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ABSTRACT: We develop a comprehensive description of three flavor neutrino oscillations
inside the Earth in terms of neutrino oscillograms in the whole range of nadir angles and
for energies above 0.1 GeV. The effects of the 1-2 mass splitting and mixing as well
the interference of the 1-2 and 1-3 modes of oscillations are quantified. The 1-2 mass
splitting and mixing lead to the appearance, apart from the resonance MSW peaks, of the
parametric resonance peak for core-crossing trajectories at E, ~ 0.2 GeV. We show that
the interference effects, in particular CP violation, have a domain structure with borders
determined by the solar and atmospheric magic lines and the lines of the interference phase
condition. The dependence of the oscillograms on the Dirac CP-violating phase is studied.
We show that for sin® 263 < 0.1 the strongest dependence of the oscillograms on ¢ is in
the 1-2 and 1-3 resonance regions.
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1. Introduction

Substantial future progress in neutrino physics will be related to the long baseline ex-
periments as well as studies of the cosmic and atmospheric neutrinos. These studies are
expected to fill some of the outstanding gaps in our knowledge of neutrino properties, such
as the value of the leptonic mixing angle 613, the type of the neutrino mass hierarchy, the
octant of the mixing angle 633 and the size of the Dirac-type leptonic CP-violation. They
are also expected to improve the accuracy of the determination of the already known param-
eters, such as the mass squared differences Am3; and |[Am%,| and the mixing parameters
912 and sin2 2923.
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made and estimates done even in the absence of such an information; we plan to present
the corresponding analysis in a future publication.

Three-flavor effects in neutrino oscillations in the Earth have been considered in the
past [, B2, [[7, 6, 3, B4 - [, L1, B3 - [5, B4, F]- F3]. The main new results of the present
paper are the analysis of the neutrino oscillations in the Earth in terms of the aforemen-
tioned three sets of curves, and use of the neutrino oscillograms for a detailed study of the
domains of the parameter space that are most sensitive to the value of CP-violating phase
d.

The paper is organized as follows. In section f| we give general 3-flavor expressions
for the oscillation probabilities in matter. We present exact analytic results for matter
with constant density and introduce a factorization approximation. In section [] present
the neutrino oscillograms for different oscillation channels and discuss the effects of non-
vanishing mixing and splitting in the 1-2 sector on these oscillograms. We consider features
of the oscillograms for the inverted mass hierarchy. Section [ contains the discussion of
the effects of the CP-violating phase d and their analysis in terms of the three sets of
special lines. In this section we also discuss the sensitivity of the oscillation probabilities
to the phase § and its dependence on neutrino energy and nadir angle (baseline length).
Conclusions follow in section [

2. Three-flavor neutrino oscillations in matter

2.1 Evolution matrix and probabilities for symmetric profile

We consider mixing of the three flavor neutrinos, vy = (ve, vy, VT)T. The mixing matrix
U, defined through vy = Uv,,, where v, = (Vl,yg,ug)T is the vector of neutrino mass
eigenstates, can be parametrized as

U=Uyy3IsUisI sUp>. (2.1)

Here the matrices U;; = U;;(0;5) describe rotations in the ij-planes by the angles 6;;, and
I5 = diag(1,1,e"), where § is the Dirac-type CP-violating phase.
Evolution of the system in matter is described by the equation

d MUY .
v UMPUY

2.9
dt 2E, I (2:2)

where E,, is the neutrino energy and M? = diag(0, Am3,, Am3,) is the diagonal matrix of
neutrino mass squared differences with Am?i = m? — mf V= diag(V.,0,0) is the matrix
of matter-induced neutrino potentials with V., = v2GpN,, Gr and N, being the Fermi
constant and the electron number density, respectively. The evolution matrix S(¢,tg) (the
matrix of oscillation amplitudes) defined through v(t) = S(t,tg) v(to) satisfies the same
eq. (R.2) with the initial condition S(tg,to) = 1.

It is convenient to consider the evolution of the neutrino system in the propagation
basis 7 = (v, ig, Dg)T defined through the relation

Vg = U23 I(;I; (23)
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Since the Earth density profile is to a good approximation symmetric with respect to
the midpoint of the neutrino trajectory and there is no fundamental CP- (and T-) violation
in the propagation basis, the neutrino evolution is T-invariant in this basis, which yields [[LT]

Ase=Ap,  Aze=Ag, Ay =gy (2.11)

e
Therefore for K,3 we obtain
K,; = As5(cos 2023 cos § — isind),

K7, = As5(cos 2623 cos § + isin ), (2.12)
K, = —K;; = As3sin2023 cos .

Notice that the diagonal elements S,,, and S;; of the evolution matrix (B.9) depend on the
CP phase only via cos d, whereas S.. does not depend on § at all. The latter is a consequence
of our use of the standard parametrization (2.1)) for the leptonic mixing matrix.

The oscillation probabilities are expressed through the matrix elements of S as

P.s = P(va — 1) = |Sga|2 with a,8=-e,u, 7. (2.13)

From egs. (R.13), (.9), (B.11) and (B.19) one finds for the probabilities P,

P“e = C%3|Aei|2 + 8%3|A63|2 + 2 593 Co3 Re(e iéAeiAeg) R (2.14)
PTE = 333“4@?’2 + 033”4@3’2 - 2823 C23 Re(e iéAeéAeg) s (2.15)
PMM = ’C%gAQQ + 853.433 + 2 593 €23 COS (5.4@3‘2 , (2.16)
PHT = |823 623(1433 — Aéi) + (COS 2093 cosd + isin 5)A§3|2 . (2.17)
The probabilities Pg, are obtained from P,z through the substitution 6 — —6:!
Psa = Pag(6 — —0). (2.18)

All the results presented in this section are also valid for antineutrinos if one makes sub-
stitutions

o — —(5, Aij — Aijy where Aij = AU(V — —V) (219)

Notice that the amplitudes of transitions (2.14) and (R.1§) that involve v, are given by
linear combinations of two propagation-basis amplitudes. The other amplitudes depend on
three propagation-basis amplitudes.

2.2 Eigenvalues

We will refer to parameters 615 and Am%l as the 1-2 (or solar) sector, and to parameters 63
and Am3; as the 1-3 (or atmospheric) sector. We use the same form of the mixing matrix in

!Note that in a matter with an asymmetric density pro le one wo uld also have to substitute V |V,
where V¥ is the reverse prole corresponding to the interchanged positions of the neutrino source and
detector [@]). This, in particular, means that one would ha ve to distinguish A from A; and K from
K



matter as in vacuum, with substitution 6;; — 6;7. The eigenvalues of the Hamiltonian H;"
are identified in such a way that H™ — Am? /2E, when V — 0. For densities (energies)
between the 1-2 and 1-3 MSW resonances we find for the normal mass hierarchy

2 2 2
N Amj;ciy N Ams,

H' ~ H'=V H' ~ 2.20
! 2B, 2 ’ 87 2R, (2.20)
For high densities (energies) which are far above the 1-3 resonance we have
AmZ,c? Am2,c?
H™ ~ 21+12 HD ~ 31+13 H™ V. 2.91
1 2EV ? 2 2EV ? 3 ( )
In a constant density medium the oscillation phases equal

There are two independent frequencies in the problem, AHy; and AHss.

For antineutrinos there are no level crossings, and with the increase of density (energy)
the eigenvalues have the following asymptotic limits:
Am3;ci

2E,

2 2
Am3, ciy

HP' -V,  Hf - S

Hé% — (2.23)

We will discuss the level crossing scheme for the inverted hierarchy in section B.7.

2.3 Amplitudes in medium of constant density

Oscillations in a matter of constant (but trajectory dependent) density layers give a good
approximation to the results of exact numerical calculations for neutrino oscillations in
the Earth. As we have shown in [fl] they reproduce rather accurately all the features of
the oscillograms (at least for Am2, = 0). Thus, we can use the exact analytic results for
constant-density matter to clarify various features of the numerical results for the realistic
Earth density profile. This also allows one to obtain a parametric dependence of the prob-
abilities, in particular parametric smallness of certain contributions to the probabilities.
In what follows we present the results for one layer of constant density. We mark the
corresponding amplitudes and probabilities with the superscript “cst”.
The exact formula for the v, — v, transition amplitude in matter of constant density
is h i
St =2ie% UNUM singl —e “RUBUM singlyy | (2.24)
where Uj; and ¢7; are the elements of mixing matrix and the oscillation half-phases in
matter. Using the expressions for U]} and U, 4 i terms of the mixing angles in the standard
parametrization, we can rewrite eq. (2.24) as

S = cos O35 A + sinOgze O A (2.25)
where
Azsét = i e cos 075 sri1n 2075 sin ¢5; ) (2.26)
|
A% = —i "% sin 207 singhye 5 + cos® 7% sin g (2.27)
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2.4 The factorization approximation

The elements of the evolution matrix in the propagation basis S depend in general on
Am3,, 612, Am?, and 6;3. As follows immediately from the form of the Hamiltonian H in
eq. (), in the limits Am3; — 0 or/and s12 — 0 the state 5 decouples from the rest of
the system, and consequently, the amplitude A 5 vanishes. In this limit, A_; (as well as
Azz and See) is reduced to a 2v amplitude which depends on the parameters Amgl and
f13. We denote the latter by A4:

AA(Amgl, 913) = Aeg(Am§1 = 0) . (238)

It is this amplitude that has been studied in our previous paper [], the corresponding
probability equals P4 = |4 4.

In the limit 513 — 0 the state 73 decouples and the amplitude A_z vanishes. At the
same time, the amplitude A_; reduces to a 2v amplitude depending on the parameters of

the 1-2 sector, Am3; and 2. Denoting this amplitude by Ag we have
Ag(Amgl, 912) = Aeé(913 = 0) . (2.39)

We will also use the notation Ps = |Ag|?.

This consideration implies that to the leading non-trivial order in the small parameters
s13 and ra the amplitudes A 3 and A, below the 1-3 resonance depend only on the “solar”
parameters, whereas the amplitudes A_z and Az, above the 1-2 resonance depend only on
the “atmospheric” parameters, i.e.:

A~ Az, ~ As(Amby, 012), E, < EX,

’ ; (2.40)
Aeg 21436 :AA(Amgl,ng), E,, >E12.

In what follows we will call the approximate equalities in eq. (R.4() the factorization ap-
proximation, since the dependence of the interference terms in the probabilities, AQEAéev
on solar and atmospheric parameters factorizes in this approximation.

An additional insight into the factorization approximation can be obtained from the re-
sults for constant-density matter obtained in the previous section. According to egs. (R.24)
and (B.27), up to the phase factors one has

Ap — AS' =sin 2074 sin g4, Ag — AS" = sin 207} sin ¢g , (2.41)
where
Am%qu 2 \2 4 win2
o5 = 1B (cos 2012 F 2V E, /Am3,)? 4 sin® 262, (2.42)
v
Am3, L9
b4 = El (cos 2013 T 2V B,/ Am3,)? + sin? 20,3 . (2.43)
v

Here the upper (lower) sign corresponds to neutrinos (antineutrinos).

Due to the level crossing phenomenon the factorization approximation (R.4() is not
valid in the (E,,©,) parameter space of the 1-3 resonance where 1-3 mixing is enhanced.
Indeed, using eqs. (2.2() and (R-21)) we find that for the normal mass hierarchy

oo~ ¢pa for E, > ER (2.44)



and
P9 ~ ¢ps for E, <K Eg. (2.45)

However, the last formula is not correct in the energy region near the 1-3 resonance and
above it due to the 1-3 level crossing. In particular, from (2.21]) we obtain for E, > Ef

L
4F,

Am2. L

2 2 2 2 31
Am3zicis — Amyicly ~

4F,

o5 ~ =Y, (2.46)
where gb% is the 1-3 vacuum phase. At the same time, ¢g ~ @3].

The results (B-26) and (P.27) allow us also to evaluate corrections to the factorization
approximation. As follows from eq. (.2), beyond this approximation the amplitude A4 s
acquires an extra factor ¢4 and still depends on just one oscillation frequency, determined
by the solar mass splitting Am3;. The factor cos 7% decreases with increasing neutrino
energy, approaching the value 1/4/2 at the 1-3 MSW resonance and further decreasing to
cos 075 ~ 0 above this resonance. This leads to an additional suppression of the “solar”
amplitude A_; in matter at high energies, on top of the usual suppression due to the
quenching of the mixing in the 1-2 sector.

According to eq. (.27) the exact expression for Ag%t differs from A%® by an additional
term depending on the 1-2 frequency. Above the 1-2 resonance we have cos? 075 < 1, and

this additional term can be omitted:
h i
A%~ —ie'? sin 2073 sin ¢fze O (2.47)

Hence, up to a phase factor the amplitude A 5 is also reduced to the standard two-neutrino
form and depends on a single oscillation phase ¢4§,. We can rewrite the amplitudes (2.2¢)

and (R.27) as

Azsét — —j e [C‘]OS HEACSSt | (B, < Eg) , (2.48)
A% = —i e9R e PR A 4 cot? 07 sin 2073 ASY , (ER < E, < ER).  (2.49)

In the general case of a matter of an arbitrary density profile, one can show, using
simple power counting arguments, that the corrections to the factorization approximation
for the amplitude A_s5 are of order 3%3, whereas the corrections to the “atmospheric” am-
plitude A s are of order 7 [F0), in agreement with our consideration for constant density.
The amplitude A_; does not in general have a 2-flavor form, once the corrections to the
factorization approximation are taken into account.

3. Effects of 1-2 splitting and mixing

3.1 Neutrino oscillograms of the Earth

In this section we study the neutrino oscillograms of the Earth — contours of constant
oscillation probabilities in the plane of neutrino nadir angle and energy — in the complete 3v
context (see figure fll). In our numerical calculations we take the matter density distribution
inside the Earth as given by the PREM model [F7]. Unless otherwise specified, we assume



the normal neutrino mass hierarchy and use the following numerical values of neutrino
parameters: Am2, =2.5-10 2 eVZ Am3, =8-10 ® eV?, tan 65 = 0.45 [, [§-[0].

Recall that the distance L that neutrinos propagate inside the Earth is related to the
nadir angle of the neutrino trajectory ©, through

L =2R cos©,, (3.1)

where R = 6371 km is the Earth radius. The value ©, = 0 corresponds to vertically up-
going neutrinos which travel along the Earth’s diameter, whereas ©, = 7/2 corresponds
to horizontal neutrino trajectories. For 0 < ©, < 33 neutrinos cross both the mantle
and the core of the Earth, whereas for larger values of the nadir angle they only cross the
Earth’s mantle. We call the corresponding parts of the oscillograms the core domain and
the mantle domain, respectively.

In the limit of vanishing Am3; the main features of the neutrino oscillations in the
Farth are determined by the MSW resonance enhancement of neutrino oscillations and
the parametric resonance enhancement in the core domain (see ref. [I] and figure [[l). The
former leads to the appearance of the MSW resonance peaks: one in the mantle domain of
the oscillogram at neutrino energies E,, ~ (6 —7) GeV, and another one in the core domain
at B, ~ (2 —3) GeV. The latter (parametric enhancement) produces three parametric
ridges in the core domain. In the notation of ref. [fl] they are ridges A, B, C. Ridge A
spans the energy range from F, ~ 3 GeV at ©,, = 0 to E, =~ 6 GeV at the mantle-core
border, where it merges with the mantle MSW resonance peak (see figure [| middle and
right panels). Ridge B starts from E, ~ 5 GeV at O, = 0 and becomes nearly vertical
for ©, = 33 . The energy of the ridge C increases from F, ~ 10 GeV to high energies
when the nadir angle changes from ©, = 0 to ©,, = 33 . The location of the ridges weakly
depends on the 1-3 mixing angle. The ridges differ by the oscillation phase acquired in the

core [].

3.2 Oscillograms due to 1-2 mixing

The oscillograms for #;3 = 0 are presented in the left panels of figure . In this limit,

according to egs. (E) and (),
1_Pee:|Ae§|2:PS‘ (32)

Thus, shown are the contours of constant probability Ps.

In the 2v case the oscillation probabilities depend on Am? and neutrino energy E,, via
the ratio Am?/FE,. Therefore when oscillations are driven by the solar splitting, Am3,,
the oscillation pattern is shifted to smaller energies as compared to that due to Amgl.
Moreover, the 1-2 pattern differs from the pattern for the 1-3 mixing due to the large value
of the 1-2 mixing. Indeed, as a consequence of the large 1-2 mixing the following new
features appear.

1. The oscillation length at the resonance is smaller than that for small mixing

l
=T <, :
m sin 2912 ’ (3 3)

— 10 —
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equal phases become nearly vertical. According to figure f], the lines of zero oscillatory
factor, ¢ = 7k with k = 1,2, 3, that determine the so called “solar” magic lines (see [p1])
are at ©, ~ 54 in the mantle and at ~ 30 and 12 in the core domain. The oscillation
probabilities become smaller than 0.5% above 4 GeV in the whole range of the nadir angles.

At lower energies, F, < 0.1 GeV, one finds a regular oscillatory pattern with ridges
and valleys. The distortion of this pattern at the core-mantle boundary is rather weak due
to the smallness of the difference between the mixing angles in the mantle and core.

In the 2v context the oscillation probabilities depend on E,/Am? and the mixing
angle. Therefore with the increase of the mixing angle the oscillatory pattern obtained for
the 1-3 mixing (upper parts of the oscillograms) should continuously transform into the
pattern due to the 1-2 mixing (apart from the trivial shift of energy). We find that with
increasing 6 the parametric ridge A transforms first into the MSW peak in the mantle
(1-3 mixing) and then to the outer MSW peak of the 1-2 pattern. The parametric ridge
B transforms into the second MSW peak. The 1-3 core peak splits into two parts. One
part transforms into the third MSW peak of the 1-2 pattern in the mantle. The second
part merges with the parametric ridge C and appears as the parametric peak in the core
domain at F, = 0.2 GeV at large mixings.

At high energies the patterns for neutrinos and antineutrinos are rather similar.

Turning on the non-zero 1-3 mixing leads to the appearance of an 1-3 oscillation pattern
at high energies and to the interference of the 1-2 and 1-3 oscillation modes. We will discuss
two types of the interference. The first one is the interference of modes characterized by the
solar and atmospheric frequencies. The corresponding interference terms in probabilities do
not necessarily depend on the CP-violating phase. The second type yields the interference
terms which depends on the CP-violating phase. We will call this the CP-interference.

In the following subsections we will consider the effects of the inclusion of the 1-2
mixing onto the 1-3 oscillatory pattern in different oscillation channels. We will compare
the probabilities computed in the three-flavor (3v) context and in the two-flavor (2v) limit
Am3; — 0, 612 — 0. The 2v probabilities are computed as P(Am3;,sin?26;3). That is,
we take a single mass splitting in the 2v context to coincide with the largest mass splitting
in the 3v case (the normal mass hierarchy). The oscillograms are computed for 6 = 0.

3.3 v, — I/, channel

In figure [ (upper panels) we show the probability 1 — P.. for three different values of
sin? 2013: zero (left), small (middle) and relatively large (right). As follows from the figure,
in the first approximation the oscillograms for non-zero values of 613 appear as superposition
of the 2v oscillation patterns produced by the 1-2 and 1-3 mixings with small interference
effects. The smallness of the interference terms for this channel can be understood in the
following way. According to eq. (B.14)), (R.15) and (R.1§), the total probability of the v,
disappearance is

1— P, = eu"‘Pe'r :P§+Peg§- (38)

e

When the 1-2 splitting is neglected, this probability reduces to Pa, studied in detail in [[I]].
Eq. (B.§) shows that for Am3, # 0 the v, —v;5 and v, —v; transition probabilities simply add

— 15—
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become ¢4 ~ ¢} and ¢g ~ ¢5;. Therefore, the relevant oscillation phase in AZ? is @41,
and the amplitude (R.27) can be rewritten for antineutrinos as

flg%t = "% sin 2073 [sin ¢k e % — sin? 07} sin ¢F}] (3.21)

where we used the phase exchange relation (R.37). At high energies sin? 073 < 1, and
the second term in (B-21)) is very small. For the normal mass hierarchy both 1-2 and 1-3
mixings monotonically decrease with energy. The effect the of inclusion of the 1-2 mixing
and splitting is illustrated in the lower panels of figure [|. Since for the antineutrino channel,
in the absence of level crossing, the phase ¢5] is relevant, the difference (b?ﬁ — @5 is smaller
than the corresponding difference in the neutrino channel. Thus, both AP, and the total
difference of the probabilities turn out to be smaller than they are in the neutrino channel.
Furthermore, the solar contribution plays an important role now, determining the vertical
structure of the oscillogram.

3.4 v, — v, and v, — v; channels

The transition probability P, = P(v, — v.) (see (B:14)) can be rewritten as
Pye = c33|A 50 + 533] A 57 + sin 2023] A 54 3] cos(¢ — 6), (3.22)

where

¢ = arg(A_5A,3) - (3.23)

Unlike 1 — P, this probability contains the interference term between A_; and A_z which
depends on the CP-violation phase. Furthermore, this interference term is not suppressed
by additional small factors as it happens in the v, — v, channel. From the unitarity of the
matrix S in eq. (B-6) we obtain for the product of amplitudes in the interference term

A A5 = —ApAzs — Az A (3.24)

22

ie., AeiAge is proportional to the small amplitudes As3 and Ass.
Since the amplitude A_; is suppressed at high energies due to the smallness of the 1-2

mixing in matter, in the lowest approximation we have

P,ue ~ sin2 023|Ae§|2 ~ Sin2 923|AA|2. (325)

The maximal value of the probability P, ~ s3;5 ~ 0.5.

In the constant density approximation (valid for the mantle domain), using the ampli-
tudes (P-27) we find at high energies

Pﬁit = sgngft + sin 26093 cos 07 ASTAEE cos(oh} + ) + O(PS). (3.26)

Comparing this expression with (B.29) we find that for energies between the two resonances
the interference phase satisfies

¢~ —¢y] . (3.27)

The precise expression for the phase in the constant density approximation can be obtained
from ¢ = arg(A% A%') = arg(A%).

— 19 —
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The condition for the absolute minimum of the transition probability, P, = 0, or
Seu = 0, where S is the evolution matrix, can be written as

Re(Se,) =0, Im(Se,) =0, (3.34)

and for a generic profile the absolute minima of P, are found as the points where the curves
corresponding to the two conditions in (B.34) intersect. However, due to the symmetry
of the Earth’s matter density profile, in the 2-flavor approximation (Am3, = 0) in the
basis where the effective 2-flavor Hamiltonian of the system is traceless the transition
amplitude is pure imaginary [[1]. This means that the condition Re[S.,] = 0 is satisfied
automatically for all values of E, and ©,. Therefore, the zeros of P, simply coincide with
the contour curves Im[S,,] = 0. For Am3, # 0 this is no longer the case, because the
2-flavor approximation does not apply.

For antineutrinos (lower panels of figure f|) the corrections are again determined by
the interference term with somewhat smaller atmospheric contribution. Therefore, one can
see a domain structure with vertical lines. With the decrease of energy the maxima of
the corrections inside the domains monotonically increase, since so do both the solar and
atmospheric amplitudes. Notice also that for § = 0 the positive corrections are larger than
negative; the situation in the neutrino channel is opposite.

As we pointed out in section [, for the inverse channel one has P, = P.(0 — —0),
where it has been taken into account that the Earth density profile is symmetric.

According to eqs. (R.14) and (R.15) the oscillation probabilities P, and P., can be
obtained from the corresponding probabilities P, and P, through the substitution so3 —
c23, C23 — —s93 [[4]. The interference term has the opposite signs for channels including
vy as compared with those with v, which can be obtained from the unitarity condition
P, + P, + P;. = 1 and the fact that P, does not depend on J.

3.5 v, — v, and v, — v, channels

The v, survival probability, P,,, for symmetric density profiles is given in eq. (2:I6). It
can be rewritten as

P = |c33A55 + 533 Ags[”
+ 25sin 2633 cos § Re Aég(cggAQQ + s33A33) + sin® 2053 cos® §|A53/% . (3.35)

Note that P, is an even function of ¢. Since As3 = O(rasi3) is a small quantity, one can
to a very good approximation neglect the term ~ cos?d in eq. (R.16)), which is proportional
to |As3/%. The term ~ cos?§ can only become important when the main terms in P,
are small; however, this happens only in very small regions of the experimental parameter
space.

In the limit Am%l — 0 we have As;5 = 1, A35 = 0. Then, parametrizing the 33-
amplitude as

Agg = ‘Agg‘e Z2¢33 = 1-— PAe 12¢33 (336)
we obtain from (B.35)

P
Puu(Am3; = 0) = 1 — sin® 2053 sin® ¢ — s33P4 — sin® 2053 cos 2055 (1 — 1 — P4). (3.37)

— 292 —
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