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ABSTRACT: Non-BPS non-Abelian vortices with CP! internal moduli space are studied in
an N = 2 supersymmetric U(1) x SU(2) gauge theory with adjoint mass terms. For generic
internal orientations the classical force between two vortices can be attractive or repulsive.
On the other hand, the mass of the scalars in the theory is always less than that of the
vector bosons; also, the force between two vortices with the same CP! orientation is always
attractive: for these reasons we interpret our model as a non-Abelian generalization of type
I superconductors. We compute the effective potential in the limit of two well separated
vortices. It is a function of the distance and of the relative colour-flavour orientation of the
two vortices; in this limit we find an effective description in terms of two interacting CP!
sigma models. In the limit of two coincident vortices we find two different solutions with
the same topological winding and, for generic values of the parameters, different tensions.
One of the two solutions is described by a CP! effective sigma model, while the other
is just an Abelian vortex without internal degrees of freedom. For generic values of the
parameters, one of the two solutions is metastable, while there are evidences that the other

one is truly stable.
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1. Introduction

According to the ideas of Mandelstam and 't Hooft [, confinement in non-Abelian gauge

theories is due to a dual Meissner effect. The electric flux between two heavy electric sources

is confined by a dual Abrikosov-Nielsen-Olesen vortex [; the vortex has a constant energy

per unit length (tension). This leads to a linear potential between the probe charge and

anti-charge. Due to the difficulties in analyzing strongly interacting non-Abelian gauge

theories, this picture remained just a nice qualitative scheme for years, which could not be

justified from first principles.



A breakthrough in this context was the Seiberg-Witten solution [ of N' = 2 super
Yang-Mills theories; they found massless monopoles at strong coupling. Adding a small
N = 2 breaking mass term for the adjoint field, the monopoles condense creating dual
vortex strings which carry a chromoelectric flux. The details of confinement in the Seiberg-
Witten scenario are indeed quite different from QCD. The SU(N,) gauge symmetry is
spontaneously broken broken to U(1)Ve~! by the expectation value of an adjoint field and
the strings of the theory carry an Abelian U(1)Ve~! charge. A careful examination shows
that the “hadronic” spectrum is much richer than that of QCD [H].

Thus it is interesting to study some alternatives to the Abelian Meissner effect, with
the aim to find some close relatives of QCD. The non-Abelian vortex discussed in refs. [H,
is an interesting possibility in this direction. This solitonic object has first been studied
in an ' = 2 U(N.) gauge theory with Ny = N, = N quark hypermultiplets and with a
Fayet-Iliopolous term in order to keep the theory in the Higgs phase. The squark fields
condense and break the gauge symmetry; on the other hand the colour-flavour locked global
symmetry is unbroken in the vacuum. The theory has vortex solitons which spontaneously
break this SU(N) symmetry to SU(N — 1) x U(1); due to the zero modes corresponding to
these broken symmetries, the moduli space is given by the quotient:

SU(N)
SUN —1) x U(1)’

(C]P;N—l _

The classical moduli coordinate can be promoted to a field living on the vortex worldvol-
ume; in this way vortex solitons in a 3 + 1 dimensional theory can be directly connected
with a CPY~! sigma model in 1 + 1 dimension, which describes the macroscopic physics
of the flux tube. Some reviews on this subject can be found in ref. [[f]; recent develop-
ments involve the Seiberg duality [§], the Goddard-Nuits-Olive duality [{], generalizations
to SO(N) theories [[[J], and possible phenomenological applications to high temperature
Yang-Mills and dense matter [[[T]].

The non-Abelian vortex can be studied in many different theoretical settings; indeed
it is possible to start with an A" = 1 theory [, L] or even with a non-supersymmetric
theory [[4]. The details of the effective 1+ 1 dimensional sigma model are different due to
different number of fermions and various amount of supersymmetry. Also the number of
quantum vacua is different, for example there are N vacua in the N = 2 case [[[-[[7] and
just one vacuum in the non-supersymmetric case [@]

It is also interesting to study the non-Abelian vortex for higher winding numbers. In
the N/ = 2 case, the vortex is a BPS object with a big moduli space; as discussed in
ref. [[j, [[§], in the topological sector with winding k, the dimension of the moduli space is
2kN. Some of these moduli correspond to the relative and global positions of the component
k = 1 vortices; others to the global and relative orientations in the internal space. The
vortex solution and the moduli space for higher winding numbers has been discussed in
refs. [[9, [, pd-RJ.

In this paper, we study the impact on the vortices of the A/ = 2 model of some
mass terms 7,73 for the adjoint fields, which break the extended supersymmetry. For
concreteness, we will discuss the case N, = Ny = 2. The vortex with winding number



one is not anymore a BPS object, but still has a CP! moduli space. On the other hand
the physics for vortices with higher winding numbers is very different: almost all the flat
directions in the moduli space are lifted by the parameters 7y, 73. The force between two
vortices is not as simple as in an Abelian superconductor, where we have attraction for
type I vortices and repulsion for type II ones [23, P4]. There is a non-trivial dependence
on the orientations of the two vortices in the internal space.

Even if the force between two vortices in our model is not attractive for all values of
the vortex orientations 711, i3, we have a close resemblance with type I Abelian vortices: we
find that the scalars of the theory are lighter than the vector bosons. Hence if we consider
two well separated vortices, we have that the prevailing part of the interaction is mediated
by scalars and not by vectors. Moreover, for 717 = 7is the force is always attractive. We
have also found evidences that the configurations which minimize the energy are always
given by two coincident vortices, just as in the type I Abelian case. For these reasons we
call these objects "non-Abelian type I vortices”.

In section 2 we describe the theoretical set-up. In section 3 we discuss the non-BPS
solutions for the vortices which live in the Abelian subset of the theory, with emphasis
on the sectors which have topological winding 1 and 2. In section 4 we study a more
general configuration of two coincident vortices, both in the BPS case and in the non-
BPS case; a potential for the vortex moduli space is found for 793 # 0. In section 5
the interactions between two vortices with a large separation distance are studied and the
effective vortex potential is computed in this limit. In section 6 the worldsheet description
of the macroscopic physics is discussed, both for a single vortex and for two vortices at
large distance. In section 7 we conclude the paper and make a general discussion. Some
aspects specific to the large ng 3 limit are discussed in appendix A. In appendix B the BPS
equations for two coincident vortices for ny = n3 = 0 are provided.

After this work was finished, two papers about interactions of global non-Abelian
vortices appeared [BJ]; however the details of these two models are quite different from the
setting studied in this paper.

2. Theoretical set-up

2.1 Lagrangian

For the U(1) gauge field Ag and the SU(2) gauge field Aﬁ (k = 1,2,3) the following
conventions are used:

™ kL0
AN == 714“ —|— §AM’ (21)
k .

— T 4k g0

Vu = 8;,, - ZEAM — §AM’
D,a" = 9,a" + eklmALam. (2.2)

The field strength is:

Fu = 0 Ay = 0, A = 1 4177, A (2.3)



which in components (with the convention F,, = F, [flﬂ'k /2) reads:
F, = 0,A, — 0,A + €77 AJ AL

We consider an N' = 2 supersymmetric U(1) x SU(2) gauge theory with Ny = 2
hypermultiplets together with the following superpotential:

1

V2

where the terms W) 3 are of the form

w |Qsla+ar +Vam))Q; + Wola) + Wa(a"r")| (2:4)

Wo = —-€a+ noaz, Wg(aka) = ngakak. (2.5)

Here we have introduced two real positive mass parameters 79 and 73 for the adjoint
scalars which break N' = 2 SUSY to N' = 1. my is the mass of the hypermultiplets
Qy, Qf (f =1,2) and ¢ is the FI F-term parameter!. Vortices in Abelian versions of this
theoretical setting have been discussed in refs. [2g, R9].

This kind of potential naturally arises from the N' = 2, SU(3) SQCD softly broken
with a mass term of the form W = 5TrA2. Indeed, when the bare masses of the squarks are
tuned to special values, there exist true quantum vacua in which the non-Abelian gauge
symmetry SU(2) x U(1) is preserved [f]. The low energy effective theory in these vacua is
exactly the theory we are studying here?.

The bosonic part of the Lagrangian in Euclidean notation is (we use the same symbols
for the scalars as are used for the corresponding superfields):

1 1 1 1
L = d4 _Fk; 2+—FV2+—D k2+_8 2
[ s P + gl + 51D, + 10

+Tr(V“Q)T(VﬂQ) + Tr(qu)(VuQT) +V(Q, Qa aka a)} ) (2.6)

where ¢eg is the U(1) gauge coupling and es is SU(2) gauge coupling. The potential V' is
the sum of the following D and F' terms:

62 2 .. . . ~ o~ 2 62 A 2
v=ﬁ<gwww+ﬁ@W@—ﬂ@ﬂﬂ)+§Cm@@—ﬁ@@0

8 3
e§ ~ . 12 e% - 2
+o Tr(QT'Q) + 2mza’| + 5 Tr(QQ) — &+ 2770(1‘
1 . . -
+5 2 l(a+ e’ + Vam)Qs + |(a+ ial + V2mp)QY (2.7)
f=1

LA very similar Lagrangian was discussed in refs. [@, E], in that case the FI was in the D-term and
not in the superpotential. This leads to different physics, the vortex is still classically BPS saturated. For
a discussion of the different settings that give BPS vortices, see refs. @]

2These quantum vacua exist only if we have a sufficient number of flavours. In this case semilocal vortices
may be relevant @]



The squark multiplets are kept massless in the remainder of the paper,
myg = 0.

The vacuum of the theory which we are interested in is not changed by the parameters

Q:Q:@(é?),@z& a® =0. (2.8)

For ng # 0, the theory has also another classical vacuum:

Q=0Q=0, a:i, ak
2no

Mo,3:

=0, (2.9)

which “runs away” at infinity for np = 0. In what follows, we consider the vacuum (R.§)
and the non-Abelian vortices therein.

2.2 Spectrum of the theory

The masses of the gauge bosons can easily be read of the Lagrangian:

MYy = €€, My = &3,

The masses of the scalars are given by the eigenvalues MZ-2 of the mass matrix (calculated

in the vacuum (R.9)):
1 9°V

M= 5381'38]"

(2.10)

where we denote by si (k= 1,2,---,24) the real scalar fields of the theory. The calculation
is a bit tedious but quite straightforward (a very similar situation is discussed in ref. [[12],
in the case of a D-term Fayet-Iliopoulos). First of all, there are four zero eigenvalues, which
correspond to the scalar particles eaten by the Higgs mechanism. There is one real scalar
with mass Mgo = Myy(1) which is in the same N =1 multiplet as the U(1) massive photon
and moreover there are also three scalars with a mass My = Mgy2) in the same multiplet
as the non-Abelian vector field. The other mass eigenvalues are given by

M3, oo = Ee§ + egmg £ 1/ 26n3es + efng ; (2.11)
M7y o = €3 + e3n3 1/ 26n3eS + efns |

where the upper sign is for Mgy 71 and the lower sign is for Mgy 79. Mg and Mgy have
multiplicity 2; Mp; and M7 have multiplicity 6. The mass of the fermions is obviously
the same as the mass of the bosonic degrees of freedom, because of the unbroken N = 1
supersymimetry.

Note that for 79 = 13 = 0 (which is also discussed in ref. [B{]), the mass degeneracy
of the spectrum is bigger (the particles fit into N/ = 2 hypermultiplets). The parameter
1o affects only the masses of the particles which are in the same N = 2 hypermultiplets
as the U(1) vector field; n3 affects the mass of the particles which are in the non-Abelian



vector hypermultiplet. The case of N' = 2 SQED was studied in ref. [R§]; the results are
very similar to our U(1) subsector.

In the limit noeg > /&, we find M2, ~ 2edn? and M2, ~ &2/(4n2). In a similar way,
if m3es > /€ the masses become M2, ~ 2ein? and M2, ~ £2/(4n3). The particles with
masses Mg1 and Mp; (which in this limit correspond to the fields a and ak) become very
massive and decouple from the low energy physics.

For npeg < /€ and n3e3 < /€ nonetheless we find

M§1,52 = 563 + \/577068, M12“1,T2 = £€§ + \/é?:ieg- (2.12)

Some of the scalars become slightly heavier and some slightly lighter.
The mass eigenvectors take a quite complicated form for small 7 3, with at non-trivial

k. On the contrary they are quite simple for large 70,3,

mixing between @, Q and a,a
because the fields a, a® decouple from the low energy physics. The effective Lagrangian for

large 10,3 is discussed in appendix A.

3. (p, k) coincident vortices

3.1 Second order equations

In this section, we will study some special solutions representing coincident vortices that
live in an Abelian subgroup of the fields of the theory. These solutions are parameterized by
two positive integers (p, k); the topological Z winding number is given by w = p + k. This
kind of solution gives us the most general vortex with winding w = 1 up to a colour-flavour
rotation?.

Due to the symmetry between ) and Qt, for the vortex solution we can consistently
set Q = QF.* With this assumption the Euler-Lagrange equations of the theory are:

0" = T (iQ'(v'Q) - (v Q)'Q).

—epm((D¥a) am + (D"a)al,), (3.1)
%
14 -
V'V,.Q = 5OT
%
14 -
0"oua = 5ol
DMD,ay = —5—V. (3.2)
5(1;2

3As we will discuss in the next section, for higher winding, we know that it is not the most general

solutions, at least in the BPS case [H, @, @, @, @]
“This can be checked using the variables: Qs = (Q + Q")/2, Qp = (Q — Q")/2. With this variables we

easily see that aa_v =
Qp —
Qp=0



We make the following axial symmetric ansatz (which in the BPS limit reduces to the one

of ref. [H]): |
[ e 0
(7 )

eijxj EijCCj

A=~ 2 (= k) = f(r)], A [(p+ k) = fo(r)],
ayg = )\0(7‘), az — )\3(7“), a] = ag = 0. (33)

Notice that the adjoint fields a,a”* are non-trivial in the non-BPS model, whereas they
vanish everywhere when 7 3 are zero (BPS).

The vacuum of the theory is invariant under the following global colour-flavour locked
rotations (U € SU(2)c4r):

Q—-UQU', Q—-U'QU, d*'n, — U(d*n)U', Fim — UFS,m)U". (3.4)
Let us introduce the S? coordinate n*, with k = 1,2,3 and |ii| = 1:
nkrk = Ur3UT. (3.5)

Using the parametrization introduced in eq. (B.5) we can write down the expression for a

w = 1 vortex with generic orientation n*:
Azo 61.7'1:.7 [1 - fO] z EZJ:EJ [1 - f3] ) aO = >‘0, ak = nk)‘3a
- Io Io _
Q=0 = $re” + o, n P1e ¢27knk. (3.6)

2 2
It is easy to see that the (1,0) vortex partially break the symmetry in eq. (B.4); as a
consequence, this object has some internal zero modes associated to this breaking. In fact,
the vortex leaves a U(1) subgroup of SU(2)¢r unbroken, so that zero modes parameterize
a CP! = SU(2)/U(1) = 52

The energy with respect to ¢1 2, fo,3 and Ao 3 is expressed as

(/]2 12 )\/2 )\/2 P P
E=2 d 2048 49
71/7“ r<28r2+263r2+60 + 2 S+ 2(67 + ¢ )+

2 2
(QS + ¢2)(f0 + f;ZQ_F 2f3f0(¢ ¢2) (¢2 + ¢2 £+ 2770>\0)2+
2
+ 267 = 63+ 2m2) + (o + X)) + (o - )\3)¢2)2> : (3.7)

We have to minimize this expression with the appropriate boundary conditions for each
(p, k):

f3(0) =p—Fk, fo(0) =p+k, f3(c0) =0, fo(oo)=0.
¢1(OO) = 1, ¢2(OO) = 1, )\0(00) = 0, )\3(00) =0. (38)
We also find for small r:
¢1 x O(rP), ¢g x O(rk), Ao x O(1), A3 o< O(1). (3.9)



The Euler-Lagrange equations obtained are:

1" /
0 fO

I 5 B0 — )+ o6 + ), (3.10)
BB = 0+ )+ o6 - ),
¢,1/+¢7’1_ ¢1(f21:; f3)? _ & ((Ao+>\3)2+63(¢%+¢§—54-22770>\o)+€§(¢% — ¢3 + 2n3A3)) ,
/2/+¢7’2_¢2(f217; f3)? _ ¢ ((Ao—A3)2+€3(¢%+¢§—5;2770>\o)—€§(¢%—¢§+2H3)\3)),
XO/Jr?'o _ € (a0 + ag)eF + (a0 — a3)¢§2+ coo(¢F + 85 — €+ 2moAo)) ’
N+ )\7% _ 3 (a0 + ag)e? — (a0 — as)gg + e3n3(df — 93 + 2m3)3)) .

It is easy to check that these equations can be obtained substituting the ansatz (B.J) in
egs. (B.9). This shows that the ansatz is consistent.

In the following, we will concentrate our effort on the study of the sectors with topo-
logical winding 1 and 2; in other words, we will discuss the (1,0), the (1,1) and the (2,0)
vortices. In the BPS limit (19 = 13 = 0) the tension is proportional to the topological
winding number (71 gy = 27§, T(1,1) = T(2,0) = 47E). For non-BPS solutions, o3 # 0, we
find that the tension is always less than the BPS limit. This is because the non-BPS terms
in the tension formula eqgs. (B.7) do not give any contribution if we put the BPS solutions
into the expression (Ao 3 are identically zero for the BPS solutions). The non-BPS solutions
will of course be a true minimum or saddle point of the energy functional, so that their
energy will be smaller than that of the BPS configurations®.

For fixed &, the tension of the (1,1) vortex is a function of only eg, 179, because for this
vortex f3 = 0 and ¢ = ¢2. This is clearly explained by the fact that the (1,1) vortex is
completely Abelian. On the other hand, the tension of the (1,0) and of the (2,0) vortex is
a non-trivial function of all the parameters eg 3, 10,3.

If we take e3 = ey and n3 = 1y the vortex becomes easier to study. In this case we can
use a more convenient basis for the gauge field, which is just the sum and the difference of
Ag and Af;. The potential V' also factorize, and takes the form V = Vi (¢1) + Va(¢2). Each
diagonal component of Q) does not interact with the other ones, and can be treated as an
Abelian vortex. For the (1,0) vortex we can use the simple ansatz’

B be¥ 0
o-(% 1) o

while for the (1,1) and for the (2,0) vortices we can use

(elree 0 N
Q‘( 0 ¢<r2>em>’Q‘< 0 f/2>' (312

This also has a clear resemblance to the Abelian case, where type I vortices have a smaller energy with
respect to the BPS case.

Notice that we cannot impose ¢ = /€/2 even for (1,0) vortex in the generic models.



The system reduces to the Abelian vortex studied in ref. [R§]. The tension of the (1,1)
vortex is exactly twice the tension of the (1,0) one. In each of the U(1) factors, we have
type I superconductivity. Since the two U(1) subgroups are decoupled, the (1,0) and (0, 1)
vortices do not interact. Furthermore, the tension of the (2,0) vortex is less than twice the
tension of the (1,0) vortex.

3.2 Numerical solutions

At generic eg 3, 10,3 eqs. (B-10) have been solved numerically. It is a little subtle to solve this
system of ordinary differential equations directly. The difficulties basically arise because
there are many equations; there are also subtleties in defining the boundary conditions
at oo, because, in general, the fields which appear in our ansatz do not correspond to
mass eigenstates. In order to perform the numerics we found that the method of re-
laxation is very effective. We add an auxiliary time dependence to the profile functions
@ = (fo, f3, 91, %2, Ao, A3) . At t = 0 we start with some arbitrary functions w;(r,0)7; the
evolution in ¢ is then given by:

ou

ot !

If the solution converges with time to a static configuration, then at final time we have

(3.13)

obtained a solution of the equations E; = 0, which are equivalent to egs. (B.10). The
results for (p, k) = (1,0), (2,0), (1,1) are shown in figure [I.

It is interesting to compare numerical result for the tension 271,75 and 77 ; of the
2 x (1,0), (2,0) and (1, 1) vortices, respectively (see figure fl). We have always found that
Ty < 2T1. This is consistent with the fact that at large separation distance, the force
between two vortices with the same colour-flavour orientation is always attractive (we will
discuss this aspect in section 4). As can be checked in figure [, three different regimes have
been found for T171: T171 < T270 < 2T1,0 or T270 < T171 < 2T1,0 or T270 < 2T170 < T171.

If ng = 0,m3 # 0, the tension of the (1,1) vortex is found to be the same as in the
BPS case. The tensions of the 2 x (1,0) and of the (2,0) vortex are strictly less than that
of the BPS vortices (3 = 0). Hence in this case Tho < 2179 < T1,1. On the contrary,
if n3 = 0,mp # 0, we have found 711 < Ty < 277 for all the numerical values of the
couplings that we have investigated.

4. Generic coincident vortices

4.1 The BPS case

The number of dimensions of the k-vortex moduli space in U(N.) N' = 2 gauge theory
with Ny = N, = N hypermultiplets has been computed in ref. Bl. The calculation uses
the index theorem and the result is 2k/N. Thus for 1y = n3 = 0, the moduli space of a 2-
vortex configuration is a manifold with eight real dimensions. Two of these dimensions are
associated with the global position of the system; other 2 coordinates are associated with

the relative position R of the two elementary vortices. The remaining 4 coordinates are

"The choice of the initial conditions is crucial to find convergence.



Figure 1: Profile functions fy (solid black), f5 (solid blue), ¢1 (long dashes, black), ¢ (long
dashes, blue), Ag (short dashes, black), A3 (short dashed,blue) for the numerical values £ = 2,eq =
1/4,e3 = 1/2,n9 = n3 = 1. In the left panel are shown the profiles for the (1,0) vortex, in the
middle, the ones for the (2,0) and in the right, the ones for the (1,1). Note that in this last case

fz=2A3=0and ¢1 = ¢o.

0j]2 o0l4 o]6 oJs 12 14 0l2 0/a o] o8 12 1ja—
/ 1.9
1.8 1.8 /
/ 1
6 \\*—_///
Lo \\ / 1.6 -
~— 7 | N -7
14 — 1.5 e T —F
. ~_ 1 -7 B -
e PR 1.4 —
1” \\‘—__—_// 13 /’/

Figure 2: T ; (long dashes), Tz o (short dashes) and 2T} ¢ (solid) for different values of 0 < w <
/2, where 3 = nsinw, 79 = ncosw. The tension of the BPS 2-vortex is normalized to Tgps = 2.
In the left figure the numerical values eg = e3 = 1/2, n = 4, £ = 2 are used; in the right figure
eo=1/2,e3=1/4,n=4,£ =2).

associated with the orientation of the system in the colour-flavour space. In this section,
we will write an ansatz for the case of coincident vortices (R = 0), and we will show
that it is non-trivially consistent with the second order equations of the theory. We will
correct a technical mistake in ref. [2(], where the problem was studied using first order

BPS equations.

,10,



Modulo a global SU(2) rotation we can parameterize a subset of the moduli space with
the angle a between 71 and 7. The expression for Q = QT is®:
— CoS %eQi‘f’m sin %ei‘f’ng
Q= . (4.1)

CISe I 1 [
—singe'Yr3 —cos Sky

The ansatz for the gauge fields is:

Ay = —L2 2~ fo), Aty = S (1 cosa)— f), (42

€i%i , . €5 . .
A%i) = —%(sm a)(cosp)(1 —g), A%i) =+ 7]02] (sina)(sing)(l —g). (4.3)

We have introduced here the profile functions k1 (r), k2 (1), k3(r), k4(r) for the squark scalars
and fo(r), f3(r), g(r) for the gauge field. For r — oo all the gauge profile functions vanish
and all the squark ones go to the value 1/£/2. The boundary conditions at r — 0 are:

fr)=2+00?), f3(r)=(1+cosa)+0O(?), gr)=1+0(@?), (4.4)
r1(r) = O@?), ra(r) — O(r), w3(r) — O(r), ka(r) — O(1).
For the (2,0) vortex we have:
a=0, ¢1=~r1, ¢2 =~
while for the (1,1) vortex (after a simple diagonalization):
a=m, ¢1 = ko= P2 = K3.

For the BPS vortex it is simpler to consider first order equations; but we are interested

in understanding what is happening for 793 # 0. Thus we will write the equations in a

form that can be easily generalized to a non-BPS setting. This will also give the possibility

to check our equations and numerical results, just comparing the result for the tensions

against the exact Bogomol'nyi bound; for completeness, we provide the first order BPS

equations in appendix B. The energy density due to the kinetic part of the gauge field is:
12 12 sin? v ¢’

S, = —0 . 4.5
g 2T2602+2T2632+ 272 e3? (4.5)

The part due to the kinetic energy of squark is:

So = cos? % (K + k) + sin? % (K + k) (4.6)
o ((1—cosa+ fo+ f3)%62 (1 —cosa — fo+ f3)%kK3
teosty 4r2 + 472

8The ansatz for Q used in ref. [E] iS: K1 = K2122, K2 = K21, K3 = K22, ka = k. This form is not
sufficiently general, because we have to keep all the four squark components independent variables; we can
show numerically that x1k4 # K2ks. Moreover, the profile function h(r) introduced in the same paper turns
out to be zero: as a consequence, the correct ansatz takes a much simpler form. The conclusions of ref. @]
about the vortex moduli space although are not changed by these technical points.
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Figure 3: Vortex profile functions for & = 7/3. In the left panel there are s (solid), 2 (long
dashes), k3 (short dashes), k4 (dots); in the right panel there are fy (solid), f3 (long dashes), g
(short dashes). The following numerical values have been used: £ =2, eg = 1/4, e3 = 1/2.

+sin22 <(1+Cosa_f0—f3)2”% n (1+cosa+fo—f3)2%§>

2 47?2 472
1—g)?sin?a o P
—i—% <cos2 5 (k% + K3) + sin® 5 (k3 + n§)> —
(1 - g)sin?a

ol ((1 + fO)KIKB + (1 — f0)1€2164) .

The part due to the potential reads:

2 2
e a e
VBps = 50 (Cos2 5 (/{12 + /{42) + sin? 5 (1622 + /-@32) — f)

e3 2Q, 2 2 2Q, 2 21\ 2 2
+5 (cos 5(/41 — K4°) +sin 5(/42 — K3 )) +sin” o (k1 K3 — Ko ka)” ¢ .

The total energy is given by:
E = 27T/’I“d7’(sg + QSQ + VBps). (47)

It is straightforward to write the Euler-Lagrange equations for this energy density, which
are a system of seven second order equations, one for each profile function; for brevity we
will not show them explicitly in the paper. We have solved this system numerically with
the same method used in section 3.2; in figure B is shown an example of the solution. The
tension is found to be equal to Tgpg = 47€ with an excellent precision for every «; this is
a good numerical check for the solution obtained.

An analytical check of the ansatz can also be found substituting eqs. (1)), ({J) into
the Euler-Lagrange equations (B.4). With this approach we find a system of the same seven
second order equations with the following first order expression:

K = &3r?(ngk) — minh + rorl — karh) — (1 — g) f5 — (f3 — cosa)g’ = 0. (4.8)

This seems to be a paradox, because this is a system of eight differential equation with
seven unknown functions. Actually, everything is consistent, because using the seven second
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order equations we can show the following property:

dK K
—_— = — 4.9
dr r’ (4.9)

which shows that K is linear in r. From the boundary conditions of the profile functions,
we find that the coefficient of this linear function has to be zero. This shows that our
ansatz is consistent with the equations of motion.

4.2 The non-BPS case: 7y,n3 #0

For 19, n3 # 0 the (1,1) and the (2,0) vortices are still solutions to the equations of motion;
so these field configurations are extremal points of the energy which can be local minima
or saddle points. For generic values of the parameters, we find T(y 1) # T(2), so the
continuous moduli space interpolating between these two particular solutions disappears.
For small values of 79, n3 we expect that the low energy physics of these solitons is described
by an effective potential of the moduli space. In this section, we will estimate this potential
numerically for generic values of a.

A constraint on this potential comes from the BPS limit at 79,73 = 0. In this case, a
continuous family of degenerate solutions exists, with tension T = 4w£. If we insert these
solutions into the energy density for 79, n3 # 0, the energy of these field configurations does
not change. However, the solutions to the second order equations have energies which are
less than this value. This sets an upper bound:

T (o) < Tpps = 4n€. (4.10)
There is an obvious invariance of the equations:
a— —a.

Indeed, if we expand around @ = 0+ 9 or @ = m + § we find that the linear order in §
is zero and that the first non-trivial correction to the tension is O(§2). This shows that
solutions with o = 0,7 correspond to local minima or maxima of the tension. In order to
find which of the two alternatives holds, an explicit calculation is needed.

In order to compute the potential of the vortex moduli space, we generalize the ansatz
that we have used for the solutions in the BPS case, using the same expressions for the
gauge fields, @) and the following expression for the adjoint fields:

ag = Ao(r), az = A3(r),

a; = (sin a)%)\lg(r), as = (sin Oé)_TxQ)\lg(T‘), (4.11)

where we have introduced the profile functions Ag, A3, A12, with the following boundary
conditions:

)\Q(OO) = 0, )\3(00) = O, )\12(00) = O, (4.12)

and the following » — 0 behaviour:

Ao x O(1), A3 x O(1), A2 x O(r). (4.13)
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17.5

Figure 4: Vortex profiles for a = 7/3 and £ = 2, eg = 1/2, e3 = 1/4, 5o = n3 = 1. In the left
panel there are k1 (solid), k2 (long dashes), k3 (short dashes), k4 (dots); in the middle panel f
(solid), f3 (long dashes), g (short dashes); in the right panel Ay (solid), A3 (long dashes), A1z (short
dashes).

This ansatz is suggested by the expression we get for these adjoint fields in the limit of large
1o, M3, where we can integrate these fields out (see appendix A). In the following we replace
these expressions in the action and find second order equations for the profile functions for
generic a. These field configurations at a # 0,7 are not solutions to the full equations of
motion, egs. (B.2); they are just functional generalizations of the BPS solutions. We use
these profiles as reasonable test functions to compute the effective moduli space potential.

The kinetic energy of the adjoint scalars is:

B PYSEID VL sin(a)? A" sin(a)?

S, =+ 5 5 {(1—9)* As*+ (4.14)
o e3 r2e3
+(fs — cos())? A2® + 2 A3 A1z (cosa — f3) (g— 1) }. (4.15)

The potential term is:

2

€ o\ 2 (o) 2
V:E cos | 5 (k17 + K4”) +sin 5 (K2” + K3”) +2m9No — &

D 2 2 2
e o . o
+—23 (cos <§> (k1% — K4?) + sin <§> (ko? — k3?) 4+ 213 )\3>

es . )
+—3$1n(a)2 (K1 K3 — Ko kg + 213 )\12)2 + 2sm(04)2 Ao A2 (K1 K3 — Ko Kq)
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Figure 5: Vortex tension as function of « in the topological winding 2 sector; the tension of the
BPS 2-vortex is normalized to Tgps = 2. In the left panel: £ = 2, eg = 1/2, e3 = 1/2, 79 = 0.1,
13 = 1. In the middle panel: £ =2, e9 =1/2,e3 =1/2, 79 = 1, n3 = 0.1. In the right panel: § = 2,
€p = 1/27 €3 = 1/47 No =13 = 1.

" <sin (%)2 K32 + cos (%)2 /<;42> <(A0 — X3)? + sin(a)? )\122>
+ <cos (%)2 k12 + sin <%>2 @2) ((Ao + A3)% + sin(a)? )\122) . (4.16)

The energy is the sum of all pieces:
&= QW/TdT(Sg +2S9 + S.+ V). (4.17)

The system of ten second order differential equations which we obtain is quite compli-
cated, but can still be solved numerically. The qualitative plot of the profile functions is
similar to the BPS case (see figure [ and figure []). The tension is a non-trivial function
on the coordinate «, which gives us an effective potential of the moduli space. We solved
this equations numerically for different values of the couplings eg, e3, 9,3 and we have
found three different regimes (see figure [f). The tension can have a maximum at o = 0
and a minimum at o = 7; we also find the opposite situation in which there is a minimum
at @ = 0 and a maximum at o = w. The third alternative is that both a = 0,7 are
local minima of the tension, with one of them a metastable minimum. We never obtain a
minimum at o # 0, 7.
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5. Vortex interactions at large distance

5.1 Vortex profiles at large distance

At large distance r from the center of the vortex, the equations can be linearized and solved
analytically. Let us introduce the following notation:

1 =\E/2+ ¢, d2=1/E/2+ ¢, T= (091,002, N0, A3). (5.1)
The following linear differential equations can be written:
=
() + ff) — Wii(r) =0, (5.2)

where the matrix W is given by:

242 2 2
g(602 e g(602 ) \/g 6%770 \/g 63?73

£(eg—e3)  £(eg+e3) 2 2
W 02 3 02 3 \/geono —\/%63773 ‘ (5.3)
V28egn V2Eegno 2mges + &ef 0

\/2§e§773 —\/2§e§773 0 2n§e§ + §e§

The eigenvalues of the matrix W are in direct correspondence with some of the scalar
spectrum of the theory (see eq. (R.11))):

W2 = Mg‘l,S2 = Lep + egmg £ \/ 28m5e0 + €5 (5.4)
w34 = MCIZ“LTQ = Le3 + e3n; £ \/ 28m5€5 + eng.

The corresponding eigenvectors are:

L <—€o477o2 + \/2€eo%n0% + eoPo? —eono? £ 1/28e0®102 + eoBno? 1 0) (5.5)

’ 2v/2€ep*no ’ 2/2& ep* o

. —e3ns? £ 1/26e35m32 + e38n3t e3tns? F \/28e3n32 + ezBmad

V3.4 = s ,0,1 . (5.6)
’ 2v/2€ez%n3 22& ezt 3

Note that v are also eigenvectors of the mass matrix defined in eq. (R.10).
The solutions to these equations which are zero at infinity are given by the modified

Bessel function:

i(r)= Y bpiKo(v/wgr), (5.7)

k=1,4
where b, are appropriate constants which can be found solving the complete differential

equation also at small r. For large = we can use:

Ky(z) ~ \/%e_x. (5.8)
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The asymptotic solutions for the scalar profiles read:

s
17(7“)% Z bkﬁk e VUK, (5.9)
bl 2/ wr

The large r equations for f3 and fy are:

" fé 2 " f?/, 2
0—?—560 0o=20, f3—7—§€3f3:0- (5.10)

This leads to the following asymptotic expression in terms of Bessel functions:

fo,3 = coarKi(eg3v/Er) o Ve (©osvVar (5.11)

where cg, c3 are constants which should be determined by the original 2nd order differential
equations. Note that there is the identity: K;(r) = —K{(r).

5.2 Static vortex potential

The next step is to reproduce the vortex asymptotic interactions in the effective linear
theory by coupling the low-energy degrees of freedom to an effective scalar density p and
an effective vector current j,. We shall extend an approach used in refs. B1, B9

First of all, we have to discuss the bosonic particle spectrum of the theory. There is
a massive U(1) vector and a massive SU(2) vector; then in principle there are 12 complex
scalar fields (@, Q, A, AF). For the vortex solution we have used the ansatz Q = o,
so in order to discuss the vortex interactions we can neglect the modes that break this
condition®. There are 16 real fields, 4 of which are eaten by the Higgs mechanism; finally
we have 12 physical scalars. We have already calculated the masses of these particles in
section 2.2; at low energy and at low coupling we can write a free theory which describes
the infrared physics:

1
46(2)

§

1
2

k \2 5 k pkp
46;2»,(F )T+ ZALA

Liree = —5(Fp,)* + 2 AR A% + )+ 3

1 1 M?2 M2
+§(8u51)2 + §(au1}k)2 + %512 + %(le)z- (5.12)

This effective Lagrangian contains three real scalar fields, Sj—¢ 1,2, which are SU(2) singlets
and three real scalar fields, le: 0.1,25 which are SU(2) triplets. These scalars correspond to
the appropriate eigenvectors of the mass matrix in eq. (R.10). The index k is an SU(2)
triplet index; this SU(2) group corresponds to the SU(2)c4p in the full theory.

In order to include external sources (=vortices) in this effective Lagrangian, we need
the following effective terms:

Lsource = pSlSl + Pljg"ljjlk + jO,uAO,u + jkﬂAkﬂ. (513)

9Tf we wish to include these extra modes in the low energy theory, we need only to promote the real
fields S1,Sa, TF, T% in eq. ( to complex fields.
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The corresponding wave equations are:

O+ M3)S = psi, (O+ ME)T} = ply,
(O + ep?6)A% = j1 (O + ez?€) AP = jkr, (5.14)

k

On the other hand, for the (1,0) vortex with orientation n”, we have the following asymp-

totic profiles, converted into the singular real @) gauge:

So = 0, Sl = blKo(M517°), SQ = bQKQ(MSQT), (5.15)
T8 =0, Tf =byn"Ko(Mpir), T4 = byn*Ko(Mrpor), (5.16)
A® = —¢y(2 A VEKo(egr/Er)), A* = —c3nf (2 A VKo(e3\/€r)), (5.17)

where V is only the ordinary gradient and not the covariant derivative as in the other
sections. We need the following mathematical identity for the 2 4+ 1 dimensional Laplacian
of Ky in term of Dirac’s § function:

(=A + M*)Ko(Mr) = 216(F). (5.18)
The following expressions are found for the scalar densities corresponding to a vortex placed
at the position Z and having orientation n*:
pso =0,  ps1=2wb6(%), ps2 = 2wbad(Z),
pro =0, pr1= 27Tb3nk6(f), pro = 27Tb4nk6(f). (5.19)

In a similar way we obtain the following expressions for the currents:
j=—2mcoz ANV(T), J¥ = —2mesn®z A VH(T). (5.20)

Using these expressions, it is straightforward to compute the static inter-vortex poten-

tial between two vortices with orientations 77 and 7iy at distance R:
U =2r (ch0(€0 VER) — B2 Ko(Mg1 R) — b2Ko(MgaR)+
(71 - 712) (3Ko(esV/ER) — BKo(Mr R) — Ko(MraR))) . (5.21)

In the BPS case (9 = n3 = 0) this potential is exactly zero, because we have Mg, =
Mgo = eg\/€, Mri = Mro = e3/€ and Cg = b% + b%, c% = bg + bZ.

If n3,mo # 0, we find that at large distance the particle with lowest mass is the one
which dominates the interaction. We have always the following inequalities:

Mgy < 60\/5 < Mgy, Mpro < 63\/5 < M. (5.22)

Thus if Mgy < M9 then we have:

™ _
U~ —2mb2Ko(MsoR) ~ —27b3, /me Ms2R (5.23)
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which gives an always attractive force. On the other hand, if Mpo < Mgo:

U ~ —21b2 Ko(MpaR) (71 - i) ~ —27b2 | ———— e~ Mr2R (7, . 7y), (5.24)
2MT2R

which gives attraction for 77y = 7y and repulsion for 77; = —is.

A very peculiar thing happens for ey = eg and 19 = 13 # 0. For these fine-tuned values
of the couplings Mgy = Mpy = My and by = by, so the effective vortex potential has the

form:
U~ —2mb2Ko(MaR)(1 + iy - fla) ~ —2mb3, | ——— e MeR(1 4 7, - iiy), (5.25)
2MsR
which gives a flat potential for 77; = —iy. This is consistent with the fact that in this limit

the (1,0) and the (0, 1) vortices do not interact because they are completely decoupled (see
the argument below eq. (B.19)). This behaviour is similar to the one found in ref. 2] for
global non-Abelian vortices.

6. Effective worldsheet theory

6.1 Single vortex

It is useful in the following to use the singular gauge in which the squarks fields at » — oo
tend to a fixed VEV and do not wind. In this gauge, the ansatz (B.6) for the single vortex
reduces to

0 _ GijTj k_ CijTy k0 _ k_ &k
Ai - T‘2 fO’ Az - T‘2 f3na a _)‘0, a =n )‘3’ (61)

o1 42- ¢21 n ®1 ; ¢2Tknk.

We will assume that the orientational coordinates 77 are functions of the string worldsheet

Q=

coordinates. 7 becomes a field of a 1 + 1 dimensional sigma model. This effective theory
has no potential due to the fact that the n* parameterize some zero modes; in the following
we will compute the kinetic term. For the gauge field components A3, we will use the
same ansatz as used in refs. [, [Lq]:

1
Ay = —§(T“e“bcnb3knc)p(r), k=0,3. (6.2)
The field strength components Fy; with £k = 0,3 and ¢ = 1,2 are not zero any more:

1 T, 1 i
F = 3 Opn“T%€;; r_; f3[l = p(r)] + §(T“e“bcnb3knc)72—p(r). (6.3)

Substituting this expression into the kinetic term for the gauge field and for the squark
fields, we obtain a simple generalization of the BPS case discussed in refs. [, L6, BJ]:

St = g / dtdz(9;n*)?, (6.4)
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where:

2

s=5 [rar{or+ B2 g g s {6+ 9 + 1= p)on - e} |

’ (6.5)
We have to solve the Euler-Lagrange equations for p(r), with p(0) =1 and p(r — o0) = 0.
In the BPS case, where A3 is trivially 0, we can show from the equations of motion [E] that
p=1—¢1/¢2 and that 3 = 27 /€3 (see also [B3, B4]); in the general case 13,19 # 0 there is
not such powerful analytical result, here we have to solve the equations for p numerically
and then calculate [.

In the BPS case we have additional fermionic zero modes, associated with the unbroken
supercharges; at small 79,73 # 0 these modes should be still present, but they will not be
described anymore by the fermionic sector of a supersymmetric effective theory in 1+ 1
dimensions. We will not discuss this aspect in this paper and we will leave it as a problem
for further investigation.

The color-flavor modes of the (2,0) vortex are very similar to the (1,0) ones: both the
vortices have a CP!' moduli space and the value of  can be determined using eq. (b.5). For
the (1,1) vortex,nevertheless, these modes are just trivial because all the profile functions
are proportional to the identity matrix.

6.2 Two well separated vortices

A proper description of the system has to take into account also the quantum aspects of the
sigma model physics. Let us consider two vortices with internal orientations 7i1,72. The
relative distance between them can be promoted to a complex field R; the global position
of the system, on the other hand, decouples from the other the degrees of freedom. If the
distance of the two vortices is large (|R| — 00), we expect that the effective worldvolume
description of the bosonic degrees of freedom is:

S = /dtdz { (Opn$)? + g(akng)Q + T80, R|? + vs(|R|) + v¢(|R|)71 - ﬁQ} , (6.6)
where:

R|) = —2mb? T ~Ms2lR| 6.7

vs(|R) = Moo R| (6.7)

ui(|R]) = 27Tb4\/ ] e M2l

where T is the tension of a single vortex. This description is good only for large values of
the VEV of the field R; at R = 0 the internal degrees of freedom are no longer described
by CP! x CP!, but by a space with topology CP?/Zy (see refs. [0, B1]). Moreover, the
expression used for the potential is good only for large vortex separation.

If we keep the VEV of R fixed (which physically corresponds to keep the distance of
the two vortices fixed with some external device), the effective description is given by two
CP! sigma models with a small interaction term of the form c7iy - 7is.
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7. Conclusion and discussion

For Abelian type I superconductors, the force between two vortices with the same winding
number is always attractive. This is true at large and at small distances, as shown by
numerical calculations in ref. [24]. In the model discussed in this paper, for 19,13 > 0,
the masses of some of the scalars fields are always found to be less than the mass of the
corresponding vector boson. In this sense we can think the system as a generalization of
the Abelian type I superconductor. However, here is an important difference: the force
between two vortices is not always attractive; there is a non-trivial dependence on the
coupling, the relative internal orientation and the distance.

In this paper, we have studied the problem in two different limits: large vortices
separation and coincident vortices. For large separations we have computed the leading
potential analytically; the behavior at large distance is dominated by the particle with the
lowest mass M,,. There are two main alternatives, which hold for different values of the
couplings:

UE) —/zame M for Migy = Mss, Typel -
XX .
— (71 7i2)y [ ogpryme M2 for Migy = Mra, Typel”

where Mgo, Mpo are the masses of the scalars in eq. () In order to distinguish these
regimes, we call them Type I and Type I*; for Type I* vortices the sign of the asymptotic

force depend on 7i; - 1io. For the fine-tuned values eg = eg and 19 = 13 # 0, the relation
Mgo = Mpo = My holds, and the effective vortex potential has the form:

U(R) x —(1 + 71y - 7ia) @e_MQR, (7.2)
which gives a flat potential for i1y = —is.

For coincident vortices we have found two stationary solutions of the equations of
motion, the (1,1) and the (2,0) vortices, and we computed their tensions numerically. The
results are shown in figure E; both the cases 111 > Ty or T > 17 are possible for
different values of the coupling. The moduli space interpolating between these solutions at
no = n3 = 0 disappears for non-zero values of one of these parameters (see figure fJ).

It is interesting to match the data of the two complementary approaches. Let us for
simplicity consider the case of parallel (77; = 7i3) and anti-parallel (7i; = —y) vortices.
In the case of parallel vortices at large separation distance, the force is always attractive;
also from numerical calculations we find 75 o < 277 o for all the values of the coupling that
we have analyzed. We have not made the calculation for arbitrary distances, but we think
that the above are a good evidence for the fact that the force between two parallel vortices
is always attractive in our model.

For anti-parallel vortices, on the other hand, the situation is more complicated. At
large distances there is attraction if Mpo > Mgo and repulsion if Mpy < Mgo. For the
choice eg = e3 and 19 = 713, the relation Mo = Mgo holds; as we already noticed in
section 3, for these particular values the two diagonal U(1) factors decouple: there is
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Figure 6: Qualitative plot of the vortex potential as function of the vortex distance for 777 = —7iy

and ey = es. For ny > n3 we have attraction (left); for 79 < 73 we have repulsion (right). With the
choice 19 = n3 there is no net classical force.
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Figure 7: For ey # e3 the qualitative plot of the vortex potential as function of the vortex distance
for 717 = —7i2 can have maxima or minima for non-zero vortex separation.

no net classical force between the (1,0) and the (0,1) force for arbitrary distance (this
configuration is not stable, because if we allow iy, 7ia to vary, we have that (2,0) vortex
has a lower energy). Indeed, if we keep ey = e3, we obtain Mpy > Mgo, T11 < 217 for
1o > n3 and My < Mg, T3 > 211 o for 19 < n3. This is a good evidence that for ny > 13
we have an attractive force and for 1y < 13 we have a repulsive one (see figure (f)).

If we relax the condition ey = es, there are situations in which at large distance there
is attraction (because Mpe > Mgo) and also we get T} 1,1 > 211, as is shown in figure Iﬂ
to the left: this means that there is a critical distance, in which there is a minimum of
the inter-vortex potential for anti-parallel vortices (if we allow the vortex orientation to
flip, probably it will not be a minimum any more, because we still have To g < 2717 ).
An example of this situation can be obtained with the couplings £ = 2,eg = 1/4,e3 =
1/2,m9 = 0,m3 = 4. Moreover we can obtain Mpo < Mgy and 111 < 271, which means
that there is a critical distance at which there is a maximum of the inter-vortex potential
(see figure [ on the right). An example of this situation can be obtained with the couplings
f = 2,60 = 1/2,63 = 1/4,770 = 3.5,?73 = 2.

It is interesting that at R = 0 there are two different regimes, which depend on the
values of the coupling, with very different properties. The physics of the (2,0) vortex is
described by a bosonic CP! sigma model; the (1,1) vortex on the other hand is an Abelian
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vortex with no internal degrees of freedom. For some values of the coupling we have an
evidence that both vortices are local minima of the tension (see figure f|): one of the two is
metastable (indeed for some fine tuned values of 7 3 we have that both the vortices have
the same tension).

A model with metastable vortices at weak coupling has already been studied in ref. [BJ.
This behavior is reminiscent of SU(/N) Yang-Mills, where for each topological n-ality we
can have different string tensions for each representation of the Wilson Loop. In each
topological sector there is just one stable string, corresponding to the antisymmetric rep-
resentation; there are evidences that the strings with other representations are metastable
strings, at least in the large N limit (see ref. [Bf] for a discussion).

In this paper we have been interested in non-Abelian non-BPS vortices in an N = 1
supersymmetric model. In such a restricted model we have found a physics similar to
Abelian type I superconductors. In a companion paper [BY], we will discuss a simpler
non-supersymmetric model in which we can have both type I and type II non-Abelian
superconductivity.
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A. Large ng,ns3 limit

If we take the limit eqng > /€ we can integrate out the superfield a from the superpotential:

_£-TQQ

20 (A.1)
Similarily way in the limit esn3 > /€ we can integrate out the superfield a”:
af = M (A.2)
213
The effective superpotential is:
1| Te(QFQ)Tr(@Q7FQ) | (€ - Tr(QQ))*
W = 7 43 + 0 ] . (A.3)
The potential is:
2 ~ ~ ~ o~
v = 9 (1Qir Q) - 1QraN) + L (1) - 1001 (A4)
|€ — T1VQQ|2 |TrC~27'kQ|2 i T
( R )((QQ+%QQ)
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Figure 8: Tensions for the (1,0) for 73 = g = 1. The numerical values eg = 1/2, e3 = 1/4, £ = 2,
0 < < 10 are used. The black dots give the result of the calculation in the full theory; the blue
one give the result in the large 7); effective theory. For n; = 0 the vortex is of course BPS.

+iemmTr<QTr;g>Tr<@TlQ> (Tr(@17"Q) + TH(QT™ Q1))

3

(& - TrQIQNTr(Q7"Q) + (€ — TrQQ)Tr(QIrF Q) (TT(QTTCQ) N TT(QTcQT))
8nom3 '

Note that in this low energy action there is another vacuum at Q = Q = 0.
The equations of the (p, k) vortices are a bit simpler, because we can integrate out the
adjoint fields a,a; and so we need less profile functions. The energy is:
0 5 2
x€ = 2m [ rdr + + 2(¢ + ¢t
/ <263r2 2272 (61 +¢2)

(63 + 03)(f§ + 13) + 2f3fo(47 — ¢3)

(6% + 93)(€ — ¢F — ¢3)°

+ 2r2 + 4778
+(¢% —¢3)%(¢7 +03) (£ — 9T — ¢3)(9F — ¢%)2> (A5)
4n? 21073 ' '

The corresponding Euler-Lagrange equations are very similar to egs. (B.1().

Numerical calculations can be performed for the profile functions and the tension. In
figure f§ there is a comparison between the tension calculated in the full theory and in
the large 793 approach. For small n; the correction in the tension from the BPS case is
quadratic in 7;, as discussed in the Abelian case in ref. [B7).

The asymptotic profiles are also simpler in this limit. Let us define:

s = (Sgbl + 6¢2, d= 6¢1 — 6¢2, (AG)
we the find two linear differential equation:
/ 9 2 d 9 2
s”—i—s——%s:O, d”-l-——%d:()- (A.7)
TN r 03

So the asymptotic solutions for the field profiles are:

A \/;wis/no)r +d \/;w&/ns)r, (A.8)
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where sg, dy are constants analogous to by.

B. BPS equations

In terms of fields, the BPS equations for two coincident vortices for 79,13 = 0 read:

Fy+e3 Tr(Qr°Q) = 0,
F+e3 (Tr(QTQ) — ¢) = 0, (B.1)
(Vi+iV2)Q = 0.

In term of profiles functions the following system of seven first order equations holds:

f?é = eg {(cos %)2 ("4% + ’@21) + (sin %)2 (“3 +“£2’») _5}’

! 2 2
3 = e2 {(cos %) (k3 — K2) + (sin %) (k3 — ng)} )

.
g/
o= €2 {kik3 — KoKy},
-1 1—
W = 9= 1 2 (2) K3 + cos(a) + fo +f3f-”»1,
r 2 2r
A 1cos2 <g> . 1+ cos(a) — fo —fgﬁ
2 2) ™ 2r >
-1 1 —
I{g = —g COS2 (g> K1+ + COS(Oé) i fO f3 K3,
r 2 2r
y o g—1 .2<g> _1—cos(a) — fo+ fs B9
Ky ——sin® (5 ) k2 o K4. (B.2)

In our numerical analysis of section 6.1 we used the second order Euler-Lagrange equations;
at the end we used these first order equations as a check of our calculation. We have found
an excellent agreement between the two approaches.
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