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ABSTRACT: The operator, O, that generates infinitesimal changes of the coupling constant
in N = 4 Yang-Mills sits in the same supermultiplet as the superconformal currents.
We show how superconformal current Ward identities determine a class of terms in the
operator product expansion of O, with any other operator. In certain cases, this leads to
constraints on the coupling dependence of correlation functions in N = 4 Yang-Mills. As an
application, we demonstrate the exact non-renormalization of two and certain three-point
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1. Introduction

Maximally supersymmetric Yang-Mills in 4 dimensions has played a central role in the
development of duality in both field theory and string theory. At loci in the Coulomb
branch where some non-abelian gauge symmetry is unbroken, there exists an interacting
superconformal field theory parametrized by a coupling constant, 7, given in terms of the
Yang-Mills coupling constant and theta-angle by

= H;—M + ? (1.1)
T Yym

The superconformal field theory is defined by correlation functions of local operators. There
is, by now, convincing evidence that N = 4 Yang-Mills is invariant under an SL(2, Z) strong-
weak coupling duality group which acts on 7 [fl, . For simply-laced gauged groups, this
duality can be naturally understood by viewing N = 4 Yang-Mills as a torus reduction of
the 6-dimensional (2,0) chiral tensor theory [§]. The SL(2,Z) duality group then corre-
sponds to the symmetry group of the compactification torus.

What this picture intuitively suggests is that the coupling constant dependence of
correlation functions should be controllable to roughly the same degree as the space-time
dependence. Both dependences originate from diffeomorphisms in 6 dimensions. The goal
of this work is to explore the extent to which this statement can be made precise. Consider

a correlator of local operators,

(O1(x1) - - - On(n)) - (1.2)

To determine the coupling dependence, we want to evaluate

S (O1(1) - Oule)) (13)

but this has two distinct contributions. The first comes from the explicit derivative acting
on each operator, while the second corresponds to the insertion of the holomorphic part of
the action [H],

0 0 i
. <H Oi(l‘i)> = <E (H Oi(-%'i)) > + i /d4z <OT(2) Hoi(xi)> , (1.4)
where the full action is given by

i
S=—
479

/d4z {70:(2) = 70,(2)} . (1.5)

What is special about O, is that it sits in the current multiplet of N = 4 Yang-Mills,



together with the stress-energy tensor, the supercurrents and the SU(4) R-symmetry cur-
rents [f, ffl. This is in agreement with our higher-dimensional intuition and will play a
crucial role in our analysis.

Although O, is not a current, we will show that its OPE with any other operator is
special in the same way that a current OPE is special. For example, for a scalar operator
O(y), this OPE takes the schematic form (suppressing all indices and details)

O.(2)O(y) ~ ﬁ{@ Q.{Q.10.0W)}]} +
1

|z — y|

This expression captures all local operators in the same supermultiplet as O(y). It omits
operators that live in different supermultiplets. The precise form of the OPE is derived in
section B.2. The OPE coefficients are, a priori, arbitrary functions of the coupling. It is
important to note that the most singular term we might have expected, 1/|z — y|*, does
not appear on the right hand side.

The determination of this OPE leads to a number of results. In this paper, we will
show that the structure of the OPE together with superconformal Ward identities leads to
a non-renormalization theorem for two-point functions of 1/2, 1/4 and 1/8 BPS operators.
We also show the exact non-renormalization of three-point correlators of 1/2, 1/4 and
1/8 BPS superconformal primary operators. This non-renormalization result extends to
three-point functions of superconformal descendents of the current multiplet via the results
of [f]. However, it is difficult to extend our argument to three-point functions of generic
BPS operators. In cases where there are no instanton corrections to a given correlator,
we give an argument in section for exact non-renormalization. It is an interesting
open question to prove (or disprove) exact non-renormalization for generic BPS three-point
correlators.

This non-renormalization result, originally conjectured for 1/2 BPS superconformal
primary operators in [ and verified at 1-loop in [B] [, has been argued using an on-shell
superspace formalism [[[]]-[[6]. The non-renormalization of two and three-point func-
tions involving 1/4 BPS operators has been conjectured and verified at 1-loop in [[7]
.

In section [L.4.3, we show that the OPE coefficients between O, and any BPS operator
are not renormalized. This leads to a pretty formula for the integrated OPE between O,
and a BPS operator O,

/d4zOT(z)O(x) ~ YO+ (1.6)

where O} is also BPS and sits in the same supermultiplet as O. The omitted terms involve
long and semi-short operators. A much stranger renormalization result will be described
in a sequel [[g]. It might also be possible to use our results to study the bonus U(1)y
predictions described in [[, 0] and perhaps study extremal correlators [R1].



2. Short and current multiplets

2.1 The structure of the multiplets

The superconformal symmetry group of N = 4 Yang-Mills is generated by 16 real super-
symmetry generators which we denote by Q., Qfl where ¢ = 1,...,4 and o = 1,2. Our
notation closely follows that of [2J]. In addition, there are 16 superconformal charges
S Sf‘ and an SU(4) g symmetry with generators R; The structure of the superconformal
algebra is given in appendix [A.

There are superconformal multiplets of different sizes. A multiplet contains a state
of lowest conformal dimension which is annihilated by both the superconformal charges
and by the generators of special conformal transformations, K. These properties define
the (unique) superconformal primary state, which we characterize by its SU(4) g Dynkin
labels [k, p, q] (k,p,q > 0) and its spin quantum numbers (7, 7) under Spin(3,1) ~ SU(2) 1 ®
SU(2)r. This state cannot be obtained by acting on any other state with combinations of
Qin or Q%. We denote this state by |k,p, g; j, 7).

By acting on this state with Qj, Q
plet. These states (including the superconformal primary) are conformal primaries. Acting

g, we generate the remaining states in the multi-
further on these states with P, generates conformal descendents. In this way, we construct
the entire multiplet. If the superconformal primary is annihilated by some of the super-
symmetry generators, the multiplet is reduced in size. It is akin to a BPS particle. For
example, if all the supercharges kill the superconformal primary then it must be the unique
vacuum state. Standard short representations are annihilated by 8 supersymmetry charges
(hence % BPS) [R3. If the superconformal primary is not annihilated by any supercharges
then the multiplet is long.

For a short representation, following [RJ], we choose a basis where

Qialk, D, a; 5, D" = QL |k, p,q; 5, )M =0, (2.1)

for i = 1,2 and j = 3,4. We are free to act on the superconformal primary state by any
of the remaining 8 supersymmetry charges. As derived in appendix [B], a superconformal

primary has quantum numbers [0, p, 0]g,0) in the terser notation [k, p, q] and conformal

(4,3)
dimension A = p.

The @, Q operators can be used to build a multiplet ‘up’ by acting on the supercon-
formal primary. On the other hand, the S, S operators move us ‘down’ the multiplet. We
summarize the structure of the multiplet pictorially in diagram (R.2); the details of the

construction appear in appendix B} The ,/ denotes the action of @ while \, denotes the
action of Q) [f],



[05 b, 0](0,0)

7 \
[Oap_lal](%i)) [1717_170](07%)
[ ]/ > d [\ |
0,p—2,2] o, 2,p—2,0] 0,
[o,p—l,o]ifl),zz [1,p—-2, 1](%7%) [0,p7170]$,(1);
7 } } 7 \[ | 7 \
_ Lp=3.2l,1) 2p=3:1 1 0) _
[0,p —2,1]1 ) [1717_2,0}(1;) [0,p—2,1](;1> [1,p = 2,01,
7 N\ / [\ . /] N\ / N\
2,p—4,2] 0, 0,p—2,0](1,
[Oap - 2a 0](0,0) [Lp - 37 1](%,%) [05,372]812; [2;,3’0]2;;; [Lp - 37 1](%,%) [0,]) - 27 O](O,O)
N\ e [\ | 7 \[ ] 7 N\ 7
B ) 0.p-3,1] 1 1) 1,p=3,01, 1, 7 )
[1,p = 3,00, o-11] ] o fto-t2 ;) [0,p = 3,1] (1.0,
\[ ] 7 N\ / [\ ] 7
0,p73,0 (0,1) _ 0,p73,0 (1,0)
[Qap—470](§,0) [1’p 4, 1](%7%) [Oap—472](o,z)
N\ e N\ /
[151’)7470](0,%) [0,]7*4,1](%70)
N\ /
[Oap —4, 0](0,0)

(2.2)
The dimension of this short representation is equal to %p2 (p? —1). The conformal dimen-

sions range from p to p + 4.

Let us now discuss the particular case of p = 2 which is central to our later dis-
cussion. We shall also see how multiplet shortening occurs for this multiplet. This is
a 256-dimensional representation consisting of 128 bosonic and 128 fermionic degrees of
freedom. The multiplet is given by the following diagram [RZ]

(0,2, 0](0,0)
7 N\
[07171](%,0) [17170](0,%)
/ N\ / N\

[0,0,2] (0,0) [2,0,0](0,0)
[0,1,0](1,0) [1,0.1)1 1) [0,1,0](0.1) (2.3)

S N/ NN
[0,03 1](%,0) [13070](1 ) [0707 1](%,1) [1?070](07%)
e e N\
[0,0,0](0,0) ,0,0](1,1) (0,0, 0] (0,0)

N[

)

=/

Note that there is a difference between diagrams (B-2) (for p = 2) and (.3), which we now
explain. First, there are 12 representations in (B.3) which involve p — 3 as a Dynkin label
and they are absent for p = 2. This actually follows from the Racah-Speiser algorithm
discussed in appendix B One can show that all SU(4) representations characterized by a
highest weight state with —1 as a Dynkin label vanish using (B.13) in the tensor product

decomposition (B.12).



Second, there are 9 representations with p — 4 as a Dynkin label. For p = 2, using
the Racah-Speiser algorithm, it can be shown that 5 of them vanish in (R.2)) and so do
not appear in (2.3). The 4 surviving ones are: [2,-2,2]¢) with A = 4, [2,-2, 1](%70)
and [1, —2,2](0’%) with A =  and [1, —2,1](%7%) with A = 5 and we have removed these
representations from (.3) leading to multiplet shortening.

The reason we remove these representations is that they vanish after we impose cur-
rent conservation. In constructing the on-shell short multiplet, we will impose current
conservation. Without the on-shell condition, the dimension of the multiplet would be
incorrect. This will become explicit when we discuss the operators corresponding to this
representation. As an aside, note that for p > 2, there is no multiplet shortening. For
p = 3, the representations in (2.9) which have p — 4 as a Dynkin label vanish directly by
the Racah-Speiser algorithm; we do not have to impose the equations of motion. For higher
powers of p, all the Dynkin labels which appear in (E) are non-negative and again there
is no multiplet shortening.

2.2 More on the current multiplet

The p = 2 multiplet is the current multiplet [24). We will need to identify operators
with the states of (R.3). The current multiplet contains the energy momentum tensor
T ~ [0,0,0](1,1), the supersymmetry currents Ji ~ [1,0, 0](1,%) and their conjugates
j(’;i ~ 0,0, 1](%71) and the R-symmetry currents R*; ~ [1,0, 1](%7%).

Apart from the currents mentioned above, the bosonic operators in the multiplet are the
real scalars QU] k1) ~ 10,2,0](0,0), the complex scalars £ ~[0,0,2] ©,0)> Or ~10,0,0](,0),
their conjugates &5y ~ [2,0,0](,0) and O; ~ [0,0,0](g,0). Lastly, there is an antisymmetric
2-form B,[fi] ~ [0,1,0](1,0) and its conjugate B[ij}w ~ [0,1,0](,1)- It is critical that O sits
in this multiplet.

The remaining fermionic operators in the multiplet are the spin—% fermions Xijk ~
0,1, 1](%70), AP ~ 0,0, 1](%’0) and their conjugates y;/* ~ [1, 1,0](07%) and A; ~ [1,0,0](0’%).
These composite operators can be constructed in terms of the fundamental fields in the
abelian theory [R4]. However, for most of our discussion, we will not need the classical
expressions for the operators (note that some of the operators for the non-abelian theory
have been written down in [RJ]).

Current conservation leads to multiplet shortening as discussed before. To see this
note that

M1y, ~ (1, —2,1](%7%), ouJll ~ (2, —2,1](%70),

8#‘73” ~ [17_272](0,%)7 6uij ~ 2, —272](0,0)-

The conservation of these currents leads to the vanishing of these four representations.
There are certain aspects of the current multiplet which will be useful later. We restrict
ourselves to the free abelian theory for this part of the discussion. This restriction imposes
no loss of generality since the operators in the non-abelian theory must satisfy the same
algebra. The supersymmetry transformations in this case (with gauge covariant derivatives



going over to ordinary derivatives and with all commutators set to zero) are given by

1 o 1 ..., _
S = SN = N + S

L 1 4 .
5)\Za = —§(U“V)QBFW,’I7 25 +4iaad¢ljﬁja,
SAM = _i<)‘iauﬁi + niauj‘i) ’ (2‘4)

where 77 is a Grassmann parameter. It will be important to remember that the super-
symmetry transformations are independent of the coupling with our choice of action ([.5).
We can construct the supersymmetry transformations of the current multiplet using (@),
which we display [P4]

0QY )y = gm[m}” - gwh[kﬁmil}mﬂ +h.c.,
8inj = Z{ieijanWB;leWn + Z'Ez‘jmngmkﬁn -
— iU“Rku[iﬁj] + 2ia“3qul,~jﬁl} — trace,
SBLJV = —%eijklﬁkﬁpawjpl — n[iUWAj] + %ieijklﬁnﬁpawapxnkl,
08T = nUiAd) giem”k(iﬁkﬁ"@uxj)mn,
SR’”]' = —niJ]H + %6277]“115 + ginka“”&,xijk —h.c.,

1
0Jyi = —0"Tpm;i — 2 (0,)5'“1, — gauy0p> a”RP’“mk —
1 v pklpo, m
— | OpoOw + gauuapa €ikim0” B L/
ON' = —if' O; + 0, 0"E™ iy, — o™ 0, B}, 0"7;
STMV = nid(u‘p‘apt]y)i + h.C.7
60, = 2if; 9, A + in' (O T + 20150, i) s (2.5)

There are similar expressions for the conjugate operators. Note that the terms n9*.J i and
niota? OuJv;i in the variation of O, do not appear in [B4). This is because both these terms
vanish classically by current conservation and the spin-1/2 anomaly cancellation condition.
However, both these conditions are violated in the quantum theory; this can be seen by
studying Ward identities where the violation is caused by contact terms. We will analyze
this violation in considerable detail in the following section where it will become clearer
why we require these additional terms in the supervariation of O..

There are a few points worth highlighting in (.§). First, as expected, the current
multiplet varies into itself. Also, note that Bffl, transforms into J!, while £9 does not;
this will also be important later. The variation of Q%}; contains no conformal descendent.
On the other hand, T}, O, and O, vary only into conformal descendents. The remaining
operators vary into combinations of primaries and descendents.



From the supersymmetry transformations, we see that it is easy to recover () For
example, from the variation 5Xijk, we see that @) acting on Xijk gives B}, and E9 . while
acting with Q gives R™ j- The other term in 5Xijk is a conformal descendent.

2.3 The structure of 6O,

As a matter of notation, we will denote the superconformal primary in the representation
[0, p,0](0,0y for arbitrary p by O,. We will also denote the action of ) by ¢ and the action
of Q@ by d as in [[]. Acting on operators, 6"0° stands for a sequence of graded commutators;
for example,

5520 — [Qa [Q’ [Q’ O]i]¥]i :

Note that for all values of p, {Q, Q} is always zero (and never proportional to P,) for the
particular supercharges used in diagram (@) Therefore, starting from O,, we can reach
any conformal primary in the multiplet by acting suitably with § and § operators in an
arbitrary way (up to an overall sign), without worrying about the ordering of the operators.

For the current multiplet, it might appear from diagram (P.3]) that 6° = 0. This,
however, is not the case as we will now demonstrate. Consider the two-point correlator
(Or(z)O;(y)). We can express this correlator in the form

(O(2)0x(y)) = (8(6° O2(2) O+ (1)) + (5°O2(2)8° Oa (1)) (2.6)

where the first term on the right hand side vanishes because § kills the vacuum. By
computing both sides in the abelian theory, we can determine the structure of 6°0y = §O;.
In the abelian theory, the operator O, is given by
T . ~ - . B ..

0, = = (B PP 4 i PP = 400,07 X'+ 41500, ) (2.7)
where F = F. For clarity, let us first restrict to the terms in O, that depend only on the
field strength. We will show that the supervariation of these terms gives rise to a conformal
descendent (the analysis for the other terms is similar). Using the supervariations (£.4)),
we see that )

~ 1T9 ~ . B . _

00, = 5 (Fup +iE, ) (O XN o + ' 0" Ng) | + -+ (2.8)
where the omitted terms are generated from varying the scalars and fermions of (R.7).
After some lengthy algebra, we can write this as

0. = 21‘(77@-5“8#1&" + niaujﬂi) 4o (2.9)

which includes one of the terms of 60, appearing in (R.5)) and where

Aia = (5302)ia = —Z_;(Uuy)aﬁ (Fw,)\lﬁ) s
Tl = (6230n);, = —Z—; (Fpo (0?7 Xi)a + -+ ) - (2.10)

The omitted terms again involve (@, ). From the expression for J; in (R.10), we see that
the spin-1/2 anomaly cancellation condition,

audi =0, (2.11)



is trivially satisfied without using the equations of motion and so plays no role in (£.9).
We also see that
T = U
Ol = =0 (B + 1By ) A| ++- (2.12)

which vanishes on-shell. After using the Bianchi identity and the equations of motion (R.12)
agrees with (2.§).
Let us compute the left hand side of (P.6)) in free field theory. We use the gauge field
propagator in Feynman gauge given by
5ab"7;w

AW (x—y) = LY (2.13)

This satisfies the usual relation 82Affl’,(x —y) = —%54@ —y)8%n,,,. Using the contraction

5ab

= — 2.14
T2 ( )

(Fpi () Fpy (y)) 100,05 = Nwp005 = Nuo 0,0 + 114p0;, 05

(x—y)?’

we deduce the relations

€T —

2
(F, T (2)(FL, FPo) () = — [(aaﬁ> +87r4<54<x—y>>2],

2
(F, By (@) (B, By () = L5 [(aaﬁ> 16t (5 y>>2] (215)

(m72) T —

while
((Fit, P ) (@) (Fp F*7") (y)) = 0. (2.16)

Note that up to total derivatives, the second equation in (R.15) is zero using

<aﬂapﬁ>2 _ (aQﬁf = 167" {5'(z — y)}°. (2.17)

rT—=Y
After summing these various contributions, the left hand side of (R.6]) yields

_3

(0:@)0:(y)) = 5 {o* @ - )} (2.18)

The left hand side of (P.§) is non-vanishing — in fact, it is a contact term. What about
the right-hand side of (R.§)? Only the second term can be non-vanishing and indeed, §°05
is a conformal descendent as we see from (P.9).
From (R.§), note that
T2 =
(60:);0 = 520 [(Fﬂ,, +iF)o )\i]a. (2.19)
We now compute (Aq'(z)(60;);%(y)). There is no sum over i or a, but it is easier to
evaluate the correlator by summing and dividing by 8. We use the fermion propagator
7 1

Na(@)X;4(y) = —(0") 304

P mélj (220)



and some lengthy but straightforward algebra to obtain

(A(@)50s () = (F°Oa()FOal)) = 5 {5z — 1)} (221)

As had to be the case, this is a contact term in agreement with (P.1§).

So from this free field analysis, we see that 60, ~ ﬁia“Jm- It is similarly easy to
find the niJ"&”a“Jm- term in 60, as written in (@) To see this we consider the full
expression for O, in (R.7) and consider its supervariation. Including all the contributions
and integrating by parts, the total contribution gives

4 2 . .
50; = i 0" Ty + —2 (0" "0, N0, s - (2.22)
T
We now consider the complete expression for J;,

T _ L o 4 . B .
J;& = —ﬁ Tr (Fpg(dpa(f‘u)\i)a — Ql(pija )\Ja — gzay(a“”wij)#)a> s (2.23)

where we define (’)ZBOJ- = 0; (00;) — (00;) O;. The extra terms beyond those of (R.10)
do not satisfy 6#J,; = 0 trivially; in fact, they satisfy

5’“Jm = —%@j&“(%}\j, (2.24)

which only vanishes on-shell. Using (P.24) to compute ntohe? OuJvi, we recover the expres-
sion given in (R.29). So (R.23) becomes

60, = in' 0" Jy; + 2in' 0#5" 0y i (2.25)
giving us the desired relation in (R.5). So while 60, vanishes on-shell, it is actually non-

vanishing because of contact terms. These contact terms can also be seen from a Ward
identity for condition (R.11]) which we now deduce.

2.4 Ward identities

Let us begin by recalling the more familiar Ward identities involving the stress-energy
tensor. We will use these identities in the following section. Consider an operator, ®,
with conformal dimension A; transforming in representation I of the Lorentz group with
generators (S,,)! ;. The Ward identities state that,

(T ()07 (21) - @ (20)) = 3 Dyt (2 = @) (@ (1) -+ @ (),

i=1
(T (2) @1 (1) -+ @1 () = % D ()50t (2 = i) (@ (1) - B (23) - @I ()
=1
(TH ()BT (1) - @I () = > Apd*(z — 2:)( @ (1) -+ BT () - (2.26)
i=1

,10,



The first and the last identities express the breakdown of energy-momentum conserva-
tion and conformal invariance. The second equation shows that the stress tensor is not
symmetric at the location of the operators inserted in the correlator.

The Ward identity for the supercurrent conservation, 8MJi“ =0, is given by

O (T ()" (1) - BT () = Y 8z — 25) (DT (1) -+ [Qi, D ()] - - T ()
j=1

(2.27)
The divergence of the supercurrent is non-zero at the positions of inserted operators in the
correlator.
In order to deduce the Ward identity for a,J!" = 0, we first consider the Ward identity
for the superconformal current Ifm

Ty ()1 (1) - @1 (wn)) = ) 6% (= — )@ (1) -+ [S4, @Y ()] -+~ @7 ()
j=1
(2.28)
We now use the relation between these two currents given in [R7] (see [B§] for a recent
discussion)
I (7) = xadJlZf‘(x). (2.29)

Inserting (R.29) into (R.29), using (R.27) and then taking the conjugate gives

(@) ()@ (21) - D () = Y 4 (2 — 2 (@ (1) - -
j=1

L [SE - 200Qi®, BT ()] - DT () . (2.30)

This is the desired Ward identity.

3. Constraining the O, OPE

3.1 Overview

The strategy we will use to determine the O, OPE makes use of the Ward identities of the
superconformal currents. More precisely, we start with the stress-tensor

T ~ 62520, (3.1)

whose OPE with an operator ® is in part determined by Ward identities. What is not
determined by Ward identities are local operators in the T'(z)®(z) OPE which do not reside
in the same supermultiplet as ®. These can include long, BPS and semi-short operators.
Examples of semi-short multiplets include multi-trace operators; for an example, see [R6].
For example, the Konishi operator, Tr(¢?), can appear in the T(z)T(x) OPE but is not
determined by Ward identities. Since this operator is long, its dimension is renormalized.
Therefore, whether this term is singular in the OPE depends on the value of the coupling.
This same caveat will apply to all the OPEs that we determine from Ward identities.
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Peeling off a ¢ in (B.1]) results in the OPE of 620 (which is the supercurrent, J i)
with an arbitrary operator, modulo that caveat mentioned above. Since the OPE of J i
is also determined in part by a Ward identity, this will allow us to check that the peeling
off procedure works. We will then remove the remaining § to determine the OPE of 6205,
which is not a current.

The next step is to construct 60y by applying a § and recursively using the known
OPE results. Finally, we apply § to obtain the OPE of O, with any other operator. For
a scalar operator, this OPE will depend on 15 coefficients a;(7,7). In section 49, we
will show that these 15 coefficients are independent of the coupling for BPS operators.
It should be noted that for N=1 supersymmetric theories, there exists a supermultiplet of
currents [R7]. The lowest component of the multiplet is the R-symmetry current, the middle
component is the supercurrent, while the top component is the stress tensor. The OPE
of these currents collectively can be determined in superspace. Our peeling off procedure
will match these known results for the first step taking us from the stress tensor to the
supercurrent. For a recent discussion of the current supermultiplet and its OPE structure,
see, for example, [R9].

3.1.1 The stress tensor OPE

The Ward identities (P.26) uniquely determine a class of terms in the OPE of the stress-
energy tensor. The most singular terms in the OPE are given by

T ()8! (2) ~ ¥ ()00, =y + ' (@i’ (z = 2) +
| (S (@5 () + L () (92,00, + $1,0°0,) — ] 4
2 82 we TR g (2—x)?
+ less singular terms. (3.2)

These are all the most singular terms that involve operators in the ®! supermultiplet.
The symbol ~ in this equation indicates that we have ignored coefficients. Some of the
terms appearing on the right hand side can have coupling dependent coefficients although
the relative coefficient of the bracketed terms is precise. In particular, those terms that
contribute to the violation of scale invariance will generally be renormalized.

Now we need to express T}, in terms of the supercharges and Oz. From (2.5) we

deduce the following supersymmetry transformations:

y 2 . , 4 .
[@pas Q7 ] = 515[Z[k5$\xﬂmz]a - §25[prj]klaa (3.3)
3. 3.
{Qnﬁaxkzja} = _Z%ijmnzaﬁkm - §25k[i€j]pmn2aﬁpm7 (3'4)
I 1 .. . 92 .

Q"B = —5623’“ (Gp0w) T + gie””l (6°0,) 20X  nicr (3.5)
[Qko’z 52]] _ giemnk(iauxj)mnaa_uda (3 6)

9 3 Y °

and
i v J 5 1 v RPI
{Q s, Jyia} = 0" aaTwd i + 2 | 0p0um — 30w | O R, (3.7)
ax
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Here,
5o = olP B, + 6,€7 . (3.8)

Using these relations, after some tedious algebra, we find that

T = (0,)06(0) 551 @ 1. {Q,%. [Qi%. QU ul). (3.9)

We have set the irrelevent numerical factor on the right hand side of (B.9)) to one. Note
that the right-hand side of (B.9) is manifestly symmetric in x4 and v, using the fact that
the various @ and @Q operators anti-commute. Also (B.9) satisfies T}/ = 0 by construction.
These classical constraints are violated quantum mechanically in accord with (.26]).

3.1.2 The supercurrent OPE

Given the OPE (B.9), we now want to construct the supercurrent OPE by peeling off a Q.
We begin with the following relation:

Q" {Q, Q" QY] = { @) Iy + ()T | (3.10)

which leads to . )
J;fl = (O-,U«)ﬁd[@ka’ {Q]ﬁa [Qia, kal]}] . (311)

Note that #J,; = 0 by construction, satisfying the classical spin-1/2 anomaly cancellation

condition. In deriving these relations, we do not pick up any descendents because the

possible descendents involve derivatives of either R*; or Xiijou both of which vanish.
Now let us calculate the contribution of the three-point function to the integral

/ 042 (T (2) B ()37 (1)) (3.12)

as z — z and also as z — y. Considering only the most singular terms in the OPE (B.9),
this reduces to

1 1
4 - 4 -
d*20,,0, = +/B d*20,,0, (Z_y)2> +

B v

[t:{Tu6)0"@ ) = @ @0’ () ( /

€
x

200 (@)8 () + 4 () (@5 ()27 (1) +

+5 (S ) K (@ (@)@ () + (3.13)

(@K ()3 (1) /

I
- 4] 53,00, + S50 0, K
B

a2
L
(z—y)?’

where Bj(Bj) is a small ball of radius € centered at x(y). From now on, we shall drop the

€
x

1 J
+— (@ () (y)) / d4z[S,\u6’\8V—|— SMaAaM] K

integrals for clarity and write this as

(T (2)® (2)27 (y)) = (i’l(m)@’(y)mav( 2 o — )
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1@ () @7 () (6%( )+ 6%z —y))
+(Sy ) ( (90)‘1’“]( ))54(2 — 2)+(Sw)” k(@ (2)2F (y))5* (2 — y)
(@K ) [50,020, + 52,0 aﬂrK 1

(z —x)?
1

(z—y)*’
with the integrals around the various points implied. Now the left hand side of (B.14) can
we rewritten using (B.9) and (B.17)),

(T (2)®! ()@ (1)) = (00) 55T (2 QY @ (2)27 (y)]) (3.15)

We now want to write down the OPE of Jj; with ®! such that the right-hand side of (B.17)
yields all the terms in (B.14). We make the ansatz

(@ (2)05 (y) [SMaAaV + 9,00, (3.14)

T + 108 P @)l =

8 QW @]9

+(SPA)IJ[Qzﬂ, ‘I)J(x)]i(UpAJW)ﬁaayi

Tii(2)®! (2) ~ [Qi, @ (x)]+0, s+

(z — )

+{<sﬂ,,>z[@ﬁ, ® (@) ()5 O g

+(S"M1,1Q:°, q)J(x)]i(UVu)ﬁaaAﬁ} "

+less singular terms. (3.16)

We have made this ansatz because all the terms on the right-hand side of (B.I5) are
of the form (J®0®) while the right hand side of (B.14) behaves as (®®)9%(%). It is
therefore necessary for the OPE to have the form J® ~ 6®, so that terms like (§®IP) =
(Q, ®]+[Q, ®]1) arise on the right hand side of (B.15). Using {Q,Q} ~ P, such terms
give derivatives, leading to P,(®®). We need one more derivative in the OPE in order
to match (B.14) which suggests (B.16). Also, J® ~ §® is ruled out by a mismatch of
SU(4) indices. Finally, terms with higher numbers of § and § operators have been dropped
because they lead to less singular terms.

We have used the relation [Qjq, Su] = [@%, S,] = 0 which can be proven as follows.
the commutator [Q;q,Sy] could contain symmetry generators in the (1/2,0) or (3/2,0)
representations. However, there are no (3/2,0) generators and the only possible (1/2,0)
generator is Q;,. The superconformal generator, S%y, is in the (1/2,0) representation but

is ruled out by its SU(4) g quantum numbers. So the most general possibility is

[onu uu] =G (Uuy) Q],(SH (317)

which, on conjugation, yields

Q' Sy) = €5(E)" 5Q77 (3.18)
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where (¢;7)* = ¢';. Now consider the Jacobi identity
[Suua {Qiou Qjﬁ}] + {Qiom [Qjﬁ’ Suu]} - {Qjﬁ7 [Suw Qioc]} =0. (319)

Using the relation [S,,, P\] =0, (B.19) gives

¢ (02€)a’ P + & i(036) 0 (3,) s P = 0. (3.20)
Contracting with (0,,)s%, equation (B:20) yields
¢ (0,€)s° PP =0, (3.21)

which implies that ¢;/ = 0. The crucial step is that [S,,, P\] = 0, i.e., momentum com-

[z
mutes with ‘intrinsic’ angular momentum. On the other hand, for the ‘orbital’ angular

momentum, L,,,, we know that

s
[L,ul/’ P = i(nuAPI/ - nuAP,u) .

The Jacobi identity (B.19) for L,, implies that the structure constant, ¢, in [Qin, L]
satisfies ¢;/ = 6;7. This is exactly as it should be because using M w = Lyy + 1S, this
gives

[Qiou Muu] = (Uuy)ozﬁQi,B .
In summary, inserting (B.1§) into (B.15), we obtain (to leading order) all terms in (B.14).
This justifies the OPE (B.16). As a check, we note that from (B.16]), we obtain the su-
percurrent Ward identity (R.27). Note that the Sy, terms do not contribute to the Ward
identity.
3.1.3 The §°0; OPE

Now given (B.14), we want to construct the OPE of 520,. So we need to peel off another
5. Restricting to the most singular terms, we first calculate the three-point function

(Japi(2) @7 (2)[Q7 5, @7 (y)]£) - (3.22)

Consider the contribution to the correlator as z — x and z — y. To leading order, we see
that

ot ()07 () g 07 (1)) =
j v I J 1 1
— 455 @ @ )00, (o + )
£87,(0, ) (07 ()07 (1)) (84( — ) + 0%(= — y) +

+i67 (D5 (1) (y)) [sﬂuaAaAa” + 8N ,,0° 000, +

I 1
v A = v
+ S po,,apaﬂ + SP Uyap)ﬁ“@ }ade +

+id7 (@ ()5 (1)) [sWaAaAaV + SN 0,,0P 000, +

,15,



J 1
+ SV’DO'yapaﬂ + SpAU,,(?p)\a“@” KW +
87 (K (2)87 (1) S0 + S0, s (= — 1) &

+id? (01 ()@ () [Sjw0” + 520,70 2ax 0" (2 — y) - (3.23)
We also need to make use of the relation
{Q;”, [Qias Q7 ki]} = €rtmn S0, (3.24)
which follows from (B.3) and (B.4) and implies
[Qkﬁa Egmn]eikmnau' =J!. (325)
6[8 (6 %)
Using (B.11)) and (B:27), the left hand side of (B:23) can be written as
(Jh ()0 (2)[Q 6, @7 ()] 4) = €itmn(07) 55(Za”™ ™ (2){Q, @1 (2)[Q7 s, 7 (y)]2}) - (3.26)

Exactly along the lines of section B.1.3, we make a preliminary ansatz of the form

ciikl
5074 (2)®! (z) ~ W[Qlﬁ’ Qs 8 (2)] ] +
Ei jkl
+i(2,_]7x>2(syp)IJ(J“V)aﬁ[Qﬂ, Qs (I)J(x)]i]x((fp“)v‘s N

+less singular terms. (3.27)

Using this ansatz, we can compute (B-26)). There are terms of the form

(@ [@ 2, Q. [Q. @)

which give rise to 2 derivative terms like P?(®®). At the end, one obtains to leading order,
the expression in (B.23).

If we did not have the ®!(x)n,,6*(z — x) contact term in (B-3), there would be no
need for the second term in (B.16). However, in this case, the contact terms in (B.23)
which do not involve S,,, would not appear. Then the ansatz of (B.27) would not work.
So this ansatz works consistently only when contact terms are correctly taken into acount.
However, unlike the previous OPE expressions (B.9) and (B.16), (B.27) is incomplete. There
should be more terms in the §2Oy OPE (note from (B.3) and (B.4), we see that 6205 ~ X).
Let us explain why this is the case.

From the definition of ¥ in (B.§), we see that it contains two types of terms:

e ¢,305"7 By}, which is antisymmetric in ij and symmetric in af.
° eaﬁé’ij which is symmetric in ¢j and antisymmetric in af.

Clearly any term in the OPE of ¥ with any ®/ should be one of these two types. In fact,
any term not of either form will not appear in the OPE. So schematically, we can write

.50 ~ 05”573,%] +6,700) (3.28)
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With this definition,

BZ] b ~ 7)[@]] + Klig]

il (3.29)

where oh? ICE,],] = 0 (for example, O' Z [i715 & is a possible term in IC[ J ]) Also by definition
£ ~ QW) (3.30)

It is easy to see that all the terms on the right hand side of (B.27) take the form (o#*),” 77,[}3}[,
where

P 00 Qs @ (@)l
g 2(z— )2 M 1 1 Wks;
(ki
_im(sup)IJ(Uup)aﬁ[Qla7 Qs @7 (2))1]5 - (3.31)

So all the terms that appear in (B.27) are terms in the OPE of Bf{,, with ®/. This is

what we expect because (see (B-5)) under 4, Bf{,, transforms into Ji,

(modulo descendents). Schematically, 6B ~ J and 6 ~ 0. So on removing a ¢ from S

while £Y vanishes

in a correlator to obtain the terms in the ¥ OPE, we should only obtain terms in the B®
OPE since £ is in the kernel of 5. The descendent term plays no role because it does not
appear in our definition of the supercurrent (B.11]).

From our prior analysis, we do not expect to see terms in the ¥ OPE that arise from
£ so (B:27) is incomplete. In order to obtain these terms in the OPE of £¥ with ®!, we
make use of the relations

[Qkaa SZ]] = 5k(iAj)a 5 {Q]ﬂ7 Aia} = Z‘5j’i5()zﬁ(l)’r 5
[Qi, OT] = 8“Jm + 20“5’”3MJW‘ , (3.32)

(which follow from from (R.H)) to show that

OuThy + 2(0"5" 0 du) s = [Qras Q57 [Qis: EV1}] - (3.33)

We have set various numerical factors to one in this relation since their values will not be
relevant in the following analysis. Schematically, (B.33) has the form 03 ~ 0.J so £ is
related to a current.

Using (B.33), we consider the equality

Ou( Tl (2)®! (2)[Q 4, 7 (y)]4) + 2(0,5,)a 9" (J5(2) @7 (2) [ 4, D7 (y))2)
= (" (){Qup, [ {Qia, @1 ()[Q7 4 27 ()] }1]})- (3.34)

We will first evaluate the contribution to the correlators on the left-hand side of (B.34).
Using the Ward identities (R.27) and (P.30), we find

(Tl ()2 (2)[Q7 4, @7 (1)) + 2(0450)o 0" (Tj5(2)@! (2)[Q 6, @7 (9)]1) =
= 0'(z — 2){[Qia, ' (2))£[Q7 s, @/ (W)]2) + 8" (2 — 9)(@' () Qia, (@, 7 (¥)))5) +
+0348" (2 = 2){[SF — 2% Qi @1 (2)]2[Q7 6, 7 (y)] 1) +
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+0%66% (2 — y) (@' (2)[SF — Y™ Qia. [Q7 4, @7 ()] 1] 5) - (3.35)

Eventually (from ([.4)) the insertion point of O; is to be integrated over z. This simplifies
the possible terms that need to be considered in the OPE. Using

/d428ﬁ54(z —z)f(x) =0, (3.36)

we see that terms involving derivative(s) acting on delta functions can be ignored. Hence,
to leading order the terms that will be of relevance are given by

0T ()2 (2)[Q s, 7 (1)]£) + 20070)a 0 (J}5(2) @1 (2)[Q . @7 (9)] ) ~
~ [0%(z = 2) + 0%(2 = ¥))0aa (@ (2)27 (y)) . (3.37)

Note that all the contributions come from the 9*.J,; term only.
Next we need to evaluate the right hand side of (B.34)) as z — x and z — y, retaining
the leading order terms. We make the ansatz

Eij(z)Q)I(m) ~ [Qid, [de, @I(m)]i]jF + less singular terms, (3.38)

1
EErE
where the term on the right hand side is symmetric in 45 by construction. Inserting this
ansatz into the right hand side of (B.34), we see from (B.35) that the equality holds to
this order. This OPE does not involve any S, terms at this order. So we can write the
complete OPE as

g ijkl s _
Z @) ~ Z (@ Qe @il + 500, [ B )] +
igkl
T (5 o) Q17 (Qus, & @)+
+less singular terms. (3.39)

It is important for our purposes to construct all the less singular terms in (B.39). This
is because we will use the §205 OPE to recursively construct the @, OPE which will have
singular terms of different orders. All such terms can contribute to the integral ([L4). Also,
these terms will be needed when we check the consistency of the §20y OPE. Since these
terms involve lengthy expressions, we present them in appendix [0 The complete result for
the 620y OPE plays an important role in our subsequent analysis, so we have also provided
a number of checks on the OPE in appendix [0

3.2 The OPE for A and O,

The final steps require us to determine the OPE structure for §30y = A and then O, = 60,
from the 620y OPE. We will first express O; in terms of the supercurrents and Oy using
the relations

[Qhys Ba7] = €ar 0k A48, 05, A 46076, 0A) . {Q), Ao} = 16,7000, (3.40)
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which can be deduced from (p.5))
The supervariations of all the operators in the current multiplet depend only on the
combination ¥ and not on B or £ individually. Very schematically, from (R.5), we see that

Sx~En+-, 6T ~OEN+-, OA~OTHA . (3.41)

So O; can be expressed as 62 acting on . Explicitly, using the supersymmetry transfor-
mations leads to (dropping overall numerical coefficients)

By, = §(Uw)aﬁ6”kl{Qn°‘, (Qump, Q™" 1]} ET = Q1 [Qrar Q% mn]},  (342)
so that
50 = €7 Quma, [Qn”, Q" 1]} + 00" {Q1, [Quy, @ 'im]} - (3.43)
Using (B.40)), we see that
AL = (@), 2."], (3.44)

and finally we arrive at the desired relation between O, and ¥,

O0; ={Q:*,1Qjs, ="} . (3.45)

Now consider the leading terms (B.39) in the ¥ OPE. Acting with @ ;3 on (B.3Y) and
using (B.44), we find that
. g 1 o
AL ()@ (2) + S (2)[Q5, @ ()] ~ W[Qja, Qs [Q7%, @' (2))e] ) +
elakl I 3
(Z_x)Z(S”p) J(ouw)a” % (3.46)
x[Qjp: (@17, [Qrs, 7 (@)]2] ) (o) + -

Using (B.39) once more in the second term on the left hand side of (B.46]) gives the §30,
OPE

+i

NI (@) ~ gl Qios (@ [ @ (@)l +
b [ (@ ¥ sl +
+i%(5“”)5(0w)5”[@ja, Q7 [Qy, @7 (@) )] + -+ . (347)
Acting on (B.47) with Q;* and using (B.45), gives the relation
O, (2)®! (&) + AL (2)[Q:%, @ ()] ~ ﬁm Qi [0, (07, & (1)) )]s + (3.48)
0 e [0 Qo el + -

On using (B.47) in the second term on the left hand side of (B.4§), we arrive at the most
singular terms in the O, OPE
ai

(z — )

O, (2)®! (z) ~ [Qi%,[Qja, [Q'a, [P, @ ()] ]2 ) +
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as =

+m[Qﬂ, [Q6, [Q7Y, [Qja, ® ()] 4] 4]+ +
Q4 [, 1Qi% [Qja, @ (2)) )£ )] 5 + -+ - (3.49)

as

HEETE

The coefficients, a;, are generally functions of (7,7). Note also that the contributions
considered so far to the O OPE (B.49) are independent of S,,,.
Some terms in (B.47) and (B.49) can be re-ordered at the expense of introducing deriva-

tives. This only lengthens the expressions so we will keep the displayed ordering. To
illustrate this point, note that we can re-order (B.49) to give (ignoring the a; coefficients)

ﬁy + Qaﬂﬁao ol (z) +
+ous (0 @ ¥ @) ) +

_
(- )

O, (2)®!(z) ~ <—47r254(z —x)+

+ [Qi%, [Qjas [Qa, [P, @ ()] )5 )] + - - -

With this ordering, the leading singularity in the O, OPE appears to be a contact term
rather than a power law singularity. Indeed, if we were to permit integration by parts
(allowed, for example, when we integrate over z), all the leading singular terms can be
rewritten as contact terms.

The remaining contributions to the A and O, OPE can be deduced in a straightforward

way from the expressions in (C.J), (C.6), (C.§) and (L.9). However, for simplicity, we
will restrict to ®/ which are Lorentz scalars transforming in any SU(4)p representation.
This simplification means that we can set all S, terms to zero. It is a tedious, but
straightforward, exercise to determine these terms should they be needed (we will require
these terms in [L9)).

From the terms ([C.J) in the ¥ OPE, it follows that the A OPE gets contributions

N (B(@) ~ 50,0 Q0 Q' [ D)) + U@ Q7 [ Qs Ba)]}] +
Ho)a (07)% 50,1240, {01, 1077, @) +
How)a(0) 550,10 (@7 [y, ()} (3.50)
(dropping coupling constant dependent coefficients) while the O, OPE gets contributions
O+ ()B(2) ~ a5 gDl Q: [Qjo (@' [ B)}]} +
+as 501", Q' 1@, @y, BN} +
g 0@, [ Q1 [ 2N +
Far()a (07)" 5 50,101 (@5, Q' [, BN +

Fas(o)a® (@) 550,01, Qa0 (@7, Q0. B} +
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Fag () () 55 0,(Q1 [0 4Qi Qg @), (35)

where ay, ..., a9 are undetermined functions of the coupling.
It is easy to see that there are no terms in the OPE of A or O, with a Lorentz scalar
from ([C.6). However, more contributions arise by considering ([.§) which gives

) i .
AL (@) ~ T5(0) 55l Q1a {Q': [P QM [, 2@} +
L (0)33lQ e (7%, 1@, Q4" Qe 2] +
+(0)a" 5 (0" )3 (3)° l2m (@ 5 (@7 4QM. Q0 @@ +

r

H(0)a” 3 (0755 (6") 4@ {Q7, [Q Q. [Qis 2@} (3:52)

and
O+ ()B(x) ~ 110 5 (7 35 {Qs" Qe (@0 [P {Q, [Q4”, ()Y} +

Fan T (0,) Qi (@6, 1Q7 (@ Q. Qo 2@} +

Fans (00,51 @6, [ Q™[04 Q" Qe 2N} + (3.53)

a13(7)a” 5 (05 () Q% [Qyd Q' (@ QM (@17, @@} +
(0" )33 (@)% 4 {Qi% Q"6 {Q77 QM {Q1". [Q5. ()} 1]} +
7L (073 () Q@7 QM QK7 Q% Qs @@}

where aqg, ..., a15 are further undetermined functions of the coupling. Finally, considering
the contribution from ([C.9)), we find

)

(DY

+ai4 (O',uu)aﬁr_Q
A

2

+a15(0uu)a

A (2)0(x) ~€”le (0)57 0" [Qjas (@17, [Qrrr ®(2)]}], (3.54)

while there is no corresponding contribution to the O, OPE.
In summary, the complete O, OPE with a scalar & (modulo operators in different
supermultiplets) is given by the sum of the expressions (B.49), (B.51]) and (B.53). The

coefficients (aq,...,ai5) are generally undetermined functions of (7, 7).

4. Some properties of correlation functions

4.1 Operator normalization and contact terms

Now that we have established the form of the O, OPE, we turn to the structure of corre-
lation functions of local operators,

(O (21)--- O (z,)) . (4.1)

We will always consider correlators of operators at separated points. Each correlation
function transforms in some representation of SL(2,7). This need not be a singlet repre-
sentation, as shown for correlators involving the Konishi supermultiplet [B0]. However, a
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correlator of BPS operators should map back to itself since each BPS operator is uniquely
specified by its quantum numbers. Such a correlator should transform in a singlet repre-
sentation of SL(2,7Z) with fixed weights (w,w). Under an SL(2,Z) transformation,

b
TH(GT_F ), a,b,c,d €7 (4.2)
ct+d

(w,w)

a modular form, © , in a singlet representation transforms in the following way:

0D (7,7) — (et + d)*(c7 + d)" O™ ) (1, 7). (4.3)
The weights we assign to BPS operators should be correlated with their U(1)y transfor-
mation properties in a way described in [f.
The SL(2, Z) transformation properties of a correlation function are important because
the expression,

(% <H ofr(xr)> = <<% (H Oli(aci)>> + 4%2 /d4z <OT(2)HOIT(mT)> . (4.4)

K3 T

is not modular covariant at first sight. For the moment, let us restrict to correlators
transforming in singlet representations of SL(2,Z). Let us examine the explicit 7 derivative
acting on each O,

o 1
EOL . (4.5)

The operator (f£5) has the same quantum numbers as O%i. In particular, the conformal

dimensions agree. If there is no degeneracy for operators with conformal dimension A;

then ([.§) must be proportional to O%i. This is the case for short operators. If there is a

finite-dimensional degeneracy then we can again choose a basis of operators for which this

statement is true. This leaves us with the freedom to rescale each @' by a function of

(1,7). We can conclude that in this basis,
0

~Z 0l —
870 T

tar(n7) gy, (4.6)
Using our final rescaling degree of freedom, we choose to set o, to a constant. For the
current multiplet, the normalization of all operators is determined by the definition of
O, in terms of the action ([LF) together with the (coupling independent) supersymmetry
transformations.

Equation (f4) must be SL(2,Z) covariant if the correlator transforms in a singlet
representation. It must therefore be the case that summing the tree-level contact terms
between O, and Oi together with the oy, from (E6)) has the net effect of replacing

iTQE—)Dw, —Z.TQEHD@.
We have defined modular covariant derivatives,
J iw _ 0 iw
Dw:Z<TQE—7>7 Dw:—Z<TQ;+7>7 (47)
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where (w,w) is the weight of the correlation function. These issues have been discussed
in [B1].

To see whether this actually happens requires a computation of the tree-level contact
term between O, and each O'i. However, in perturbation theory, precisely this piece
of the contact term is scheme-dependent [B9]. However, the full non-perturbative theory
must require the particular choice consistent with SL(2,Z). We will assume that this
contact term takes the value required by SL(2,7Z) for long operators. Fortunately, for
a BPS superconformal primary, we will be able to determine the weight of the operator
(normalized in a particular way) by direct arguments without recourse to any duality
assumptions.

We now use the O, OPE given by (B-49), (B:51)) and (B.53) to analyze the coupling
dependence of correlators using ([.4). Tt is difficult to control the right hand side of ({.4)
except for low-point functions where we know the exact space-time dependence of the
correlator. We will consider those special cases in a moment.

Let us focus on the contribution to the right hand side of (f.4) from » — x;. This
contribution is dominated by the singular terms in the OPE between O, and O%. The
contribution to the integral from z far from z; is also present but will not be explicitly
displayed in the following equation. In other words, we rewrite ([L4)) in the form

) (¢ 1)
o 4, 2 Li( g
uﬁ;/;jd <OT( )1:[0 ( Z)>+ , (4.8)

where Bj . is a ball of radius € surrounding the point ;. The omitted terms refer to the
contribution to the integral from the region outside each ball.

The right hand side of (f.§) is a sum of integrated (n + 1)-point functions. In an
approximation where we neglect the contribution from outside the balls, we can use the
O, OPE to replace each (n + 1)-point function by an n-point function. In cases where we
know something about the space-time dependence of the correlator, this approximation is
sufficient to teach us something about the coupling dependence. This is essentially what we
anticipated in the introduction. It will be interesting to see what information can be gained
by using this relation in conjunction with recent results about the space-time dependence

of 4-point functions B3, B4, B3

4.2 Implications for two-point functions

We consider equation ([L.§) restricted to two operator insertions. This analysis will constrain
combinations of the a; coefficients defined in section B.2. This is also a good warm-up for
higher point functions. To simplify the O, OPE, let us take the inserted operators to be
space-time scalars.

0

S-(O@OW) = (5 (O@WOW) )+ 1= [ a'x(0.(:0w0w) +

€
T
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to [ d0,6)0@0w) + -+ (4.9)
T2 By

Also, we will consider cases where the operator O and its superconformal descendents, O
and, 620, are conformal primaries. This is automatically the case if O is a superconformal
primary; in this case, @ = . For more general situations, this restriction rules out the
possibility @ = §Y because then 60 ~ 0, is a conformal descendent. These simplifica-
tions will enable us to calculate the correlation functions appearing on the right hand side
of (f.9) with more straightforward algebra.

We need to first determine the normalization of certain two-point functions. For any
conformal primary &,

(®(2) 60 @(y)) = (®(2)Q"6Qja®(y)) = 41054 (P(x)(y)) - (4.10)

This follows from conformal invariance; if ® has conformal dimension A then §6® has
dimension A+1 so the correlator (®(z) §6 ®(y)) vanishes if 6@ is a conformal primary. We
want to determine the exact coefficient appearing in this relation. Using the supersymmetry
algebra, we find that

([Qias [Q7 4, (2)] ] B(y)) = 26,7 Pirg (®(2) @ (y)) + ((2)[Qias [Q7, R(y)]£]5) . (4.11)

We also observe that

(2(2)[Qia, [@ s, 2W))2]5) = F([Qia, [Q7a, 2W)]2]3P(2)) = —([Qia, (@, D(2)] ] (1))
= —([Qia [Q 4, ®(2)]£]=2(v)) , (4.12)

which when substituted in ([.11)) yields the relation
([Qias [Q74, ®(2)] ] 2(y)) = 67 Pia(@(2)2(y)) - (4.13)

Alternatively, one can deduce ({.13)) in the following way: from the general arguments
above, we know that

([Qias [Q7 4, ®(2)] ]+ 2 (y)) = pdi? Pirg (®(2) 2 (y)) - (4.14)

The coefficient, p, should be independent of the inserted operators so we can fix it by a
convenient choice of ®. We choose ® = ¢;; in the abelian theory and we consider

({Qka, [Qa, 9" (@)1} () = —ipdk' (0 ()05 (y)).- (4.15)
Using the supersymmetry transformations (.4)
_ .. 1 ...,— _ . .
[QF, "] = 56”“& s Q% N = 4i0" g5,
we see that p = 1 in agreement with ([.13). We can similarly deduce

(@4 [Qia, ®(2)]2]2(y)) = 67 Pia(®(2)2(y)) (4.17)
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directly from the algebra, or by choosing ® = ¢;; and using the relations
1 o . »
(Qr, ¢V = 5(5;2])\@ — 0" N), {Q7 6, N'a} = —4i0aap”

We now proceed to evaluate the integrals over By and By in [#.9). Using the O, OPE
given by (B.49), (B.51)), and (B.53), we can reduce the right hand side of ([.9) to a collection
of two-point functions, which we now evaluate.

We briefly explain the evaluation of one of the correlators, the remaining ones can be
evaluated in a similar way. Consider the aj correlator in (B.49),

({Qi%, [Qja {Q"s, [Q7%, O(@)}]}O(y)) = —([Q", _( )|Q76QjalQi%, O)])
= —4i03,[Q", 0(2)]1Q:*, Ow)])
= 320;{0(2)0(y)), (4.19)

where we have twice made use of ([.10). First we chose ® = [Q;, O] (6O is a conformal
primary by assumption) and then repeated the procedure with ® = . All the remaining
correlators can be evaluated in a similar way. We list the results in appendix f].

Noting that derivatives obtained from {Q, Q_} ~ P, also act on the 1/r? and r#/r?
factors in the O, OPE, we find on substituting (.19) and (E.I)) that

1 0

167 5 0@OW) = 5= (57 (0@OW) ) ZHA +20)0@O) +

167 D)
3 _ d*z d*z

Foe, (4.20)

where
A= 2(@1 —{—CL3) —3az,

9 1
B = —2(a4 + ag) + 3as + 3 (CL? 508 + a9> )
C = i(8a10 — 16&11 + 20&12 — 186113 + 24&14 + 3@15) . (421)

Of the fifteen coefficients a1, ...,as in the O, OPE, only the three combinations of ([£.21])
appear in the final expression. The integrals over Bf and Bj are each equal to n2e?;
however, their precise values will not be relevant for us. Note that for two-point functions,
the coupling dependence is related to the space-time dependence of the same two-point
function. This is generically not the case for higher point functions.

We can now make use of the known space-time dependence of low point functions
(fixed by conformal invariance) to constrain the unknown coefficients in ({.20). For two

non-coincident points « and y and a scalar O, we use the relation

(O(z)O(y)) = % (4.22)
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where A is the (possibly 7-dependent) conformal dimension of O which we substitute
into ([4). The left hand side of ([.4) is obtained by differentiating ([.22)), giving
0 1 an 0A
—(O(x)O = ———— < — —2n—1 — . 4.23
5 (OWOW) = -z { 57 ~ 205 nle | (1.23)
In order to evaluate the right hand side of (f.4]), we use the known form of the correlator of
three fields (with A, = Ay = A and A, = 4), which is again fixed by conformal invariance
to be

(0,(2)0(2)0(y)) = (7, 7)

, 4.24
PR r— (4.24)

which is valid for non-coincident points x,y and z. Equating these expressions (including
the explicit derivative) gives,

1 an . OA i Cr . 1
m—ywﬁ{&- "o ol y@ @am—yﬂ*A/dzu—sz—y4+
0 _
— . 4.2
+<37wxm0@»> (4.25)

However, this is not quite correct. In ({.24]), we have neglected contact terms that arise
when z — x and z — y. These terms play an important role in our following analysis, as
we shall discuss shortly.

First we need to evaluate the integral on the right hand side of ([.25). This integral is
UV divergent and so needs to be regularized. Following [Bf], we use differential regulariza-
tion. Because z # = and z # y in ({.24) we can use the formula for non-coincident points,

giving [B6]

1 w2 In?|z — y|? 1
d4 —:——82 — = 3 = -2 2~ 1—21 — . (4.26
/ ey 4 {rm—m2} Ty T 2l —yl). (4.26)

The logarithmic term of [Bf appears here in the form In(M?2z?), where M is a mass scale.

We have set M to one to match the corresponding expression on the left hand side of ([.25).
This equation therefore leads to

0 ilap+ ap) 0A _am?CT
(87’ - p n—2n 5, Injz —y| = — o7 {1-2In|z —y|}, (4.27)
so that 5 ( ) ) oA 2 0
(oo + ap me . e C7
Z 2200l = L 4.2
(37’ Ty > " 27'20 ’ or 210 (4.28)

where the coefficients ap and ay arise from the last term in (l.25]). The second relation
shows that the conformal dimension depends on the coupling only via the ratio of the
correlator of three operators to the correlator of two operators. In order to see how the

contact terms modify ([.25) we now want to compare ([.27) with (f.20]).
Using (#.29), we see that ({.20)) reduces to

i(ao +ap)  2mi(A+20) } n
(z—y)

4.29
16779 T9 ot ( )
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i(A+B+C) A(A—-1)ny d*z d*z

L PR </B (=~ o) */B,e, <z—y>2> T
We now want to compare (§.25) and ({4.29). This is facilitated by treating the z integral
in ([£25) in the same manner as in ([L.29) by dividing it up into balls, B , surrounding each
insertion point, x;, together with the smooth contribution away from the insertion points.
The second term on the right hand side of (}1.29) arises from a contact term between O
and the inserted operators. This is precisely the contact term we neglected in ([.25) so we
will not be able to match this term. For the other terms, the expansion of ([.25) gives

A1o(x — 7)) )4z —v)

“, <z—x§<zz—y>4]+”'

€
Yy

iCT d'z d'z
 dm(r —y)2A [/B (z =)t +/B (z —y)*

€ €
z Yy

n 1C7 / d*z . / d*z .
4ro(z — 3/)2A+2 B (z —z)? B (2 —y)?

v
1
@y

d - o icT d*z
5. 0@)0W)) = (5~ (0@)Oy)) = ;————3x=3 {/B G—z rin

+O( (4.30)

The O(1/(z — y)**) terms contain UV divergent integrals. We can again evaluate the
integrals using differential regularization again [B6], which gives

d*z 1 In(z — x)2M? 1 Inz?M?
/ — = __ag/ d4z(_—)2 = ——ag/ d'2——5— =0, (4.31)
Be (2 — ) 4 Be (z — ) 4 BE z

since the integral over B is independent of z. This is in agreement with ({£.29). Also terms
of O(1/(z — y)?2*4) appear with integrals of the form

/B d*z, /B d*z(z —z)?, /B dtz(z —x)*, (4.32)

These integrands are regular as z — x, and so they do not appear in the O, OPE expansion
and are absent from (|1.29).
Equating the O(1/(x — y)?2*2) terms in (£29) and ([£30) gives
C’T

oy = ATBTOAML-). (4.33)

The contact term contribution in ([£29) together with the explicit 7 derivative (accounted
for by (I.4)) of the inserted operators modifies the first equation of ([£.28)

< 5, N 32m%i i(ao + ao)> 167

(A+20) - n=—-—S(A+B+C)AA—1)y  (4.34)

or T To To

where we have used (f£.33). Note that A + 2C is generally a coupling dependent function.
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The second equation in ([£2§) leads to

0A 167
G = A+ BOAA D). (4.35)

We now argue that contact terms cannot modify ([.35). From the left hand side of ([.25),
we see that any possible contact term contribution to % must include a factor of In|z —y|.
However, in finding contact term contributions, we consider integrals over By (and By)
and pick up the contributions when z = z (and z = y). However, these integrals always
result in a power series expansion in 1/|z —y| and not a In|x — y| term. So no contact term
is generated.

4.3 Implications for BPS two-point functions

Let us start by considering the case where O is the superconformal primary of a BPS
multiplet; for example, O can be O, for a 1/2 BPS multiplet. Let O be annihilated by
Q¢ so [QF, 0] = 0. In this case, further constraints are implied by superconformal Ward

identities. In the supercurrent Ward identity (:27), take ®11 = [Q'% O] and &2 = O,!
O (J5(2)[Q™, O(x)]O(y)) = {54(2 —z)({QF, [Q", O(x)]}O(y)) +

+34(z = )@, 0@)QF, Ow)) } (4.36)
Using the relation,
[Qi, O7] = 0" J i + 20757 0 i (4.37)
the left hand side of (l.36) reduces to
([Qi%, 0-(2)][Q™, O(@)]O(y)) — 2(0,48.)a” 0 (J15(2)[Q", O(2)]O(y)) - (4.38)

The second term will vanish when we integrate over z by essentially the same argument

given around (B.35). The left hand side of (J.36)) is then proportional to

9;°(0-(2)0(2)O(y)) - (4.39)
Finally ([£36) yields the coupling independent relation
95°(0-(2)0(x)O(y)) ~ [*(z — 2) + 6*(2 = y)] FF*(O(2)O(y)) (4.40)
Integrating over z gives
[ :(0.(:00@0w) ~ ©@ow) (4.41)

(we need not worry about removing the 9, in going from ([.40) to ([.41]) because we know
the precise z-dependence of these correlators). So the only contributions from the O, OPE
are contact term contributions which means that

oA
=5 =

We thus recover the known result that the conformal dimensions of BPS superconformal

A+B+C=0 0. (4.42)

primary operators are not renormalized.

!Note that if [QF, O] = 0 then [Q™*, O] # 0. Otherwise, using {Q, Q} ~ 9, gives 9,0 = 0 and O must
be proportional to the identity operator.
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To fix the metric on this subsector of BPS operators, we need to note that the re-

lation (K.36) is independent of the coupling. This is a rather important point which can

be seen as follows. Integrate both sides of (f.3€]) over 2. For the right hand side, the
integration is trivial. The left hand side becomes

/d4z (T3 (2)[Q", O(@)]0(y)) = ({QF, [Q", O(@)]}O(y)) + ([, O()][QF, Oy)])

so the coefficient of proportionality in ([£.36]) is just a constant. However, we also need
to note that the supersymmetry variation of a BPS operator is not quantum corrected,
unlike the case of long operators. This follows, essentially, because the divergence of the
supercurrent sits in the same anomaly multiplet as T},. For an example of quantum correc-
tions to the supersymmetry variation of a long operator, see [RP0]. The only way a coupling
dependence could appear is if x approaches y and a long operator emerges in the OPE of
[Q", O(z)] and O(y). The quantum corrections to the supervariation of this long operator
encodes the coupling dependence of the correlation function. However, in this case, what
would remain is the 1-point function of a long operator which vanishes.

The Ward identity has therefore taught us that the only relevant terms in the OPE

between O, and the inserted operators are the tree-level contact terms. So we conclude

that,
0 «
—_ 4 = 4.4

<07+7'2>n 0, (4.43)

for some constant « and that A 4+ 2C' is a constant independent of the coupling.

Lastly, we can set « to zero in the following way: we need to examine the solutions
to (f43) and its conjugate equation. A quick inspection reveals that the only solution for
7 is a single fixed power of 7. However, we have the freedom to rescale O by powers of
79 in a way compatible with ([.6) (the value of vy, shifts by such a rescaling). Using this
freedom, we set a = 0 in ([.43)) and conclude that 7 is a constant. With this normalization,
each BPS superconformal primary has modular weight (0,0). This is consistent with our
expectations from S-duality [f.

The only supermultiplet with a canonical normalization is the current multiplet. In
particular, Oy appears with a single factor of 9. In this case, we do not want to use our
rescaling freedom to change a. However, using the canonical normalization, we see that
the tree-level 2-point function,

1
|z —yl*’

(O2(2)O2(y))

is coupling independent and non-zero. Therefore, in this case we find o = 0 automatically
with the canonical normalization. We conclude that 2-point functions of superconformal
BPS primary operators are not renormalized. This statement is non-perturbative and ap-
plies to 1/2, 1/4 and 1/8 BPS multiplets. We might worry that in an instanton background,
half of the supersymmetries are broken so the Ward identities associated with the broken
currents are inapplicable. However, we are still free to choose any Jyi in (1£.36) which is
preserved, and the rest of the argument is unchanged.
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We can extend this result to two-point functions of BPS operators which are not
superconformal primaries. This follows fairly directly from [f|. First note that we are free
to move all the 6 and & operators so that they act on one of the two inserted operators.
We then observe that any two-point function of this kind satisfies the following relation

(O()8"5" O(y)) ~ 6™ 9 (O(x)O(y)) , (4.44)

which follows for the same reasons as ([.1(]). This two-point function is therefore also not
renormalized.

It is worth noting that there can be contact term contributions to two-point correlators.
These contact terms are renormalized even for BPS operators, as shown explicitly in [B2].
Also, these contact terms can and do appear in correlators like ([1.44) even when n # m

(in which case the correlator vanishes for separated insertion points).

4.4 Implications for BPS three-point functions

Let us consider the three point function (O!(z)O” (y)OX (w)) where the operators are BPS

superconformal primaries at separated points. Using the result for conformal primaries,

we define the ring coefficients C17/K

(07 ()07 (1) OF (w)) = (1) (4.45)

B |z — y|A1K |z — w|ArxT |y — w|AIkT

where Ajjg = A7+ Ay — Ak and % =0.
The coupling dependence, which follows from ([£4), is determined by

S0 @07 (WOF (W) = (5 (01O ()0 (w) ) +
1 [ 1200 @0 WO W) (446)

By analogy with the case of the two-point function, consider the Ward identity (R.27)
with &t = [Q™Y, O], &2 = O/ and &3 = OK and where each O is annihilated by Q;*.
Repeating our prior argument gives,

030 (2)0" (z) 07 () OF (w)) ~ [6%(z — ) + 6 (2 — y) + 6 (2 — w)] x
Xag‘a(@[(x)OJ(y)OK(w)) , (4.47)

with the constant of proportionality again independent of the coupling. Indeed, the con-
stant is just the value of the contact term between O, and each inserted operator. This
same contact term appeared in the determination of BPS two-point functions.

In deriving (.47), we have moved a @ around the correlation function just as in the
discussion around ([£.3§). If this @ hits a long operator, the relation might be renormalized.
Again, a long operator can only emerge from the OPE of two of the inserted BPS operators.
However, that would leave a two-point function of a long and a BPS operator which always
vanishes. The constant in ([£47) is therefore not renormalized.
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As an aside, we should comment that had we considered a correlator of 4 BPS opera-
tors, the conclusion would be different. In this case, the Ward identity no longer guarantees
the absence of quantum corrections: a long operator can emerge from two short operators
but now the resulting three-point function need not vanish. If all possible three-point func-
tions of this kind were to vanish (for other symmetry reasons) then the 4-point function
would again be protected from renormalization.

Returning to the three-point function, we note that integrating ({1.47)) gives,

[ :(0,(:00"@)0” 4)O¥ (W) ~ (0'(2)0 (WO< (w)). (4.49
Thus (4.44) implies that
0 o'\ Kk _
<E + T—2> cl7K — (4.49)

for some constant o’. Normalizing the operators as in section [.3 so that the two-point
functions are independent of the coupling then trivially implies that o’ = 0; the contribution
from the explicit derivative together with the contact term with O, vanishes separately
for each operator. We conclude that the three-point functions of BPS superconformal
primaries are not renormalized.

4.4.1 Comments on three-point functions of descendents

It turns out that our non-renormalization proof does not extend simply to 3-point correla-
tors of descendents. For the special case of the current multiplet, the non-renormalization
result does extend to descendents. This follows from the analysis of [f] where correlators
of descendents were related to (Oa(z)O2(y)O2(w)) using superconformal symmetry.

For other BPS multiplets, we can demonstrate non-renormalization under the assump-
tion that (anti-)instanton corrections to the 3-point correlator vanish. The argument uses
SL(2,Z) in the following way: any correlator of superconformal descendents is of the form

(8767 O (1)5°5° O ()84 51 O5 (w)) (4.50)

where 01,0 and O3 are BPS superconformal primaries. By moving around the § and §
operators, these correlators can always be put in the form

(O1(2)6™ 5" Os () 0P51O5 (w)) (4.51)

or its space-time derivatives. So it is good enough to analyze the coupling dependence
of (.51). Note that neither 6™ nor 6?67 yield conformal descendents by definition (if
they do, they would merely become space-time derivatives of correlators like (f.51])). To
study the coupling dependence of ([L51)), we consider the OPE of Oy(z) and §™6"Os(y)
as ¢ — y. Assuming ([£51]) is non-vanishing (otherwise there is nothing to prove), we see
that the OPE is given by

Oy ()66 Oa(y) ~ Y gr(x — y) fr (9301, 0u) 6™ 8 Os(y) + - -+, (4.52)
k
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where the omitted terms involve long operators as well as BPS operators which are not
(super)conformal descendents of O3. We assume no instanton corrections so that f is
independent of 6. All the (super)conformal descendents of O3 are included in the sum. In
the k-th term, uy, and vy are non-negative integers and the OPE coefficients fx(g%,, o)
are a priori functions of the coupling. Clearly, the omitted BPS and long operators do not

contribute to ({.51)). In fact, substituting ([.52) into (J.51)) gives (as x — y)

(01(2)6™8" Oa(y)d7 5703 (w)) = > 8 4P+ gy (2 — y) f1.(g3n, D) Ty TP (O3 (y) O3 (w)) -
k
(4.53)

Since (O3(y)Os(w)) is coupling independent, in order to demonstrate the coupling indepen-
dence of ([.51), we need to show that fj(g%);,d,) is independent of coupling for every k.

To see this, we consider the SL(2,Z) transformation properties of ({.52)). The BPS
superconformal primaries 01,0y and O3, are SL(2,Z) invariant. Also both sides of ([..53)
transform covariantly under SL(2,Z) because the left hand side is constructed purely out of
BPS operators (Every omitted term involving a long operator is also expected to transform
covariantly, though the coupling dependent OPE coefficient and the operator need not do
so individually). Let § and & transform as modular forms of weights (u, —p) and (—u, )
respectively. That they have weights of the form (v,—v) follows because §6 ~ 9, as
far as the SL(2,7Z) structure is concerned and 0, is SL(2,Z) invariant. Here the specific
value of p (which is 1/4) is not needed. Now fx(g3y,9,) is also a modular form but, by
assumption, it is independent of 71 = 6/2mw. Hence, it can only be a power of 7. So,
let fr(g% 0 Ou) = 75 f(8,). So the left hand side of (J£53) transforms as a modular form
of weights ((m —n)u, —(m — n)p), while the k-th term on the right hand side of (JL.52)
transforms with weights (—k + (ux — vg)p, —k — (ur — vg)p). Equating these expressions,
we find that

(m—n)p=—k+ (ug —vi)p,  (m—n)p==k+ (up — vy, (4.54)

which leads to k& = 0. Hence, (4.51]) is independent of the coupling and (j£.51) must have
an equal number of § and § insertions. Thus the 3-point function of non-coincident BPS
superconformal descendents is not renormalized if f; in ({.59) is independent of 7.

4.4.2 A simplified integration formula
These results lead to a pretty formula for the integrated OPE of O, with a BPS operator
O. Consider the relation,

500 = (5100} ) + 1 [d=0.0@OW) . (w5)

where O)(y) is any BPS operator. The left hand side vanishes by our prior non-renormali-
zation argument. The first term of the right hand side is zero if O}(y) is not in the same
supermultiplet as O(x). In this case, the integrated 3-point function vanishes.

If Ol(y) is in the same supermultiplet as O(z) then the explicit derivative term can
be non-vanishing but is always proportional to 1/75. This term must be cancelled by the
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integrated 3-point function which must be exact at tree-level. It is easy to check that
f d*20,(z) is zero on-shell so the 3-point function is purely a contact term.? The BPS
operators in the integrated OPE between O, and O are therefore in the same supermultiplet
as O and arise only from tree-level contact terms in the OPE (up to integration by parts).
We therefore conclude that,

/d4zOT(z)(9(x) ~ Z Oi(z)+ -, (4.56)

where the omitted terms involve long and semi-short operators.

4.5 A comment about generic three-point functions

The coupling dependence of generic correlators is given by

0 ~ 0 ~

5 (0@OWOW) = (- (O@WOWOW))) + 1= [ d'(0,(:)0)0)Ow))

~

= (I (0@)0w)Ow)))

- / d*2(0,(2)0(x)O(y)O(w)) + - - - , (4.57)
41y JBe
where - - - includes integrals over Bj and By, and over the region outside the balls. Again,

because we know the precise form of the space-time dependence of three-point functions,
it might be possible to learn about these correlators from the ball approximation.

After using the O, OPE, we note that the correlators on the right hand side generically
involve different operators from those appearing on the left hand side of ([.57)). In order
to see this, it is enough to consider a particular term in the integral over B¢. Consider the
ay term in (B.49) which gives a contribution

ia9 d*z

— 5 {Qi% (@6 AQ [Qja O@)H}O (1) O(w)) (4.58)

4ry Jpe (2 — x)?

For example, take O = Oy and take O and O to be superconformal primaries of long

multiplets. Then from (R.), very schematically, we see that ([.5§) contributes

- : 3 [<Tﬂy(x)6(y)6(w)>+<8;LRV@(?J)6(U})>+<3“8y02($)6(y)(5(w)> 4o,

72 Jpe (2 — )

where --- includes terms that involve derivatives acting on ﬁ So we see that the

operators involved differ from those in (O(z)O(y)O(w)), but they are all operators in the
same supermultiplet (here Oy) as the original one. Clearly, this is also true for higher point
functions.

2There is a caveat worth mentioning: to see that fd4z(’)T (%) is zero on-shell requires integrating by
parts and throwing away a boundary term. In euclidean space, we could consider an instanton background
in which we might need to consider this boundary term.
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A. The superconformal algebra

In this appendix, we briefly review the superconformal algebra in four dimensions. With
metric 7, = diag(—1,1,1,1), the conformal algebra SO(4,2) in d = 4 is given by the
commutation relations

My, Bo] = i(uo Py = o Pu) s (M, Ko| = i(1uo Ky — 1o K )
[M;w’ Mpa] = i(mpMua — Nup Mo — Nuo My + UuaMup) )
[D,P,] =iP,, [D,K,| =—iK,, (K, P)) = —2iM,, — 2in,,D, (A.1)
where M,,,, P,, K, and D are the generators of Lorentz transformations, translations,

special conformal transformations and dilations, respectively. In d = 4, the conformal
algebra SO(4, 2) can be extended to the superconformal algebra SU(2,2|4) by the inclusion
of the supersymmetry charges Qia,Qg and superconformal charges S, S where i =
1,...,4. These charges transform in the (anti-)fundamental representation of the global
SU(4) R-symmetry group. We denote the generators of the R-symmetry group by Rij
subject to the condition R% = 0. The non-zero anti-commutation relations between the
supersymmetry charges and the superconformal charges are given by

{Qia, QL} = 20]00, P, {5, 89°) = 20570 K™,
{58, Q3 =4 [55 (Mdﬁ' + %‘%'D) - 5%@] : (A.2)
where the Lorentz generators are expressed in a spinorial basis,

l _ _ i .
Maﬁ = —Z(U“a”)aﬁMﬂy, Maﬁ- = —Z(U“J”)O‘BMW,.

The non-zero commutation relations involving My?, M O"ﬁ-, the supersymmetry charges, and
superconformal charges are given by

1 . ) 1 )
[Maﬁ, Qz'y] = 5“/(362@'04 - 55046622‘7’ [Maﬁa SW] = _50;/5@6 + 550{,35'2’7,
. o1 . o S
[MQB7 ny] = —(5a,'yQZB + 550{6 %Y , [MQB, SZ] = (SVBSZQ — 550{,6’537 (A3)
while [M,,,,, M| in the spinorial basis gives

(M, M) = 6P M2 — 6,2 M7,
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(M5, M) = —0% M5 + 67, M%. (A.4)

The non-zero commutation relations involving the dilation operator, the supersymme-

try charges and the superconformal charges are given by:

(D, Qio] = %Qiaa [D,Q%] = %Qio'm
[D, 5] = —%Sia, [D, 58] = —%Sf. (A.5)
Those involving P, and K, are
(K", Qia] = —0hs S5, (K", QL) = Sl
[P 58] = —9°Qia,  [Pu, 5] = Qhade. (A.6)

Finally, we list the defining relations for the R-symmetry generators
[R';, R = 6", R, — 6" R"; , (A.7)

and their commutation relations with the super(conformal) charges

A 4 1. o 1.~
R, Qral = 01Qjo — 70,Qka, [R5, Q) = —07Q4 + 1 8,Q4 ,
. . 1. o 1
(R, Ske] = kg™ + 1(s;s’m, [RY;, 5% = 6.9 — 15;5;3. (A.8)
For unitary representations of the superconformal algebra, these operators satisfy the con-
ditions _
Q' =04,  s°T=87, M =M%, Ry =R (A-9)

B. The properties and construction of short multiplets

The short multiplet has special properties which can be deduced from the superconformal
algebra. For example, states have conformal dimensions that are protected from renor-
malization. In this appendix, we will deduce some of these properties while describing the
explicit construction of the multiplet. Our discussion again follows [P2]. We will need these
explicit results in the main text so, for completeness, we list them here.

First, we give explicit representatives for M2, M ‘5‘5 and Rij. Writing

(%)= () &

where J3, J+ (and J3,J1) satisfy the standard commutation relations of SU(2), we see
that ([B.1]) satisfies the commutation relations (JA.4)).

We can also express Rij in terms of the SU(4) g generators in the Chevalley basis. That
is, for every simple root o' (i = 1,2,3), we take ladder operators E+ = B+ and a Cartan
generator h' chosen to satisfy

W] =0, EY BT = 6;:h7 h;, E¥) = £ A;; E*7 B.2
J J
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where

_,ladd)
Az] =2 ’aj‘g ’ (BS)
are elements of the Cartan matrix of SU(4) given by
2 -1 0
[Aijl=1-1 2 —1]. (B.4)
0 -1 2

We can express any weight vector X in terms of the fundamental weights with integral
coefficients specified by the Dynkin label [A1, A2, A3]. Acting on the weight vector, we note
that

REIX) = | X) (B.5)

Thus every representation has a highest weight state satisfying
hi|A1,>\2a)‘3>hw = )‘i|>‘1))‘2a)‘3>hw7 (B6)

and

EAL A, A3) =0, (B.7)

We now construct the matrices R

2(3h1 + 2hs + hg) Ef (B, Ef] [EY, (BT, ET]]
R — Er L(—hy + 2hg + hs) Ef [ES, B
J —[E[,Ey] Ey —2(h1 + 2hy — h3) Ef
[E7 . [Ey, E5 ] —[E;y, Ey] E; —L(hy + 2hy + 3h3)

(B.8)

It is not hard to check that the defining relations ([A.7) are satisfied by these representatives.

Now that we have explicit forms for the generators, we see that the the last two

equations of ([A.2) yield non-trivial constraints on the conformal dimension of a short
superconformal primary state. Using the defining property (R.1)), we see that for i = 1,2

1 L6l — Ry + 56 0
- iaaslﬁ k? ) ;.7_hW: 20 ‘ ! k’ ) ;~’—hw
4{62 HE, D a; 3, 7) 0 A5 Rl — jol \k,p,q; 5,00+
0 0 . A hw
+6 <\/Z 0) \k,p,q;5 — 1, )™,
=0. (B.9)

The conformal dimension, A, satisfies
Dlk,p,q; j, )™ = iAlk,p, ¢ 4, )™
ko0 @9, )™ = 1Ak, p,q; 5, 7)™ -

We see that j = 0 and that

A
(75% - Rli) |k, p,q;0,7)™ =0 (B.10)
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leading to

1
A=g(p+q), k=0 (B.11)

Similarly, from the Qfx constraint for j = 3,4, we find that 7=0, ¢ =0 and A = p. So the
superconformal primary state of a short multiplet is given by [0, p, 0] (0,0) With conformal
dimension A = p.

We now summarize the construction of the short multiplets by acting with the su-
perymmetry charges @Q;, and Qja (1 = 3,4; j = 1,2) on the superconformal primary state
[0, p,0](0,0y- It will be very convenient to use the Racah-Speiser algorithm for decomposing
tensor products of representations (see appendix B of [P2] for a review and various appli-
cations). The statement of the algorithm goes as follows: given two representations R A
and R,/ (where R) is the representation with highest weight vector A = [A1,---, A;], with
r the rank of the group), the tensor product is given by

Ry@Ry ~ > Rapa, (B.12)
)\EVA/

where V) consists of all the weight vectors for all the states in R ;.
The algorithm further tells us that on the right hand side of (B.12)),

Ry =sign(o)Rye , A =aA+p)—p. (B.13)

Here o is an element of the Weyl group and p is the Weyl vector. So using this algorithm
we can construct the tensor product of two representations, where from (B.13)), we note
that representations for which A = \? and sign(o) = —1 vanish from the right hand side
of (B.13) and so do not exist in the tensor product decomposition.

In our applications, it tells us that when we are acting with the various supercharges on
a general representation [k, p, q](; 7, we naively get all possible representations [k', p’, ¢'] ;7 7)
obtained by adding the weights of the supercharges to [k, p, q| (j.y)- Of the resulting represen-
tations, the ones where (k',p’,¢’,j’,7) are all non-negative are to be kept. The other rep-
resentations will have negative Dynkin labels. Some them vanish identically using (B.13).
The others we can remove using the equations of motion or conservation laws (we will see

an example of this shortly).

So we need to know the Dynkin labels of the various supercharges. They can be
obtained by computing [k, Qja], [h?, 5] which gives,

Q10 ~ [1,0, 0](i 0> Qaa ~ [=1,1,0] (11 g)
Qsa ~ [0, =1, 1] (11 0) Qaa ~ [0,0, 1] 11 ),
S~ [21,0,00 01 0 S~ [L=10)11 )
8% ~ (0,1, —1] (+1.0) g4 ~ (0,0, i) (B.14)
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and for the conjugates,

Qi ~ - 1,0,0] (0,11 1> ng”[lv—l,o](oil),

Q% ~[0,1,— ]O:I: Ly Qi ~ [0,0, 1](0,i1)=

St~ [1,0, O](Oi )’ 8§ ~ [-1,1,0] 511y,

§3 [0, ] (0,£3) Sz? ~ 10,0, _1](0,1%)- (B.15)

We can now go ahead with the construction of the short multiplet. Acting on the super-
conformal primary state with the ) operators yields
Q? [07p - 27 2](0 0) Q?

Q , Q!
[0,.0)00) = [0, = L, 1] 1 ¢ = 0.p— L1 [0,p = 2,11 0) = [0,p = 2,0l0,0) »
(B.16)

while acting with the Q operators on the highest weight states of the various representations
yields

Q Q* [2,p = 2,d)j0) @ Q!
[0,p,dlj.0) = [Lp—1,d] (1) = 0.p—1,q ]Z?; [1,p=2,4;, 1y = [0,p=2,4d]j0) - (B.17)

These results lead to diagram (P.9) displayed in the main text.

C. The subleading terms in the 620, OPE

In this appendix, we determine the subleading singular terms in (B.39). One way to obtain
all the remaining terms in (B.39) would be to consider all the less singular terms in (f.2)
and (B.10) and repeat our prior analysis. However, that is a rather complicated route since
there are many subleading terms in (B.9) and (B.16)!

So we shall proceed by a different route. Because in (B.39), the leading term goes
like ~ 1/|z — z|?, all the possible subleading terms go like ~ 1/|z — x|. So the number
of these terms is far less than the number of subleading terms in (B.2) or (B.16]). Also,
as discussed before, we saw from (B.2§) that only terms with specific properties under
SO(3,1) and SU(4)g arise in the OPE — this drastically reduces the possible subleading
terms in (B.39). So we shall directly write down all possible terms that go like ~ 1/|z — x|
in (B.39) consistent with the various symmetries. This will give the full OPE. The leading
terms in (B.39) can be written schematically as,

Lo Lo
2—25 ¢ and 25 . (C.1)

At O(1/(z — x)), the following terms are the only possibilities consistent with the SO(3,1)
and SU(4) g structure of (B.39):

1 1 1< 1 o=
;520,@, ;520,@, ;535<1> and ;535@ (C.2)

We now list the O(1/(z — z)) terms in the OPE for each of these cases (we use r# to
denote (z — z)*).
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(i) 16%0,:
Eaﬁij(z)q)l(x) ~ 5a6;_gau[Qid, [dea (I)I(x)]i]$
How)a (@) 550,101, [07, 8 (2)]1]

8,7 (5") 1750,1Q'6, 1Q7, @7 (@) )=
0 () 50N, [@7F, @7 ()]
Hilo)a () (0 507106, [0, @7 ()]s

TATTTW

+ietre (Uﬂ)\)aﬁ(suw)l‘](a'p’r)dﬁ T@U [Qiéw [Qjﬁv (IDJ(x)]:E]:F (03)

. _ . ',"V',"p'r . . .
+i(0)a” (") 1(@pr) 507 [Qa, [Q°, 7 (@) )5 + permutations .

Unlike leading order where there are no & type S, terms, there are S,, terms of both
& and B type at this order. There are several B type S, terms — for brevity, we have
written one for each distinct structure, with the remaining independent terms generated

by permutations. For example, by permutation, we should include terms like
~ —vp\a TX o A0 1758
i(070)a” (5" 1(57) 5,729Q 0 [Q7°, 07 ()] )% , (C.4)

which is a permutation of the fifth term of (C.3). Also among the permutations is

TATTTO

e (a3 )a” () 5 Fpr)* =7 0°1Q', [, @7 (@)] ] (C.5)
which is related to the sixth term of (C.3).
(ii) L 520, ®:
. I
B ()01 (z) ~ €M50,[Q)7, [Qnar @ (2)] ] +
i M) 150,01, [Qrar @7 ()] )= +
- 217 v ’rp
tie e (5) 55 0NQ, [Qkar 7 (2)] 4]z +
. g v rf
i€ ()0 (S") (07 X)2" 5 0pl Q17 [Qks, @7 ()] ) +

W T A
i Voo rerer
e (0,0)0" (S02) 5 (00 )y — 700 1Q1 [Qks, 7 (2))) +

L rVrTry
+ie T (5,,)0” (S 1 (0pr)4° A 0°1Q1", [Qrs, @7 ()] 4] +
+permutations, (C.6)
where the permutations include, for example,
L rY
i€ (00)a” (87) 5 (72)2 50N QU, [ Qs @7 (@) - (€.7)

In this case all the terms are B type.
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(iii) 1 6350
Ba ()0 (2) ~ 02T (0,)15(@', [, 10, (47, ' (@)1 a5 +
+<ow>aﬁ:—A< “)05 (3N 51Q76, [Q7 QM [Qi™, 7 ()] )] +
0L 2(5) 5 0,) 410 (@7, @M, [, @ (@) s +
0 e (1) s 5 (00):51Q", Q7% [QM [T, @7 ()]sl sl +
Fi0(5) T o) 5[ @ o [ Q7 (@7, (@) ) +

0 )a (S @) 5 (033 1Q s (@79, [ (@1, @7 (@) )l +

w
r’r¢r,
4

+¢e“”p”(auw)QB(SLT)IJ(5pA)d5 ,

% (0™)451Q%a, [Q77, [Q", [Qi, @7 ()] )5 )]+ +

rPrApY

+i(0#p)aﬁ(SﬂT)1J(5TV)dg__;z__ X
x(02)51[@'4: [Q77. QY. [Qk”. @ ()] )]s +
+permutations . (C.8)

In this case, there are only permutations of B type terms.

(iv) 1 5309:

S8 (@) ~ T (0,) 5101, Qb [, [Q7, 8 ()] ) +
ML (0,411, Qe (@™, (@, @ (2)] )5 +
e ()5 (87) Q1 Qs [Qun ™, 1@, @7 (@) ) +
+ieijkl€uupxg(O’A)W(S“”)IJ[QW, [Qka, [Q”, [Q™7, @7 (2)]+] 5] +)5 +
+@€”klr (0207025 (") Q17 [Qras (@™, [Q™, @7 (2)] 4] ] ]+ +

+ie " (o) 0" () J(O’”A)va:_g(ap)eé[Qﬂa [Qrs. [Qud, [Q™, @7 ()] )51+ +

PP T

4

‘+i€w%i€u”pa(Uuk)aﬁ(SLT){I(Upw)vé(Ua)ee

X [Q1, [Qrs, [Qnd, Q™0 @7 ()] 4545 +

. ikl B aur\I 5 Twr/\ry
+ie 7" (oux)a” (S*7) 5 (00 )4 (0w)gs o] X

x[Q07, [Qus. (@, [Q™. @7 ()] )] + |
80 e 0,0, () 175 (07)09lQ17 Q. [ [Q77, @7 (@) )] +

rYrir,

4

r

+i8, 0 errTo Rlm (i (SMU)IJ(U/J)\)’YS(UT)GG

r

x[Q17, [Qrs, [Qud . [QV, 7 ()] )5 ) 4]+ +
Fiba (8,0 (07)23 (0% g5 22 [Q), (@i (@ [V, &7 (1)) ] )] +

7’
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+permutations, (C.9)

Note that every &£ term is an S, term. Also this is the only case where the permutations
include both £ and B type terms. For example, the £ type term

B0 (0,355 o (0356 Q17 [Qus [, 1@, @)l )l (C10)

So including all these additional terms, we have the complete OPE of §205. The leading
terms are given in (B.39), while the subleading terms are given in (C.3), (C.6), (C.8)
and (€3,

D. Some consistency checks of the 520, OPE

Since the 62Oy OPE plays an important role in our analysis, we will perform some con-
sistency checks of this OPE here. The checks will involve computing the OPE of £ with
selected operators.

D.1 £(z)A(z) in free field theory

We consider the A = §305 operator which is given by

. 1 . _
Az‘a ) (6ﬂy)a5'F;w)\zﬂa (D'l)
Iym
and we want to compute
M ()R (a), (D.2)

in the free field theory, where £ is given by
ij L oyiyj
EY = —5—X'N. (D.3)
9ym
A straightforward calculation yields that

b
(z =)

1

gkl Aid ~
(RE) ~ ~ g

Liznv \aBg
9i' (6" €) Q{B

<FW)\’”> (@)= (k—1), (D)

to leading order, where we have used the free fermion propagator (.20). We now show
that the leading term in (B.39) given by

M)A (@) ~ ——[QF 5 Q" A (@)}, (D.5)

-2

gives us (D.4) on integrating by parts. Since we will eventually integrate over z, equivalence
up to total derivatives is sufficient for us.

Using the relations

{Qid,AjB} _ 5},2‘60'460_?, [Ql, O,] = 8“@2 + 25“0‘”8;“]2, (D.6)
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we see that (D.5) gives

A & 25il NG 7k
Now jﬁd is given by
Fic 1 o G 4 o Ay & v i Y \a
St == | Fpo (0770, A" )" +2ip" 0 A +§za (TN ). (D.8)
9ym

Again, a straightforward calculation leads to

1

El/ _\X & -~ Q=pv \aBq
EN(2)N;%(x) di (0"7€)*70_ 5

ﬁ (FW)\’”> (@) + (k< 1), (D.9)

203\
where we have integrated by parts. The total contribution from the second and the third

terms in (D.§) cancels. So we see that up to an overall numerical factor, (D.4) and (D.9)
match exactly — demonstrating the existence of the leading term in the £ OPE in (B.39).

D.2 £(2)60s(x) in free field theory

We consider this example because it is a case where the subleading terms in the £ OPE
are needed for agreement with direct free field computations. Start with the 60, operator

given by
3 1 .. _ _
Xk = 902 eI (@mn)‘k + @knAm) ) (D.10)
9ym
to leading order and compute in free field theory
_ije ijpg ada__ L - _
ENDN n(2) ~ = O s ("N g + 0, X Gmg) (@), (D11)

This expression can also be written as
Zijé i da_ L ij i g
EFL ()51, (2) ~ 2T (35m(k)\l)g0 i 495, gpﬂ(’w)) (z)  (D.12)
YM a

using @;; = %eijklgokl. Now the leading term in the OPE (B.39) is schematically ZLQSZX ~
z%/_X, which is not the correct term; hence we can conclude its coefficient vanishes. Similarly,
all the coefficients of all terms in ([C.3), (C.6) and (C.§) must vanish as well.

Finally, we consider the terms in (C.9)), whose contribution 2%5352 contains J and Y.
So we need to find the terms in ([C.9) that reproduce (D.12) — these terms must have
non-vanishing coefficients. For this example, note that

(Su) 597 = (@) 5 (D.13)
Many of the & type S, term contributions in ([C.9) vanish identically for this choice of
Suw. For simplicity, we consider a particular non-vanishing term in (C.9). We shall see
that this term is sufficient to reproduce the structures appearing in (D.12)). However, we

will not calculate any precise coefficients since other terms in (C.9) can also give rise to
the terms of (D.12) (also, the algebra is quite cumbersome).
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Consider the term in ([C.9) given by
gkl( ) —tjc ($) ~ ieﬂpTwepqs(k(a'ﬂu)dﬁ'(Upg)»y(S(UT)@é

T“H%W%M@xdeﬂfmmy (D.14)

In order to proceed, we need the supersymmetry transformations from (P.5))

3 . . 3 . .
{Q*, X%} = —Zi(@)aaR“[lle + —i(5“)aaauQ”kz

3 3 . .
T (5“)0‘0‘5[ kR“J} 4 (6“)aa5[lk8“Qj]mml, (D.15)
(Qi, Tyw] = (|0 i 5 (D.16)
) . 1 8
Qs B5) = =6 Tjo + 795 Sl + + i@’ 1)a s (D.17)

as well as (B.3)), (B:4), (B-5), (B.4) and (B.7). We then calculate (D.14) with a liberal use

of integration by parts. After some tedious calculations, we see that there are only three
distinct structures that contribute:

y . 1
aﬂ?(’fxﬂmm(m)awi(z o (D.18)
L ity (ygia_ 1 (D.19)
3 el
and 1
ijplks ) a—1 qv fe7e
€560, o ()0 TErsEl (D.20)

We will explain the meaning of the formal expression (D.20)) momentarily. It is useful to
rewrite the y term contributions using the relations

OV N (w kg D g5, ligilkyD _ /\[i(pj](k(gml)> , (D.21)
9ym
and

Lo figglpatk ) 1 (s 1 qltky\D D.29
gme qu—ﬁ(mﬁp > ()

(The possibility

g 1 y o
eapay (k6,0 = i <<P”)\(k5ml) — A[Z@J](k5m1)> (D.23)
Y™

is not linearly independent.)
We now consider the formal expression (D.20) and evaluate it. Using the definition of

J in (R-I0), we see that

1 ) _
oI = —— (%gopqxq — 400, (g0 NT) — 8;1(Fp00p00”)\p)> : (D.24)
9vym
using 8,0, = 1,,. Now the second term in this expression, when inserted in (D.20),

vanishes on integrating by parts because on-shell

1 1

8@723;1 (Ppg0”A) () = -2 (Ppg@°“\1,) (z) = 0. (D.25)
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Similarly, the third term when inserted in (D.20)) also vanishes on integrating by parts
because

1

0, (Fp (075" A, )e) (6% (Fypo (070" Ap)a) = (077)a® % -+

z—x)?

~ (
= 0. (D.26)

So we see that (|D.2() is a well-defined local operator given by

g . 1 i . . 1
Z]p(k(s )ag—1 qv fe e _ zyp(k(s D) (= q le7e ) D.2
€ m 0y Jpa ()0 (z —z)2 2932(1\/[6 m' (PpgAa) (2)0 (z —2)2 (D.27)
It is more useful to simplify this using the relation
€05, (M) = (978 * A + 20k, ) (D.28)

From the expressions (D.21]), (D.29) and (D.29), it is easy to see that we get all the terms
in (D.19). This provides constraints on the OPE coefficients from the terms (C.9). In fact,
we can write (D.12) as

i 37 da 1 ” 20 i
ER (2) x4 (z) ~ @6 WG irlky D+ Eém[ ealky )y

-+¢eﬁp@5nx>ale;> (z). (D.29)

We can now physically see the role of the last term in (D.29). Without this term, the right
hand side of (D.29) would contain a term proportional to

1

)\[Za(pj}(kéml)aaa
(z — )

5 s (D.30)
which does not appear on the left hand side of (D.29). Also, £ and Y are both elements of

the current multiplet which closes on-shell and so their OPE should involve only operators
in the current multiplet, which is seen to be the case.

D.3 The £(2)T(z) OPE

The prior two checks of the 62Oy OPE involved free field theory. This final check involves
the full interacting theory. Let us consider the leading terms in the OPE of the stress
tensor with &, i.e., the T'(2)€(x) OPE. Clearly, these terms (with z and z interchanged)
should appear in the £(2)T(z) OPE and we will demonstrate that this is the case.

First consider the T€ OPE. From (B.9) we see that, to leading order,

ﬁ + EV ()bt (2 — z). (D.31)

Now consider the terms in the £T OPE. Since

Ty (2)E9 (x) ~ E(2)0,0,

8°T ~ B, 636T ~ B + €, 83T ~B+E&,
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we see that only terms from ([C.9) can be non-zero again. All the coefficients from (B.39),

(C.3), (C.6) and (IC.§) must vanish. Among the terms in ([.9), we consider the contribution
of two terms to the &7 OPE. First consider

()T () ~ i€ (02),922 (07) 5 x

r2
<{Q1, [Qks {Qm” 1@V, (ST (@)]1}]} (D.32)
where
(S)\pT),uu = _i(npuT)\u - nAquu + npuTu)\ - nAuTup) . (D'33)

Using the supersymmetry variations of (R.5),

[Qi’ Tuu] = a',u)\a)\jlz; + 5uz\a>\jfl ) (D34)
. . . 1 . ‘
{Q;%, T2} = (6")** Ty 6" + 2(0A0w — 3%@)0‘&6”3”]» , (D.35)
i A 1 % 8. v 1
[Qk, RMj] = —0,"J} + 10 Ji + gw“ OuX"jk » (D.36)

and (B.4)), we can evaluate (D.32). To simplify the computation, let us restrict to on-shell
non-vanishing contributions. Any additional contributions will only change the value of the
coefficients. On integrating by parts and using 9,R"; = 0 (on-shell), we see that (D.33)
becomes

gij(Z)T;w(m) ~ gij(x) <3uay 5 T+ 72?7“”54(2’ — x)) . (D.37)

b
(z =)

Next consider another term in the £T° OPE given by

Eij(Z)Tw,(x) ~ Eklm(i(oﬁp)“/&(gw)gé r)‘:jra
<AQ1", [Qus, {Qu” 1Q77, (S5, T) ()]} (D.38)
Again evaluating this term gives
E9(2) T, () ~ £ (x) (3@0”@ 226 (= - :c)> . (D.39)

In this way, we recover the T'€ OPE structure from the £T OPE.

E. Some useful two-point functions

In this appendix, we list the results for the various two-point functions needed in section
All derivatives act on z. For cases with 262 insertions:

{Q Q76 {7, [Qja O@NO()) = —480 (O(x)O(y))

{Qa [Q7 Q" [Qjo, OWNOW)) = 320°(O(x)O(y))
(0)0(0")% 51{Qi". (@15 {Q 6. [Q, O]} }OW)) = 80 0” — 40,0,) (O(x)O(w))
(0,)0™(0") 5{ Q6 [ Q" [Qy5, O }OW)) = 80 d” — 40,0,) (O(x)O(y))
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()a” (@)% 5({Qi, [Q 6 Q. [Q15, O@)}}O(W)) = —4(npd? — 40,0,)(O(2)O(y)).

For cases with 6363 insertions, we find that

(o) 354Qi% [Qjor {Q74, [Q7% {QM, [Q47, O@)HH}O(y)) = 128i0,0%(O(2)O(y)) |
(0)55{Qi% [Q"a, {Q7, Q" QK. [Qja, O@)MIIO(y)) = —256i0,0%(O()O(y)) ,
(0 55{Q"a, [Q7 AQ™, [Q4” Qi [Qja, O@)I}O(y)) = 320i8,0*(O(x)O(y)) , (E-1)

()o@ 5({Q:% (@55, {Qa, [Q7 QM. [k, O @) H}O(w)) =
= —288i0,0°(O(x)O(y)) , .

(0)a”(0")33(a") % 5({Qi%, [Q"6, {Q7, [QM {Qk", [Qjs, . O@)II}O(y)) =
= 384i0,0*(0(x)O(y)),

(0u)a”(0)73(5")% 5({Q"a, [Q77, {Q"™, [k {Q:%, Q8. O} }O(w) =
= 48i0,0°(O(x)O(y)) - (E.2)
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