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1. Introduction

It is well known from the context of String Field Theory (SFT) [fl] that the linearized
versions of classical field equations such as Einstein and Yang-Mills ones appear to be
the closeness conditions of certain operators (depending on both the “matter” fields and
c-ghosts) with respect to the BRST operator [, B:

[Q,QS(O)] = 0. (1.1)

One might expect, following further the canonical construction of closed SFT [f] that the
generalization of ([.) which corresponds to nonlinear field equations, should be of the
form of Generalized/formal Maurer-Cartan equation [H:

[Q, ¢<o>] +Cy (¢<0>, ¢(o>) +Cy <¢<0>, 60 ¢<0>> T—Y (1.2)

where C,, are graded (w.r.t. the ghost number) multilinear operations, satisfying the certain
quadratic relations leading to the homotopic Lie algebra [f], f]. In this paper, we formulate
it only as a hypothesis, namely, we consider only the second order corrections to this
equation, therefore, we give an explicit construction only of operation Cs and verify the
relations between ) and Co. We postpone the proof of the quadratic relations between
higher C,,- operations (homotopy Jacobi identity and other relations of L, algebra) until
we will be interested in the higher order corrections to equation (D)1 We will consider
them in the further publications on the subject.

We indicate here that in the case of Yang-Mills equations this proof is already given on the field theory
level [@] the operations C2 and C3 are shown to satisfy the homotopy Jacobi identity and other relations
necessary for the homotopy Lie algebra. All other operations are equal to zero in this case.



The nonlinear field equations under discussion (Einstein and Yang-Mills ones) cor-
respond to the 1-loop conformal invariance conditions in the certain perturbed two-
dimensional conformal field theories. Therefore, we expect that the explicit operator for-
mulation of operations C,, will include further corrections and lead to the precise meaning
of the beta-function in conformal perturbation theory (this problem was already mentioned
in the context of SFT [f]).

In [§], we considered the perturbed -y system and constructed the Cy operation. In
that case, the one-loop beta function was bilinear in the perturbation operator, therefore,
the second order approximation of ([[.7) gave exact results. In this paper, we continue the

consideration of the second order approximation of ([.9), namely:
Q0" =0, Q07| + ¢ (6!, 6") 0. (1.3)

Here, we have expanded ¢(©) = S t"gb,(f]) with respect to the formal parameter ¢ and in
such a way, ([[.3)) corresponds to the first and the second order of the expansion of ([[.9).
In section 2, we consider operation Cs and introduce some of its properties, which will
allow us to formulate the operator symmetries of ([.7) and to relate ([[.3) with the second
order approximation of the equations of the conservation of deformed BRST current in
perturbed theory, considered in [fJ]. In subsection 2.3, we study an example which is
related to the string theory in background of metric and dilaton described by the sigma

model (see e.g. [[0]):
S = /E d?z (ﬁaw()()ax“éxy + %ﬁR(Q) (7)<I>(X)> : (1.4)

It is well known [[[4]-[[§ that the equations of conformal invariance for the model ([[.4)
are Einstein equations:

Ry +2V,V,® = 0,
R+ 4V, V"® — 4VFDV,d = 0. (1.5)

We show that equations ([.J) reproduce, at the lowest orders in o, equations ([L.H) u
to the second order of expansion of the fields: Gy = N — thuw (X) — t28,,(X) + O(t3),
® = t® + t?®y + O(t®). We also demonstrate that the operator symmetries of ([.J)
correspond to the diffeomorphism symmetries of equations ([[.J). However, there is a
certain ambiguity, since the choice of constant metric 7,, and the deformation parameter
t is definitely not unique. This is a common problem (and it is not our aim in this paper
to get rid of it), when one wants to consider the perturbation theory for the sigma models,
where it is impossible to extract the free action without destroying the geometric context.
In such a way, the first order formulation of the sigma-model, introduced in [§, [[3], looks
more promising from this point of view.

In section 3, we consider the boundary CF'T corresponding to the open string on the
disc, conformally mapped to the half-plane. We introduce the bilinear operation Cy which
now is a bilinear operation on the space of tensor product of CFT operators with some Lie



algebra, and consider the analogy of equations ([.3). It appears that one can deduce the
Yang-Mills equations:

BMFMV + [Alh FMV] = 07 FMV - aMAV - aVA“ + [A’“ AV] (16)

up to the second order in the formal parameter (namely, if one considers the gauge field of
the form A, = tAi + t2Ai +O(t?)). Tt is interesting to note that the usual construction of
the open SFT [[L]] is related to homotopy associative algebra Ao, [, generated by Witten’s
product [Ig]. If our conjectures are correct, in the case of open string there also exists the
structure of homotopy Lie algebra.

In conclusion, we give final remarks and mention the ways of further development of
this formalism.

2. CFT, closed strings in background fields and Einstein equations

Notation and conventions

Throughout this section, we assume that all matter field operators have the operator prod-
ucts of the following form:

VW)=Y Y (VIWFIE) (= —2) 7 (2 - 2) 7 (log(|(21 — 22) /)P, (2.1)

r=—00 §=—00

where 1 is some parameter. We consider the ghost fields b(z), ¢(z) and b(Z), &Z) of con-
formal weights (2,0),(—1,0) and (0,2), (0,—1) correspondingly, which have the following
operator products:

1 ~ 1
b ~ b(z)é(w) ~ . 2.2
(Je(w) ~ ——. KR ~ (2.2

The so-called ghost number operator is of the following form:
N, = / (dzjy — dzjg) (2.3)

where j, = —bc and 55, — —bé. For the given conformal field theory with the holomorphic
and antiholomorphic components of energy-momentum tensor 7(z), T(Z), one can define
a BRST operator:

1 ) S

Q=5 Ts = judz — jpdz, (2.4)
e

jg = ¢TI+ : bede -, jp =T+ : béde - .

It is well known that this operator becomes nilpotent when the central charges in both
holomorphic and antiholomorphic sectors of the theory are equal to 26.

We couple ¢, ¢ ghost fields to matter fields and denote the resulting space, that is the
space of differential polynomials in ¢, é-ghosts with matter fields as coefficients, as HC. If
#©) e HO is the eigenvector of the operator N4 with the eigenvalue ng, we say that this field



is of ghost number ngy (it is obvious that it can be only nonnegative integer), in other words,
the space H is graded with respect to N, 4. It is also reasonable to define the spaces H L H?
of 1-forms M) = 4(2)dz — (2)dz and 2-forms x(?) = dz A dzV, (such that 1,1, V, € HO).
Moreover, we associate with any field #) e HOY the following 1-form and 2-form:

6D = s {b_h(ﬁ(o)} +dz [5_1@(0)} . 6@ =dzndz [b_l, [5_1,¢(0)H ;o (29)

which satisfy the following descent equations:

{Q,¢<1)] — ds0 [Q,gb(o)}(”, [Q,gb( . [Q,gb(m}(z’, (2.6)

N
~
—
I
<

In the following, we use the notation 9 = %, 0= %

2.1 Bilinear operation

In this subsection, we discuss the bilinear operation which will be present in the generalized
Maurer-Cartan equation, and relate it to the bilinear operation given in [f.
First of all, we note the following. The object

/ dwV (w)W(z), (2.7)
Ce,z

where C , is a circle contour of radius € around point z and V,W are some operators,
according to (@) belongs to the space of power series in € and loge/u. This gives us a
possibility to write down the following definition.

Definition 2.1. For any two operators ¢(0, ¥ € H® we define a bilinear operation
M:H°® HY — H°

M(s000) () = goP [ oG+ (e [ s0e06), e

47

where P is a projection on the €’(loge/u)? term.

It is interesting to see how this operation behaves under the action of the BRST
operator. The result is given by the following proposition.
Proposition 2.1. Operation M satisfies the relation:

[Q,M (¢(0)7¢(0)>] + M <[Q7¢(0)} ’1/,(0)) + (=)™ M (¢(0)’ [Q7¢(0)D =0. (2.9)

Proof. First, we need to show that BRST operator commutes with projection operator
P. Really, let’s denote

FV.W)(2) = /C dwV ()W (2) (2.10)

for some operators V., W.

From (2.1) we know that f(V,W) = 520 , >  fum(V,W)e"(log(e/p))™. The
projection operator acts as follows: Pf(V,W) = foo(V,W). Therefore we see that

PlQ, f(V.W)] =@, PF(V,W)] = [Q, foo(V,W)]. (2.11)



In such a way we see that BRST operator commutes with projection operator and hence
the relation (B.g) can be easily established by means of the simple formula [Q, (V)] =
dp© —[Q, 4|V, m

Remark. If one denotes C; = @ and Co = M, from the Proposition 2.1. we get that the
relations between operations C; and Cy are as follows:

Cy <Cl(¢(°))) — 0,(2.12)
Cq (Cz ((b(o),w(o))) + Cs <C1 <¢(0)) ,1/1(0)> + (=1)"*Cy <¢(0),Cl <¢(0))> =0

for any ¢(© 4 e HO. These formulas repeat the corresponding relations of homotopy
Lie algebra [§, fi].
Now we define another bilinear operation.
Definition 2.2. For any two fields 9, ¥ ¢ HO® we define a bilinear operation K :
H°® H® — H?

K (60.69) ()= 5P [ 60+ (Capem e [ uWe), 2

271 Ce.s 271 Ce.s

where P is a projection on the ¢’(loge/u)? term.
Remark. This operation K is the projected version of the operation K. defined in [E]
The properties of this operation are summarized in the following proposition.
Proposition 2.2.

1) Operation M s related to operation K in the following way:

(2)

M <¢(0)7¢(0)> - K (¢(0)’¢(0)) + dX(1)7 (2.14)

where as usual M(¢©,pOY2 = dz A dz[b_y, [b_1, M(¢©,pO)]], XV € H', and d
is the de Rham differential.

2) Operation K satisfies the following relation:
{Q, K <¢<0>,¢<0>>}+K <[Q ¢<o>} ,¢<0>)+(_1)n¢;( <¢<0>7 {Q’w(O)D — AV (2.15)
for some \1) € H1.

To prove this proposition we need two lemmas.

Lemma 1. Consider V,W € HY. Then the expressions

LV, W))(2) :/C de(w)W(z)—{—(—l)”V"W/C dwW (w)V (2), (2.16)
LV, W)(2) = /C BV (w)W (2) + (=)™ /C AW W)V (z)  (217)



can be represented in the following form:
fi(V,W)(2) = 0gi(V,W)(2) + 9gi(V, W)(2) (2.18)

for some operators g;,g; € H®, constructed from (V, W),(:’s) and their derivatives.
The proof can be easily obtained using (R.1)) and comparing the coefficients (V, W),(CTH’T)
and (W,V)lgr+1’r) for (R.16) and the coefficients (V, W)gn’rﬂ) and (W, V)I(I’TH) for (R.17).

Lemma 2. Let A9 p(©) ¢ HO. The expression

| 20 @idp(z) = (et [ p0w)ant s (219)
Ceyz Ce,z

is always exact with respect to the de Rham differential.
Proof. Let’s denote A1) = \(2)dz — \(2)dz and pM) = p(2)dz — p(z)dz. Then, showing
that

/ A (w)(0p(2) + Dp(2)) ~ (—1)(""“)(”*“)/ P (w)(OM(2) +9A(2)  (2.20)
Ce,z Ce,z

reduces to sum da + o for some operators @ and «, we prove Lemma 2. Let’s consider
the first term in (R.20). Recalling that the action of 9- and 0- is equivalent to the action
of Virasoro generators [L_1,-] and [L_1,] correspondingly, the first term of (2.20) can be
rewritten as follows:

_l’_

[L_l, /C AV @)p() | + | Iy, /C A“)(w)p(z)]

_ /C ([L—1, Nw)] dw — [L_1, Mw)] dw) p(z)

L (B do - [ )] o) o). o)
Ce,

We can see that the first two terms in the formula above is represented in the needed form,
while the other ones can be reexpressed:

[ (@) + [ e[ ([Eaxw)] + 2 Aw]) o),

Ce,z
(2.22)
using the fact that the integral of the total derivative vanishes. Let’s compare this with
the second term in (R.20)):

(—1)("P+1)("”1)/C p(w)dw ([L-1,A] (2) + [L-1,A] (2))

) pudu((Los A + E, ) (2:23)

In order to see that the sum of (2.2) and (R.23) is equal to the sum 95 + 93 for some f3,
one needs to use Lemma 1. B
Proof of Proposition 2.2. The first part easily follows from Lemma 1. Let’s prove the



second one. First of all, let’s write down the expression for [Q, K(¢(®,1()]. Using the
descent formulas (R.6), we get:

[Q,K(¢<o>,¢<0>)] _ _K([Q ¢<0>] w(m) _(_1)n¢K<¢<o> [QW“”]) (2.24)
+(—1 nd>+173/ My + + (- )n¢"w+"w+1p/ D™

Considering the last two terms, we see that they give the exact 2-form by Lemma 2. This
proves the second part of the Proposition.

Remark. Lemma 1 and Lemma 2 are the generalizations on the case of arbitrary ghost
number of Propositions 2.1. and 2.2. of [{].

2.2 Generalized Maurer-Cartan equations and conformal invariance.

In the paper [, we considered the equation of the conservation of the BRST charge in the
conformal field theory perturbed by the operator-valued 2-form ¢). More precisely, we
considered it up to the second order in the formal parameter (coupling constant). Namely,
we expanded ¢(2) = Yoo (2)25" and the resulting equations up to the second order in ¢
were:

[w&?’} (=) = dvi? (2),
@)+ g [ el = o (225)

(1) (1) .(2)

where ¢1 sy € H?' are of ghost number 1, and ¢1 sy 7, ¢y~ are € dependent. Under the
certain conditions, e-independent slice of equations (R.25) is shown to give the equations of
conformal invariance at one loop in the case of two different (the first order and the second
order) sigma models. However, one equation was missing, the so-called dilaton equation.
In this paper, we fill this gap, i.e. we formulate the operator equations which provide the
expression for the total beta-function of perturbed theory up to the second order in the

formal parameter t. Namely, we claim that equations should be of the following form:

[w?’} — 0, (2.26)
0 0 0
Q08" |+ 40 (o 6”) =0, (2:27)
such that gbZ@) = dz A déb,15,1¢§0) is of ghost number 2. First of all, Proposition 2.2.
leads to the following.

Proposition 2.3. Applying b_1b_1 operator to equations ©-28), (£-27), we find the fol-
lowing ones:

@07 = asl?

(@69 + 5K (61,6 = axd, (225)



(1)

where x5~ € H' is some 1-form.

Remark 1. Equations (R.2§) can also be represented in the Maurer-Cartan form [J].

In order to do this, one defines a nilpotent operator D = d + Q) and superfields &1 =
gQ) + 0¢§1), ¢y = (ng) + Gxgl), where 0 is the Grassman number anticommuting with d.

Then, defining a bilinear operation K(®q,®;) = 0K ( go)’ go))’ equations (P.2§) have the

following form:
D® =0, D®y,+ ,C((I)l, (131) =0. (229)

Remark 2. The expression Q + [ #) can be interpreted as a deformed BRST charge in
the background of ¢, see e.g. 7).

Therefore, from Proposition 2.3. we see that e-independent slice of equations (R.25) with
P = ¢ can be obtained as descent from (B:24), (:27). Next, we define the subspace
S9 of HY in which we will seek the solutions of equations (R.26), (.27).

Definition 2.3. The space SO consists of the elements ¢(©) € HO which enjoy three
properties:

1. ng =2,
2. by ¥ =0,
3. bibjd® =0 if i+ 5> —1, bibj¢® = ;b6 =0 if i+ 4> 0.

Remark. Condition 2 in Definition 2.3. is usual in canonical SFT [[J. Condition 3 is
included to get rid of additional fields, which however usually decouple from the equations
on V, obtained from (R.26), (£.27).

As we see, the general form of the element from ¢© e SO is as follows:
¢ =GV + ¢(8c + DEYW — &Dc + EYW + 1/2¢0°cU — 1/260%E0 . (2.30)

Here, V is a perturbation operator, and we will refer to W, W as gauge terms and U, U
as dilatonic terms. We will keep this notation in the following.

In order to get in touch with the examples, we consider the following assumptions
related to perturbation 2-form ¢,
Assumptions. Let perturbation 2-form be (]5(2) = dz NdzV (z,Z), where the perturbation
operator V€ H® of ghost number 0. We will consider the perturbation operators which
satisfy two conditions:

1. L,V = L,V = 0 for myn > 1 and (LoyV) = (LoV), where Ly, and L, are the
corresponding Virasoro generators.

(m,n)

2. The operator product coefficients (V, V), =0 form>2 orn>2.

Remark 1. The assumptions above correspond to two examples we already considered in

the context of equations (2.25) in [d, {].



Remark 2. The condition from point 1 of Assumptions can be rewritten by means of the
BRST operator and b, b -ghosts in the following way:

bilQ. 0?1 = bi[Q. 6P =0, (2:31)
when ¢ > 1.
Proposition 2.4. Let QSZ(O) (i=1,2) be the elements of S° such that QSZ(Q) =dz NdzVi(z,2)
and V; satisfy Assumptions above. Then equation (£.28) leads to the operator equations on
Vi:
(LoVi)(2) = Vi(z) + L_yW1 + LW =0,
—1/2((E1‘/1) + LflUl) = Wi, Wl = —1/2((L1‘/1) + IfzflUl), (232)
LiWwy =0, LiW;=0, (2.33)
and equation ) leads to the operator equations on Va:
(LoVa) — Va — 1/2(Vi, V)™ + 17207, i)Y
—1/2(V, W)g™ + 1720w, V)
120, W) + L Wy + L, W =0, (2.34)

Wy = —1/2((I.Va) — (i, V)&V + (W, )Y
+ (W, V)Y 120y, i)Y — 120, UDY + LoyDy),
W = —1/2((L1Va) = (Vi, V)™ + (W, Va)g "

+ 7, V)0 172000, Vi)Y — 17201, 0) Y + L_1Ty), (2.35)
2L1 Wy — 2LgUs + (Ul, Wl)(l’o) (Wl, Ul)(()l’o) + Q(Wl, Wl)(270) (2.36)
— (i, WS + (v, UDEY + 200, w)§Y — (v, oY =0
2(L1 W) — 2Lo0 + (T, W)Y — (W, 0) O + 209y, 1) 02 (2.37)
(

—( WG+ (, 005 + 20, W)Y — (DY =o.

The Proof can be obtained by the direct calculation.

In the next subsection, we will consider an example of perturbed 2d conformal field theory,
familiar from [f], and observe that the corresponding equations of conformal invariance
obtained by appropriate renormalization techniques coincide with (R.32)—(R.36).

One of the important features of equations (2.24), (.27) and, therefore, of (.33)-(R.36)
is that they are automatically covariant, that is they are invariant under symmetry trans-
formations. Really, it is easy to see that due to Proposition 2.1. the following statement
holds.

Proposition 2.5. Let ¢1 , 2 0 ¢ 7O pe of ghost number 2. Equations ([2.24), ([£-21) are
invariant under the following symmetry transformations:

5o = Q.. a0) =< (.67 + 2 (¢7.4")). (2.38)

where §§702) € HO are of ghost number 1 and € is infinitesimal.

Remark. We also note that in the next subsection, we will meet an example in which 550)
depends on éo) and ¢§0), generating the structure of algebroid to the transformations (R.3§).



2.3 Example: closed strings in background fields.

Let’s consider the theory of D free massless bosons with the action:
1 2 Ay

where 7, is a constant nondegenerate symmetric matrix, p,v = 1,...,D and d’z =
idz Ndz.
The operator product, generated by the free boson field theory, is as follows:
X(21)X"(z9) ~ —n*Pa log (21 — 22) /il (2.40)

where p is some nonzero parameter. The energy-momentum tensor is given by such an
expression:

T=—-(2a)"'0X"0X,, T=—(2/)"'0X"0X,,. (2.41)

Let’s consider the sigma-model action, which describes strings moving in the background
metric G, and a dilaton ®. It is written as follows:

S = /E d*z (4&2/ G (X)OXHOXY + %ﬁR@) (7)(1)(X)> : (2.42)

where R(?) is a curvature on a Riemann surface 3.
We also assume that G, (X), ®(X) are expanded with respect to some formal param-
eter t:

Gy = Ny — thuw (X) — tQSMV(X) +O(t?), (2.43)
D = tdy + 20y + O(t3), (2.44)

where 7, is independent of X. This allows dealing with o? = (2« ) (M —
GW)BX“éX” dz A dZ as a perturbation 2-form and applying the Maurer-Cartan equa-
tions to this case. But as we explained in [fI], we miss some terms. The reason is that our
formalism does not allow to take into account the so-called contact terms from perturba-
tion theory, namely those, which contain §-functions in operator products. Therefore, they
should be added to the action. In [[], we explicitly constructed these contact terms at the
second order of the perturbation theory and calculated the proper coefficients for them to
enter the action. So, we have to consider the following perturbation 2-forms:

¢\ = dz A dz(20))  hy (X)X DXV, (2.45)
¢ = dz A dz(20") " (5,0 (X)OXPDXY +1/20, (X0 b (X)OXHDX") ,

where we included an additional bivertex operator (which is a contribution of contact
terms) in gbg). In this case, the following proposition holds.

Proposition 2.6. Constraints ([2.33)-(2-34) for ([2-43), where U;
U;(X), lead to the Einstein equations

Ui(X) and U; =

Ry +2V,V,® = 0,
R+ 4V, V"® — 4VFOV & = 0 (2.46)

,10,



expanded up to the second order in t, where the expansion of metric and dilaton is given
by formulas ([2.43), such that correspondence between dilaton and U, U -variables is given
by the formula

@y = 1/2t (U1 + Uy — 1/2h),
Dy = 1/2(Us + Uy — 1/25 — 1 /4R, "), (2.47)

where h = 0" h,, and s = n'"s,,.

The Proof is given in appendix.

Thus we see, equations (), corresponding to 1-loop conformal invariance conditions for
the sigma model (), up to the second order of expansion in the formal parameter ¢ have
the generalized Maurer-Cartan structure given by equations (R.26), (2.27).

In the end of subsection 2.2, we mentioned that equations (2.26)), (.27) possess sym-
metries accurately described in Proposition 2.5. Let’s look how it works in this case. Ac-
tion (R.42) and equations (R.46) are invariant under the diffeomorphism transformations.
The infinitesimal change of metric tensor is as follows:

Guw — Gu —e (Vv + Vyuu) , (2.48)
where ¢ is infinitesimal. Let’s expand
v, = tol + 202 + O (tg) . (2.49)
Therefore, at the first order in ¢, the transformation is given by:
by — hyw + € (Opvy + Ovy) - (2.50)
Let’s consider the following operators of ghost number 1:
0 — ~ A _
O = (2a/)7! (ol (X)OXH — &) (X)DX"dz) . (2.51)
It is easy to see that the transformation

s o0 4 ¢ [Q,g@} , (2.52)

where gbgo) is as in Proposition 2.6., reproduces (R.5(). At the second order the situation

is more complicated:

Suy — Sy + € (Buv?, + 8Vvi — 2FZV1)[1) = Buv?, + 8Vvi + v;np" (=O0shyuw + Ophoy + Bth)) .
(2.53)

One might think that changing the indices from 1 to 2 in (R.51)), one gets the expression for
SO) which will reproduce the diffeomorphism transformation (2.53). However, the situation
appears to be more complicated: the expression for v2 should be improved by the terms
vwhw, the emergence of which can be substantiated by the same reason as the bivertex

operator appeared in ¢§2). By straightforward calculation, one can obtain that

SO) =(2a/)7! (c (vi + 3/4v1th) oXH —¢ (vi(X) + 3/4v1th) 0X'dz)  (2.54)

— 11 —



together with (2.51)) by means of the formula

60— o+ ([0.60] + 1 (69,60)) 5

reproduces transformation (R.5d) modulo the terms of higher order in o/. It should be
noted that we already met such additional terms during the study of the symmetries of the
equation describing the conservation of BRST current [f].

Let’s now summarize the results concerning symmetries in the proposition.
Proposition 2.7. The transformations (2.53), (2.53), where §§0), éo) are given
by ), ), and perturbation operators are given by ), reproduce the infinitesimal
diffeomorphism transformations expanded up to the second order in the formal parameter
modulo the terms of higher order in o .

Remark 1. The similar results, namely the reproduction of the conformal invariance
conditions and their symmetries from equations (2.26), (R-27), were obtained in the case
of the perturbed beta-gamma systems [[[3, [J] in [§]. One of the differences which is worth
mentioning is that the equations of conformal invariance at one loop in that model appear
to be bilinear in the perturbation operator, and therefore the second order approximation
appears to be exact.

Remark 2. In [PI], the nonlinear corrections to the symmetries of linearized Einstein
equations were obtained in the context of SFT.

3. Open strings and Yang-Mills equations

1. Notation and Conventions. Throughout this section, we will deal with an example
of boundary conformal field theory, i.e. the open string on a disc (conformally mapped
to the upper half-plane), see e.g. [B]. Namely, we will consider the theory with D scalar
bosons, such that the operator products between scalar fields are:

XM(21) X" (22) ~ =110/ log (21 — 22) /uf* — 0" o' log |(21 — 22)/?, (3.1)

where " is the constant metric in the flat D-dimensional space either of Euclidean or
Minkovski signature. In this theory, the operators have the following operator products on
the real line:

n

VIEOW (t2) ~ S (b1 — o) (VW) (log (81 — t2) /)" (3.2)

k=—o00

for some n. We also introduce the energy momentum tensor:
1 W5

and associated BRST operator:

Q= %dz(cT + bcdc), (3.4)
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1

Z—w’

where the operator products between ghost fields are as usual ¢(z)b(w) ~ The same

way, we define the ghost number operator:

N, = — 7§ dzbe. (3.5)

We also introduce the space FC of differential polynomials in c-ghost field, where the
coeflicients are matter field operators. This space is obviously graded with respect to the
ghost number operator. For any ¢ € FO, which is an eigenvector of Ny, we will denote
the corresponding eigenvalue by ng, i.e. ghost number. As in section 2, we define the space
of operator valued 1-forms ¢() = Vdz, where V € F! with associated equation: for any
given ¢(© € FO one can define ¢(!) € F! such that

[Q.6%] = a6 - [@.60]". (3.6)

The main characters of this section will be the elements of the tensor product Fg =F'wg,
where g is some Lie algebra.

2. Generalized Maurer-Cartan structures and Yang-Mills equations.

Let’s consider two operators ¢(©) (1), (@) (t) € Fgo. Then, the expression

00t + 0,00 0], (3.7)

where ¢ lies on the real axis and [,] means the commutator in Lie algebra g. Due to (B.9),
this object is the series in € and log(e/u), therefore, this allows us to define the following
operation.

Definition 4.1. For any two operators ¢ (t),T/)(O) (t) € Fg we define a bilinear operation
R:Fs®@Fg — Fyg :

R <¢(0),¢(0)> (t) =P [gb(o) (t+e), (t)] — (=1)remep [w(O) (t+¢), ¢ (t)] . (3.8)

where P is the projection on the ’(log(e/u))? term and t lies on the real awis. This
operation satisfies the property which is very similar to that from Proposition 2.1.
Proposition 3.1. Let ¢(O (1), 9O (t) € Fg. Then

[@R <¢<o>7¢(o>>} _R ([Q,qﬁ(m] 7¢<o>> (1R <¢<0>, [Q’w(O)D 7 (3.9)

where Q is BRST operator ([3.4).

The proof directly follows from the definition. Now, since we got the bilinear operation,
we are able to construct the second order approximation to the generalized Maurer-Cartan
equation:

[Q, ¢(0)] + %R <¢(0)’ (]5(0)) 4. (3.10)

like we did in the previous section, i.e. we expand ¢(©) = >y t”¢£?) by means of the formal
parameter t and consider the equations which emerge in the first and the second order:

Q0" =0, [Q.0{"] + %R( ©,6") =0. (3.11)
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In order to get in touch with Yang-Mills theory, we need to put some conditions on ¢©.
Namely, we will plug operators ¢(© e Fgo, which satisfy the following conditions:

ng =1, [b,l,gb(O)] = A, (X)0X", [bi,gb(m} —0 (i>0), (3.12)

in equations (B.11). Here, A, are the components of a Lie algebra-valued 1-form and
normal ordering is implicit. Then, the following statement holds.

Proposition 3.2. Let’s consider ¢\©) satisfying conditions (B-13). Then, equations ([53.11)
at the first order in o/ are equivalent to the following equations:

00" A}, — 0,0" A,
OuO" AL — 0,0M A2 + [0M AL, ALl +2[A], 00 AY)] — [AL,0,A]

=0, (313
:O’

where [b,l,qb(o)] = AL@X“ (i=1,2) and the indices are raised and lowered with respect to

the metric n*.
Proof. From conditions (B.13) we find that
6" = cALIXP — DeW;, (3.14)

where W; are some “matter” operators. Let’s consider the coefficient of c0?c in the expres-
sion [@, gbgo)]. It is easy to see that it is equal to W1 — o/(?“A}L. Therefore,

Wy = /0" A}, (3.15)

The only term which is left in [Q), ¢§0)] is that, proportional to cOc, such that the proportion-
ality coefficient is 0/(2(%(9“/1,1/ — QOVOMAL)(?X Y. Therefore, the following equation holds:

D" A, — 0,0" A, = 0. (3.16)
Thus, we proved the first part. To prove the second part, we first notice that
0) (0 0 0
R, 6") = 2P [t + ), 61" (1)
= d/coc (2 [aﬂA;,Ai] +4 [Ab,@“Al,,] -2 [Ab, 6"A1“] + O(o/z)) (3.17)

Therefore, remembering lessons of the proof of the first part, we find that Wy = o/ (9“/1!%
and, therefore, the second of equations (B.11]) at the order o/ gives the following equation:

OOt AL — 9,01 A2 + [OM AL A +2[A}, 0" A" )] — [A),,0,AT] = 0. (3.18)

This finishes the proof. B
One can easily notice that equations (B.1J) coincide with the Yang-Mills equations

O™ + [Ay, F*] =0,  Fl = 0y Ay — 0y Ay + [Ay, A (3.19)

expanded up to the second order in the formal parameter ¢, such that the expansion of the
gauge field A, is as follows: A, = tAb + tQAz + O(t3).
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Remark. It is worth noting that in papers [, 4], the Yang-Mills action was obtained
from effective action of open SF'T and WZW-like open super SFT correspondingly.

The next step is to figure out how the gauge symmetries appear in this formalism. The
following proposition will help in this direction:

Proposition 3.3. Let ¢§O), go) € Fg(o) be of ghost number 1. Then, the following trans-
formations generate the symmetries of equations :

40 _}¢§o>+€[Q,A§0)], o, §0>+6<[Q,Ag))] +R< §0>,A§0>>), (3.20)

where )\Z(-O) € Fg(o) are of ghost number 0 (i=1,2).
The proof directly follows from Proposition 3.1.
If we consider A\”) = Ai(X), then transformations (B.2(0) have the following form:

)

O = ¢l 1 2c6AL0XH — o/ 9cd"S AL,
O — 6P 1 2¢ (5420X" + O(a)) — o/ De (9642 + O(d)) (3.21)

where 5AL = €0y, 5Aﬁ = €(OpAa + [A}L, A1]), which coincide with the usual Yang-Mills
gauge transformations with the element of gauge transformation expanded up to the second
order in t: A = tA; + t2Xg + O(3).

4. Conclusion and final remarks

In this paper, we have considered the formal Maurer-Cartan equations (.24) and (2.27)
and have shown that they lead to the second order approximations to the corresponding
classical field equations, namely Einstein and Yang-Mills ones. However, our constructions
involve the further corrections in o/ parameter how it usually happens with beta-functions.

Here, we make a claim that at list in case of perturbation by a gauge field, it is possible
to redefine the operation R, i.e. make a restriction of it to some subspace, denoting the
result as Rp, and define another graded 3-linear operation Rs, which together satisfy the
relations of a homotopy Lie algebra, such that the Yang-Mills equation will be written in
the form of the generalized Maurer-Cartan equation

[@ ¢<o>} n % Ry <¢<0>7 ¢(o>> n % Ry (¢<o>, 50 ¢(o>> _o (4.1)

This subject will be studied in [PJ].

In the case of Einstein equations, we suggest that such redefinition can be made,
however in contrast to Yang-Mills, due to the strong nonlinearity one might expect that
a number of operations M, in the GMC equation should be infinite. In this respect, we
note that the first order formulation of string theory in background of metric B-field and
dilaton [, [[3] looks more promising since this formalism does not destroy the geometry
and as it was shown in [f] probably will lead to the generalizations of the homotopy algebra
of Courant/Dorfman brackets.
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A. Proof of Proposition 2.6

Proposition 2.6. Constraints (2.33)-(2.38) for (£.43), where U; = U;(X) and U; = U;(X)

lead to the Finstein equations
R, +2V,V,® =0,

R+4V,VI® —4VHOV,® =0 (A.1)
expanded up to the second order in t, where the expansion of metric and dilaton is given
by formulas ([2.43), such that correspondence between dilaton and U, U -variables is given
by the formula

oy = 1/2t(Uy + Uy — 1/2h),
Dy = 1/2(Uy + Uy — 1/2s — 1 /4Ry, h*™), (A.2)

where h = 0" h,, and s = n'"s,,.
Proof. Here, we will give the expression for the Einstein equations ([A.]) with the metric
and a dilaton expanded to the second order of perturbation parameter t:

Gy = M — thyw (X) — 125, (X) + O(?),
D = g+ td(X) + 12Do(X) + O(?). (A.3)

At the first order in ¢, we have:

1/208hy, — 1/28,0,hf) — 1/20,0,h0, + 1/20,0,h + 28,0,%; = 0, (A.4)
Ah — 040 hy, + 40,0" D) = 0, (A.5)

where h = 7”7 h,; and A = 0,0". The indices are raised and lowered by means of the flat
metric n”?. The next order gives:

1/2As,, —1/20,0%s5, — 1/20,0"s5, + 0,0,(1/25 + 29 + 1/8h* h,)
+1/2(0%hge — 9e(1/2h + 281))0°° (8phuy — Ouhup — Ouhyp)
+1/205° 0 hy Oy by + 120177 h s O DT
—1/205P 0 Oxhe, Ophap — 1/205 0T hean™n"®
—1/2050, hyn hean™Xn°® + 1/4h4 0,0, hean™nP = 0. (A.6)
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As — 18”5, + 40,0" g + 3 /400 hy 0 WM
~1/20,hy0® hye + (0Phge — e(1/2h + 281))(95(1/2h + 21)

—0,h*%) = 0. (A7)

Let’s obtain ([A.4), (A.H) from (R.32),(2.33). We have:
Vi =1/2a"" h, (X)0XH0X", (A.8)
Vo = 1/20" 7 (8, (X) + 1/2h, )0 hyo (X)) OXHOX”. (A.9)

So, we just need to substitute these operators in equations (R.3%), (2.33). Starting from
the first one

(L()‘/l) —-Vi—- 1/2L,1L1‘/1 — 1/2[7/,1[7/1‘/1 — 1/2L,1E,1(U1 + Ul) =0, (AlO)

we see that

(LoVi) — Vi = —1/4Ah,, (X)0X"0X", (A.11)
1/2(L1V1 + I/flUl) = —1/4(8ﬁh55 — 28§U1)(§X£, (A.12)
1/2(L Vi + L1 Uh) = —1/4(0 hge — 20:U1)0XE. (A.13)

In such a way, we see that equation (A.I0) coincides with (A.4) if
Uy + U = 1/2h + 29y, (A.14)

so our choice for U-terms was correct. Similarly, one obtains that two other equations:

LWy =0, LWy =0 (A.15)
coincide with (2.39) since
LWy = LiWy = —1/28,0,h" + 9,0"(1/2h + 2®1). (A.16)

The second order equations are more complicated. Again, we start from (2.34)), namely,
using the properties of the operator products we will rewrite it in the following way (from
now on, we will omit zero index in the operator products):

(LoVa) — Vo — 1/2(V4, Vi)Y + (W, 13)OD 4 (wy, v3) {0

—~L AWy + L W5 =0, (A.17)
Wi(z) = —1/2((L1Va)(2) — (I1Vi + LUy, V1)V (2)

—(LaiVi 4+ L0, V)@ (2) + (U1, V) B9 (2) + L1 US(2)),
Wi(z) = —=1/2((L1Va)(2) — (LiVi 4+ L_10y, V)V (2)

—(LaVi + LU, V) O (2) + (01, 1) OV (2) + L1 U5(2)),  (A.18)

where

Uy = Uy — 1/2(V1, V)2 — 1/2(Uy, Vi)W + 1/2(Ly Vi + Ly Uy, Vi) 12,
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U} = Us — 1/2(V1, V1) 3 — 1/2(T1, Vi)Y 4+ 1/2(L1 Vi + L1071, V1) 3.
W-terms are:

W3 = 1/89%(hapsn™ hue + 25¢0)0X°

+1/8(0°hge — 206 (Uy + U1))1 P hpa0X ™ — 1/20,U50X* + O(d),
W3 = 1/89%(hapsn™ hye + 25¢0)0X°

+1/8(0%hpe — 206 (Uy + U1))1 P hpad X — 1/20,U50X + O(d).

Here are the explicit formulas for other terms in sum (A.17):

(Lo — 1)Va = (Lo — 1)(1/2a/5,,0X"0X")
+(Lo — 1)(1/4a/ 1y 5m°%h,a 0XHOXY),
(Lo — 1)(1/2a/ 75, 0X"0X") = —1/4As,,0X"0X",
(Lo — 1)(1/4a/ 7 h,snh,a0XHOXY) = —1/8Ahun"hasd X 0X"
—1/8hun”*Ahyg0 X X"
—1/40°PDeh " 0phasd X OXP = —1/40° Ochyn”*0,hasd X O XP

(A.19)

(A.20)

(A.21)
(A.22)
(A.23)

—1/8(8, 0% heun” *hap+ 0,0 hean” hay ) OX O XP
—1/89, ((0%hge — 20¢(Uy + U1))n*Phye )XV X
~1/80,((8°hge — 20¢(Uy 4 U1))n*Phye)OX " DX
+1/8(0%hpe — 206 (Uy + U1)) 1P 0, hpa 0X VDX
+1/8(9%hge — 206 (U + U1)) 1 Do p, 0X Y OX ™,

(1, Vl)(Ll) = (4al2)_1(hpaaXp5XU, hAuaX)‘éXu)(l’l)
= 1/2775/),'7004hpaagaahwjaXngu
—1/20%° Oz hey Ophar 0X DX

(A.24)

—~1/4050,h hean? 170X OXP — 1/4050phuhean® n°*0XPOXH
+1/40,hy O hean® n7*OXPOX® + 1/40,h 0 05 hean® n°HOX*OX P

+1/4h0p 8,0, hexn™nPr X XY + O(d),

—1/2(Ly Vi 4 LT3, V)0 = (8a/) "1 ((0Phge — 20:U1)0X S, b, 0XH0XY) 1 A.25)

= —1/89,(0°hpen**hap)0XPOX"
+1/89° hgen**0phasd X OXP
+1/8000°hg, *hapdXPOX" — 1/8(0° hse
—20:U1 )1 0xh 50X POXP + O(a)),

—1/2(L1 Vi + LU, V)0 = (8a/)"1(0Phpe — 20:U1)0XE, by, 0XHXY) 1 A.26)

= —1/80,(9%hpen**has)0XPOXP
+1/89° hgen®*0phasd X OX"
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+1/807\0%hg*hagd XPOXP
~1/8(8%hge — 20:U1 )0 Orh,50XPOXP + O(a).

Collecting formulae (A.19)-(A.26) in (A.17), we arrive to the Einstein equations ([A.§),
putting

Us+ U = 1/25 + 2®9 + 1/4hy, h* = Uy + Uy + 1/8h,, W + O(d). (A.27)

Now let’s obtain the last equation (A7) from (2.36). Let’s write the expressions for
different terms from equation (R2.36)):

Wo = 1/80%(hapn™ hye + 25¢0)0 X"
+1/16(0°hge — 9 (2Uy + 401 ))n*Ph,pn 0X
+1/320,(hy ") — 1/20,U,0X?, (A.28)
o/ TN 2L W) — 2(LoUs)) = —1/40¢ 0o (W8, V™ + 255°)
~1/160,,0% (W hy) + 060%(Us + Us)
—1/8(800%hpe — Da0e(2U) + 4U1 )RS
—1/8(8%hge — 0¢(2U7 + 4U1))0ah”® = —1/20:0“h# e — 1/40ch 0% h
—1/40“R#Dchyyp — 1/206 0 5™
—1/8h%0,0° hge + 1/8h 9, 0¢ (2Uy + 4U)
—1/89,h° 9P hpe + 1/80¢ (2U7 + 4U71)00h®
+1/20,0"(1/2s 4+ 2®3) + 3/40°0,h"“hpa
+3/807h,,0,h" — 3/4R* 9, (Uy + U1), (A.29)
o/ 12Uy, W) = 1/2(0%hge — 20:01)05U, + O()
o/ oWy, )P0 = —1/8(8%hge — 20:0,) (950" — 20¢0,) + O(e)
o1, W) OV = 1/4(8%hge — 20:U1)0° UL + O(a)
—a' 7 WV, W)Y = 181590, (8% hse — 20:T1) + O()
o1, U)EY = 1/20%%9,0,5U. (A.30)

Summing ([A.29) and ([A.30), we arrive to equation (2.36). It is easy to see that for our
choice of V' and U, U-terms, (R.37) leads to the same equation. This ends the proof of the
proposition.ll
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