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wave, in the presence of a constant NSNS B-field background. We show that in response to

the background B-field the giant graviton would take the shape of a deformed three-sphere,

the size and shape of which depend on the B-field, and that the giant becomes classically

unstable once the B-field is larger than a critical value Bcr. In particular, for the B-field
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metric is that of a round S3, while the open string metric is a squashed three-sphere. The

squashed giant can be interpreted as a bound state of a spherical three-brane and circular

D-strings. We work out the spectrum of geometric fluctuations of the squashed giant and

study its stability. We also comment on the gauge theory which lives on the brane (which

is generically a noncommutative theory) and a possible dual gauge theory description of

the deformed giant.

Keywords: D-branes, Penrose limit and pp-wave background, AdS-CFT and dS-CFT

Correspondence.

c© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep072004077/jhep072004077.pdf

mailto:prok@itp.stanford.edu
mailto:jabbari@itp.stanford.edu
http://jhep.sissa.it/stdsearch?keywords=D-branes+Penrose_limit_and_pp-wave_background+AdS-CFT_and_dS-CFT_Correspondence
http://jhep.sissa.it/stdsearch?keywords=D-branes+Penrose_limit_and_pp-wave_background+AdS-CFT_and_dS-CFT_Correspondence


J
H
E
P
0
7
(
2
0
0
4
)
0
7
7

Contents

1. Introduction 1

2. Giant gravitons in a constant B-field background 4

2.1 Light-cone hamiltonian of giants in the plane-wave 4

2.2 Reshaping: response of the giant graviton to the B-field 6

2.3 Detailed analysis of the potential 9

2.4 Open string parameters 13

2.5 (Anti-)self-dual B-field background 15

2.6 Reshaped giant as a giant bound state 17

3. Spectrum of fluctuations of the squashed giant 18

3.1 Corrections to the spectrum of X i modes 18

3.2 Corrections to the spectrum of Xa modes 20

4. Stability of the squashed giant 21

4.1 SUSY analysis 21

4.2 Quantum instability of the squashed giant 23

5. Discussion 23

A. Some useful identities 25

B. Squashed three sphere 26

C. Effective closed string coupling in the plane-waves 26

1. Introduction

Usual Dp-branes are p+1 dimensional objects which carry one unit of RR p+1 form charge

and have tension (lp+1s gs)
−1. One might try to construct p-branes whose worldvolume is

(topologically) R × Sp. Evidently such branes, unlike flat Dp-branes, cannot carry a net

p+ 1 form RR charge. Moreover, in the absence of any other force acting on such branes,

they would immediately collapse under their tension. Although a spherical brane cannot

carry a net RR charge, it has (electric) dipole moment of such charges. In this respect such

branes behave similarly to the usual fundamental strings and in particular supergravity

states, hence these spherical branes were called giant gravitons [1]. One can use this dipole

moment to exert a force on the brane which cancels off the tension force and stabilize the
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brane at a finite size. This can be done if the giant graviton is moving in a background

with a non-zero (magnetic) flux of the corresponding p+ 1 form, and the size of the giant

R0 is related to the (angular) momentum J as Rp−1
0 ∝ J [1]. So, to stabilize the giant

we need two basic ingredients: background p + 1 form flux and a moving brane. The

simplest and most famous examples of such backgrounds are AdSp × Sq geometries with

(p, q) = (5, 5), (4, 7) or (7, 4). Various aspects of the giants in these backgrounds have been

studied in [1]–[6].

Besides the AdS backgrounds, recently the plane-wave backgrounds have also been

under intense study, for a review see [7, 8]. Plane-waves, as solutions of supergravity

generically have a non-vanishing form flux and these fluxes can be used to stabilize spher-

ical branes. The plane-wave background that we would focus on here is the maximally

supersymmetric type-IIB background (we follow the notations and conventions of [8]):

ds2 = −2dX+dX− − µ2(XiXi +XaXa)(dX+)
2
+ dX idXi + dXadXa , (1.1a)

F+ijkl =
4

gs
µ εijkl , F+abcd =

4

gs
µ εabcd , (1.1b)

where i, a = 1, 2, 3, 4. This background has a globally defined light-like Killing vector

∂/∂X−. As discussed in [9] this background admits a stable three sphere giant graviton

solution with the worldvolume along X+ direction (the light-cone time) and three sphere

is embedded in either the X i or Xa directions. In particular note that X− is transverse to

the giant.

String theory σ-model on the plane-wave background is shown to be solvable in the

light-cone gauge [8, 10]. In the light-cone gauge X+ = τ (where τ is the worldsheet time)

and X− is a non-dynamical variable, completely determined through the transverse X i

and Xa directions, in particular [8]

∂σX
− = ∂σX

i∂τX
i + ∂σX

a∂τX
a , (1.2)

where σ, τ parametrize the worldsheet. One might then wonder whether giant gravitons,

similarly to ordinary D-branes, have a perturbative description in terms of open strings

ending on them with Dirichlet boundary conditions along the directions transverse to the

brane. Noting (1.2) one would readily see that, independently of the boundary conditions

on X i or Xa directions, X− would satisfy Neumann boundary condition. This implies that

X− should be along the brane, while in our giant graviton X− is transverse to the brane.

Therefore, giant graviton does not have a simple open string description and lots of the

properties of the usual D-branes, e.g. the fact that the low energy effective field theory on a

single three sphere giant is a U(1) supersymmetric gauge theory on R×S 3 and that for K

coincident giants the gauge symmetry enhances to U(K), if correct, are harder to realize or

argue for. Although there is no simple open string picture for giants, studying the theory

residing on the giant graviton, it was shown that there are (spike-type) BPS solutions on

the giant three sphere which have the same physical behaviour one expects form the open

strings ending on a spherical D-brane [9]; i.e. giant gravitons are spherical D-branes.
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Here we study behaviour of a giant in the plane-wave (1.1) when a constant NSNS B-

field is turned on in the background. Turning on a constant NSNS background field would

not change the geometry, as in the supergravity equations of motion only H = dB appears

which is vanishing in our case. Note that, existence of the selfdual five form flux in the

background does not change this result. However, presence of the background five form flux

affects dynamics of NSNS and RR two form fields so that different polarizations of the two

form fields have different light-cone masses [8, 10]. One of the main motivations for studying

this problem is that it may help with solving the long-standing problem of quantizing a p-

brane (p > 1). Giant gravitons are particularly nice laboratories for attacking this problem

mainly because, unlike the usual Dp-branes, their worldvolume is naturally compact and

they have a finite volume and also the spectrum of fluctuations of the giant is discrete and

(in the free field theory limit) is given by equally spaced integers [9].

For a flat Dp-brane, where a simple perturbative open string description is available,

turning on the B-field along the brane simply amounts to replacing the Neumann boundary

conditions with a mixed (Neumann and Dirichlet) boundary condition along the directions

of the B-field [11]. As a result a Dp-brane in the B-field background behaves as a bound

state of Dp and lower dimensional branes [11] and the low energy effective field theory on

the brane is now a p+ 1 dimensional noncommutative gauge theory, e.g. see [12]. For the

giant graviton case, however, we do not have the simple open string description and hence

our analysis is more limited to the Born-Infeld action and supersymmetry algebra.

As mentioned earlier, spherical shape of the giant is a result of the balance between

tension and forces coming from the form fluxes. As we will show in section 2, in the presence

of the background B-field this balance is lost and hence the giant needs to reshape itself

to adjust to the presence of B-field so that the shape of the giant is now a deformed three-

sphere, the “squashed giant”. This reshaping, which of course has no counterpart in the

flat brane case, among the other things, would provide us with a chance of quantizing a

submanifold of S3 worldvolume, explicitly an S2 ∈ S3. This point will be addressed in some

detail in section 2.5, where we show that it leads to the novel feature of quantization of

the B-field. As we will show, if the B-field is larger than some critical value Bcr the giant

cannot adjust itself to the B-field and becomes unstable. In other words, the squashed

giant state only exists for B < Bcr. Once we calculated the shape of the deformed giant we

look for a physical interpretation for the deformed or “squashed” giant. We will argue in

section 2.6, that the squashed giant is indeed a bound state of a giant spherical D3-brane

and circular D-strings wrapping on the S3.

After establishing what the squashed giant is in section 2, in sections 3 and 4 we

address the question of its stability. In section 3, we analyze small fluctuations of the giant

and study corrections to the spectrum due to the deformation of the shape and presence

of the B-field. In section 4, we show that squashed giant is a 1/4 BPS object. We use

the supersymmetry analysis to argue that squashed giant is classically stable, however,

quantum mechanically, through instanton effects, it would decay into the zero size branes

and usual supergravity modes. We close the paper by a summary of our results, a proposal

for a possible description of squashed giants in the dual N = 4 gauge theory as well as a

list of interesting questions which we did not address in this work.
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2. Giant gravitons in a constant B-field background

In this section we first present the light-cone hamiltonian of a 3-brane in the plane-

wave (1.1) with a constant magnetic background B-field, i.e. the B-field has no legs along

the X+, and X− directions. Without loss of generality such B-field can be chosen to be

along X i directions. In other words we choose the only non-zero components of the B-field

to be Bij components. In section 2.2, we show that the round three sphere solution is

no longer minimizing the potential, and in response to the background B-field the giant

graviton takes a new shape. Giant gravitons in the non-constant background B-field and

non-spherical giants, though in a different context, have been considered in [13, 14]. In

section 2.3, we analyze the potential in some detail and compute the new shape of giant

graviton which minimizes the potential. In section 2.5, we consider a particularly inter-

esting example of a B-field background which preserves SU(2) × U(1) subgroup of SO(4)

isometry of the three-sphere (or the background plane-wave) and finally in section 2.6,

we discuss that the “squashed” giant is indeed a bound state of a three sphere giant and

circular D-strings.

2.1 Light-cone hamiltonian of giants in the plane-wave

To study a 3-brane in the plane-wave background we start with the Born-Infeld action:

S =
1

l4sgs

∫

dτd3σ
√

−det (gµ̂ν̂ + Fµ̂ν̂) +

∫

C4 +

∫

C2 ∧ F +

∫

1

2
χF ∧ F , (2.1)

where µ̂, ν̂ = 0, 1, 2, 3 indices correspond to the worldvolume coordinates τ, σr, r = 1, 2, 3.

gµ̂ν̂ is the induced metric on the brane:

gµ̂ν̂ = Gµν∂µ̂X
µ∂ν̂X

ν

where Gµν is the background plane-wave metric and Xµ = (X+, X−, Xi, Xa) are the

embedding coordinates of the three-brane. C4, C2 and χ are the background RR form

fluxes. In our case we only have a non-zero C4, whose field strength is the background five

form flux of (1.1b), explicitly

C+ijk = − µ
gs
εijklX

l , C+abc = −
µ

gs
εabcdX

d . (2.2)

Fµ̂ν̂ = bµ̂ν̂ +Fµ̂ν̂ is the invariant U(1) field of the brane, F = dA, A is the U(1) gauge field

on the brane and b is the pullback of the background NSNS two form field

bµ̂ν̂ = Bµν∂µ̂X
µ∂ν̂X

ν .

In the plane-wave background, due to the existence of a globally defined null Killing

vector field [8], it is particularly useful to fix the light-cone gauge by taking1

X+ = τ , gτσr = 0 .

1Here we do not repeat details of the light-cone gauge fixing, for which the reader is referred to [9].
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Following the analysis of [9] we obtain the light-cone hamiltonian density in the presence

of a non-zero NSNS B-field:

Hl.c. =
1

2p+
P IP I + V (X i, Xa) , (2.3)

with

V (X i, Xa) =
µ2p+

2
(X2

i +X2
a) +

1

2p+g2s
det(grs + brs)−

− µ

6gs

(

εijklXi{Xj , Xk, X l}+ εabcdXa{Xb, Xc, Xd}
)

, (2.4)

where grs and brs are the spatial parts of pullbacks of the background metric and B-field

onto the spatial part of the brane worldvolume. For our choice of the B-field

grs = ∂rX
i∂sX

i + ∂rX
a∂sX

a , brs = ∂rX
i∂sX

j Bij , r, s = 1, 2, 3 , (2.5)

and

{F,G,K} = εprs∂pF∂rG∂sK , (2.6)

is the Nambu bracket, where the antisymmetrization is with respect to the worldvolume

coordinates σr. Using the definition of determinant, the Nambu bracket (2.6) and the fact

that Bij is antisymmetric under exchange of i and j one can show that

det(grs + brs) =
1

6
{Xi, Xj , Xk}{X i, Xj , Xk}+ 1

6
{Xa, Xb, Xc}{Xa, Xb, Xc}+

+
1

2
{Xi, Xj , Xa}{X i, Xj , Xa}+ 1

2
{Xi, Xa, Xb}{X i, Xa, Xb}+ (2.7)

+
1

2

(

{Xi, Xk, Xm}{Xj , X l, Xm}+ {X i, Xk, Xa}{Xj , X l, Xa}
)

BijBkl .

The first two line of (2.7) is nothing but det grs. As we see the whole hamiltonian can

nicely be written in terms of the Nambu brackets.

In the case with B = 0, it was shown that [9] there are three minimum energy, half BPS

solutions: one is point-like X i = Xa = 0, and the other two are spherical three-branes,

grown along the X i directions and sitting at Xa = 0 or grown along the Xa directions

and sitting at X i = 0. The latter two solutions are related by the Z2 symmetry which

exchanges the X i and Xa directions [9]. Here we focus on the Xa = 0 solutions. In the

absence of the B-field and setting Xa = 0, the above potential is minimized at

εijkl{Xj , Xk, X l} = 6gsµp
+Xi . (2.8)

The finite size solution of (2.8) can be expressed through

Xi = R0x
i , R2

0 = µp+gs , (2.9)

where xi’s, which satisfy

xixi = 1 , {xj , xk, xl} = εijklxi , (2.10)

are the embedding coordinates of a unit three-sphere in R4.
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2.2 Reshaping: response of the giant graviton to the B-field

Now we consider configurations with a non-zero, but constant (i.e. dB = 0) background B-

field. Although a constant background B-field does not affect the (perturbative) dynamics

of the closed strings, D-branes (giant gravitons) would feel the presence of the B-field which

has both of its legs along the brane [12]. Using (2.7), it is straightforward to see that in the

presence of the Bij field, the three sphere giant grown in Xa directions (sitting at X i = 0)

is still a zero energy solution of the light-cone hamiltonian (2.3). Therefore, with the choice

of the Bij field, we focus on the giant which is grown in the X i directions. Setting Xa = 0,

the potential (2.4) can be rewritten as

V (X i, Xa = 0) =
1

2p+

(

µp+Xi − 1

6gs
εijkl{Xj , Xk, X l}

)2

+

+
1

4p+g2s
{Xi, Xk, Xm}{Xj , X l, Xm} BijBkl . (2.11)

To find how a spherical three-brane responds to this B-field, let us consider fluctuations

of the embedding coordinates around the spherical solution (2.9),

Xi = R0 x
i + Y i . (2.12)

Plugging this ansatz into (2.11) one gets the potential in the form of the expansion2

V = V (0) + V
(1)
i Y i + V

(2)
ij Y iY j + V

(3)
ijk Y

iY jY k +O[(Y i)4] . (2.13)

The V (0) term, which is the zero point energy, is zero in the B = 0 case. This can be

easily seen from the first line of (2.11), and is a result of the fact that the round three-sphere

giant is a half SUSY state with zero light-cone energy [9]. In the B 6= 0 case,

V (0) =
1

4p+g2s
R6
0

(

1

2
B2 + 2Tij(B)xixj

)

where

B2 = BikBik , Tij(B) = BikBkj +
1

4
δijB

2 . (2.14)

Note that Tij is a symmetric traceless tensor (i.e. it lies in 9 of SO(4)). The potential (2.11)

is a density, and to obtain contribution of V (0) to the total energy we need to integrate the

potential over the unit three-sphere volume. Noting that3

∫

s3
dΩ3 x

ixj =
1

4
δij (2.15)

2Note that the total potential energy of the brane is an integral of V over the spatial part of the brane

worldvolume M3:

Ep =

∫

M3

d3σ V (σ) =

∫

R4

d4x δ(xixi − 1)V (x) .

We will use this fact and by-parts integration to obtain different expansion terms in (2.13) and (2.11).
3We have defined the measure of the integral so that

∫

s3 dΩ3 = 1.
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and choosing a constant B-field, i.e. {xi, xj , Bkl} = 0, we find

V (0) =
1

8p+g2s
R6
0B

2 = µ · 1
8
(µp+)2gsB

2

= µ · 1
8
g2B

2 = µ · 1

8g2eff
B2 , (2.16)

where g2 is the effective coupling for strings in the plane-wave background (cf. appendix C)

and geff(= 1/
√
g2) is the effective coupling of the (gauge) theory residing on the giant

graviton [9].

This result is somehow what one would expect: The constant background B-field can

also be understood as a constant magnetic field on the brane (e.g. see [12]), and the energy,

in units of µ, stored in a magnetic field B in a gauge theory with coupling geff is exactly

the expression given in the second line of (2.16).

In the absence of the B-field the potential felt by the radial fluctuation, which is

obtained by inserting X i = R0rx
i into (2.11), and setting B = 0:

V (r) =
R6
0

2p+g2s
r2(r2 − 1)2 = µ · 1

2g2eff
r2(r2 − 1)2 (2.17)

has a maximum at r2 = 1/3. (This is the potential studied in [1, 2, 3].) The value of the

potential at this maximum is

V 0
max = µ

2

27g2eff
. (2.18)

One would then expect that when V (0) becomes equal to V 0
max or larger, the potential

loses the minimum, so that the giant graviton becomes unstable and rolls down toward the

minimum at r = 0. This would happen for B-fields larger than the critical value

B(0)
cr =

4

3
√
3
. (2.19)

The above estimate for Bcr is a rough one and there are two points which should be taken

into account. Adding the B-term increases the energy at the maximum and also changes

the value of r at which the potential is maximized. In fact there is a term proportional to

r6B2 which should be added to (2.17). This effect would increase Bcr from (2.19) level to

about
√

4/3. This will be discussed in more detail in sections 2.3 and 2.5. Moreover, and

as we will show momentarily, besides the resizing, shape of the giant can (will) change,

lowering the “vacuum” energy from V (0) as well as increasing V 0
max.

The next term in (2.11) is the term linear in Y i. This term is responsible for the resizing

and also reshaping of the giant graviton. As discussed in [9] and can also be readily seen

from (2.11), in the absence of the B-field this term vanishes and hence, similarly to the

V (0) term, this term is second order in B. It is straightforward to show that4

V
(1)
i Y i =

3

4p+g2s
B2R5

0 xiY
i − R5

0

p+g2s
Tij(B)xiY j

= µ
1

4geff

(

3B2δij − 4Tij
)

xi(
√

µp+Yj) . (2.20)

4Note that the “canonically normalized” fluctuation is
√

µp+Yi, cf. discussions of section 2.4 of [9].

– 7 –



J
H
E
P
0
7
(
2
0
0
4
)
0
7
7

The V
(1)
i Y i term of the potential (2.20) results in a force acting on the spherical brane

which consists of two components. The component proportional to xiY
i is responsible for

an overall resizing of the brane, whereas the component proportional to Tij(B)xiY j causes

changes in its shape.

To find a new size and shape of the brane, we introduce an ansatz with a corrected

background,

Xi = R0 x
i + Y i

0 (B) + Z i , (2.21)

where Y i
0 (B) is to be fixed requiring that there is no linear term in Z i in the expansion of

the potential. Explicitly, Y i
0 should satisfy

V
(1)
i + 2V

(2)
ij Y j

0 + 3V
(3)
ijk Y

j
0 Y

k
0 + · · · = 0 . (2.22)

Assuming that the reshaping and resizing are small, i.e. Y i
0 ¿ R0, we can neglect higher

order terms in (2.22). Since the force term is proportional to the B-field, small Y i
0 assump-

tion is equivalent to a similar assumption on the B-field, B2 ¿ 1, in which case (2.22)

reduces to

V
(1)
i + 2V

(2)
ij Y j

0 = 0 . (2.23)

All the geometric fluctuations of a giant three-sphere have been analyzed in [9], and in

particular it was noted that these fluctuations can be classified in terms of SO(4) harmonics

or, in other words, by irreducible representations of SO(4). Moreover, it was noted that

V
(2)
ij is diagonalized by SO(4) spherical harmonics. Hence Y i

0 that solves (2.23) should have

the same SO(4) harmonic structure as the force term V
(1)
i , explicitly

Y i
0 (B) = R0

[

(r(B)− 1)xi + λSij(B)xj
]

, (2.24)

where Sij similarly to Tij is a symmetric traceless tensor of SO(4), and r and λ are two

variables which should be solved for (as functions of B). Solving (2.23) we find

Sij = Tij ,

r(B) = 1− 3

16
B2 + O(B4) , λ(B) =

1

4
+ O(B2) . (2.25)

As we see, the correction to the radius is negative. That is, the size of the giant graviton

is reduced under the B-field, while its shape is “squashed” with the “stress” tensor of the

B-field, Tij(B). It is worth noting that the new shape and size do not depend on geff and

are only functions of the B field.

Before moving to a complete and general analysis of reshaping and resizing we would

like to reconsider our zero point energy analysis. If the reshaped giant graviton is stable,

along with our force arguments we expect that reshaping should decrease the zero point

energy. The corrected zero point energy is then obtained as

Ṽ (0) = V (0) − V (2)
ij Y i

0Y
j
0 + · · · , (2.26)
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which up to the fourth order in B is

Ṽ (0) = V (0) − (V0)
(2)
ij Y i

0Y
j
0 + O(B6)

= µ · 1

8g2eff

[

B2 − 1

16

(

9(B2)2 + 4T 2(B)

)]

+ O(B6)

= µ · 1

8g2eff
B2

(

1− 3

16
B2

)3

− µ · 1

32g2eff
T 2 + O(B6) , (2.27)

where T 2 = TijT
ij . To perform the above computation we have used the formula [9]

(V0)
(2)
ij Y i

0Y
j
0 =

µ2p+

2
(Y i

0 + LijY
j
0 )

2 , Lij = xj∂i − xi∂j , (2.28)

and the expression for Y i
0 (2.24), (2.25). It is worth noting that in the third line of (2.27)

the first term is the energy stored in the magnetic field B on a three-sphere of radius R0 r

(it encodes resizing of the giant graviton), whereas the second term, which is proportional

to T 2, comes from reshaping of the brane. In other words (2.27) is the energy stored in a

magnetic field B on the squashed giant.

2.3 Detailed analysis of the potential

In the previous section we assumed that the reshaping and resizing are small, which is

equivalent to a similar assumption on the B-field, B2 ¿ 1. In the lowest order in the

B-field, we found that reshaping of the brane is described by the lowest (linear in xi)

harmonics of SO(4). In this section, we study the potential for arbitrary values of the

B-field, and show that the reshaping is always described by the lowest harmonics of SO(4).

In other words, the ansatz (2.24) remains valid for the large B-field, and one does not have

to include higher SO(4) harmonics.

To study the effects of a large B-field, it is convenient to use the equations of motion for

the embedding X i = Xi(σ) that extremize the potential (2.11). To obtain these equations

we compute variation of the potential δV under the variations of the embedding δX i, and

equate it to zero. The result is

2R4
0X

i − 4

3
R2
0 εijkl{Xj , Xk, X l}+ 1

6
εijklεjmnp{{Xm, Xn, Xp}, Xk, X l}−

−2{{Xj , X l, Xm}, Xk, Xm}BijBkl − {Xm, Xk, {Xj , X l, Xi}}BmjBkl = 0 . (2.29)

Now let’s plug the ansatz of the form

Xi(x) =
∑

n

Sii1i2...in(B)xi1xi2 · · · xin , (2.30)

into (2.29) and note that except the first term in (2.29) all the other terms, in particular the

terms proportional to the B-field, only involve Nambu brackets of X i’s. Using the Leibnitz

rule for the Nambu bracket and equation (2.10) one observes that the equations (2.29)

reduce to a system of algebraic equations that relate the components S ii1i2...in of ranks

n, n′ = n+2
3 , and n′′ = n+4

5 . This system does not close for any finite number of terms
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in (2.30), except for the trivial solution X i = 0 and the linear solution with n = 1.

These two solutions are in agreement with the results of the perturbative analysis of the

previous section, where we found the point-like solution and the squashed giant graviton

solution (2.21), (2.24), (2.25). Since for a small B we didn’t see any solutions with infinitely

many higher harmonics, which could in principle solve (2.29), we do not expect them to

appear for arbitrary values of B. Therefore, the linear ansatz (2.24) already includes all

the harmonics needed for arbitrary values of the B-field. Then, noting (A.3),

Xi = R0Dij(B)xj , Dij(B) = r(B)δij + λ(B)Tij(B) , (2.31)

is the most general ansatz which solves (2.29). (Indeed, using (A.3) it easy to see that all

second rank tensors made out of higher powers of Bij are proportional to either δij or Tij .)

Thus, for a given B-field the problem reduces to the study of the potential as a function

of just two variables r and λ.

Using the (anti-)selfdual decomposition (A.1) and formulas (A.4), (A.5), it is conve-

nient to introduce the “balance parameter”

γ2 =
4T 2

(B2)2
=

4(B+)2(B−)2

[(B+)2 + (B−)2]2
, (2.32)

in addition to B2 = BijB
ij, to describe the B-field background. This parameter ranges

from zero to one, vanishes for an (anti-)selfdual B-field, and is equal to 1 for a “balanced”

(B+ = ±B−) B-field. Also, it is convenient to use the “shape parameter”

s =
1

4
γλB2 (2.33)

instead of λ. The change of variables from λ to s would become ambiguous for γ = 0,

the (anti-)selfdual B-field case, which would be studied separately in section 2.5. In this

section we only consider γ 6= 0. Plugging the ansatz (2.31) into the potential (2.11) we find

V =
R6
0

8p+g2s

[

TrD2 − 8 detD +
1

6
((TrD2)3 − 3 TrD2 TrD4 + 2 TrD6) +

+ Tr(D2BD4B)− 1

2
Tr(D2BD2B) TrD2

]

. (2.34)

Making use of the formulas given in appendix A and introducing the parameters γ and s

(2.32), (2.33), we obtain

V =
µ

8g2eff

{

4[r2(r2 − 1)2 + s2(s2 − 1)2 + r2s2(4− r2 − s2)] +

+B2 (r2 − s2)2(r2 + s2 − 2γ rs)
}

. (2.35)

Note that all the dependence on geff has been factored out and hence the reshaping and

resizing are independent of geff and are only functions of B-field. This potential has an

obvious symmetry

r ↔ s , (2.36)
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Figure 1: Potential as a function of r and s

for γ = 1 and B = 0.

Figure 2: Potential as a function of r and s

for γ = 1 and B = 1.

which in fact is a part of SO(4) rotational symmetry of the problem. To see this, notice

that the matrix Oij =
2
T Tij, T =

√
T 2, is orthogonal, OTO = I. In other words,

Xi =
2

T
Tijx

j (2.37)

gives another embedding of a round S3 into R4. Using the ansatz (2.31) rewritten in the

form

Xi(r, s) = R0(rδij + sOij)x
j , (2.38)

we find

OijX
j(r, s) = X i(s, r) . (2.39)

Since Oij is a constant SO(4) rotation matrix,

V (X i, Xa) = V (OijX
j , Xa) .

Profile of the potential (2.35) for the case of the “balanced” B-field (γ = 1) for different

values of B =
√
B2 is shown in figures 1–4. As we see in figure 1, for the vanishing B-

field we have minima at s = 0 and r = 0, r = 1. These are the point-like and spherical

brane solutions studied in [1]. Note that the minima at r = 0, s = ±1 describe the same

spherical brane as the minimum at s = 0, r = 1, due to the symmetry (2.36) and additional

symmetry r ↔ −s that appears at B = 0. The plot in figure 2 corresponds to B = 1 and

shows the situation when the minimum at s = 0, r . 1 is lifted and is about to disappear,

and the brane is about to roll toward X = 0 vacuum. This can be easily seen on the r = 0

section of the plot, given the symmetry (2.36). Using numerical analysis we found that

the minimum disappears at Bcr ≈ 1.184. Figure 3, corresponding to B = 1.5, shows the

situation when the minimum at r 6= 0 has already disappeared, so that the only minimum

left is point-like r = s = 0. One observes here how large B effects related to the second

term in (2.35) begin to dominate. The potential starts developing two valleys at r = ±s,
which become dominant in the B = 10 case shown in figure 4.

It is also important to know how the shape of the brane depends on the value of

B-field, before the brane shrinks to a point. The shape of the brane is described by the

“shape parameter” s (2.33), which is equal to zero for a round sphere solution. It turns
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Figure 3: Potential as a function of r and s

for γ = 1 and B = 1.5.

Figure 4: Potential as a function of r and s

for γ = 1 and B = 10.

out, however, that it is more convenient to introduce the parameter

qc =
r + s

r − s , (2.40)

which is equal to one for a round sphere. (The

0.2 0.4 0.6 0.8 1 1.2
B

1.02

1.04

1.06

1.08

r + s
���������������
r - s

Figure 5: Parameter qc = r+s
r−s

as a function

of B for γ = 1. At B ≈ 1.184 the brane shrinks

to a point, and the parameter qc can no longer

be used to describe the shape of the brane.

subscript c on q shows that this parameter

measures the out-of-sphericity for the closed

string metric.) The dependence of qc on B,

for γ = 1 B-field is depicted in figure 5. One

observes that qc(B) grows with B monoton-

ically almost everywhere, except the region

of B close to the critical value Bcr ≈ 1.184,

where qc decreases with B.

For the rank one B-field (γ = 1) in the

large B limit,

B →∞ ,
B2

g2eff
= const. , (2.41)

the first term in (2.35) disappears, and the

valleys r = ±s become flat directions. In other words, it costs no energy to roll in the

directions r = ±s. To find the shape of the brane in this case we note that the embed-

ding (2.38) takes the form

Xi(r, s) = R0r(δij ±Oij)x
j . (2.42)

In the next section we show that Oij can be brought into a diagonal form (2.47). Taking

“+” or “−” sign in (2.42), one finds the embeddings

X1,2 = R0rx
1,2 , X3,4 = 0 ,

X3,4 = R0rx
3,4 , X1,2 = 0 , (2.43)

where now r can take any arbitrary value and hence (2.43) describes a plane which grows

in the X1,2 or X3,4 directions.
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Given the definition of geff (2.16), the limit (2.41) is equivalent to

B →∞ , g2B
2 = const. (2.44)

where g2 is the coupling for the closed strings in the plane-wave background. In other

words, in this limit B-field is large and the string coupling is small. In this regime the

brane loses one of its dimensions and becomes a two dimensional plane.

2.4 Open string parameters

Equation (2.38) (or (2.31)) is basically determining shape of the three-brane giant em-

bedded in R4. Using these it is straightforward to compute the induced metric on the

brane

ds2 =
∂Xk

∂xi
∂Xk

∂xj
dxidxj

= R2
0

[

(r2 + s2)δij + 2rsOij
]

dxidxj , (2.45)

where r and s, which are functions of B, are minimizing the potential (2.35). The met-

ric (2.45) is in fact giving the shape of the brane viewed by closed strings, i.e. (2.45) is the

closed string metric.

Due to the term proportional to Oij for a generic B-field SO(4) rotational isometry

of the giant is reduced to a U(1) × U(1) subgroup. To see this note that we can always

find a basis in which B12 = −B21 and B34 = −B43 are the only non-zero components of

the B-field. In this basis the two U(1) are simply rotations in 12 and 34 planes and the

non-vanishing components of Tij are

T11 = T22 =
1

2
(B2

12 −B2
34) , T33 = T44 = −T11 (2.46)

and T 2 ≡ TijT
ij = 4T 2

11. Without loss of generality we take T11 > 0. Then, for the T 6= 0

case, i.e. when B 6= 0 or B12 6= ±B34,

Oij = diag(1, 1,−1,−1) . (2.47)

(The case B12 = ±B34 which correspond to (anti-)selfdual B-field will be considered sepa-

rately in section 2.5.)

To work out the explicit form of the metric (2.45), we adopt the coordinate system

x1 + ix2 ≡ z1 = cos
θ

2
eiα , 0 ≤ α, β ≤ 2π ,

x3 + ix4 ≡ z2 = sin
θ

2
eiβ , 0 ≤ θ ≤ π , (2.48)

in which the closed string metric takes the form

ds2 = R2
0

[

(r + s)2dz1dz̄1 + (r − s)2dz2dz̄2
]

(2.49)

=
R2
0

4

[

(r2 + s2 − 2rs cos θ) dθ2 + 4(r + s)2 sin2
θ

2
dα2 + 4(r − s)2 cos2 θ

2
dβ2
]
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The embedding (2.48) explicitly demonstrates the two U(1) symmetries (as rotations

in z1, z2 planes) and also the r ↔ s symmetry. There is another Z2 symmetry which

exchanges z1 and z2 (together with s↔ −s). These Z2 symmetries are reminiscent of the

original SO(4). From the metric (2.49) it becomes clear that qc defined in (2.40) is indeed

a measure of deformation of the round sphere.

By now it is well-known that D-branes in the constant B-field background, probed by

the open strings, behave as noncommutative surfaces [12, 15], e.g. the low energy effective

theory residing on these branes is a noncommutative SYM theory [16]. Moreover, the

metric and the coupling viewed by open strings is different than those of closed strings. In

our case this implies that the shape of the giant graviton seen by open strings is different

than the one given through metric (2.49). Note that in our case, unlike the flat D-brane

case, the Seiberg-Witten limit [12] does not lead to the decoupling of bulk closed strings.5

Nevertheless, the notion of open string parameters is a useful one.

In [12], a prescription of calculating the open string metric Grs and the noncommuta-

tivity parameter Θrs in terms of closed string ones was introduced:6

Grs =
1

2

[

(gc + b)−1 + (gc − b)−1
]

(2.50a)

Θrs =
1

2

[

(gc + b)−1 − (gc − b)−1
]

, (2.50b)

where gc is the induced closed string metric (2.49), and

b = Bij
∂Xi

∂xk
∂Xj

∂xl
dxk ∧ dxl

= R2
0

[

B12(r + s)2idz1 ∧ dz̄1 +B34(r − s)2idz2 ∧ dz̄2
]

=
R2
0

4
sin θ

[

B12(r + s)2dθ ∧ dα+B34(r − s)2dθ ∧ dβ
]

. (2.51)

Using the above formulas it is straightforward to work out open string parameters for the

general rank two B-field. However, here we only present the explicit expressions for a rank

5For the flat D-branes in the B-field background, it is possible to take α′ → 0 limit in such a way

that the open string metric (and hence the open string mass scale) and noncommutativity parameter Θ

are held fixed while the closed strings of the bulk become very massive [12]. Massless (supergravity)

modes of the closed strings are also decoupled because the closed string coupling is also sent to zero,

while the open string coupling is kept finite. In the plane-wave case, however, all the closed string modes,

including the supergravity modes are massive (i.e. they have a non-zero light-cone mass) [8]. Moreover,

all the physical modes of the giant three sphere which correspond to geometric fluctuations of the giant,

are massive [9]. The mass scale for both of the closed strings and the giant fluctuations (the open string

modes) is µ. Turning on the B-field, as we will study in section 3, in the range that we can still use

the giant graviton description (B < Bcr) would not change the spectrum of the fluctuations of the giant

very much. So, for the squashed giant we do not have a decoupling limit similarly to the Seiberg-Witten

case.
6As was discussed in [12, 17] open string parameters are not invariant under the U(1) gauge transforma-

tion which rotates B-field into the U(1) gauge field on the brane, F . In particular, the above prescription

is in a gauge in which the background (magnetic) field on the brane, F , is set to zero.
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one B-field, B12 = 0, B34 = B/
√
2:7

ds2close =
R2
0

4

[

Gθθ

(

dθ2 + 4
(r − s)2 cos2 θ2

r2 + s2 − 2rs cos θ
dβ2

)

+ 4(r + s)2 sin2
θ

2
dα2

]

(2.52a)

Θθβ = −BR
2
0

4
√
2
(r − s)2 sin θ



1 +
B2/2

(r+s)2

(r−s)2 + cot2 θ2



 , (2.52b)

where Gθθ = r2 + s2 − 2rs cos θ + 1
2(r − s)2 sin2 θ2B2. Note that indices on Θ are lowered

and raised by the open string metric.

2.5 (Anti-)self-dual B-field background

For a generic Bij, Tij is non-zero and hence, generically the shape of the giant graviton

is deformed. However, if B-field is self-dual or anti-selfdual (i.e. B is in (3,1) or (1,3) of

SU(2) × SU(2) ' SO(4)) Tij is identically zero, and shape of the giant, viewed by closed

strings, remains a round S3 (while we still have resizing). This can directly be seen from

the force term (2.20). In this section we consider this particular B-field.

This case can be analyzed by setting s = 0 in the potential (2.35):

VASD = µ
1

2g2eff

[

r2(r2 − 1)2 +
B2

4
r6
]

. (2.53)

For all values of B this potential has a minimum at r = 0. For values of B-field less than

the critical value

Bcr =
√

4/3 , (2.54)

this potential has another minimum at

r2min =
2

12 + 3B2
(4 +

√

4− 3B2) =
1

2−
√

1− 3
4B

2
(2.55)

as well as a maximum. The value of the potential at this minimum is

Vmin = µ
B2

4g2eff
·





1

2−
√

1− 3
4B

2





2

· 1

1 +
√

1− 3
4B

2
. (2.56)

This potential has been depicted in figure 6 for values of the B-field below and above

Bcr. Note that the critical value of B-field where the giant graviton becomes classically

unstable depends on the “balance parameter” γ. As we discussed earlier, for γ = 1 (rank

one B-field) Bcr ≈ 1.184 which is slightly more than in the selfdual case,
√

4/3. This

can be understood simply by noting that the reshaping, on top of the resizing, would also

decrease the energy (this can be seen from e.g. (2.27)).

7Note that rank one B-field corresponds to the balance parameter γ = 1. This can be readily seen

from (2.46).
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Figure 6: Potential as a function of r (γ = 0, s = 0) for B = 1 (left) and B = 1.5 (right). The

critical value of B-field is Bcr =
√

4/3 ≈ 1.155.

In the (anti)-selfdual case, although shape of the giant remains SO(4) invariant, due

to the background B-field this symmetry is reduced to a SU(2) × U(1). To see this, let

us start with an anti-selfdual B-field, B12 = −B34 = B/2. In the “polar coordinates”

adopted in eq. (B.1) of appendix B the pullback of this B-field on the round sphere of

radius R ≡ R0rmin is

b =
BR2

8
sin θdθ ∧ dφ. (2.57)

As we see, b is invariant under the U(1) acting on ψ coordinate, and the SU(2) acting on

the two sphere parameterized by θ, φ (cf. appendix B).

This SU(2) × U(1) symmetry can also be explicitly seen in the open string parame-

ters, and in particular open string metric. Working out the open string parameters using

formulas of previous section we have

ds2close =
R2

4

(

1 +
B2

4

)[

(dθ2 + sin2 θdφ2) +
1

1 +B2/4
(dψ + cos θdφ)2

]

(2.58a)

Θθφ = −BR
2

8

(

1 +
B2

4

)

sin θ . (2.58b)

The open string metric is a squashed sphere S3q with the squashing parameter (cf. ap-

pendix B)

q2 =
1

1 +B2/4
. (2.59)

Note that q ≤ 1. The noncommutativity parameter Θ, as we expect, is a constant two

form on the S2 base (it is proportional to the volume form of the base). It is worth noting

that Θ is the flux of the magnetic field B/2 through the S2 base of radius R
√

1 +B2/4/2.

Upon quantization (of open strings) the S2 base with the noncommutativity Θθφ ∝
sin θ becomes a fuzzy two sphere, S2F e.g. see [18]. Consider the following embedding in a

three dimensional noncommutative space with coordinates X r, r = 1, 2, 3:

[Xr, Xs] = ilεrspXp , X2
r = R2 . (2.60)

The fuzzy two sphere is described by a finite dimensional representation of the SU(2)

algebra whose generators are Xr/l; the radius of the sphere and the size of the matrices N
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are related as [19]
(

R

l

)2

=
1

4
(N2 − 1) . (2.61)

If we use the usual polar coordinates and write X r as functions of θ and φ, (2.60) implies

that

[θ, φ] = iΘφ
θ ∼ i

1

sin θ

(

l

R

)

.

Comparing the above with (2.58b) we learn that the B-field should be quantized. For small

B-field (or large N), i.e.

B =
4

N
. (2.62)

2.6 Reshaped giant as a giant bound state

In the case of a flat D-brane, it was shown that [11] a Dp-brane in a constant background

rank one magnetic B-field which has both legs along the brane behaves as a (non-marginal)

bound state of p- and (p−2)- branes and the background B-field is giving the density of the

distribution of the RR charge corresponding to (p−2)-brane on the Dp-brane worldvolume.

If the worldvolume of Dp-brane is along 012 . . . p directions and the B-field is along Bp−1,p

then the corresponding D(p− 2)-branes are along 012 . . . p− 2 directions. From the string

theory point of view, formation of this bound state can be understood as follows. Although

both of Dp and D(p−2)-branes are individually half BPS configurations, a system consisting

of both of them is not. This can be seen from the fact that the open strings stretched

between the a D(p−2)- and Dp- brane would become tachyonic once the separation between

branes is of order of string scale (or smaller). Due to the attractive force between the two

branes formation of this tachyon is inevitable and finally the two branes would become

coincident, at which point the tachyon is condensed and we end up with a (half) BPS

brane, the Dp-D(p − 2) brane bound state [11]. The process of “dissolving” of a (p − 2)-

brane into a p-brane, from the p + 1 dimensional gauge theory of p-brane viewpoint, is

equivalent to turning on one unit of the magnetic flux.

In the spherical brane and giant graviton case the story is somewhat different. Let us

focus on the three-sphere giants in the plane-wave background. Since there is no RR three

form flux in the background, a circular D-string is not stable and the arguments made in

the flat D-brane case [11] should be modified for this case. Moreover, spherical threebranes

and circular D-strings are not carrying a net RR charge, however, they are (electric) dipole

moments of the corresponding RR field.

Although the net RR charge of the giants is zero, locally they behave like a usual

D-brane and hence we expect the system of a three sphere giant in the background B-

field to (locally) behave like a bound state of a threebrane and D-strings. The simplest

configuration of these giant bound states is coming from the self-dual or (anti)-selfdual B-

field case we studied in the previous section. If the pullback of the B-field along the giant

three sphere is along a S2 parametrized with θ, φ then the dissolved circular D-strings

should be along σ = dψ ± cos θdφ direction (the ± sign corresponds to the self-dual or

anti-self-dual B-field). The density of the D-string RR dipole moment is then proportional

to Θθφ.

– 17 –



JH
E

P
07(2004)077

Dissolving of circular string giants into the three spheregiant can be seenfrom the
open string metric (2.58): Due to the tension of the circular D-strings the size of the S1

¯b er along which they are wrapping is smaller than the S2 base. Furthermore note that the
overall size of the giant due to this extra tension of the D-string giants has beenreduced
(this e.g. can be seenfrom ¯gure 6).

3. Spectrum of °uctuations of the squashed giant

Knowing the correct shape of the brane, one can ¯nd the spectrum of small °uctuations
around this con¯guration. In [9], the spectrum of small °uctuations around the spherically
shaped branes was computed. It includes both massive and massless(or zero) modes.
The zero modesare not physical modesand are gaugedegreesof freedom, reminiscent of
the area preserving di®eomorphismson the three spheregiant, while the non-zeromodes,
which are of courseall massive, correspond to the geometric°uctuations of the giant in the
six directions transverseto the giant, i.e. the X ¡ , radial and X a directions. The massof
physical modesare all integer multiples of ¹ , a characteristic scaleof the background, and
are independent of the radius of the brane. In this section, we consider the (anti-)selfdual
B -¯eld caseand compute the e®ectsof the B -¯eld on the spectrum of °uctuations of the
squashedgiant graviton in the X i and X a directions. In particular, asa con¯rmation of the
spatial di®eomorphisminvarianceof the Born-Infeld action we show the existenceof (three)
zero modes. Furthermore, we ¯nd that the spectrum of the squashedgiant, similarly to
the unsquashedround case,is still independent of p+ and gs and is only a function of the
B -¯eld.

3.1 Corrections to the spectrum of X i mo des

As we saw in the section 2.3, in an (anti-)selfdual background B -¯eld the brane retains a
spherical shape, changing only its size. In this case,the shape parameter s introduced in
the section 2.3, is identically zero, and the embedding of the brane (2.38) takesa form

X i = r (B ) R0x i : (3.1)

The potential (2.35) reducesto (2.53), and r (B ) in (3.1) at the minimum of the potential
must satisfy the condition

1 ¡ 4r 2
min + 3

µ
1 +

B 2

4

¶
r 4

min = 0; (3.2)

which has the solution (2.55). Let's parametrize small °uctuations around the embed-
ding (3.1) by Z i , i.e., set

X i = r (B ) R0x i + Z i : (3.3)

As shown in [9], all °uctuations of the shape can be expandedin terms of SO(4) spherical
harmonics which are the eigenmodes of the operator L ij = x j @i ¡ x i @j . We will assume
that Z i in (3.3) has an eigenvalue ¸ , explicitly

L ij Z j = ¸ Z i : (3.4)
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