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Abstract: A generalization of the AdS/CFT conjecture postulates a duality between 1A
string theory and 16 supercharge Yang-Mills quantum mechanics in the large N 't Hooft
limit. At low temperatures string theory describes black holes, whose thermodynamics
may hence be studied using the dual quantum mechanics. This quantum mechanics is
strongly coupled which motivates the use of lattice techniques. We argue that, contrary
to expectation, the theory when discretized naively will nevertheless recover continuum
supersymmetry as the lattice spacing is sent to zero. We test these ideas by studying the
4 supercharge version of this Yang-Mills quantum mechanics in the 't Hooft limit. We
use both a naive lattice action and a manifestly supersymmetric action. Using Monte
Carlo methods we simulate the Euclidean theories, and study the lattice continuum limit,
for both thermal and non-thermal periodic boundary conditions, conflrming continuum
supersymmetry is recovered for the naive action when appropriate. We obtain results for
the thermal system with N up to 12. These favor the existence of a single deconflned
phase for all non-zero temperatures. These results are an encouraging indication that the
16 supercharge theory is within reach using similar methods and resources.
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1. Introduction

Despite progress in understanding quantum gravity there has been relatively little progress
in theoretically realizing a quantum black hole, the key object in quantum gravity. Sub-
stantial progress was afiorded by the work of Strominger and Vafa [fl] who showed that for
certain black holes in string theory the constituent microstates can be explicitly counted
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and the result is in agreement with the usual Bekenstein-Hawking entropy [B]. The calcu-
lation relies on a continuation to a weakly coupled theory where states can be explicitly
counted, and this number is then argued to be independent of the continuation. This gives
an indirect understanding of the microstates of the black hole. Another beautiful result of
Strominger is that the entropy of black holes with an AdS3 near horizon geometry can be
computed on very general grounds as the gravitational theory describing the black hole can
be argued to be given by a 2-d conformal fleld theory [B]. One does not know the theory,
but does know its central charge, which is su—cient to compute the entropy using Cardy’s
result. Thus again we gain insight into the microstates, although we are not able to solve
the theory governing the quantum black hole. For a review of these approaches we refer the
reader to [] and for an interesting new proposal concerning understanding the microscopic
description without resorting to a weak coupling continuation see the work of Mathur [f].

A very promising new direction for the study of quantum gravity is the AdS/CFT
correspondence and its generalizations [f, [fl. Here one can describe certain black holes
in terms of the worldvolume theory of the D-branes that compose them. These are 16
supercharge gauge theories in various dimensions, taken in the large N 't Hooft limit and
at flnite temperature. The regime in which they describe string theory black holes is one in
which they are strongly coupled, and solving this theory would allow one to directly study
the quantum properties of the dual black hole, including its thermodynamic properties.
The problem of computing directly in this strongly coupled theory is a technical one, not
one of principle. While analytic methods have made much progress in describing the planar
limit of the 4 dimensional version of this correspondence using integrability techniques
it is not generally understood how to go beyond this limit. It particular black holes are
precisely objects that live beyond this limit, having dual energy densities of order O(N?).
Even protected quantities that can give information about the strongly coupled theories
through weak coupling calculations have not yet revealed information about black holes
and if they do in the future, they will remain indirect probes of quantum black hole physics.
Another direction for direct calculation is the use of the Gaussian approximation, pioneered
in this context for Yang-Mills quantum mechanics in [IJ]. Certain agreement with black
hole thermodynamics was extracted [[L7], although the approximation scheme is essentially
uncontrolled, having no small parameter.

The aim of this paper is to investigate the feasibility of using lattice methods to
directly simulate the strongly coupled worldvolume theories. Lightcone methods [L2{[L4]
have yielded fascinating results, giving evidence that the graviton propagator is correctly
reproduced in the 2 dimensional version of the correspondence. Here, we test the use of
direct Monte Carlo simulation of the lattice regulated path integral to investigate these
systems. Since we are interested in studying the theory at flnite temperature, Monte Carlo
techniques seem the most natural as they allow us to study observables directly in the
thermal ensemble. In addition, Monte Carlo methods are often the only feasible approach
in higher dimensions.

These theories are necessarily supersymmetric, and this presents technical challenges
for the lattice. The flrst problem encountered in such a study is how best to discretize
such a supersymmetric theory. There has been much interest in the lattice study of super-
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symmetric theories. Aside from our current application, supersymmetry plays a prominent
role in efiorts to construct theories which go beyond the standard model of particle physics
and the lattice provides the possibility of studying nonperturbative efiects such as dynam-
ical supersymmetry breaking, of relevance for phenomenology. Unfortunately, in many
cases, supersymmetry is broken at the classical level in such discretizations and can only
be regained in the quantum continuum limit after a great deal of flne tuning in the lat-
tice theory. Recently signiflcant efiort has gone into attempts to construct lattice theories
which retain an exact supersymmetry at non-zero lattice spacing. Two approaches have
been used; lattice models arising from orbifolding a supersymmetric matrix model [f[5{[L9]
and constructions based on discretizing a topological or twisted form of the continuum
supersymmetric theory [RQ{P4]. In the case of Yang-Mills theories it appears that these
approaches are intimately connected [R5, P]. The approach based on twisting has also
been studied in the case of Wess-Zumino and sigma models [P7{BT]. The philosophy be-
hind these approaches is that this residual lattice supersymmetry will help to protect the
theory from the dangerous radiative corrections which lead to flne tuning.

However, in a su—ciently low number of dimensions the super renormalizable nature
of the models leads to much reduced flne tuning problems | typically there are only
a flnite number of divergences in such theories which may be computed in perturbation
theory [BZ]. In the case considered here, supersymmetric Yang-Mills quantum mechanics,
we argue that no relevant supersymmetry breaking counterterms can be written down.
Naive discretizations of such a theory, while breaking supersymmetry classically by terms
of the order of the lattice spacing, ow automatically to the supersymmetric theory in the
naive continuum limit corresponding to a vanishing lattice spacing.

In this paper we have examined the efiectiveness of using Monte Carlo simulation to
study super Yang-Mills quantum mechanics in the large N 't Hooft limit in the case of the
4 supercharge model. This theory, while exhibiting many features which are qualitatively
similar to its 16 supercharge cousin, is computationally easier and a useful ‘warm-up’ exer-
cise before tackling the 16 supercharge case. It has been studied using Hamiltonian methods
in B3, for SU(2). We have studied two difierent discretizations of this theory. One of
these possesses 2 exact lattice supersymmetries corresponding to the dimensional reduction
of the twisted model derived in [R3]. The other corresponds to a naive discretization of the
continuum theory constrained only by the necessity of employing a lattice derivative which
forbids fermion doubling. Both are invariant under lattice gauge transformations.

We give analytical arguments that the naive action should not require flne tuning to
attain the correct continuum limit. We reinforce this conclusion by conducting numerical
simulations of the model on flnite lattices at zero temperature. The results of these simu-
lations show that the vacuum energy approaches zero as the lattice spacing is reduced and
that expectation values computed in this naive lattice theory agree with those computed
with the supersymmetric lattice action. Since the simulations of the supersymmetric sys-
tem are much more computationally demanding we have primarily used the naive action
in subsequent simulations of the thermal system.

To set the stage for the interpretation of our thermal results we have also simulated
the quenched theory. These conflrm the previous expectation of a rapid crossover in the
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thermodynamic behavior of the system at some temperature which becomes a sharp phase
transition as N ¥ 1 [BY, Bf]. For high temperatures the theory appears deconflned but
below the critical temperature the system enters a conflning phase with non-zero vacuum
energy. Our new results from simulations of the full 4 supercharge theory however favor
a simple phase structure with a single deconflned phase for all non-zero temperatures
- as we would expect for the behaviour of the 16 supercharge theory from holographic
considerations. We are able to simulate this 4 supercharge thermal theory with N up to
12, already su—cient to see the asymptotic 't Hooft scaling.

The plan of the paper is as follows. In section 2 we introduce the Yang-Mills model
in the continuum including a discussion of its renormalizability and vacuum structure.
Section 3 describes the two lattice actions we have utilized while we present our results
for the quenched, zero temperature and thermal theories in section 4. Our flnal section
discusses the implication of our results both in the context of the 4 supercharge model and
its string theory cousin with 16 supercharges.

Finally, the paper ends with several appendices containing more technical details on
holographic duality, the quantum corrections to the classical moduli space of the theory,
and further numerical results concerning the extrapolation of our flnite lattice data to the
continuum limit. It also contains a detailed description of the RHMC algorithm used in
our simulations.

While this paper was in preparation we received a paper which utilizes momentum
space methods to study the same system for SU(4) with results that are in at least quali-
tative agreement with ours [B7].

2. 4 supercharge Yang-Mills quantum mechanics

The Euclidean supersymmetric SU(N) Yang-Mills quantum mechanics we are interested in
can be thought of as arising from the classical dimensional reduction of N = 1 super Yang-
Mills in 4 dimensions. The matter content in the quantum mechanics arises from reduction

the adjoint gauge fleld, A. The 4-d adjoint fermions can be equivalently written in either
a Weyl or Majorana representation. Here we will use the Weyl representation, giving a
complex 2-component fermion fleld, ““f with a Euclidean spinor index fi, transforming in
the adjoint of the gauge group. Dimensionally reducing this, the spinor index becomes an
internal symmetry. The quantum mechanics Euclidean action is given as,

I %

1 1 1 13 / (Y3 cec | cc
S==NTr di 5(D.X0)? i 3 DXir I +i%,6D, i %, [Xi; ] (2.1)
with ¢ being compact Euclidean time with radius R and our assignment of canonical di-
mensions for the flelds re ects their four dimensional origins. The covariant derivative is
deflned as D, = @, +i[A(¢); (] on an adjoint fleld, and we use the usual (Euclidean) chiral
conventions,
L =i M= 22
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with ' being the Pauli matrices. We have written the SU(N) gauge theory using the
't Hooft coupling , = Ng%M, with gym the Yang-Mills gauge coupling. The supersym-
metry transformation derives from that of the reduction of the parent 4-d N = 1 super
Yang-Mills, giving,

-A = ji%, 0
-X; = ii‘n‘”i»
i ;¢ i ¢
=4=2 ¢ (DX)+i M [Xi; Xl (2.3)
where we use the notation " =2( ~,” i ",~). The theory has a global SO(3) symme-

try which can be interpreted as a rotational invariance in the target space of the theory,
with action, _
Xl X b= . (2.4)

Wi G "
where—73y gives the representation of SO(3) acting on vectors, and—"7;-) the representation
on spinors.

Since the Euclidean time is topologically S* we have two spin structures which give
either periodic or anti-periodic boundary conditions for the fermion ““ as we traverse the
time circle. In the latter case, the path integral Z is the usual thermal partition function
with temperature T,

Za(R) = TreiRA (2.5)

where R is the inverse temperature 1=T, and F is the Hamiltonian operator. Taking
periodic boundary conditions,

Z,(R) = Tr(j1)FeiRA (2.6)

where F is the fermion operator, and hence Z,, gives the Witten index, whose value counts
the difierence in the number of fermionic and bosonic ground states Hj~ >= 0, and hence
should not depend continuously on R.

2.1 The 16 supercharge theory and its I1A closed string theory dual

The 16 supercharge theory, which arises as the 1 dimensional reduction of N = 1 super
Yang-Mills in 10 dimensions, takes a very similar form to the above. The only difierence
is that the reduction of the 10-d gauge fleld gives rise to 9 adjoint scalars X;, with + =

available for the fermions, and hence one obtains a Pfa—an from integrating out these flelds
rather than a determinant.

Since the 16 supercharge theory is so similar to the 4 supercharge theory, one might ask
why we have decided to simulate the 4 supercharge case here. Clearly the 16 supercharge
case will generate a fermion operator which is four times larger than its 4 supercharge
cousin. With current simulation algorithms for near massless dynamical fermions this will
lead to a factor of 16 slowdown in our simulations. In addition even in the continuum
Euclidean theory the Pfa—an that results after integration over the fermions is in general
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complex as seen from considering the zero momentum sector of the theory [Bg]. In contrast
to this the continuum 4 supercharge theory has a Pfa—an which can be recast as a positive
deflnite real determinant, and we later show that our naive lattice discretization also has
this property. The feasibility of using Monte Carlo methods to simulate such a system with
complex Pfa—an depends upon whether the resulting phase uctuations are relatively small
and infrequent as we approach the continuum limit. In the latter case standard reweighting
techniques can be used to evaluate expectation values generated in the phase quenched
ensemble (see eg. [BY. Because of these technical subtleties we have decided to initially
study the 4 supercharge theory before moving to the 16 supercharge case.

Following the AdS-CFT conjecture Itzhaki et al [[] have argued that SU(N) 16 super-
charge Yang-Mills theories taken in the large N 't Hooft limit are dual to certain closed
superstring theories in the near horizon region of N coincident D-branes. In particular
SU(N) super Yang-Mills qguantum mechanics is supposedly dual to the 1A string theory
describing N DO0-branes. We review this correspondence in more detail in the appendix A
Here we simply state the results that the analysis gives.

At a flnite temperature T = 1=R the quantum mechanics theory then describes a gas
of N DO-branes in the dual I1A theory. In one dimension we can deflne a parameter,

fl=2 (2.7)

which we can think of as a dimensionless inverse temperature, characterizing the behavior
of the theory. For large fl 1 (but still flnite as compared with N) the system of DO-
branes should be well described by a supergravity black hole which is much larger in radius
than the string length fi'®=2. It is remarkable that since we know how to compute the
Bekenstein-Hawking entropy of the supergravity black hole, we can predict - assuming the
holographic correspondence is correct - that in the large fl limit the precise form of the
Yang-Mills entropy and free energy will be,

S = 11:5N2fl19°; = j4:1IN2f 1145 (2.8)

where f is the dimensionless free energy, given by F = ,13F where F is the usual free
energy [ff]. For decreasing fl the curvature at the horizon radius becomes larger and the su-
pergravity description receives string oscillator fi’ corrections, about which little is known.

For small fl ¢, 1 the system can best be thought of as a highly excited hot ball of
strings and branes. Polchinski and Horowitz have argued that the hot ball of strings
for fl ¢ 1 and the black hole at fl 1 are the same object, and the physics at the
transition fl » 1 - the ‘correspondence point’ - is therefore smooth [#0]. Witten has
argued that the presence of a black hole in the dual string theory (geometrically implying
a contractible Euclidean time circle) indicates the Yang-Mills theory is in a deconflned
phase, with thermodynamic quantities scaling, as O(N 2) and finite expectation value for
the amplitude of the Polyakov loop < j-Tre! Adj > [[T]. Conversely the appearance of
a conflned phase would correspond to the absence of a black hole in the dual geometry,
or more precisely a non-contractible time circle, and results in thermodynamic quantities
of order O(1) and a vanishing expectation value for the Polyakov loop. Hence at large
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fl. 1 we expect the 16 supercharge theory to be deconflned as it is indeed dual to a black
hole. At small fl ¢, 1 one can dimensionally reduce the theory to a bosonic matrix model,
which Monte Carlo simulation shows has energies scaling as O(N?2), and hence one expects
that the 16 supercharge theory is likely to be deconfined for all fl [Bg, Bf], tallying with
smoothness at the ‘correspondence point’.

Hence the key questions that would concern a study of the thermal 16 supercharge
Yang-Mills theory in the 't Hooft limit would be to conflrm the above thermodynamic
expectations at small and large fl, and to study the transition region to see if there is a
phase transition in the correspondence region.

Whilst in this paper we shall not compute with this 16 supercharge theory, we will
simulate its relative, the 4 supercharge Yang-Mills model in the 't Hooft limit. These two
theories have similar classical and quantum low energy dynamics and one might expect
their qualitative thermodynamic properties to be similar. However, strictly one should
view the calculation in this paper as a warm-up exercise for the 16 supercharge case, and a
demonstration that the quantities of interest in the latter theory are likely to be computable
using similar methods.

2.2 Infrared behaviour of the 4 supercharge Euclidean theory

The classical bosonic moduli space of the theory is simply given by setting the scalar and
gauge fleld adjoint matrices to be mutually commuting, and constant in Euclidean time.
This implies they are all diagonal up to gauge transformation. Such a classical moduli
space naively leads to the concern that the path integral is not well deflned due to infra-red
divergences. However, in both the periodic and thermal cases quantum corrections lift this
classical bosonic moduli space and hence render the path integral convergent. There are
two sources of quantum corrections to be considered. These are the ofi-diagonal elements of
the constant modes about the time circle, and secondly, the non-constant modes about the
Euclidean time circle. For a given fl, the loop expansion parameter is determined by the
separation of the diagonal elements of the constant modes. The infra-red behaviour of the
theory is precisely in the regime where we take the diagonal elements of the constant modes
to be well separated, and hence we can approximate the theory by a 1-loop calculation. In
appendix B we explicitly perform the computation of the efiective action for the bosonic
classical zero modes in both periodic and thermal cases. We now summarize the results in
this appendix, beginning with the thermal theory.

2.2.1 The flnite temperature theory

The thermal case is simpler than the periodic case, and the result we give was previously
given as a special case in Aharony et al [Bf]. Taking temperature T, and antiperiodic
Euclidean time with radius R = 1=T, the thermal boundary conditions imply there are no
fermion modes that are constant in time, and hence no fermion zero modes. Thinking of
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the adjoint flelds as N £ N matrices we may expand them as,

A ) = A2- 1 X _A(m) Z=imy,
an(e) = ab + 1922
“m=jdl
X L) — ya_ 1 X _X(m) Z=img
|;ab(6) = Xj—ap + 192: |ab
“m=jdl
1 X
“ran) = P= e 29
“m=jd1L
where the matrix indices a;b = 1;:::;N. The classical bosonic moduli are A%;x2. We

take the perturbations —A(O),—Xi(o) to have no diagonal Ilg;rms algp since the gauge group
is SU(N), the fleld matrices are traceless so the sums A%, x{ vanish. We deflne
CA® = R(A? j A) and ¢x3 = R(x? j x?), where we note that these are now dimensionless.
As we show in the appendix, we may integrate out all the uctuations with any m provided
the diagonal component moduli are su—ciently well separated compared to dimensionless
temperature, so,

jex®j  f154; foralla & b: (2.10)

As noted in the appendix, this condition arises from the zero modes with m = 0. For small
circle size, fl ¢, 1 we can integrate out all ‘Kaluza-Klein’ modes, ie. bosonic uctuations
with m & 0 and all the fermionic uctuations, and are then left with a zero dimensional
bosonic matrix theory. However, unless the moduli are well separated in the sense above,
one cannot also integrate out the ofi-diagonal components of this matrix theory, ie. the
m =0 uctuations.

As shown in the appendix, when we gauge flx the action and integrate out the uc-
tuations at 1-loop we flnd an action for the bosonic moduli. Supersymmetry is broken
by the thermal boundary conditions and hence the 1-loop determinants from the bosonic
and fermionic uctuations do not cancel each other. We obtain an efiective action for the
moduli,
> cosh j&x@j j cos cA

S, . Aa- a1 — lo n -
1i loop[A”; X ] et cosh j&xaj + cos ¢ AP

(2.11)

This potential takes a simple form, arising from a pair-wise interaction of the moduli and
hence scales as O(N?). Gauge invariance implies the potential is periodic in ¢A®, the
mo%ull A2 multiplied by Rjrbelng angular variables. giving the value of the Wilson loop
Pel dA = @iflA%a — djag eiRA"; giRA™: .- @iRA™  The minimum for the potential is

when the moduli are coincident. Asymptotlcally, for a large separation j&xj 1 the
potential goes to zero as Sijioop > ieii¢xabi cos €A and so is attractive towards the
coincident point for j5 < CAD < 5. One might worry that all moduli will simply coa-
lesce under these attractive pairwise forces. However, as discussed above, for a separation
j&xaj » fI3=4 the loop approximation breaks down and the theory becomes strongly cou-
pled. Hence we see that the classical moduli space is lifted by an attractive potential that
drives the infra-red dynamics to strong coupling.
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Since the path integral measure over the non-compact zero modes is Qa;i dx§ we see
that the integral, giving the partition function, should be convergent in the infra-red due
to the exponential decay of the potential to zero for large separations. Naively this fast
fall ofi would imply that the tails of the eigenvalue distributions of the scalars should die
ofi faster than a power law.

2.2.2 The periodic theory

The analysis of the periodic case is more subtle. The results we summarize here and give
fully in the appendix are new, and draw on previous results of Aoki et al and Aharony et
al [B2, Bg]. The interesting feature of the periodic case is that in addition to the bosonic
classical zero modes, there are also fermionic zero modes, where the fermion fleld matrices
are diagonal and constant in time. We may then compute a 1-loop efiective action for
both the boson and fermion zero modes by integrating out uctuations about these. Then
integrating over the fermion zero modes yields an efiective theory for the bosonic zero
modes, which has an attractive potential that drives the theory to strong coupling. We
begin, as above, by writing our fleld as matrices and expanding as,

X

1 i
Aab (i) = APy + P= _Agt?)e%lmc
2.. m=ij1
1 X i)
Xian(e) = X?‘ab + p= _Xi(;r:b)e R IMe
2.. m=j1
cc \ a 1 X cc(mM) Lim(',
fiab(¢) = »fi—ab + P= —*“fi.ap€ R (2.12)
2. m=j1

where we have included classical fermionic moduli, »3. We take the uctuations —<0 1o

have no qggonal terms and since the gauge group is SU(N), the matrix ““ is traceless so
the sum  _»§ vanishes. The dimensionless coupling controlling the integration over the
uctuations is the same as in the thermal case above.

As shown in the appendix, when we gauge flx the action and integrate out the uctu-
ations at 1-loop we flnd an action for the bosonic and fermionic moduli. Supersymmetry
leads to large cancellations between contributions of the bosonic and fermionic uctuations,
and we flnd that this action is only non-trivial due to the presence of the fermionic mod-
uli, »§. When we integrate over these, we then obtain an efiective action for the bosonic
moduli,

X
S1i100p[A%; X3 = i log M 2182\ 3283 - - - \JANi28N i1 \] AN 18N (2.13)
(a1;a2;::an)2P
where P is the set of permutations of (1;2;:::;N), and
X 1
M2 = (2.14)

meia (M+ CAD)2 + (Exad)2 >

This potential is again periodic in €A, It is energetically unfavourable for large sep-
arations in j¢x?bj, and hence is attractive. As above the classical bosonic moduli space
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is lifted, and the attractive potential drives the theory to strong coupling, with a moduli
separation j&x®j » fI3*4. Since the number of terms in the sum is N!, we expect the
1-loop efiective action for the bosonic zero modes to havbenergy 8(N logN). Since the
path integral measure over these remaining zero modes is ~, (dA? ~; dx®) we see that the
integral, giving the partition function, should be convergent in the infra-red. Analogous
reasoning to that of Krauth and Staudacher [£3] in the context of matrix integrals suggests,
using naive power counting, that the distribution of the bosonic eigenvalues should have
tails decaying as a power law 1=x3. In particular this means that the expectation values
of the moments TrX?P for any positive integer p do not exist, even though the partition
function itself does.

As mentioned above, for small enough circle size we may efiectively ignore all the non-
constant modes on the circle and the quantum mechanics should reduce to the 4 supercharge
matrix integral. This has been studied beyond the 1-loop approximation both numerically
and analytically. In particular Austing [A4] has proven analytically existence of a twisted
version of the theory and full Monte Carlo simulation was performed by Ambjorn et al [45]
for large N.

At this point we should comment that analogous calculations for the 16 supercharge
theory would yield similar results for the efiective potential governing the uctuations of
the bosonic zero modes in both the periodic and thermal cases.

2.3 Phase structure

In our supersymmetric quantum mechanics with flnite N, and hence a flnite humber of
degrees of freedom, one cannot have a sharp phase transition, but only smooth cross-over
behaviour. However, we are interested here in the large N limit of this guantum mechanics.
In the inflnite N limit it is possible to have sharp phase transitions - ie. the cross-over
becomes sharper as N is increased, leading to non-analytic behaviour for N ¥ 1. The
simplest example of this is the Gross-Witten matrix integral which in its large N limit
exhibits a 3rd order quantum phase transition [§§]. Indeed the quenched version of our
guantum mechanics theory exhibits a discontinuous conflnement-deconflnement transition
at large N, as discussed in [B5, B]. Hence it is then an interesting question as to whether the
supersymmetric theory exhibits smooth thermal behaviour or not at large N. As discussed
above in section P.1], holographic arguments suggest that the 16 supercharge quantum
mechanics is always in a deconflned phase, ie. the free energy will scale as O(N?2). Since
the infra-red properties of the 16 and 4 supercharge theories are qualitatively similar one
might expect the 4 supercharge theory to always be deconflned. Indeed we will see this is
borne out in our results, and we see no evidence of any sharp phase transition.

2.4 Ultraviolet behaviour of the theory

We now consider the UV behaviour of theory, and will show that it is flnite. This is
extremely important for what follows as it allows a naive lattice discretization of the action
to recover the full supersymmetry of the theory without flne tuning. Let us consider our
action (.7). Let us flrstly gauge flx the theory so that the gauge fleld A is constant in
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Figure 1: Relevant diagrams in super Yang-Mills quantum mechanics perturbation theory. The
heavy lines are bosonic and the dashed fermionic. The left 2 diagrams are flnite mass renormaliza-
tions going as »—T*. The right diagram is a fermionic tadpole loop which, while naively potentially
divergent as » lag—7 is actually also flnite going as »—T1, the divergence not arising due to form
of the Yukawa gauge interaction.

Euclidean time, @, A = 0. This yields a trivial Jacobian, det@f, and allows us then to
consider the quantum mechanics partition function Z[A] deflned as,
Z Z
Z= DAZ[A] ZIA]= DX(c)D“(¢)D55 (¢ )eiStitoon i Sint (2.15)

which for fixed A has no gauge dynamics. The unitary matrix A determines the Polyakov
loop as e'RA, and one performs the matrix integral of Z[A] over A to compute the full
partition function Z. The ultraviolet behaviour of the gauged quantum mechanics is de-
termined by the gauged flxed quantum mechanics derived from Z[A]. The flnal matrix
integral over A does not introduce any new high energy behaviour.

The quadratic and interaction parts of the quantum mechanics derived from Z[A] for
flxed A are given by,

I 5 %01
Siilop =Tr  d; E(Déxi)2+iﬁ,,éDé" (2.16)
and,
IR C 1. h i) Tz h i)
Sine=Tr  d¢ NI I B T X< (2.17)

where we have rescaled the flelds X; = (,=N)¥*2X; and ““ = (,=N)¥*2** to obtain canonical
kinetic terms.

Consider now performing perturbation theory in the coupling ,, and introducing a high
energy cut-ofi—" Clearly quantum mechanics is always super-renormalizable. In general
this does not preclude divergences, but simply means there can only be a flnite number of
them. Consider the two boson mass renormalization diagrams show& in flgure fl. In both
cases the loop propagators contribute » 1=p?, and the loop integral dp p? » Q1) is
independent of the cut-ofi. However for the last diagram in the flgure the fermion tadpole
loop has only a » 1= R contribution from the fermion propagator, and superflcially the
loop integral goes as dp p » O(log—Y and hence depends on the cut-ofi. The only
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divergences in the perturbation theory for this Yang-Mills quantum mechanics come from
such fermion tadpole loops.

However, let us consider more carefully the fermion loop in the tadpole. Whilst it
superflcially diverges we will see the gauge and global symmetries actually render the dia-
gram flnite. We introduce X = TrTAX; and ““f = TrTA““5 where TA are the generators
of SU(N) in the adjoint representation. The generators obey [TA; TB] = ifABCTC with
antisymmetric structure constants FABC, and are normalized so that Tr TATE = -AB,
Then we may write the fermionic interaction term in (R.17) as,

Lferm > FABC ‘"‘ﬁnifjﬁuﬁxiB (2.18)
The fermion propagator in momentum space is given by,

i, ofifipDAB  _fifi(j_ABp 4+ FABCAC) - ip +0 _p2
7 6

1 1 _ —AB—ifi

(2.19)

where the subleading terms at large momentum involve the gauge matrix A. The tadpole
loop for an incoming boson XiC will therefore contribute an integral proportional to,
Z/d asc_ (") 1 T _ e 1 i1

p f -AB——%>+0 el o(1) dp o » Q) (2.20)
where now we see the potentially divergent leading term actually vanishes identically due
to both the anti-symmetry of the structure constants, fABC_,g = 0, and also the fact
the Pauli matrices are traceless so Tr(,,')) = 0. Hence we see that actually the fermion
tadpole loops, and therefore all diagrams in this theory, are cut-ofi independent provided
that the momentum regulator preserves the gauge and global symmetry and hence the form
of the Yukawa interaction term above. This implies that we can regulate our theory with
impunity, and providing we have correctly maintained the degrees of freedom given by the
guadratic action above, and the gauge and global symmetry, we should expect to recover
the correct theory when we remove the regulator, and in particular all its supersymmetries.
This applies to the naive lattice regulator we are interested in here.

How generic is this stability against UV radiative corrections? Suppose we wished to
study the 2 dimensional version of the holographic correspondence we would then have a
similar 2-d Yang-Mills theory to compute with, and H’l this case now the mass renormaliza-
tion diagrams in flgure ] above are divergent, since ~ dp?=p? » O(log—7 as the regulator
is removed. Unlike the qguantum mechanics case there are no internal symmetries preserved
by a naive momentum regulator that mean the superflcial divergence is avoided. Hence a
naive discretization is not guaranteed to give a continuum limit preserving supersymmetry,
and one would have to perform a lattice perturbation theory calculation to compute the
potential counter-terms that would have to be added to counteract this, as for example
in [A7, Bg]. Notice that the absence of such counter terms in Yang-Mills quantum mechan-
ics is not generic for all quantum mechanics models. For example, Giedt et al have
studied the case of Witten’s supersymmetric quantum mechanics,

Z o
S S S PRV S G PN
S'=  d¢ E>_< +h'(X)*+ 5~ +h"(X)>» (2.21)
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Figure 2: Relevant diagrams in perturbation theory for Witten’s supersymmetric quantum me-
chanics for a quartic superpotential. The left diagram, a mass renormalization, is due to the quartic
superpotential term. The right diagram is a fermion tadpole loop due to the cubic term. Both are
divergent going as » log—"

Here x is a bosonic fleld, and ~— fermionic, and if we take a superpotential as h(x) =
mx? + x3+ ,x* then a mass renormalization term is generated as in flgure f from the
quartic piece, and the cubic piece gives rise to the fermion tadpoIeRshown in the same
flgure. Naive power counting shows that both superflcially diverge as /dp:p » O(log—7,
and this time there is again no internal symmetry, preserved by the naive momentum cut-
ofi, which protects the theory from this divergence. Hence, when discretizing this theory
naively one might expect to generate UV sensitive radiative corrections, and hence break
supersymmetry unless the discretization preserves the supersymmetry manifestly. Indeed
this was conflrmed in [£9, B2, BJ]] for the quartic term. So we see that the fact that we are
able to discretize our super Yang-Mills quantum mechanics is a result not only of its low
dimension, but also its interaction structure, in particular, the gauge and global symmetry
which constrains the boson-fermion interaction vertices which are potentially dangerous in
guantum mechanics.

Since we are discussing quantum mechanics we may equivalently use the language
of operator ordering in order to discuss the UV behaviour of the theory. Starting from a
Hamiltonian operator we may construct a lattice path integral discretized in time, by using
the Hamiltonian to propagate states forward by a small time step in the usual manner.
Difierent operator orderings in the Hamiltonian will give difierent discrete lattice path
integrals. If there is a physical ordering ambiguity the continuum limit of the discrete
path integral will yield difierent physical theories depending on the details of the ordering
used. If there is no ordering ambiguity, any ordering will yield the same continuum physics.
Hence we see that in general difierent naive discretizations of an action will correspond to
Hamiltonians with difierent operator orderings, and if there is a physical ambiguity, then
difierent naive lattice actions will give difierent continuum physics.

We consider again the example of Witten’s supersymmetric qguantum mechanics. As-
sociated with the continuum interaction term h%(x)%~ in the action is the interaction
Hamiltonian,

F%erm = B0 hY(R) (2.22)

with anticommuting fermionic operators §;0Y so that f6Y;6g = 1. This is the only term in
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the Hamiltonian which is sensitive to operator ordering, as the bosonic interaction term
involves only % and not its momenta. Indeed we see that changing the operator ordering
of the fermions changes the purely bosonic interaction terms in the Hamiltonian. For the
general ordering, + ;
Mferm = (1§ »)0 § »60 h%(R) + »h"(R) (2.23)

for some » we see we have added »h¥(%) to the bosonic interaction term. Consider the
supercharges for this theory,
4= iﬁ +h'®) b; &=t iﬁ i ''(®) (2.24)

and so, n o h i
Hi= @Q =P?+n'®)?>+h"®) ;6 :
Hence we see that supersymmetry requires a particular fermion operator ordering. From
our discussion above, a naive discretization of the action will correspond to a Hamiltonian
with some operator ordering, and in general it will not be the one required above by
supersymmetry. Thus naive discretizations will generically lead to continuum theories
which are not supersymmetric as the continuum bosonic potential will be incorrect. This
argument tallies with our previous considerations of UV behaviour in Witten’s quantum
mechanics from perturbation theory above.

Consider now our Yang-Mills quantum mechanics. We again introduce X# = Tr TAX;
and ““ff = TrTA*“q. This fermionic interaction in (2.18) is associated to a Hamiltonian
interaction term,

(2.25)

|qferm = fABC6¥f~11iﬁfiﬁﬁ k.‘g (2.26)

where the fermionic operators b\¥f‘; ﬁ anticommute as,

0465 9 = -*Pqin: (2.27)

Again this is the only term in the action which might be sensitive to operator ordering,

as the bosonic quadratic interaction term involves only the X; and not their momenta.
However,

"i;f-iﬁfABCfﬁ%lA; f(ig — fABC—ABTr(,,i) =0 (228)

due to both the antisymmetry of the structure constants and also the traceless property of
the Pauli matrices. We see that changing the operator ordering in this term introduces no
additional bosonic terms. From our discussion above, since the form of the Hamiltonian
is invariant under ordering, naive lattice discretizations will lead to the supersymmetric
continuum physics we are interested in. Thus again we see that while the Yukawa cou-
plings in our supersymmetric gauge quantum mechanics superficially could render a naive
discretization non-supersymmetric in the continuum, the precise structure given by gauge
invariance and global symmetry ensures that this does not happen.

We note that since the form of the 16 supercharge action is the same as that of the 4
supercharge theory, we expect the same argument to ensure that a naive discretization of
the 16 supercharge theory will also regain full supersymmetry in the naive continuum limit.
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3. Two lattice actions

We now discuss the two actions we have used to simulate the 4 supercharge quantum
mechanics - a naive discretization of the continuum theory and a manifestly supersymmetric
lattice action. The naive action follows the standard rules for discretizing a gauge theory.
We will show that the resulting fermion determinant is positive real, which much simplifles
simulation. While the lattice action preserves no supersymmetry, we have argued above
that since the quantum mechanics is free from UV divergences provided gauge and global
symmetries are preserved by a UV regulator, all the supersymmetries will be restored in
the continuum limit - this argument also applies to the 16 supercharge theory of interest for
future work. The supersymmetric action arises from discretizing a twisted or cohomological
formulation of the continuum Yang-Mills theory in which nilpotent scalar supercharges can
be constructed as linear combinations of the original supercharges. In this case we show
that half of the original supersymmetry of the continuum theory can be preserved in the
discrete theory.

3.1 Naive lattice action

In this section we consider a naive discretization of the 4 supercharge qguantum mechanics.
Firstly we rewrite the action using a dimensionless compact coordinate , so ; = R ,
where has unit period >» + 1. We create our discrete lattice choosing M lattice sites
at position , = an, with a the discretization length 1=M. We use R to make our lattice
flelds dimensionless, and denote the variable at lattice site n = 0;1;:::;M j 1 with a
subscript Xg; ““a so that,

Xi(R n) =RiIXjn; and ““f(R p) = R132¢4. (3.1)

Since we are taking compact Euclidean time we must identify Xq = Xm; ““0 = 8““m, With
the sign for the fermions giving periodic or antiperiodic (thermal) boundary conditions.

An important consideration is to avoid fermion doubling on the lattice. This problem
is encountered if one replaces continuum derivatives by symmetric difierence operators.
The resulting fermion operator possesses additional light states { \doublers" which do not
decouple as the lattice spacing is sent to zero. Theorems guarantee the appearance of such
states in any local, translationally invariant and chirally symmetric theory. One simple way
to remove these unwanted states is to add a so-called Wilson mass term ar4 to the lattice
action where a is the lattice spacing, 4 is the Laplacian, and r is some non-zero constant.
This term lifts the doublers to have mass O(r=a), leaving the physical modes light. For our
naive simulations we have employed an r = 1 Wilson term, which in quantum mechanics,
yields the simple Euler discretization prescription <3 = (““a+1 i ““a)=a.

We introduce unitary adjoint link flelds, Ug, to implement the gauge invariance. Gauge
freedom allows us to flx the link variables on a spanning tree which in our one dimensional
case means there is one unitary degree of freedom for the whole lattice and we may choose
how to represent it. For the purpose of simulating the theory a convenient choice is a gauge
where all the links are equal U = Uj. We may think of U as representing the holonomy of
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the gauge connection about the time circle, so that the Polyakov loop is simply given as,
Ho
el Ak =yM, (3.2)

Note that the Jacobian introduced by the gauge flxing to set all the links equal is trivial.
Now we may naively discretize the action as,

S = N I ) - iX UX Uy-2

= r — P . H
3 isal iiajl 1
fl az0 2a

. 2 fifice cc T
[Xi;a, Xj;a] +-1 I”f_i;a fi;al U fi;ailUy

o

i ani;f‘iﬁ""fi;a[“fi;a; Xi:al (3.3)

where again we note the Euler difierencing of the fermion kinetic term is free of doublers.
Finally we may rescale the flelds by powers of the lattice spacing a = ﬁ to remove the
explicit a-dependence from the individual terms in the action. This results in a rescaling
of the lattice coupling s ¥ Nf'|\§'3.

Let us now show that integrating out the quadratic fermion term gives rise to a positive
real determinant. As above we again introduce XA = Tr TAX; and ““f = TrTA““5. Taking
the generators TA to be Hermitian, they obey [TA;TB] = ifABCTC with the SU(N)
structure constants FABC being real. Since X; are Hermitian the components X# are real.

We then deflne the fermion operator from the above action so that the fermionic part is

given by, 54, 001AB<B “and we have,
. + :
OLMAB = _fifi _AB_ i i TITAUTBUY j iafABC i % C: (3.4)

Following a related argument in [A5] we see that,

2088 2= oa" (3.5)
and hence any eigenvector Viiaa Of O having eigenvalue , will be paired with another
eigenvector (,,%%fivga,)? with eigenvalue ,?.1 Since the determinant of O is the product
of its eigenvalues, we see it is real and positive. This is very nice as it ensures that in
the naive discretization we can, in principle, exponentiate the fermion determinant, and
use Monte-Carlo methods to straightforwardly simulate the resulting action. Hence for
our naive code there is no ‘sign problem’. The manifestly supersymmetric formulation we
discuss next does sufier a sign problem and our simulations will be performed in the phase
guenched approximation. However the majority of the results, in particular all the thermal
results, are obtained using this naive lattice action.

Notice that we used properties of the Weyl representation, and this no longer holds
for the 16 supercharge theory. Indeed, already in the 16 supercharge matrix integral, the
Pfa—an obtained from integrating out the fermions is not positive [Bg]. Thus in the 16
supercharge case, using a naive action one would likely have to take the absolute value of
the Pfa—an and then use ‘reweighting’ to simulate the phase. How efiective this would be
would then depend on how important this phase is in the physical regime of interest.

1\We note that for a 2-vector x and a constant ,, the vector equation (,,ZX)? = , X has no solution unless
. is zero. Hence every eigenvector vsiaa Will be paired with a linearly independent eigenvector (,,%%fvfiaa)’.
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3.2 Manifestly supersymmetric lattice action

A lattice action which possesses an exact supersymmetry may be derived by dimensional re-
duction of the supersymmetric lattice action for two-dimensional twisted four supercharge
Yang-Mills theory described in [23, Bg]. In the twisted formulation of the two dimen-
sional theory the fermions are naturally embedded as components of a two dimensional
Kahler-Dirac fleld with components (-=2;" ;"  12) together with bosonic superpartners
;A ;B1p). Dimensional reduction along the x?-direction results in a one dimensional
supersymmetric theory and is associated with the fleld redefinitions

" 7y
B, ¥ B;
~ 1.
A, 1 g (3.6)

The resulting action may be written as
il
NM3 - ~ — =< ~ =< 1 ~ <
BT Q Tr “J(B1+2D ")+ 7D T + T+ 2T e (37)

where the scalar supercharge arising from the twisting process has the following action on
the flelds

QUi =" (3.8)
Q1= iDf"
Q3 =-
Q== il3%"]
Q1=B
QB =1[";"1]
Q =
Q- =["]
Q =0
It is straightforward to verify that Q2 acts like a gauge transformation on alg,enerlc fleld
T which is taken to lie in the adjoint of the gauge group and of the form f = ;2 1'1 faTa

where in this section we employ antihermitian generators T2. The Q-exact structure of
the action then guarantees the discrete action will be supersymmetric. To avoid fermion
doubling a covariant forward difierence operator is utilized whose action on lattice scalar
flelds is given by

Dy () = U100~ (x + 1) i ~()U1(x) (3.9)

where U;(x) is the usual Wilson gauge link.2 Notice that several of these flelds, such as
Ui (X), carry a vector index. In the continuum this is redundant for a one dimensional

2actually a complexifled version of it since the construction requires the lattice flelds be taken complex
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theory but in this lattice construction the index plays an important role, indicating that
such flelds live on the links of the lattice and transform under gauge transformations as

f1(x) ¥ G)FL(X)G(x + 1) (3.10)
where G(x) = e (x). The corresponding transformation for scalar or site flelds is
f(x) ¥ GX)FfF(X)GY(x) (3.11)

These transformation reduce to the usual continuum ones in the naive continuum limit.
Notice also that the deflnition of the forward difierence operator when acting on a site fleld
automatically produces a vector or link fleld with the correct lattice gauge transformation
properties.

Carrying out the Q-variation and integrating out the auxiliary fleld B; we flnd the
following lattice action

O 1
Nm3 < X . i X e Vi - giyi i
$=—3 TT@; X' iDiD™X'i XX ,YDw i %YDJ,] + SykA
X i=1 i>j
(3.12)
where we have written > = X1 +iX2, ~ = X1 j iX?, >3 = X3 and the covariant backward

derivative DJ, which is adjoint to D;", acts on link flelds in the following way
D71 ="10QU%(x) i V() 1(x i 1) (3.13)

We have also relabeled the fermions according to

=1 (3.14)
,% ="
%01 = E
%02 — e

Notice that the bosonic action is real positive deflnite on account of the antihermitian basis
for the flelds. The Yukawa interactions take the form

Svk = %Y[XL %] § iBY[X% %] § WYX % i iY[X2 % (3.15)
ST il o G I 0 S B P G
+ L3, X3 % + hic
While the bosonic action arising in this discretization is rather similar to the naive action
described in the previous section, difiering mainly in the deflnition of the lattice derivative,
it is clear that the fermionic action is quite difierent | the fermions can be assembled into

a four component object which in the continuum is just the usual Majorana fermion of four
dimensional N = 1 super Yang-Mills. Thus the result of integrating out the fermions in this
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twisted formulation is to produce a Pfa—an rather than the determinant encountered with
the naive discretization.® Of course, in the continuum, one can flnd a change of variables
which allows the Pfa—an to be rewritten as a simple determinant but this is no longer true
in the lattice construction. Indeed the complex two component spinor encountered in the
naive formulation takes the form -~ 1

1+ (3.16)

1tie
Since the difierent component flelds carry difierent gauge transformation properties this
spinor does not transform simply under lattice gauge transformations and cannot be used
to construct a gauge invariant lattice action. A more di—cult question relates to the com-
plex nature of the lattice flelds. To write down fermion kinetic terms which are gauge
invariant on the lattice requires the introduction of two lattice flelds for each continuum
fleld eg. ~_(x) and "7 (x) with the latter fleld transforming like the adjoint of the flrst. Ex-
act supersymmetry then implies that the bosonic flelds (at least with non-zero spin) must
also be complexifled - thus the gauge links are non-unitary matrices in the supersymmetric
formulation.

To target the correct continuum theory requires choosing the path integral along a
contour such that the imaginary parts of all flelds are zero. This is what is done in our
simulations ] the links are chosen unitary and the determinant resulting from integration
over the fermions is replaced by a Pfa—an. The question then arises as to whether the
supersymmetric Ward identities are satisfled along this path. The latter are Q-exact and
hence by standard arguments can be evaluated exactly in the semiclassical limit in which the
flelds are expanded about their classical solution [2§]. In this limit the imaginary parts of
the gauge fleld are zero and the antisymmetry of the fermion operator ensures that the real
and imaginary parts of the fermion flelds decouple and the computation can be consistently
truncated to the real line. These theoretical arguments are strengthened by the results of
Monte Carlo calculations which support the existence of an exact Q-supersymmetry in the
guantum continuum limit [B9, B0].

Finally notice that this lattice action actually possesses a global symmetry of the form

Wl W %2 (3.17)

1 2
NN !

xtr px?t
X2 ¥ X2
x3 1 x3

This symmetry combined with the original Q-supersymmetry leads to the lattice action
possessing a second exact supersymmetry. The existence of this second supersymmetry
is consistent with the results of orbifold construction of lattice supersymmetric models
described in [15].

3As noted earlier, this Pfa—an is in general complex, and we simulate it in a phase quenched approxi-
mation. However, we emphasize that the majority of the results in the paper are generated using the naive
action which has real positive determinant and hence no phase problem.
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4. Results

In this section we discuss the results of lattice simulation of our two implementations. We
begin by considering the quenched theory, move onto the periodic theory and end the sec-
tion by discussing the thermal theory. The results for the quenched theory agree precisely
for the naive and supersymmetric actions since they difier only in their treatment of the
fermions. As we discuss, the naive and supersymmetric implementations both give compat-
ible results for the periodic theory. In practice the naive implementation is computationally
easier since the corresponding fermion operator is half that of the supersymmetric formula-
tion and, as we have shown, is real and positive, whereas in the supersymmetric formulation
we work in the phase quenched approximation. Hence the bulk of the periodic results were
generated with the naive action. In the case of the thermal system the situation is more
interesting - for coarse lattice spacings and a small number of colors we observed that
both codes sufiered from strong lattice artifacts most visible in the distribution of scalar
eigenvalues which developed long tails out to large eigenvalue | a situation quite difierent
from the complementary runs with periodic boundary conditions. \We observe that this
stems from very large uctuations of the scalars in the classical moduli space | for the pe-
riodic system the corresponding bosonic zero mode is strongly suppressed by its fermionic
superpartner but in the thermal case the would be fermionic zero mode is lifted by the
antiperiodic boundary conditions and is less efiective at flnite fl at suppressing these zero
mode efiects. This problem appears to be worse for the supersymmetric action and hence
we have again derived the bulk of our thermal results from the naive action runs. In the
latter case these efiects appeared negligible for N , 5and M , 5.

We have examined the following expectation values. We normalize the expectation
value of the fermionic action as,

1

Sk = m hStermionicl

4.1)
and a simple scaling argument gives the Schwinger-Dyson equation Sg = 1 which we then
use to check the equilibration of our runs. We also compute the bosonic action as,

1 .
Sg = N2 (hSposonicl i Szero) (4.2)

where we have subtracted the extensive zero point energy contribution, which is given
explicitly as %M(N2 i 1) for both actions as can easily be seen in the weakly coupled high
temperature limit. For the supersymmetric lattice action we have Sg = 0 for all fl since it
is related to an index [R3]. For the naive periodic theory we expect Sg to approach zero
as the number of lattice points M ¥ 1. We have normalized the bosonic action by N2 to
ensure that Sg should tend to a constant at large N in a deconflned phase.

This form of the bosonic action has an additional interpretation in the thermal and
guenched theories as yielding a measurement of the dimensionless mean energy of the

system, hEi. This dimensionless energy is given by the usual relation hEi = j %’;IZ so that,

fl

Sg = i§hEi: (4.3)
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Thus the vanishing of (the subtracted) Sg in the periodic theory corresponds to the usual
requirement that the supersymmetric theory have vanishing vacuum energy at zero tem-
perature.

We are also interested in the behaviour of the Polyakov loop variable, and we compute
the expectation value of its modulus,

D E

15 _ M ag .
P=g jTrel Adj (4.4)
and also its corresponding susceptibility
1 < :t _H T2 D _H . E2
dp = j Tret A% g jTret Ak (4.5)

We note the inclusion of 1=N in these deflnitions to ensure that at large N in a deconflned
phase, P, dP should tend to a constant.

We have also computed the distribution of eigenvalues of the scalar flelds, rendered
dimensionless as RX;(¢,), and averaged over the lattice. We have seen no evidence of broken
SO(3) symmetry* and so assume the distribution for i = 1;2;3 is the same, and denote
it as x(,,). We observe this appears to have a well-deflned large N-limit with a width
which is controlled by fl. From our earlier discussion of the 1-loop eigenvalue potentials we
deduced that well separated dimensionless eigenvalues were attracted together until they
entered a strongly coupled infra-red regime when their separation goes as » fl***. This
therefore is the expected scale characterizing the parametric dependence of the width of
the distribution x(,,), and indeed this is borne out by our results later.

For SU(N) the distribution has N peaks localized close to the origin, and as we have
discussed, we expect the distribution to fall ofi most slowly for the periodic theory, going as
X(,,) » j,.ji® for large ,,. This tail appears to be universal for periodic boundary conditions
depending on fl but not N [B(]. This power law tail means that the standard deviation of
the distribution is in principle ill-deflned as an observable, at least for periodic boundary
conditions. Therefore in order that we may characterize the quenched, periodic and thermal
theory scalar distributions we deflne the width by the observable,

z

W =134 d .. xG.) (4.6)
which is well deflned even for the expected tail behaviour of the periodic theory.

4.1 The quenched approximation

We begin by discussing the quenched theory, where the fermions are simply ignored. The
lattice simulation of this bosonic theory is then a very tractable problem, and one can
easily work at large N and establish the 't Hooft scaling. Such gauged quantum mechanics
with adjoint scalar flelds was originally studied in [B5, where evidence was given that
the theory undergoes a large N conflnement/deconflnement transition. We now review this

“We note that at flnite N such a spontaneous symmetry breaking is not possible, although it is unclear
whether this conclusion remains valid in the large N limit.
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Figure 3: Plots of action Sg, Polyakov loop P, its susceptibility dP and the scalar width W for
the quenched theory for varying N, and 5 lattice points.

behaviour as it indicates where the interesting dynamics in the unquenched theory is likely
to occur, and how we might see this in the available observables.

The flrst observation we may make from the quenched theory is that the continuum
limit is very easy to obtain. In the appendix [§ we show the bosonic action and Polyakov
loop for difierent numbers of lattice points M = 5; 8; 12. We see that the results we obtain
for all these quantities on a lattice with M = 5 are very close (within one percent) to
those with M = 8;12. Indeed we fInd this to be true for all the observables we measure
in the quenched, periodic and thermal theories (with the exception of the bosonic action
for the naive periodic theory which we discuss later). Hence, in the main text, results are
calculated using M = 5 lattice points unless otherwise stated. Certainly, in the case of the
unquenched theory, the statistical errors in most of our measurements are larger than the
systematic discretization error incurred by using the small lattice for the range of fl studied.

In flgure B we plot the expectation value of the bosonic action Sg, the expectation
value of the modulus of the Polyakov loop, P, and its corresponding susceptibility dP for
various numbers of colors N up to 16. Indeed it would be easy to compute at larger N but
this is not our objective here. As observed earlier in [35, Bf] we see that there appears to
be a sharp, probably flrst order, large N phase transition in behaviour. From the peak in
our susceptibility plot we estimate the critical coupling as fl = fl. * 0:85. In particular,
the Polyakov loop variable P remains flnite for fl < fl;, but appears to be consistent with
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Figure 4: Top: Plot comparing scalar fleld distributions for the 2 implementations with periodic
fermions (bars for naive, dots for supersymmetric; left fl3 = 0:1, right fI* = 2:0). Bottom: the
Polyakov loop P and its susceptibility dP for N = 3 and 5 lattice points.

zero at large N for fl > fl. (see [BH, for data with N up to 30). Furthermore, the mean
energy hEI appears to sufier a discontinuity around the critical point.

Notice also that the linear regime observed in Sg at large fl is consistent with a non-zero
vacuum energy | the latter being given by the slope of Sg = j fl=3hEi with respect to fl at
large fl. This is, of course, consistent with what one would expect for a non-supersymmetric
theory. Conversely the observed fl-independence of Sg at high temperature (small fl) is
consistent with the expected classical thermal behavior hEi >» N2T for a theory possessing
N2 deconflned gluons.

4.2 Full supersymmetric theory: Periodic

We now focus on the theory with dynamical fermions having periodic boundary conditions
- ie. the theory in flnite volume and zero temperature. Our task is to compare the results
obtained from our two independent implementations - the naive and supersymmetric - and
show they are consistent, and produce the correct supersymmetric continuum physics.
Figure g shows a comparison of the Polyakov loop observable P and its susceptibility
dP for the two lattice implementations in the case of N = 3 and M = 5 lattice points.
We see the results are in in rather close agreement, in fact within statistical error, for P,
dP. The close agreement is a good check on both implementations as it indicates that

{23{



Periodic SU(3) Periodic SU(5)

-0.05 |-
-0.05 |-

0.1

A
£ 015

v

/% T

)I A=05 /

——— A=20 ——— A=20

1 1 1 1 1 1 1 1 1 1 1 03 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10 11 12 13 0 1 2 3 4 5 6 7 8 9
M - lattice points M - lattice points

<Sg>

——o—— A=05

_—
//

——— A=1.0

Figure 5: Plots of the bosonic action Sg for the naive discretization with periodic fermion boundary
condition for N = 3 (left) and N =5 (right) for increasing lattice size M = 5; 8; 12 for 3 values of
fI> = 0:5;1;2.

Periodic SU(5) with 5 lattice points

for manifest SUSY action

Figure 6: Plot of the bosonic action Sg for the supersymmetric discretization with periodic fermion
boundary condition for N = 5 with M = 5 lattice points. We see it is consistent with zero as we
expect.

lattice spacing efiects appear to be small and supports the claim that the M = 5 runs
with naive action yield results which are already decent approximations to the continuum.
The flgure also shows a detailed comparison of the scalar eigenvalue distributions for the
naive and supersymmetric actions and again reasonable agreement is seen. We study the
continuum behaviour of the naive periodic theory in appendix O, and conflrm that the
observables P and dP are close to their continuum values by simulating at M = 8 and 12
lattice points. Given constraints on resources we have not been able to compute for larger
N in the supersymmetric implementation and therefore cannot check the agreement there.

We show the action Sg for the supersymmetric implementation in flgure f for N =5
and 5 lattice points and see that it is consistent with zero, as we expect for the vacuum
energy of a system with exact supersymmetry.

Figure B shows the bosonic action Sg for the naive theory at three representative
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Figure 7: Plots of the Polaykov loop P, its susceptibility dP and the scalar width W for the
periodic theory for N = 3 with 5 lattice points, also compared to the quenched theory.

values of fI® with N = 3;5 as a function of increasing numbers of lattice points. While
by construction this vanishes in the supersymmetric theory, in the naive theory we only
expect it to vanish in the limit M ¥ 1. We see, both for N = 3 and 5 and flxed fI°, that
the numerical results are indeed consistent with Sg decreasing to zero as M increases. The
time taken to compute larger lattice sizes with reasonable statistical errors has prohibited
extending these plots to higher numbers of lattice points. While the approach to the
continuum value of the action is rather slow, appearing to go as » 1=MP with p ~ % i %
even for the modest number of lattice points M = 5 its actual value is already rather small

compared to the quenched or thermal theory (eg. see flgures § and §) for these values of fl.

In flgure [] we plot the Polyakov loop P, its susceptibility dP and the scalar eigenvalue
distribution width W for N = 3 compared with those of the quenched theory. Interestingly,
while the action and scalar distribution width are difierent to the quenched theory, the
Polyakov loop behaves rather similarly. In flgure § we also see the same is true for N = 5.
We have currently not simulated the periodic theory for N > 5 and therefore cannot
conflrm this correspondence with the periodic theory occurs in the large N limit. If it
does, it leads to the interesting conclusion that while the bosonic action Sg is a constant
in the periodic continuum theory independent of volume and coupling, the behaviour of
the Polyakov loop may nevertheless not be smooth in the large N limit.

We note also that the scalar eigenvalue width is broader for the periodic theory than
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for the quenched. This is consistent with the 1-loop calculations of the potentials on the
classical moduli space where we expect the periodic theory will have power law tails in the
eigenvalue distributions, whereas the quenched will not.

Let us summarize these results. We have compared the supersymmetric and naive
lattice actions for dynamical fermions with periodic boundary conditions. The results are
consistent, and both actions yield the expected behaviour with the supersymmetric version
giving a vanishing bosonic action and the naive version giving a continuum limit consistent
with vanishing bosonic action. Hence our earlier analytic claim that a naive discretization
of the action will give the correct supersymmetric continuum physics appears to be borne
out in practice.

4.3 Full supersymmetric theory: Finite temperature results

We now turn to the most interesting part of our results: the supersymmetric theory at
flnite temperature. If we were studying the 16 supercharge theory these lattice simulations
would be dual to a computation of the thermal properties of N DO0-branes, and should
reproduce the thermodynamics of black holes described earlier at low temperature. In
the case of the 4 supercharge model studied in this paper no such correspondence exists.
Nevertheless, we might expect on the basis of the one loop calculations described earlier
that this model lies in a similar universality class and so understanding how to extract
continuum results from this model should stand us in good stead for a future simulation
of the thermal 16 supercharge theory.

We have observed that the thermal theory exhibits large lattice artifacts for small
values of N and the number of lattice points M. These lead to an apparent instability in
the scalar eigenvalues. The problems seem most acute with the supersymmetric action and
so we have concentrated on using the naive implementation for the bulk of our thermal
runs. In this case to avoid these strong artifacts we require N , 5, M , 5 for the range of
fl we are studying, fI® « 10:0, and then a good lattice continuum limit is seen. We discuss
these efiects in more detail in the appendix [§, and it is an interesting direction for future
research to better understand how to more stably implement the supersymmetric lattice
action at flnite temperature.

We begin in flgure § by comparing this thermal theory with the previously discussed
guenched and periodic theories for N = 5 and M = 5 lattice points. In appendix D we
show these quantities for increasing lattice size, showing that these 5 lattice point data
already capture the continuum reasonably accurately.

Our expectation for this theory is that at small fl (high temperature) the thermal
theory will behave like the quenched theory since the fermions are lifted out of the dynamics
by their thermal mass. On the other hand in the absence of spontaneous supersymmetry
breaking, in the large fl limit (low temperature) we expect the energy of the theory to go
to zero and the behaviour to coincide with the periodic theory.

We clearly see from the data that at small fl the action Sg, Polyakov loop P and scalar
eigenvalue distribution width W do coincide with the quenched behaviour as expected.
Conversely, at large fl we see the same observables depart from the corresponding quenched
guantities and approach the periodic results.
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Figure 8: Plots of the bosonic actionSg for the quenched and thermal theories, and the Polaykov
loop P and scalar width W for the quenched, periodic and thermal theories folN =5 and 5 lattice
points. These quantities are expected to be close to their adinuum values.

The variation of the bosonic action, Sg, is °atter and apparently smoother than that of
the quenched theory and appears to have a small linear slopeiflarge , which would imply
a non-zero energy and hence supersymmetry breaking if it werto continue to large values
of . However, given we have data only to inverse temperatures » 2:2 it is dixcult to say
whether we are really seeing asymptotic behavior | any sublinear behavior would imply
supersymmetry is restored at zero temperature. And the appeent asymptotics may also
be in°uenced by discretization e®ects. Indeed, to addressie possibility of supersymmetry
breaking one should rst extrapolate the data to zero lattice spacing at xed and then
examine the  dependence of the extrapolated curve. This extrapolation $ beyond our
current resources. Nevertheless, it should be noted that th asymptotic behavior of this
guantity appears to be rather di®erent than that expected fa the 16 supercharge theory
where we see from equation (2.8) that holography predictsSg » ~i °°,

Independent of the nal conclusion concerning supersymmaey breaking there is little
indication of a discontinuity in the mean energy as a function of  as N increases and
our numerical results are consistent with the existence ofyst a single phase for all . In
“gure 9 we show the bosonic actionSg, Polyakov loop variable P, its susceptibility dP
and the scalar eigenvalue widthW for the thermal theory for N = 5;8;12. We see the
results con rm the 't Hooft scaling - recall we expect the ob®rvablesSg;P; W tend to a
constant at xed  in the large N limit, as we see con rmed in the data. Whilst in the
guenched theory there is a largeN transition, with P vanishing at largeN for > , and
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