is disallowed; 3, is always positive in R — 0 limit, Sch¢ is disallowed; G, is
always negative in R — oo limit, Schg is disallowed.
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Figure 2. Solutions of the thin shell approximation (asymmetric cases).

In general, the effective potential Vg is a convex function for a time-like shell [7, 10];
therefore, it allows a collapsing solution or an expanding solution. Then there are basically
5 possibilities: (a) from expanding to collapsing, (b) from collapsing to expanding, (c)
from collapsing to collapsing, (d) from expanding to expanding, and (e) a static solution
in an unstable equilibrium. (a) and (b) are symmetric solutions, whereas (c¢) and (d) are
asymmetric solutions. For simplicity, we omit the unstable equilibrium case (e).

Firstly, let us classify symmetric solutions. The left diagram of figure 1 is for the de
Sitter space, and the right diagram is for the Schwarzschild space. For a collapsing case,
dSa or dSp are possible; and Schp, Sche, or Schp are possible. Also, for an expanding
case, dSp or dSc are possible; and Scha or Schgy are possible. However, according to
the behavior of the extrinsic curvatures in B — 0 or R — oo limit, we can remove the
solutions of dSp, Schg, and Schg. Therefore, there are 4 possible solutions: dSy — Schp,
dSa — Schp, dSg — Scha, dS¢ — Scha. The case dSa — Schy is a collapsing bubble solution,
where the collapsing shell is inside of a Schwarzschild wormhole. The case dSy — Schp
is a collapsing bubble solution, where the collapsing shell induces a Schwarzschild black
hole. The case dSp — Schy is an expanding bubble solution, where the shell expands inside
of a Schwarzschild wormhole, and the shell becomes greater than the horizon size of the
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Figure 3. Farhi-Guth-Guven tunneling.

inside de Sitter space. The case dSc — Schyp is an expanding bubble solution, where the
shell expands inside of a Schwarzschild wormhole, and the shell expands outside of the
cosmological horizon for the r = 0 observer.

Secondly, let us classify asymmetric solutions (figure 2). The most interesting case
is the creation of a bubble universe. In this case, we need to consider from expanding
to expanding solution. Here, dSg, dSy, and Schy are allowed; thus giving us the case of
dSg — Schy and dSgp — Schy as allowed transition solutions. We can interpret these as
expanding solutions which begin from a singularity [7, 13].

2.2 Buildability of initial states and Farhi-Guth-Guven tunneling

If we want to build a bubble universe in a laboratory, the initial state should begin from
the inside of the horizon of the de Sitter space, and the outside of the horizon of the
Schwarzschild black hole or the Schwarzschild wormhole. And the final state should end
at the outside of the horizon of the de Sitter space and the inside of the Schwarzschild
wormhole. Then the only reasonable solution is the unbound solution dSg — Schg or
dSF — SChF.

However, this is not the final answer to the generation of a bubble universe. According
to Farhi and Guth [13], whenever the null energy condition and global hyperbolicity hold,
if a shell becomes greater than the horizon size of the inside de Sitter space, the horizon
becomes a kind of anti-trapped surface, and the bubble should begin from an initial sin-
gularity. Therefore, if a solution ends with a bubble universe, its initial state should be a
singular state. We call this an unbuildable state and the opposite case is called a buildable
state [10].

To overcome this problem and generate a bubble universe by using a constructible way,
we need to include tunneling [14]. The tunneling is to paste a buildable solution dSp —Schp
and an unbuildable solution dSg — Schp [8]. The former does not hold the conditions of
the singularity theorem, and thus, one may assume that its initial state is buildable. Some
authors have calculated the probability using some approximations of quantum gravity,
and found consistent results [14]. This is known as Farhi-Guth-Guven tunneling (figure 3).



2.3 Conclusions of the thin shell approximation

The followings are conclusions of the thin shell approximation with the null

energy condition:

1. A shell will either collapse or expand; if it has sufficient energy, it can expand to an
unbounded size.

2. A shell cannot expand except if it is in a Schwarzschild wormhole.

3. When a false vacuum bubble is generated in an almost flat background, if one wants
to make a bubble universe, it should tunnel into the Schwarzschild wormhole.

One interesting question is this: is it possible to prepare any field configurations, thin
or thick shell, so that the bubble is able to expand forever? Let us assume an initial
bubble which is inside of the de Sitter horizon and outside of the Schwarzschild black hole.
Then, the only allowed solution from the thin shell approximation is dSy — Schp, i.e., a
collapsing bubble solution [7], and hence it cannot expand forever according to the thin
shell approximation [8, 10]. Now the next natural step is to move to beyond the thin shell

approximation.

3 Beyond the thin shell approximation

In this paper, by going beyond the thin shell approximation, we observe some field config-
urations where the bubble which is outside of the Schwarzschild radius can expand forever.
Then, what is the difference between the thin shell approximation and beyond the thin
shell approximation?

We specify the following key assumptions for beyond the thin shell approximation:

1. The field of the inside region is in a false vacuum and the field of outside is in a true
vacuum; we do not assume special metric structures and we consider whole dynamics

of metric and fields.
2. The transition region has a non-zero thickness.

One possible interpretation is that, from the first assumption, the field value of the
inside region is not static and not stable; then, the inside is no longer an exact de Sitter
space. The other possibility is that, from the second assumption, the thick transition
region induces a wormhole in a dynamical way. In this paper, we will demonstrate that
(1) if we do not violate the null energy condition, the first possibility happens and (2) if
we do violate the null energy condition, both possibilities happen.

Now we discuss our model and setup.

3.1 Setup
We describe a Lagrangian with a scalar field ® with a potential V(&) [21, 22]:

L=—3,D4,9% — 2V (D). (3.1)



From this Lagrangian we can derive the equations of motion for the scalar field:

®..9" — V' (®) = 0. (3.2)
Also, the energy-momentum tensor becomes
1
T = q);aq);b - §gab(q);cq);d96d + QV(Q))), (3'3)

Now, we will describe our numerical setup. We start from the double-null coordinates
(our convention is [u,v, 6, ¢]),

ds? = —az(u, v)dudv + r2(u, v)sz, (3.4)

assuming spherical symmetry. Here, u is the in-going null direction and v is the out-going
null direction.

We define main functions as follows (we follow the numerical approach of previous
authors [17-19, 23].): the metric function «, the area function r, and the massless scalar
field S = VA4r®. Also, we use some conventions: d = ay/a, h=ay/a, f=1y, g=1,,
W=5,2=59,.

From this setup, the following components can be calculated:

2
Guu = _T(f,u - 2fh),

1
Gy = ﬁ (47"f,v‘|‘042+4f9),

2
va - _;(g,v - 2gd),

1
Tuu = - 25
47
o2
Ty = —V(5),
2
Ty = 22
VU 47_(_ b
Top =~ W7 - 21/(S) (3.5)
06 YN r )
where
V(S) =VI(®)lgp—g/vin- (3.6)

From the equation of the scalar field, we get the following equation:
170+ [Z +gW +ma?rV' (S) = 0. (3.7)

Note that, V'(S) = dV (S)/dS.
Finally, we use the Einstein equation,

Gy = 87T, (3.8)

Including this, we can list all equations for our numerical simulations.



1. FEinstein equations:

fg o
dy=hy,=—=+-—-WZ
’ ’ 72 + 4r2
9o = 2dg — rZ?,
2
Gu=1[fv= g + 21?1V (S),
r 4r
fu=2fh—rW?2 (3.9)
2. Scalar field equations:
Z w /
Zoy=W,= —fT - 97 — 72V (S). (3.10)

3.2 The initial value problem and integration schemes

We prepare a false vacuum bubble along the initial ingoing surface, where the outside is
flat background. One can interpret that a combination of fields is generated in the almost
flat background via quantum tunneling. We need initial conditions for each function on
initial u = u; = 0 and v = v; = 0 surfaces. There are two kinds of information: geometry
(o, 7,9, f,h,d) and matter (S,W, Z).

On the geometry side, we have gauge freedom to choose the initial r function; although
all constant u and v lines are null, there remains freedom to choose the distances between
null lines. We choose 7(u,v;) = uryg + 9 and 7(uj, v) = vryg + ro. Here, we fix ro = 10.
Then, g(ui,v) = ry and f(u,v;) = ryo are naturally obtained. We assume that the
asymptotic outside is flat: a(u;,vi) = 1. Since the mass function(M (u,v) = (r/2)(1 +
4r 1 »/?)) [24] should vanish at the initial surface (u;,v), we can choose r, = —1/2,
Tvo = 1 / 2.

On the matter side, we fix S(u;,v) = 0 and S(u,v;) will be defined in the next sub-
section. Then, one can calculate S(u,v;), W(u,v;), S(uj,v), and Z(u;,v) for initial states.
Then, as one fixes S(u,v;), from the Einstein equations, one can obtain a(u,v;) from
2fh = rW? (since 7, = 0 at the initial surface). And then, the other functions can be
evolved using equations on oy, 7" uy OF T4y, and S 4.

We can choose two integration schemes. First, we can get a from d, r from the
equation for 7 ,,, and S from Z. Second, we can get a from h, r from the equation for r ,,,
and S from W. We call the former v-scheme, whereas the latter u-scheme. We mainly
used the v-scheme. However, these results should be same. We compared them to check
the consistency of simulations in appendix A. Here, we used the 2nd order Runge-Kutta
method [25].

3.3 Free parameters

Now we specify initial parameters.

First, we specify the potential function. We want a potential that has two stable
minima, where the true vacuum of a field value ® = 0 has 0 vacuum energy and the false
vacuum of a field value ® = &y has vacuum energy A.
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Second, we specify the initial field configuration ®(u,v;). For simplicity, we assume
that the inner part has a field value ®; and the outer part has a field value 0, i.e., the true
vacuum. However, to go beyond the thin shell approximation, we need a transition region
from the true vacuum to the false vacuum. So, we define the function ®(u,v;) as follows:

0 U < Ushell,
CI)(u, 1)1) = (I)QG(U) Ughell < U < Ughell + A, (3.11)
o) Ughell + Au < u,

where G(u) is a pasting function which goes from 0 to 1 by a smooth way. We choose

G(u) by

G(u) = sin® [W} , (3.12)

,10,
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Figure 6. Simulations of r and S for (Au = 0.1,Sy = 0.1, A = 0.001) with potential V01, (S).
Black curves of upper diagram are contours of r. The lower diagram is for S. Here, the yellow
region is in the false vacuum, and the blue region is in the true vacuum. This shows the collapsing
shell solution.

and we choose ugne = 5 for all simulations in this paper.!

Now, we can specify all free parameters of our simulation.
1. A potential V (®)

2. Thickness of the transition region Au

"Here, the initial energy of the shell is proportional to (®¢/Au)? since the energy of shell depends on the
gradient of the field, as we can see in the Ty, component. Note that if the radial function of the transition
region increases, we interpret that the shell expands; if the radial function decreases, we interpret that the
shell collapses. Since 7, < 0 and 7, > 0 at the outside of the shell, if the transition region approaches the
out-going null direction, the shell expands; if the transition region approaches the in-going null direction,
the shell collapses.
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